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A P System based on Negative Selection for
Classification

Lian Ye⋆ and Ping Guo

College of Computer Science, Chongqing University, Chongqing 400030, China
Chongqing Key Laboratory of Software Theory and Technology, Chongqing 400044,

China
ylredleaf@cqu.edu.cn,guoping@cqu.edu.cn

Abstract. The membrane system and artificial immune system are both
a branch of natural computing, which has attracted much attention in
various disciplines. Inspired from the structure and inherent mechanism
of membrane computing and immune computing, a membrane system
based on negative selection algorithm is proposed to deal with classifi-
cation problems. The approach contains three important stages: firstly,
the candidate cells are generated by selecting from the gene pool ran-
domly;then, calculate the affinity of the candidate cell with each element
in the self-set to construct the classifier; finally, input the un-label cells
into the detectors to test the performance of the classifier. The simula-
tion results show that the proposed method has better performance and
efficient in classification compared with other algorithms.

Keywords: Membrane computing, Artificial immune system, Negative
selection, Classifier

1 Introduction

Natural Computing is a discipline whose aim is the study and implementation
of the dynamic processes that occur in the living nature and that are likely to
be interpreted as calculation procedures. Membrane computing (P systems) was
initiated by Pǎun, which is a class of powerful computing model abstracted from
the way that the living cells process chemical compounds, energy and information
in their compartmental structures [1].

As a model of computation with universality property, membrane comput-
ing is so computationally efficient that it can solve difficult computational NP-
complete problems in a polynomial time by creating exponentially membranes
[2]. SAT problem was solved by the splitting rule of membrane system [3]. [4]
gives a family of P systems to solve All-SAT problem with simplified membrane
structure and few evolution rules based on the character of membrane division
and parallel processing in the P systems. The HPP problem was also solved by
the generating rule [5] and [6], so as to the solving of vertex cover problem [7]
and [8].

⋆ Corresponding author
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Artificial immune systems (AIS) can be defined as computational systems
inspired by theoretical immunology, observed immune functions, principles, and
mechanisms to solve problems [9]. In the past decades, AIS has gained consid-
erable research interest from various communities. Negative selection is one of
the most discussed algorithms in artificial immune system [10]. The basic idea
of a negative selection algorithm is to generate a number of detectors in the
complementary set, and then apply these detectors to classify new data as self
or non-self. This algorithms have been very extensively used in AIS research and
have undergone a number of augmentations throughout the years.

In this paper, based on a combination of membrane system and artificial
immune systems, we proposed a membrane system based on negative selection
algorithm for classification. In this system, a set of detectors are created by the
given rules firstly, then this collection of detectors called classifier will be used
to recognize the category of the unknown objects. It can be also used in some
pattern identification and combinatorial optimization problems.

The paper is organized as follows. Section 2 describes the foundation of mem-
brane system and negative selection algorithm. The details of ΠNS, including the
membrane structure and evolving rules are proposed in Section 3. Section 4 high-
lights the data set used, experimental set up and the results obtained with its
analysis. The conclusions and further researches are then discussed in Section 5.

2 Related Works

Membrane Computing devices are generically called P systems. They constitute
a theoretical computing model of a distributed, parallel and non-deterministic
type. In membrane computing, there are basically three ways to consider com-
putational devices: cell-like systems, tissue-like systems and neural-like systems.
Cell-like systems, using the biological membranes arranged hierarchically, in-
spired from the structure of the cell. Our work focused on the cell-like systems,
so all the basic knowledge about cell-like systems and the description of negative
selection are given in this section.

2.1 Cell-like P System

The main syntactic ingredients of a cell-like P system are the membrane struc-
ture shown in Fig.1, the multi-sets, and the evolution rules. The semantics of
the systems are defined through a nondeterministic and synchronous model, by
introducing the concepts of configuration, transition step, and computation.

A basic transition P system of degree m ≥ 1 is a tuple,

Π = (O,µ, ω1, · · · , ωm, (R1, ρ1), (R2, ρ2), · · · , (Rm, ρm), io) (1)

where,
(i)O is the alphabet of the system;
(ii)µ is a membrane structure consisting of m membranes, which are labeled

by numbers in the set {1,· · · ,m};



A P System based on Negative Selection for Classification 3

Fig. 1. The structure of cell-like P system

(iii)ω1 · · ·ωm are multi-sets, representing the objects initially presented in
the regions (1,· · · ,m) of the system;

(iv)R1,· · · , Rm are finite sets of evolution rules associated with the regions
(1,· · · ,m) of µ; (ρ1,· · · ,ρm) are strict partial order relations defined over (R1,· · · ,Rm)
respectively, specifying a priority relation among the evolution rules; The rule
can be described as the form (u → v, ρi), where, u → v is rewrite rule, and
ρi(1 ≤ i ≤ m) indicate the priority.

(v)io is indicating the output region.
The cell division in P systems plays in a crucial role for generating expo-

nential work space in linear time. Here we consider the following cell membrane
interaction operation to formalize in P systems area.

Membrane merging: Membrane fusion is a well-known phenomenon of cell
biology. It means that two membranes can be merged into a single membrane,
the contents of the former membranes being put together in the new membrane.
In order to perform a merging operation two membranes must be adjacent, both
of them placed in the same immediately upper membrane.

Membrane separation: membrane fission (budding, separation) is also a well-
known phenomenon of cell biology, with interesting applications in bio-technology
being developed. To separate the contents of a membrane into two membranes,
some of its objects are placed in the first membrane(according to a given prop-
erty), and the objects which do not have the given property are placed in the
other membrane.

2.2 Negative Selection

Based on the principles of the maturation of T cells and the ability of self/non-
self-discrimination, Negative selection algorithm was first developed by Forrest
[10] for real-time detection of computer virus. T cells are randomly generated to
detect foreign antigens without reacting to self-cells in the thymus. Hence, the
mature T cells leaving the thymus will not match the self-cells and will therefore
only match the non-self cells. The basic concept of a negative selection algorithm
is shown in Fig.2.
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Fig. 2. Negative selection algorithm

In the generation stage, immature immune cells (candidate detectors) are
randomly produced using normal data (set the self set as input). The recognition
of self cells is then checked. If the immature immune cell can recognize any of the
self cells, then it is removed; otherwise, it is promoted to a mature detector. In
the anomaly detection stage, if the input data match any mature immune cell,
then they are classified as non-self cells (abnormal); otherwise, they are classified
as self cells (normal) [11] [12],the procedure of this algorithm is shown in Table
1.

Table 1. Standard negative selection algorithm

Procedure:

Begin
Generate a candidate cell randomly;
While (a given size of the classifier is not generated) do

Begin
Calculate the affinity of each self cell and a candidate cell;
If the candidate cell recognize any of the elements in the self set
Then

deleted this candidate cell;
Else

put the candidate cell into the classifier as a detector;
End;

Identify the variants by using the new classifier;
End.
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3 ΠNS for Classification

The P system named ΠNS is proposed to create the classifier which will classify
the un-label objects. The details of the system will be given in this section.

3.1 Definition

ΠNS for classification can defined as:

ΠNS = (O,µ, ω1, · · · , ωm, R, io) (2)

I. O is a finite and non-empty alphabet of objects.
O={Ψ1, Ψ2, β, γ, γ

′, λ, δ, ϕ, ϕs, ϕss, ϕc, ϕcc, η, η0, η
′, ηi, ηii}

∪{ξi, 0 ≤ i ≤ 26}∪{aj , bj , · · · , zj , 1 ≤ j ≤ k}
II. µ is the membrane structure composed of four main membranes in the skin

membrane shown in Fig.3. The membrane G represents gene pool to store
the different gene segments as the initial multi-sets which should be placed.
The membrane S represents the self-set to store the autologous cells which
should also be placed at first, the number of these cells is define as (2k-1).
The membrane C denotes as classifier which is used to retain the detectors,
it is empty at the beginning. The membrane T is the templet of a membrane
to generate new membrane u to store the un-label cells.

1 N2

...

S

1

M

2

...

G

C

T

M

Fig. 3. Initial membrane structure

III. ωi is multi-sets, representing the objects for i record of the data set in the
regions i.

IV. The rules in R should have priority, and the explanations of some rules are
given here, k indicates the priority:
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– [huδ]h → v,k
The membrane h is dissolved, and the object u is replaced with object
v.

– [hu→ v]h, k
In the region named h, remove the multi-set of objects specified by u,
and to introduce the objects specified by v.

– [hu→ (v, inj)]h, k
The object v should be moved into the membrane j which is the upper
membrane that has not been dissolved, and the object u will be removed
from membrane h.

– [hu→ (v, out)]h, k
The object v will be moved to the region immediately outside membrane
h.

– [hu→ [hv]h]h, k
The object u will be replaced with a new membrane containing object
v.

– [h1u]h1 → [h2u]h2[h2u]h2
All objects and membranes in the original membrane will be duplicated
and appear in the two new membranes.

– uj [h]h[j ]j → [jv[h]h]j
The membrane will be filtered into j th membrane by uj , and uj be
replaced with symbol v.

V. io is the skin membrane to output the result.

The value of k is smaller, and the priority of the corresponding rule is higher.
When k = 1, the corresponding rule will have the highest priority.

All of the rules that can be applied must be applied simultaneously. The
marked output membranes are never dissolved.

3.2 Rule set

The rules of P system ΠNS in each membrane are as follows:
(1)The rule set in the skin membrane called RM . In this set, r1 ∼ r7 are used

in generation phase, r8 ∼ r37 are used in testing phase. In generation phase,
The number of new cell is determined by the number of symbol ϕ denoted as
N. The symbol ϕss is used to send detectors into self set.The key point of this
process is that leaving only one cell in skin membrane, the others all sending into
membrane S. In testing phase, The symbol L represents number of detectors to
be generated. The symbol K represents the count of each attribute. The priority
of r9 is lower than that of r12 ∼ r37, in other words, sending the objects into
membrane u before duplicating membrane u.

r1:Ψ1 → ϕN (ξ0ξ1 · · · ξM , inG)
r2:ϕ[0]0 → ϕs[0]0[0]0
r3:ϕ

N
s → ϕN

ss

r4:ϕ
N
ss[0]0 → (η[0]0, ins)

r5:γ → γ′Ψ1([0]0, inC), 2
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r6:γ
′LΨ1 → ♯, 1

r7:β → Ψ1(η
′′, in0)

r8:Ψ2[T ]T → ϕL−1[T ]T [u]u
r9:ϕ[u]u → ϕc[u]u[u]u, 2
r10:ϕ

L−1
c → ϕL

cc

r11:ϕcc[u]u → (η0[u]u, inC)
r12:aj → (aj , inu), 1; (1 ≤ j ≤ K)
r13:bj → (bj , inu), 1; (1 ≤ j ≤ K)
· · ·
r37:zj → (zj , inu), 1; (1 ≤ j ≤ K)
(2) The rule set in membrane G called RG. The symbol M represents the

number of attributes in the data set, its max value is 26. The symbol ξ0 was
generated a new candidate cell. The membrane 0 will be out of membrane G
after that all the values have been sent into the membrane by r4 ∼ r29.

r1:ξi → (ξi, ini), 1; (1 ≤ i ≤M)
r2:ξ0 → [0]0, 1
r3:ϕ

M [0]0 → ([0]0, outG)
r4:aj → ϕ(aj , in0), 1; (1 ≤ j ≤ K)
r5:bj → ϕ(bj , in0), 1; (1 ≤ j ≤ K)
· · ·
r29:zj → ϕ(zj , in0), 1; (1 ≤ j ≤ K)
(3) The rule set in gene membrane of membrane G called Rgi,1 ≤ i ≤M . The

symbol ξi releases an attribute value randomly out of corresponding membrane
i.

r1:ξ1aj → aj(aj , out1); (1 ≤ j ≤ K)
r2:ξ2bj → bj(bj , out2); (1 ≤ j ≤ K)
· · ·
r26:ξ26zj → zj(zj , out26); (1 ≤ j ≤ K)
(4)The rule set in membrane S called RS . The symbol N represents the

number of self cells. The symbol β represents that the corresponding attribute
from the two cells are matched. The symbol γ represents that the two cells are
not matched.

r1:ηηi → ηii; (1 ≤ i ≤ N)
r2:ηii[i]i → [i]iηi([iη

′]i, in0); (1 ≤ i ≤ N)
r3:β

2 → βγ, 1
r4:βγ

M−1 → (β, outS), 2
r5:γ

M → (γ, outS)
(5)The rule set in self membrane of membrane S called Rsi,1 ≤ i ≤ N .

Dissolve the membrane to release the object into outer membrane.
r1:η

′ → γδ
(6)The rule set in membrane 0 called R0. r1 ∼ r26 are matching rules for the

affinity measure. The symbol m is a threshold of the affinity. If the number of
matched attributes is greater than the threshold, it will release a symbol β out
of membrane, otherwise it will release a symbol γ.

r1:a
2
j → β; (1 ≤ j ≤ K)
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r2:b
2
j → β; (1 ≤ j ≤ K)

· · ·
r26:z

2
j → β; (1 ≤ j ≤ K)

r27:γ → γ2, 3
r28:β

mγ2 → η′′(β, out0), 1
r29:γ

2 → η′′(γ, out0), 1
r30:β → λ|η′′ , 1
r31:aj → λ|η′′ , 1; (1 ≤ j ≤ K)
r32:bj → λ|η′′ , 1; (1 ≤ j ≤ K)
· · ·
r56:zj → λ|η′′ , 1; (1 ≤ j ≤ K)
r57:η

′′ → δ, 2
r58:η

′ → γδ
(7)The rule set in membrane C called RC . The copies of unlabel cell are sent

into each detector in this membrane. The symbol Z represents the self cell and
the symbol Y represents the non-self cell. The result will be sent out of this
membrane into skin membrane.

r1:η0[0]0 → [0]0([0η
′]0, inu)

r2:β
2 → βγ, 1

r3:βγ
N−1 → (Y, outC), 2

r4:γ
N → (Z, outC)

(8)The rule set in membrane T and u called RT . Each unknown cell is sent
into the copy of membrane T saved as membrane u. The match procedure is the
same with R0. If the affinity of the two cell is greater than the threshold, it will
release a symbol β out of membrane, otherwise it will release a symbol γ.

r1:a
2
j → β; (1 ≤ j ≤ K)

r2:b
2
j → β; (1 ≤ j ≤ K)

· · ·
r26:z

2
j → β; (1 ≤ j ≤ K)

r27:γ → γ2, 3
r28:β

mγ2 → η′′(β, outu), 1
r29:γ

2 → η′′(γ, outu), 1
r30:β → λ|η′′ , 1
r31:aj → λ|η′′ , 1; (1 ≤ j ≤ K)
r32:bj → λ|η′′ , 1; (1 ≤ j ≤ K)
· · ·
r56:zj → λ|η′′ , 1; (1 ≤ j ≤ K)
r57:η

′′ → δ, 2

3.3 Algorithm implementation

ΠNS contains three important phases: generate the candidate detectors random-
ly; calculate the affinity of the detector to decide whether deleted or converted
into immune cell in classifier; test the performance of the classifier.

The symbol Ψ1 is sent into the skin membrane from the environment to start
the generation.
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Detector generation In skin membrane M, when it receives Ψ1, the rule (r1 ∈
RM ) will send symbols into membrane G to produce a new elementary membrane
called the candidate cell. In skin membrane G, the new membrane marked zero
for a candidate detector by rule(r2 ∈ RG). The symbol ξi(1 ≤ i ≤ M) is sent
into membrane (1 ≤ i ≤M) in order to release a random attribute value by the
rules(r1 ∼ r26 ∈ Rgi). After all of the random attribute values are sent into the
candidate cell, the detector will be out of the gene pool by rule(r3 ∈ RG). The
generation process is shown in Fig.4.

GG

aj

bj

zj

a1,a2,a3,...aK
1

...

z1,z2,z3,...zK
M

b1,b2,b3,...bK
2

M

a1,a2,a3,...aK
1

...

z1,z2,z3,...zK
M

b1,b2,b3,...bK
2

0

0

Fig. 4. Generate a candidate cell

Affinity testing According to the algorithm in Table 1, the affinity of each
self cell in self set with the candidate cell must be calculated first. In order
to accelerate the searching speed, the candidate cell will be replicated before
calculation by membrane separation shown in Fig.5.

0

0

0

0

0

0

0

0

0

0

0

Fig. 5. Membrane separation
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There will be 2k membrane after time slice of k. The purpose of replication
is preparing enough copies of the candidate cell for the next step of affinity
calculation, and converting serial computing to parallel computing.

Suppose the number of self cells is N (N=2k − 1),The symbol ϕ controls the
times of replication to produce N copies which will be sent into membrane S by
the rules (r2 ∼ r4 ∈ RM ) shown in Fig.6. Only one membrane will be left in the
skin membrane waiting for the next operation.

0 00
...

S
1 N2

...

0
SG

C

T

Fig. 6. Membrane replication

In membrane S, once the symbol η sent in, the rule(r1, r2 ∈ RS) will send the
copy of each self cell into the candidate cell. Then the membranes i will dissolve
and release the objects into membrane zero. Next, the rules (r1 ∼ r26 ∈ R0)
may be reacted or not. There are (M+1) kinds of possibility. If one attribution
is equivalent, it will produce one β. The symbol γ is as a time slice, its count
will be two by the rule r27.m is the affinity to determine the similarity of two
cells according to the specific problem(1 ≤ m ≤ M). The final output is β or γ
in Fig.7 representing matched or not matched respectively.

or

Fig. 7. Detection of the candidate cell
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In the skin membrane, the symbol γ means that the new cell can not be
recognized by the self set and can join to the classifier by rule (r5 ∈ RM ).The
symbol β means that the new cell can be recognized and must be deleted and
start the next round search of by rules (r7 ∈ RM and r57 ∈ R0).L indicates
the number of detectors to be generated, the search process will stop until the
termination symbol ♯.

3.4 Classifier quality evaluation

When the classifier is generated, the classification performance of it must be
tested. In the testing process,input the symbol Ψ2 from the environment to start
the detection in Fig.8(a), then apply the rule(r8 ∈ RM ) to generate membrane
u to store the unlabel cell by rules(r12 ∼ r37 ∈ RM ) in Fig.8(b).Then replicate
the membrane u and send them into membrane C by rule(r9 ∼ r11 ∈ RM ) in
Fig.8(c). The replication process and matching process are similar to the process
of affinity testing in generation of detector.

...

...

...

...

Fig. 8. Testing process

In membrane C, the rules(r3 ∼ r4 ∈ RC) are applied to release the symbol
Y which means that the cell is allogeneic or Z which means that the cell is
autologous.

4 System validation

The simulation of ΠNS based on negative selection was validated using iris data
set of UCI Machine Learning Repository[13].The datasets are from UCI machine
learning database, which is provided by the Irvine School of Computer Science
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and Information Technology of University of California.Iris data set has three
classes(Setosa, Versicolour, Virginica) and four attributes(length of calyx. width
of Calyx , length of petal, width of petal),each class has fifty record.

The classification accuracy for the dataset was measured according to the
equation,

accuracy(T ) =

∑|T |
i=1 assess(ti)

|T |
, ti ∈ T

assess(t) =

{
1, if classify(t) = t.c

0, otherwise

(3)

where T is the set of data items to be classified (the test set), t ∈ T ,t.c is the
class of the item t,and classify(t) returns the classification of t by the system.

4.1 Data preprocess

In order to imitate the P system,there must be some preprocess for the primary
data. The value of each attribute is divided into different data segments,the new
value of the record is a range of data. The importance of this phase is that the
number of data segments can not be too little or too much. After programming
analysis, the data will be divided according to the following methods.

(1) find out the minimum, maximum and average values of each attribute of
each type.

(2) each attribute is divided into different sections according to minimum,
maximum and average value, and then distributed equally .

After the treatment, the four attributes are divided into four segments which
is divided into three sub segments next, so it is divided into 12 fragments which
are used as a1, · · · , a12. The other attributions are processed the same.

The new data set is obtained by the above method which contains a total of
47 records( Setosa 7, Versicolour 29, Virginica 11).

4.2 Result

In the experimentations, the affinity of two different cell is 75%, that is, if there
are three attribute values are the same, two cells will be matched.

For test results to be more reliable, different testing data validation is used
here. Firstly, the category of Setosa is the self set, and the other two categories
are non self set, each algorithm executes five times with different number of
detectors, the accuracies are shown in in Table 2. NT is the correct classification
of the number of data, N is the total number of data.
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Table 2. setosa as self total 47 records

Number
of de-
tectors

first
time

second
time

third
time

forth
time

five
time

average accuracy

8 32 14 18 15 14 19 40.4%
16 23 32 30 42 25 30 63.8%
32 41 38 38 37 39 39 83.0%
64 47 47 43 46 47 46 97.9%
128 47 47 47 47 47 47 100%

The results are obtained while the category of Versicolour used as autologous
shown in Table 3.

Table 3. Versicolour as self total 47 records

Number
of de-
tectors

first
time

second
time

third
time

forth
time

five
time

average accuracy

8 38 35 38 33 31 35 74.5%
16 37 35 36 39 38 37 78.7%
32 39 45 43 42 38 41 87.2%
64 47 47 47 46 43 46 97.9%
128 47 47 47 47 47 47 100%

The results are obtained while the category of Virginica used as autologous
shown in Table 4.

Table 4. Virginica as self total 47 records

Number
of de-
tectors

first
time

second
time

third
time

forth
time

five
time

average accuracy

8 28 23 15 30 16 22 47.7%
16 33 30 34 18 17 26 55.3%
32 40 44 40 39 33 39 83.0%
64 46 47 47 46 46 46 97.9%
128 47 47 47 47 47 47 100%

As it can be deduced from Table 2- Table 4, the method is feasible, and the
classification accuracy is improved with the increase of the number of detectors.
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According to the thought of membrane calculation, both in the detector genera-
tion phase and in the testing phase, the matching process between self cell with
detector and the testing cell with detector are asynchronous execution. It mean-
s that this system converts serial execution of the basic algorithm to parallel
execution, decreases the algorithm execution time.

4.3 Analysis

The performance of the new classifier system is also compared to the well-know
classification techniques, such as neural network (NN), support vector machines
(SVM), K-nearest neighbor algorithm, decision tree-based classification algo-
rithm(C 4.5) and separability of split value (SSV). We presented the results of
some of the best classification methods in this study. In Table 5, the results of
proposed algorithm are compared to the results of commonly used classification
methods[14].

Table 5. Accuracy results comparison for iris data set

Method Accuracy

ΠNS 100%
Grobian 100%
SVC 98.0%
AIRS 96.5%
Nearest neighbor 96.0%
C4.5 94.7%
Bayes net 94.7%
RBF 94.6%

As it is shown in Table 5, the accuracy of classification is sufficiently compa-
rable to other top classification algorithm. The accuracy rate is the same with
Grobian algorithm and better than that of other classifier. The reason of the good
results of the algorithm in case of the data set is probably lack of noise,uniform
distributions of patterns and the fact, that pattern create consistent areas in
shape space of the attributes. That makes creation the classes representation in
form of receptors sets more easy.The new algorithm has increased the conver-
gence speed of the classification.

5 Conclusion

In this paper, we have proposed ΠNS for classification based on negative se-
lection algorithm of immune system. The important advantage of the system
is the parallelism which is inherent character of membrane system. In stan-
dard negative selection algorithm, the operate to calculate the affinity of two
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cells both in searching the immune cell and testing the unlabel cell is serial
process.However,the candidate cell will be duplicated to match the self cells or
detectors at the same time.It could be increase the searching speed. The system
also validated in a benchmark data set. The result shows that the algorithm is
feasible and the accuracy is upgraded by increase the number of detectors. There
are still some problem to solve, from which the most important is ignoring noise
in data and increasing efficiency of algorithm when using data sets containing
patterns not uniformly distributed within different classes.
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Abstract. A new fault diagnosis method using fuzzy spiking neural P
systems with interval-valued fuzzy numbers (ivFSN P systems, in short)
is proposed for power systems. Interval-valued fuzzy numbers are inte-
grated into spiking neural P systems (SN P systems, in short) to present
the ivFSN P systems, which are able to characterize uncertain alarm
information. The modeling approach and fuzzy reasoning algorithm are
developed, and then the corresponding fault diagnosis model is discussed.
The fault diagnosis of a six-bus 69-kV distribution system is used as an
example, including single fault and multiple faults with device failure,
to demonstrate the availability and effectiveness of the proposed fault
diagnosis model based on ivFSN P systems.

Keywords: Power system, fault diagnosis, fuzzy spiking neural P sys-
tems, interval-valued fuzzy numbers.

1 Introduction

Nowadays, with gradually expanding of the power system scale and increasingly
complex of the power system structure, the number of components of the power
system is increasing. Protection elements of these components (such as gener-
ators, transformers, bus bars, transmission lines, etc.) mainly are composed of
the protective relays, circuit breakers (CBs) and communication equipment sec-
tions [1]. Once a failure occurs, dispatchers must isolate the influenced branches
quickly and accurately, and take the necessary measures to restore the normal
supply of electricity as soon as possible. The fault diagnosis of power system is a
process of identifying faulty system elements by reading tripping signals of pro-
tective relays and CBs [2]. When a fault occurs, a lot of alarm information from

? Corresponding author (J. Wang)
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supervisor control and data acquisition (SCADA) system will be immediately
transferred to the dispatch center system to provide data source for fault diag-
nosis. However, these alarm messages are often incomplete and uncertain [3], [4].
Therefore, a good fault diagnosis method should provide the accurate and effec-
tive diagnosis information to dispatch operators [5], and help them identify the
fault location and elements in fault situations so as to guarantee the secure and
stable operation of power systems.

In recent decades, many methods have been applied to fault diagnosis, such
as expert systems (ES) [3], [5], fuzzy logic (FL) [4], [5], Petri nets (PNs) [1], [5],
artificial neural networks (ANNs) [2] and so on. ES is a mature approach for fault
diagnosis of power systems. However it has a slow inference speed and poor tol-
erance ability [3]. FL expresses imprecision and uncertainty by using the concept
of fuzzy membership, but it needs to be combined with other methods [6], [8].
For PNs applied to the fault diagnosis, bad tolerance and difficult to identify
false alarm massages are their weaknesses [5]. ANNs have the advantages of
good tolerance and strong learning ability, but the disadvantages of the need for
numerous samples and poor generally interpreting ability [4], [8]. Therefore, it
is necessary to develop new methods to avoid the problems and serve as a good
model for fault diagnosis of power systems.

Spiking neurons P system (SN P system) is the main form of neural P sys-
tems, which is inspired by the idea that spiking neurons excite pulses under the
framework of membrane computing [9]-[13]. In recent years, different variants
of SN P are proposed [14]-[19]. Among them, fuzzy spiking neural P systems
and adaptive fuzzy spiking neural P systems [20]-[23], proposed by Jun Wang
et al, were both applied to solve the problem of fault diagnosis and got better
results. However, how to handle the incompleteness and uncertainty of the alarm
information in different power systems is worth further discussing [24]. Nowa-
days, it is very useful for interval-valued fuzzy number to indicate the evaluation
values of the real world, and it is a kind of fuzzy extension theories. Although
interval-valued fuzzy number is more flexible in dealing with uncertainty, it is
usually used in risk analysis and group multi-criteria decision making [25]-[26],
and there is no relevant literature in the field of fault diagnosis.

Combined interval-valued fuzzy numbers with SN P systems, an extended
SN P system is developed for fault diagnosis of power systems, called fuzzy spik-
ing neural P systems with interval-valued fuzzy numbers (ivFSN P systems, in
short). The use of interval-valued fuzzy numbers is helpful to express potential
values of spikes contained in neurons and the fuzzy values of the neurons, and
furthermore allows us to handle incompleteness and uncertainty in power sys-
tems. The diagnosis model based on ivFSN P systems is discussed, including
modeling method and fuzzy reasoning algorithm.

The remainder of this paper is organized as follows. The ivFSN P system is
introduced in Section 2. Section 3 presents the fault diagnosis method by using
ivFSN P systems and provides two illustration examples of the fault diagnosis
of power systems. Conclusions are finally drawn in Section 4.
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2 ivFSN P Systems

2.1 Interval-valued fuzzy numbers

An interval-valued fuzzy numberA can be denoted asA = [AL, AU ] = [(aL1 , a
L
2 , a

L
3 ,

aL4 ), (aU1 , a
U
2 , a

U
3 , a

U
4 )], where AL and AU are the lower and upper interval-valued

fuzzy numbers [24]. The two lower and upper interval-valued fuzzy numbers
can be often expressed by two trapezoidal fuzzy numbers, (aL1 , a

L
2 , a

L
3 , a

L
4 ) and

(aU1 , a
U
2 , a

U
3 , a

U
4 ), where aL1 ≤ aL2 ≤ aL3 ≤ aL4 and aU1 ≤ aU2 ≤ aU3 ≤ aU4 , and

a1, a2, a3, a4 are the real numbers in [0,1].
Especially, it is obvious that if AL = AU , then A becomes a generalized fuzzy

number; if a1 = a2 = a3 = a4, then A becomes a non-negative real number; if
a1 < a2 = a3 < a4, then A becomes a triangular interval-valued fuzzy number.

Suppose thatA = [(aL1 , a
L
2 , a

L
3 , a

L
4 ), (aU1 , a

U
2 , a

U
3 , a

U
4 )] andB = [(bL1 , b

L
2 , b

L
3 , b

L
4 ),

(bU1 , b
U
2 , b

U
3 , b

U
4 )] are two interval-valued fuzzy numbers. Then, four arithmetic

operations for interval-valued fuzzy numbers can be defined as follows:

(1) A⊕B = [(aL1 +bL1 , a
L
2 +bL2 , a

L
3 +bL3 , a

L
4 +bL4 ), (aU1 +bU1 , a

U
2 +bU2 , a

U
3 +bU3 , a

U
4 +

bU4 )].
(2) A⊗B = [(aL1 ×bL1 , aL2 ×bL2 , aL3 ×bL3 , aL4 ×bL4 ), (aU1 ×bU1 , aU2 ×bU2 , aU3 ×bU3 , aU4 ×

bU4 )].
(3) A7B = [(aL1 ∧bL1 , aL2 ∧bL2 , aL3 ∧bL3 , aL4 ∧bL4 ), (aU1 ∧bU1 , aU2 ∧bU2 , aU3 ∧bU3 , aU4 ∧bU4 )].
(4) A6B = [(aL1 ∨bL1 , aL2 ∨bL2 , aL3 ∨bL3 , aL4 ∨bL4 ), (aU1 ∨bU1 , aU2 ∨bU2 , aU3 ∨bU3 , aU4 ∨bU4 )].

2.2 ivFSN P Systems

In the following, ivFSN P Systems are introduced, which can be regarded as an
extension of the original SN P Systems.

Definition 1. An ivFSN P System of degree m ≥ 1 is a construct

Π = (A, σ1, σ2, . . . , σm, syn, I,O) (1)

where:

(1) A = {a} is a singleton alphabet (a is called spike);
(2) σ1, σ2, . . . , σm are neurons of Π, and σi = (θi, ci, ri), i ∈ {1, 2, . . . ,m}, where

a) θi is an interval-valued fuzzy number representing the value of spikes
contained in neuron σi at the beginning of the calculation;

b) ci is an interval-valued fuzzy number representing the fuzzy value corre-
sponding to neuron σi;

c) ri represents a firing rule associated with neuron σi of the form aθ → aθ

or aθ → aβ, where θ and β are two interval-valued fuzzy numbers.
(3) syn ⊆ {1, 2, . . . ,m} × {1, 2, . . . ,m}, and for all (i, j) ∈ syn, 1 ≤ i ≤ m,

represents a directed graph of synapses between the linked neurons.
(4) I and O indicate the input neuron set and the output neuron set of Π, re-

spectively.
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In general, a fuzzy knowledge base can be represented by the following two
forms of fuzzy production rules.

Type 1: IF p1 AND p2 AND . . . AND pk−1 THEN pk (CF = c)
Type 2: IF p1 OR p2 OR . . . OR pk−1 THEN pk (CF = c)

where p1, p2, . . . , pk−1 are the k − 1 propositions of the rule’s antecedent parts,
and pk is the proposition of the rule’s consequent part, and c is an interval-valued
fuzzy number representing the certainty factor (CF) of the fuzzy production rule.

In order to make ivFSN P Systems can be used to model the fuzzy production
rules, the neurons are divided into three types: proposition neurons, “and”-type
rule neurons and “or”-type rule neurons. Proposition neurons are associated with
the propositions in fuzzy production rules. Fig. 1(a) shows a proposition neuron.
The fuzzy production rule of type 1 can be represented by an “and”-type rule
neuron, shown in Fig. 1(b). When such a rule neuron receives spikes with pulse
values θ1, θ2, . . . , θk−1 from other proposition neurons, it will fire and produce a
spike with pulse value β = (θ1 7 θ2 7 . . . 7 θk−1) ⊗ c. Similarly, “or”-type rule
neuron can be used to model the fuzzy production rule of type 2, shown in 1(c).
When the “or”-type rule neuron receives spikes with pulse values θ1, θ2, . . . , θk−1

from other proposition neurons, it will fire and produce a spike with pulse value
β = (θ1 6 θ2 6 . . .6 θk−1)⊗ c.

(a)

      

 

a

a a




(b)

1

2

( )r c

      

 

a

a a
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＞
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Fig. 1. (a) proposition neuron, (b) “and”-type rule neuron, and (c) “or”-type rule
neuron.

2.3 fuzzy reasoning algorithm based on ivFSN P systems

Based on the firing mechanism of ivFSN P systems, a fuzzy reasoning algorithm
is developed as follows. Assume that the ivFSN P system contains s proposition
neurons and t rule neurons, each of which may “and”-type or “or”-type rule
neurons. Thus, the total number of neurons ism = s+t. To explain this reasoning
algorithm, some vectors and matrices are introduced as follows.

(1) θ = (θ1, θ2, . . . , θs)
T is a vector containing the fuzzy values of the s proposi-

tion neurons, where θi represents the pulse value contained in the ith propo-
sition neuron, 1 ≤ i ≤ s. If there is not any spike contained in a proposition
neuron, its pulse value is “unknown” or [(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)].
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(2) δ = (δ1, δ2, . . . , δt)
T is a vector containing the fuzzy values of the t rule

neurons, where δj represents the pulse value contained in the jth proposition
neuron, 1 ≤ j ≤ t. If there is not any spike contained in a rule neuron, its
pulse value is “unknown” or [(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)].

(3) C = diag(c1, c2, . . . , ct) is a diagonal matrix, where cj(1 ≤ j ≤ t) is an
interval-valued fuzzy number representing the certainty factor of the jth
fuzzy production rule.

(4) D1 = (dij)s×t is a synaptic matrix representing the directed connection from
proposition neurons to “and”-type rule neurons. If there is a directed synapse
from the proposition neuron σi to rule neuron σj , dij = 1; otherwise, dij = 0.

(5) D2 = (dij)s×t is a synaptic matrix representing the directed connection from
proposition neurons to “or”-type rule neurons. If there is a directed synapse
from the proposition neuron σi to rule neuron σj , dij = 1; otherwise, dij = 0.

(6) E = (eji)t×s is a synaptic matrix representing the directed connection from
rule neurons to proposition neurons. If there is a directed synapse from the
rule neuron σj to the proposition neuron σi, eji = 1; otherwise, eji = 0.

Next, three multiplication operations are introduced as follows.

(1) C � δ = (c1 ⊗ δ1, c2 ⊗ δ2, . . . , ct ⊗ δt)T .

(2) DT � θ = (
∼
d1,

∼
d2, . . . ,

∼
dt)

T , where
∼
dj = d1jθ1 7 d2jθ2 7 . . . 7 dsjθs, j =

1, 2, . . . , t.
(3) ET ~ θ = (

∼
e1,

∼
e2, . . . ,

∼
es)

T , where
∼
ei = e1iδ1 6 e2iδ2 6 . . . 6 etiδt, j =

1, 2, . . . , s.

According to previous discussion, a fuzzy reasoning algorithm for the ivFSN
P system can be described as following. Here, the input is the fuzzy values of
the propositions corresponding to the input proposition neurons and the output
is the fuzzy values of the propositions corresponding to the output proposition
neurons.

1) Let g = 0 when initial reasoning step begins;
2) SetD1, D2, E, C, and termination condition isO1 = (unknown, unknown, . . .

, unknown)Tt . The initial values of θ and δ are set to θ0 = (θ10, θ20, . . . , θs0)
and δ0 = (δ10, δ20, . . . , δt0) respectively;

3) Let g = g + 1;
4) The firing condition of input neurons (g = 1) or proposition neurons (g > 1)

is evaluated. If the condition is satisfied and there is at least a postsynaptic
rule neuron, the neurons fire and transmit a spike to the next rule neuron.

5) Compute the fuzzy value vector δg:

δg = (DT
1 � θg−1)� (DT

2 ~ θg−1) (2)

6) If g = O1, the algorithm stops and exports the reasoning results in output
neurons; otherwise, it will go to step 7).

7) Evaluate the firing condition of rule neurons. If the condition is satisfied, the
rule neurons fire and each transmit a spike to the next proposition neuron.

8) Compute the fuzzy value vector θg according to (3), and then it goes to step
3).

θg = (ET ~ (C � δg) (3)
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3 Fault Diagnosis of Power Systems Based on ivFSN P
Systems

3.1 Problem Description

The fault diagnosis of power systems is a process of identifying faulty compo-
nents by using the tripping information of protection relays and circuit breakers
(CBs). In order to quickly and selectively remove the faulty components, when a
fault occurs in power systems, the main measure is three-section current protec-
tion, i.e., main protection, nearby (first) backup protection and remote (second)
backup protection. In this paper, three types of fault diagnosis are mainly con-
sidered: lines, buses and transformers.

Fig. 2. A six-bus 64-kV distribution system, where symbol “m” refers to the main
protective relay, “p” represents the backup relay (nearest region), “s” represents the
backup relay (second nearest region), and “t” is the backup relay (in the opposite
direction to “s”).

Fig. 2 shows a six-bus 69-kV distribution system, which is adopted from [7].
This system includes 10 system sections, 10 CBs and 26 protective relays. For
the convenience of description, some notations are described as follows. A bus,
line, CB and transformer are represented by A/B/C,L,CB and T , respectively.
The 10 system sections are labeled as A1, A2, B1, B1, C1, C2, L1, L2 and T1, T2.
The 10 CBs are labeled as CB1, CB2, . . . , CB9, CB10. The 26 protective relays
are composed of 12 main relays, i.e., A1m, A2m, B1m, B2m, C1m, C2m, T1m, T2m,
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L1Bm, L2Bm, L1Cm, L2Cm, 8 nearby backup relays (T1p, T1s, T2p, T2s, L1Bp,L2Bp,
L1Cp, L2Cp), and 6 remote backup relays (T1t, T2t, L1Bs, L2Bs, L1Cs, L2Cs).

The operational principles of protective relays in transmission networks are
described as follows.

(1) Protective relays of lines: When a fault occurs on a line, the main protective
relays (MPRs) of the line operate, and the corresponding CBs of both ends
of the line are tripped. For example, if line L1 fails, MPRs L1Bm, L1Cm

operate to trip CB7 and CB9. Likewise, when the main protections of the
line fail to operate, the nearby backup protective relays (NBPRs) operate
to trip CBs connected to this line. For example, if line L1 fails and MPR
L1Bm fails to operate, NBPR L1Bp operate to trip CB7. If line L1 fails and
MPR L1Cm fails to operate, NBPR L1Cp operates to trip CB9. In addition,
when a section of adjacent region of a line fails and its protections fail to
operate, the remote protective relays (RBPRs) of the line operate to protect
the section. For example, if section B1 fails and CB7 fails to trip off, RBPR
L1Bs operates to trip CB7. If section C1 fails and CB9 fails to trip off, RBPR
L1Cs operates to trip CB9.

(2) Protective relays of buses: When the MPRs of a bus operate, all CBs directly
connected to the bus will be tripped. For instance, if bus A1 fails, MPR A1m

operates to trip CB1 and CB2. It is worth pointing out that there are not
any NBPRs and RBPRs for buses. When the MPRs of a bus fail to operate,
the RBPRs of all the adjacent regions of the bus, which can protect the bus,
operate to trip off the relevant CBs.

(3) Protective relays of transformers: When a fault occurs on a transformer,
the MPRs of the transformer operate, and the corresponding CBs of both
ends of the transformer are tripped. For example, if transformer T1 fails,
MPR T1m operates to trip CB2 and CB4. Likewise, when the MPRs of the
transformer fail to operate, the NBPRs operate to trip CBs connected to
the transformer. For example, if transformer T1 fails and MPR T1m fails
to operate, NBPR T1p operates to trip CB2 and CB4. In addition, when a
section of the adjacent regions of a transformer and its protections fail to
operate, the RBPRs of the transformer can operate to protect this section.
For example, if section A1 fails and CB2 fails to trip off, RBPR T1t operates
to trip CB2 and CB4 so that this bus can be protected.

3.2 Setting

The cause and effect relationship of a fault and its protective devices can be
described by fault fuzzy production rules for main components including lines,
buses and transformers in transmission networks. The fault fuzzy production
rules consist of certainty factors. A certainty factor represents the degree of
confidence that a fault occurs, and each rule has one certainty factor. Owing
to the uncertainty of the knowledge of experts and senior dispatchers, we use
linguistic terms to describe certainty factors, which are denoted by interval-
valued fuzzy numbers [25] and provided in Table 1.
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Table 1. Linguistic values and the corresponding interval-valued fuzzy numbers.

linguistic terms interval-valued fuzzy number (IVFN)

Absolutely-low(AL) [(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]

Very-low(VL) [(0.0075, 0.0075, 0.015, 0.0525), (0.0, 0.0, 0.02, 0.07)]

Low(L) [(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]

Fairly-low(FL) [(0.2325, 0.255, 0.325, 0.3575), (0.17, 0.22, 0.36, 0.42)]

Medium(M) [(0.4025, 0.4525, 0.5375, 0.5675), (0.32, 0.41, 0.58, 0.65)]

Fairly-high(FH) [(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]

High(H) [(0.7825, 0.815, 0.885, 0.9075), (0.72, 0.78, 0.92, 0.97)]

Very-high(VH) [(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]

Absolutely-high(AH) [(1.0, 1.0, 1.0, 1.0), (1.0, 1.0, 1.0, 1.0)]

Table 2. Confidence levels of the operated protective devices.

Protective devices
Sections Main Nearby Remote

Relays CBs Relays CBs Relays CBs

L VH VH H H FH FH

B VH VH − − FH FH

T VH VH H H FH FH

In this paper, the provisions can be illustrated as follows according to the
experience and the levels of protection. Firstly, all the certainty factors of rule
neurons which are related to main protections and nearby backup protections are
set to AH. Secondly, all the certainty factors of rule neurons which are related
to remote backup protections are set to VH. If it involves multiple levels of
protections, the certainty factors can be set to the value corresponding to the
highest level of protections. Thirdly, if the confidence level θ of a section satisfies
the condition θ ≥ [(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)], the section
is faulty; if θ ≤ [(0.2325, 0.255, 0.325, 0.3575), (0.17, 0.22, 0.36, 0.42)], the section
is not faulty; otherwise, the section may be faulty.

In addition, the status information obtained from SCADA system may in-
clude operation failure, mal-operation and misinformation, so it is necessary to
use a confidence level to describe the operation accuracy of each section [24].
Therefore, an empirical confidence level is assigned to each protective device
including the protective relays and its corresponding CBs. Tables 2 and 3 list
the confidence levels of the operated protective devices and the non-operated
protective devices, respectively.

3.3 Fault Diagnosis and Analysis

In this subsection, single faulty section with failure device and multiple faulty
sections with failure device in the power transmission networks as the case studies
are considered to demonstrate the effectiveness of ivFSN P systems.

Case 1 (single fault): Suppose that a fault occurs at the bus A1, and it leads
to the operation of MPR A1m and the tripping of both CB1 and CB2. However,
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Table 3. Confidence levels of the non-operated protective devices.

Protective devices
Sections Main Nearby Remote

Relays CBs Relays CBs Relays CBs

L L L L L L L

B FL L − − FL L

T FL L FL L L L

CB2 fails to open, leading to the operation of RBPR T1t which opens CB2

again and trips off CB4. Status information obtained from the SCADA system
indicates: operated relays are A1m and T1t, and tripped CBs have CB1, CB2

and CB4.

Firstly, the fault diagnosis model of bus A1 including 20 proposition neurons
and 11 rule neurons is constructed by the ivFSN P system, shown in Fig. 3.
In this figure, there are four assistant synapses, i.e.,(σ1, r5), (σ1, r6),(σ2, r3) and
(σ2, r4), marked by hollow tips. The synapse from σ1 to r5 can be taken as an
example to explain the meaning of these assistant synapses: if CB1 opens, the
operation of T2t,CB3 and CB5 is invalid and then the their values are set as
[(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]; otherwise, the operation of them is valid.

Fig. 3. The fault diagnosis model of bus A1 based on ivFSN P systems.

Secondly, the detailed fuzzy reasoning process is described as follows. The
interval-valued fuzzy numbers θ0 and δ0 can be obtained according to the status
information and Tables 1, 2 and 3. Note that θ is a 20 dimensional vector and δ
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is an 11 dimensional vector.

θ0 =



[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]
[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]
[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]

[(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]
[(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]

[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]
[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]

[(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]
O


, δ0 =

[
O
]

;

When g = 1, we get the results

δ1 =


[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]
[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]
[(0.65, 0.6725, 0.7575, 0.79), (0.58, 0.63, 0.80, 0.86)]

O

 ,

θ1 =


O

[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]

[(0.6159, 0.6624, 0.7518, 0.7841), (0.5394, 0.6174, 0.80, 0.86)]
[(0.6159, 0.6624, 0.7518, 0.7841), (0.5394, 0.6174, 0.80, 0.86)]

O

 ;

When g = 2, we get the results

δ2 =


O

[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]

[(0.6159, 0.6624, 0.7518, 0.7841), (0.5394, 0.6174, 0.80, 0.86)]
O

 ,

θ2 =


O

[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]
[(0.0875, 0.12, 0.16, 0.1825), (0.04, 0.10, 0.18, 0.23)]

[(0.6159, 0.6624, 0.7518, 0.7841), (0.5394, 0.6174, 0.80, 0.86)]
[(0.0, 0.0, 0.0, 0.0), (0.0, 0.0, 0.0, 0.0)]

 ;

When g = 3, we get the results

δ3 =

[
O

[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]

]
,



Fault Diagnosis of Power Systems Using ivFSN P Systems 11

θ3 =

[
O

[(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]

]
;

When g = 4, we get the result
δ4 =

[
O
]
.

Thus, the termination condition is satisfied and the reasoning process ends.
The reasoning result is [(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)] from
output neuron σ20. According to the condition in Section 3.2, A1 is a faulty
section with a confidence level VH. While CB2 refused to operate, the fail-
ure extended. Similarly, it can be obtained that T1 has the reasoning result
[(0.0875,0.12,0.16,0.1825),(0.04,0.10,0.18,0.23)]. According to the condition in
Section 3.2, T1 is not faulty section with a confidence level L.

Case 2 (multiple faults): Suppose that multiple faults occur at buses A1 and
A2. The fault at bus A2 leads to the operation of main protective relays MPR
A2m and the tripping of both CB1 and CB3. For bus A1, it leads to the operation
of MPR A1m and the tripping of both CB1 and CB2.However, CB2 fails to open,
leading to the operation of RBPR T1t which opens CB2 again and trips off CB4.
Status information obtained from the SCADA system indicates: operated relays
are A1m, A2mand T1t, and tripped CBs have CB1, CB2, CB3 and CB4.

Fig. 4. The fault diagnosis model of bus A2 based on ivFSN P systems.

Fig. 3 and Fig. 4 show the ivFSN P systems for fault diagnose of A1 and
A2, respectively. Since Case 1 and Case 2 have a similar reasoning procedure,
it is omitted here. After reasoning, it can be obtained that A1 and A2 have the
same value [(0.9475, 0.985, 0.9925, 0.9925), (0.93, 0.98, 1.0, 1.0)]. According to the
condition in Section 3.2, A1 and A2 both are identified as the faulty sections with
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the confidence level VH. Similarly, the confidence level of T1 is L. According to
the condition in Section 3.2, T1 is not faulty section.

From the results, the availability and effectiveness of the proposed method
can be demonstrate. In addition, Case 1 and Case 2 show that the proposed
method not only can deal with single fault with device failure, but also can
handle multiple faults with device failure. Therefore, it can be seen that fault
confidence levels are represented by interval-valued fuzzy numbers, which pro-
vide a quantitative description of the fault components and make the diagnosis
results more reliable. Owing to linguistic terms including uncertainty in certain
extent is more flexible than probability values, the interval-valued fuzzy num-
bers corresponding to the linguistic terms also provide a more intuitive way for
experts and dispatchers to understand the diagnosis results.

4 Conclusions

In this paper, ivFSN P systems with a graphic modeling description is proposed
to diagnose main faulty sections in power systems. This approach provides a
good accuracy of diagnosis solution. Due to the fault diagnosis process has the
intuitive description of graphical modeling and the intelligibility of the diagnosis
modeling process, it provides a more convenient way for readers to understand
the process of fault diagnosis in power systems. Besides, ivFSN P systems can
handle incomplete and uncertain messages from the SCADA system in a more
flexible and effective way by using interval-valued fuzzy numbers, which ade-
quately displays the fault-tolerant capacity of this proposed method. In the end,
the case studies test the validity and feasibility of proposed approach in diag-
nosing the fault in a typical system of power transmission networks.
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ing algorithm for membrane computing. Inf. Sci. 304, 80-91 (2015).

15. Peng, H., Wang, J., Shi, P., Riscos-Núñez, A., Pérez-Jiménez, M.J.: An automatic
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Abstract. Various models have been used to represent natural phe-
nomenon in order to gain insight on what stability is. A computing model
called Fuzzy abstract rewriting system on multisets, close to reality is
recently designed by introducing fuzziness on computation [2]. As an ex-
tension of this model a device named Fuzzy Artificial cell system with
proteins on membrane is developed and the corresponding structure is
analyzed on its parameters [3]. The aim of the present study is to in-
vestigate how the choices made in a simulation affect its accuracy and
therefore the reliability of the result.

Keywords: P system, Artificial Cell System, Fuzzy ACS, Proteins on
membranes, Michaelis-Menten behaviour, Simulation.

1 Introduction

Fuzzification of membrane systems and their evolution rules which is motivated
by some practical applications is a quite recent development. Rigid mathematical
models employed in biology are not completely adequate for the interpretation
of biological information. This fact has led to the adoption of fuzzy models
and methodologies. Also it has been shown that P systems with fuzzy multiset
rewriting rules are equivalent to fuzzy Turing machines. Suzuki and Tanaka [9]
have introduced the multiset rewriting system, called Abstract rewriting System
on multisets (ARMS). Based on this system, they have developed a molecular
computing model called Artificial Cell System which consists of a multiset of
symbols, a set of rewriting rules and membranes [9, 10]. These correspond to
a class of P systems which are parallel molecular computing models proposed
by Paun [7] and are based on the processing of multisets of objects in cell-like
membrane structures [7].

On the other hand P system with proteins on membranes has been introduced
and the power of the system is examined in [6, 8]. Following chemical reactions,
the kinetics of the sulfoxidation reactions, analogous to biological systems were
carried out by Jayaseeli and Rajagopal [4]. The computational studies of the
work mentioned above, based on membrane computing has been proposed and



Kinetic ARMS in Artificial Cell System with hierarchically structurable mem-
brane (KACSH) is developed in [1].

Recently we have proposed a computing device that is based on Abstract
Rewriting systems on multisets closely related to P system with fuzzy multiset
rewriting rules and fuzzy data [2]. As an extension of this model, we have devel-
oped a new system called FACSP (Fuzzy ARMS in Artificial Cell System with
proteins on membranes) and its behaviour has been studied in [3].

Models of chemically reacting systems have traditionally been simulated by
solving a set of ordinary differential equations. Many researches have conducted
numerical simulation to establish the simulation conditions and the impact on
simulation results. In this paper, the continuous interaction of the system with
environment, an operating function from kinetic equilibrium, is established. A
series of eigenvalues (λ) that satisfy the equation using the corresponding rate
of reactions, complexes, oxidant, substrates and the significants according to the
real and imaginary parts of the eigen values are obtained.

2 Preliminaries

2.1 Kinetic Studies of the Sulfoxidation reactions [4]

In many biomimetic approaches, the study of enzymatic reactions are carried
out kinetically. Jeyaseeli et al [4] followed the spectrophotometric kinetic stud-
ies of [Iron(III)-salen] complexes catalysed H2O2 oxidation of organic sulfides.
When the rate of reaction (k) is plotted against substrate concentration ([S]),
a saturation kinetics called Michaelis-Menten behaviour is followed. They have
proposed mechanisms based on the results of rate of reactions under various
experimental conditions.

2.2 P System with Proteins on Membranes [8]

A system with proteins on membranes is of the form

Γ = {O,P, µ,w1/z1, · · · , wm/zm, E,R1, · · · , Rm, i0}

where

– m is the degree of the system (the number of membranes)

– O is the set of objects

– P is the set of proteins (with O ∩ P = φ)

– µ is the membrane structure



– wi, i = 1 to m are the (strings representing the) multisets of objects present
in the m regions of µ

– zi, i = 1 to m are the multisets of proteins present on the membranes of µ

– E ⊆ O is the set of objects present in the environment (in an arbirarily large
number of copies each)

– Ri are finite sets of rules associated with the m membranes of µ

– i0 ∈ {1, 2, · · · ,m} is the label of the output membrane.

Reaction rules are applied in the following manner: In each step, a maximal
multiset of rules is used, that is, no other rule is applicable to the objects and
the proteins which remain unused by the chosen multiset. At each step we have
the condition that each object and each protein can be involved in the applica-
tion of at most one rule, but the membranes are not considered as involved in
the rule applications except the division rules, hence the same membrane can
appear in any number of rules of types 1- 5 at the same time [8]. By halting
computation we understand a sequence of configurations that ends with a halt-
ing configuration (there is no rule that can be applied considering the objects
and proteins present at that moment in the system). With a halting computa-
tion we associate a result, in the form of the multiplicity of objects present in
region i0 at the moment when the system halts. We denote by N(Π) the set of
numbers computed in this way by a given system Π. We denote in the usual
way by NOPm(pror; list of types of rules) the family of sets of numbers N(Π)
generated by systems with at most m membranes using rules as specified in the
list of types of rules, and with at most r proteins present on a membrane. When
parameters m or r are not bounded, we use ∗ as a subscript.

2.3 Fuzzy Artificial Cell System with Proteins on Membranes [3]

Definition A Fuzzy ACS with Proteins on membranes FACSP is a construct,

Γ = {O,P, µ,w1/z1, · · · , wm/zm, E, (Rp, ρ), i0, J, ω}

where

– m is the degree of the system (the number of membranes )

– O is the set of objects

– P is the set of proteins (with O ∩ P = φ)



– µ is the membrane structure

– wi are the (strings representing the) multisets of objects present in the m
regions of µ where i = 1 to m

– zi are the multiset of proteins (biological catalysts) present on the mem-
branes of µ where i = 1 to m

– E is the set of objects present in the environment (in an arbitarily large
number of copies each)

– Rp is a set of Fuzzy multiset evolution rules overA

– ρ is the partial order relation over Rp

– i0 ∈ {1, 2, · · · ,m} is the elementary membrane (output)

– J = {Rpi ∈ Rp/1 ≤ i ≤ q}, q = cardinality of Rp

– ω : J → [0, 1] is the membership function s.t. ω(Rpq) = i, i ∈ [0, 1].

The rules are used in the non-deterministic maximally parallel
way:

The same rules are applied to every membrane. There are no rules specific
to a membrane. All the rules are applied in parallel. In every step, all the rules
are applied to all objects in every membrane that can be applied. If there are
more than one applicable rule that can be applied to an object and protein then
one rule is selected randomly. If a membrane dissolves, then all the objects in its
region are left free in the region immediately above it. All objects and proteins
not specified in a rule and which do not evolve are passed unchanged to the next
step. At each step we have the condition that each object and each protein can
be involved in the application of at most one rule, but the membranes are not
considered as involved in the rule applications except the division rules, hence
the same membrane can appear in any number of rules at the same time.

By halting computation we understand a sequence of configurations that ends
with a halting configuration ( there is no rule that can be applied considering
the objects and proteins present at that moment in the system). With a halting
computation we associate a result in the form of the multiplicity of objects
present in region i0 at the moment when the system halts.

A Fuzzy ACS with proteins on membranes generates a language L(FACSP )
as follows: An object x ∈ O∗ which is present in the region i0 at the moment
when the system halts is said to be in L(FACSP ) iff it is derivable from any
object S ∈ O and the grade of membership ωL(FACSP )(x) is greater than 0,
where



ωL(FACSP )(x) =

(
max

1 ≤ k ≤ n

)[(
min

1 ≤ i ≤ lk

)
ω(Rk

i )

]
,

x ∈ O∗ and n is the number of different derivatives that x has in FACSP , lk is
the length of the kth derivative chain, Rk

i denotes the label of the ith multiset
evolution rule used in the kth derivative chain, i = 1, 2, . . . , lk.
Clearly, ωL(FACSP )(x) = Strength of the strongest derivative chain for S to x
for all x ∈ O∗.

We denote in the usual way by FACSPm(pror; list of types of rules) the fam-
ily of languages L(FACSP ) generated by systemsΠ with at mostmmembranes,
using rules as specified in the list of types of rule and with at most r proteins
present on a membrane. When parameters m or r are not bounded, we use ∗ as
a subscript.

3 Simulation of FACSP

The mathematical simulation pattern of rate constants (k) with substrate con-
centrations are analysed.

3.1 FACSP in Oxidation of Sulfides

Process: We describe the formation of intermediate between complex and the
oxidant.

(a). Z +X(F3)X → X(F4O)X;
X(F4O)X + Y -RSR′ → X(F3)X + Y -RSOR′



A simple abstract reaction scheme is followed.
Case I : X = H
Following convention is used to do the computation.
Y = H = L, Y = OCH3 = M,Y = CH3 = N,
Y = F = P, Y = Cl = Q,Y = Br = U, Y = NO2 = V .
Now (a) will have the following reaction rules

1. Z +H(F3)H → H(F4O)H;
H(F4O)H + L-RSR′ → H(F3)H + L-RSOR′

2. Z +H(F3)H → H(F4O)H;
H(F4O)H +M -RSR′ → H(F3)H +M -RSOR′

3. Z +H(F3)H → H(F4O)H;
H(F4O)H +N -RSR′ → H(F3)H +N -RSOR′

4. Z +H(F3)H → H(F4O)H;
H(F4O)H + P -RSR′ → H(F3)H + P -RSOR′

5. Z +H(F3)H → H(F4O)H;
H(F4O)H +Q-RSR′ → H(F3)H +Q-RSOR′

6. Z +H(F3)H → H(F4O)H;
H(F4O)H + U -RSR′ → H(F3)H + U -RSOR′

7. Z +H(F3)H → H(F4O)H;
H(F4O)H + V -RSR′ → H(F3)H + V -RSOR′

3.2 BEHAVIOUR OF FACSP :

Consider the FACSP

Γ = (O,P, µ,w1/z1, w2/z2, E, (Rp, ρ), i0, J, ω)

where

– O = {Z,A1, B, Si, Pi, i = 1, . . . , 7},
– P = {A1, B},
– µ = [1[2 ]2]1,
– w1, w2 are the multisets of objects present in the regions 1, 2 of µ, w1 =
{Z, Si, i = 1, . . . , 7}, w2 = {φ},

– z1, z2 are the multisets of proteins present on the membranes 1, 2 of µ, z1 =
{A1}, z2 = {φ},

– E = {φ},
– Rp is a finite set of Fuzzy multiset evolution rules over A; p = 1, 2



– ρ = φ,
– i0 = 2 is the output membrane,
– J = {Rpi ∈ Rp/p = 1, 2, q = 1 to 7}, q = cardinality of Rp,
– ω : J → [0, 1] is the membership function s.t.
ω(Rpq) = i, i ∈ [0, 1], where

ωL(FACSP )(x) =

(
max

1 ≤ k ≤ n

)[(
min

1 ≤ i ≤ lk

)
ω(Rk

i )

]
and x ∈ O∗

Rp = {R1, R2} consists the following evolution rules.

R1 =



R11 : [1A1|Z]1 → [1B|φ]1;
[1B|S1]1 → [1A1| [2 |P1]2]1

with ω(R11) = 0.0025

R12 : [1A1|Z]1 → [1B|φ]1;
[1B|S2]1 → [1A1| [2 |P2]2]1

with ω(R12) = 0.01

R13 : [1A1|Z]1 → [1B|φ]1;
[1B|S3]1 → [1A1| [2 |P3]2]1

with ω(R13) = 0.0059

R14 : [1A1|Z]1 → [1B|φ]1;
[1B|S4]1 → [1A1| [2 |P4]2]1

with ω(R14) = 0.0016

R15 : [1A1|Z]1 → [1B|φ]1;
[1B|S5]1 → [1A1| [2 |P5]2]1

with ω(R15) = 0.0011

R16 : [1A1|Z]1 → [1B|φ]1;
[1B|S6]1 → [1A1| [2 |P6]2]1

with ω(R16) = 0.0009

R17 : [1A1|Z]1 → [1B|φ]1;
[1B|S7]1 → [1A1| [2 |P7]2]1

with ω(R17) = 0.00027


R2 = φ.

In its initial configuration, the system contatins 2 membranes with 8 objects
(Z, Si, i = 1, ..., 7) and a biological protein A1 on membrane 1. It has two steps.
In the first step, any one of the 7 rules is selected randomly. Let the rule R11

be applied. Then the protein A1 is changed into B. In the second step, the
protein change back from B to A1 and the object S1 evolved into P1 and move



to membrane 2. Since there is no rule that can transform the object in membrane
2 further, the process halts. The resulting object in the output membrane 2 is
P1.

max
1 ≤ k ≤ n

[
min

1 ≤ i ≤ l1
(0.0025)

]
= 0.0025;

ωL(FACSP )(P1) = 0.0025

FACSP

Similar process will be done when other rules are applied. As a result, the
membership values ωL(FACSP )(Pi) for i = 1 to 7 are obtained.
Hence L(FACSP ) = {Pi/i = 1 to 7}

We obtain different languages with corresponding membership values for dif-
ferent complexes (Ai, i = 1 to 7). The membership values for different complexes
are tabulated as follows.

complex ωL(P1) ωL(P2) ωL(P3) ωL(P4) ωL(P5) ωL(P6) ωL(P7)

A1 0.0025 0.01 0.0059 0.0016 0.0011 0.0009 0.00027
A2 0.006 0.034 0.023 0.0054 0.0028 0.0029 0.0009
A3 0.0055 0.023 0.019 0.0062 0.0025 0.0026 0.0008
A4 0.0017 0.0025 0.0019 0.0009 0.00084 0.00072 0.00023
A5 0.00089 0.0018 0.00096 0.00062 0.00051 0.0004 0.00017
A6 0.015 0.066 0.043 0.011 0.008 0.0065 0.0021
A7 0.00053 0.0011 0.00076 0.00042 0.0004 0.0003 0.00019

Table 1: Membership values ωL(FACSP )(Pi) = ω(Pi) :

We denote by FACSP2(pro1; 7ffp) the family of languages L(FACSP ) gen-
erated by Γ with atmost 2 membranes using rules as specified in the 7ffp rules
and with atmost one protein.



3.3 Mathematical Modeling and simulation of FACSP :

Chemical equations are commonly written in the following way:

A+B −→ C +D

indicating that species A and B react together to form species C and D. From the
chemical equation we can easily write the rate equation. It is important to note
that most chemical systems are assumed to follow mass action kinetics, meaning
that the reaction rate is proportional to the concentration of the reactants.

− ˙[A] = −ra = k[A][B]

Here [A] represents the concentration of species A, ra is the reaction rate, and k
is the rate constant of the reaction. ra is by convention negative since A is being
consumed in the reaction. Now we describe the natural phenomenon of Fuzzy
ACS in oxidation of sulfides. The mathematical model [5] is used because of its
theoretical simplicity. The mathematical modeling of FACSP is given below

[1A1|Z]1
k1−−→
k−1

[1B|φ]1;−−−−−−−− (1)

[1B|S1]1−→
k2

[1A1|[2|P1]2]1 −−−−−−−−(2)

In equation (1) and (2), ki, i = 1, 2 are the reaction rate for each individual
reaction, while Z,A1, B, S1 and P1 are species. The molar concentration of A1

is denoted by [A1] likewise for the other species. The equations for the evolution
of [A1] and [S1] are as follows.

d[A1]/dt = k2[B][S1]− k1[Z][A1]−−−−−−−−(3)

d[S1]/dt = −k2[B][S1]−−−−−−−−−−−−−−(4)

The above equations are of the form

d[A1]/dt = F1([A1], [S1])

d[S1]/dt = F2([A1], [S1])

where
F1([A1], [S1]) = k2[B][S1]− k1[Z][A1]

F2([A1], [S1]) = −k2[B][S1]

The equilibria of (3) and (4) is given by solving the system

k2[B][S1]− k1[Z][A1] = 0−−−−−−−−(5)

−k2[B][S1] = 0−−−−−−−−(6)



From (5)
k2[B][S1] = k1[Z][A1]

[B] = (k1[Z][A1])/(k2[S1])−−−−−−− (7)

(5)− (6) gives
2k2[B][S1]− k1[Z][A1] = 0

k1[Z][A1] = 2k2[B][S1]

[A1] = (2k2[B][S1])/(k1[Z])−−−−−−−−(8)

[S1] = (k1[Z][A1])/(2k2[B])−−−−−−−−−−(9)

From equation (5), we obtain
S1 = α(A1) where α = k1[Z]/k2[B]

([A1], [S1]) = ([A1], α[A1])

From equation (6),
([A1], [S1]) = (0, 0)

Hence (0, 0) and ([A1], α[A1]) are the equilibrium of the system.

To evaluate stability, we evaluate the Jacobian at the stationary state.(
∂(F1)/∂[A1] ∂(F1)/∂[S1]
∂(F2)/∂[A1] ∂(F2)/∂[S1]

)
∂(F1)/∂[A1] = −k1[Z]

∂(F1)/∂[S1] = k2[B]

∂(F2)/∂[A1] = 0

∂(F2)/∂[S1] = −k2[B]

J =

(
−k1[Z] k2[B]

0 −k2[B]

)
TraceJ = −(k1[Z] + k2[B])

The eigen value equation or characteristic equation is applied in order to
evaluate the stationary state.

det(J − λI) = 0

Arranging these values into matrix form gives(
−k1[Z]− λ k2[B]

0 − k2[B]− λ

)
= 0

i.e.,
λ2 + (k1[Z] + k2[B])λ+ k1k2[Z][B] = 0



Using equation (7)

[S1]λ2 + ([S1] + [A1])k1[Z]λ+ k1
2[Z]2[A1] = 0−−−−−−− (10)

Here we state that,

k1 = 2.5× 10−3, [Z] = 5× 10−3, [S1] = i× 10−3, i = 0, 2, 4, 10, [A1] = 2× 10−4

Solving the quadratic equation (10) for different values of [S1] using MAT-
LAB, eigen values of the Jacobian matrix are obtained.

The eigen values for different catalysts for the sulfoxidation reactions are tab-
ulated (Table 2). From the data collected, all Eigen values are real and negative
since λ1 < 0 and λ2 < 0. Thus the system is stable. The changes for the eigen
values with substrate concentrations are plotted.

A1 A2 A3 A4 A5 A6 A7

s1 λ1 −1.25 −3 −2.75 −85 −44.5 −7.5 −26.5
λ2 0 0 0 0 0 0 0

s2 λ1 −0.05 −0.0017 −0.00115 −0.0125 −0.9 −0.0033 −0.55
λ2 −0.005 −0.00017 −0.000115 −0.00125 −0.09 −0.00033 −0.055

s3 λ1 −0.0295 −0.00115 −0.095 −0.95 −0.48 −0.00215 −0.38
λ2 −0.00148 −0.000058 −0.00475 −0.0475 −0.024 −0.000108 −0.019

s4 λ1 −0.8 −0.027 −0.95 −0.0475 −0.31 −0.055 −0.21
λ2 −0.0267 −0.0009 −0.48 −0.024 −0.0103 −0.00183 −0.007

s5 λ1 −0.55 −0.014 −0.0125 −0.42 −0.255 −0.04 −0.2
λ2 −0.0138 −0.00035 −0.00031 −0.0105 −0.0064 −0.001 −0.005

s6 λ1 −0.45 −0.0145 −0.013 −0.36 −0.2 −0.0325 −0.15
λ2 −0.009 −0.00029 −0.00026 −0.0072 −0.004 −0.00065 −0.003

s7 λ1 −0.135 −0.45 −0.4 −0.00115 −8.5 −0.0105 −9.5
λ2 −0.0023 −0.0075 −0.0067 −0.000019 −0.142 −0.00017 −0.158

Table 2: Eigen Values for different Catalysts

When the concentration of the substrate (sulfides) increases there is an in-
crease in rate constant and attains saturation at higher concentration.(plot 1)
When these results are examined mathematically using Fuzzy ACSH on mem-
branes there is a consistancy between the pattern of plots obtained for kinetic
results. As the concentration of the substrate increases, the eigen values first
decreases and increases. It becomes constant at higher rate constant. This be-
haviour can be correlated to the saturation kinetics of chemical reactions. The
pattern is shown in figure (plot 2 , plot 3).



plot 1 : k1 vs. [substrate] for complex 1 catalyzed H2O2 oxidation of 1− 7

plot 2 : (S, λ1)



plot 3 : (S, λ2)

4 Conclusion

The new membrane computing model FACSP (Fuzzy ARMS in Artificial Cell
System with Proteins on membranes) is analysed in its environment. The sta-
bility and equilibrium of the system are determined. The eigen values and the
critical points of different catalysts for the sulfoxidation reactions are obtained. A
mathematical approach is constructed to show the consistency of Fuzzy ACSH
on membranes with the Michaelis-Menten kinetics. It is interesting to note that
there is a correlation between the two types of plots.
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Abstract. P system is a new kind of distributed parallel computing
model, and many variants of it are proposed to solve the problems such
as NP problems, arithmetic operation, image processing. RSA is an clas-
sic asymmetric encryption algorithm which plays a very import role in
the field of the information security and it is used widely in data trans-
mission and digital signature. This paper is based on P system to re-
alize the RSA algorithm in parallel which includes key generation and
encryption&decryption, then a cell-like RSA P system ΠRSA is designed
from this. An instance is given to illustrate the feasibility and effective-
ness of our designed P systems.

Keywords: RSA, cell-like P system, membrane computing

1 Introduction

RSA algorithm[1] is an classic asymmetric encryption algorithm which plays a
very important role in the information security. Since it was proposed in 1977, it
has been used widely in the data transmission and the digital signature. Many
researches have made improvements and breakthroughs on the basis of it and
a variety of RSA variants are designed. In [2], authors presented an electronic
cash scheme using the modulus N = p2q. And Takagi in [3] introduced the CRT
variant of RSA, where the RSA modulus of the form N = prq. In addition
RSA is also used for different application scenarios. Ref[4] applys it in Cloud
data auditingand propose a concrete ID-CDIC construction from RSA signature.
Ref[5] proposed a new CEMBS-constructing method based on RSA signature.

Membrane computing, also called P systems, is a branch of natural computing
and abstracts computing models from the architecture and the functioning of
living cells. It is a distributed parallel computing model, and based on maximal
parallelism and non-determinism of evolutionary rules in P system, it has been
proved that membrane computing has the same equivalent computing power as
Turing machine. Up to now, many different P systems are proposed to solve
the problems in the field of computer science. Ref[6,7] are used for solving SAT
problem, Ref[8,9] are applied in solving image processing problem, Ref[10,11]
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guoping@cqu.edu.cn
xuwei8091@163.com
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presents some P systems for solving problems in the field of graph theory, and
Ref[12,13] are used for multi-objective optimization.

Focus on realiziong RSA algorithm in parallel, this paper designs a P system
ΠRSA which includes two sub P systems: the key generation P system and the
encryption&decryption P system. The remainder of this paper is organized as
follows: The second section briefly describes the basic knowledge of the P system
and the RSA algorithm. In the third section, we give descriptions of the detailed
algorithms which is designed based on the maximal parallelism in P system.
The P systems designed for realizing RSA algorithm are discussed in the fourth
section. the fifth section gives an instance to show the implementation of the P
systems. And the conclusions are drawn in the final section.

2 Foundations

2.1 Cell-like P System

Our work in this paper is based on cell-like P systems, so we give the basic
concepts about cell-like P systems firstly.

Fig.1 illustrates the structure of cell-like P systems[14]. As shown in Fig.1,
the structure is a hierarchically arranged set of membranes which are usually
identified by Labels from a given set and contained in a distinguished external
membrane. If a membrane does not contain any other membrane, it is called
elementary. The membrane that contains all the other membranes is referred as
the skin. Each membrane determines a region delimited from above by it and
from below by the membranes placed directly inside, if any exists.

1

2

3 4

5

6

7

8 9

Fig. 1: The structure of cell-like P system

Formally, a cell-like P system (of degree m ≥ 1) can be defined as follows[14]:

Π = (O,µ, ω1, ω2, ..., ω3, R1, R2, ..., RM , i0) (1)

where,
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1) O is the alphabet. Each symbol represents one kind of objects in the
systems;

2) µ is a membrane structure with m membranes, labeled by 1, 2, ...,m.
3) ωi (1 ≤ i ≤ m) is a string over O and represents the multiset of objects

placed in member i. For example, there are 5 copies of object a and 3 copies of
object b in membrane i, then we have ωi = a5b3. ωi = λ means that there is no
object in the membrane i.

4) R1, R2, ..., Rm are finite sets of possible evolution rules over O associated
with the regions 1, 2, ...,m of µ. The rules in Ri(1 ≤ i ≤ m) are of the form
u→ v, with u ∈ O, v ∈ Otar, and, Otar = O×TAR, TAR = {here, out}∪{inj |
1 ≤ j ≤ m};

5) i0 is output region of the system and it saves the final result.
In each membrane, rules are applied according to the following principles:
(1) Non-determinism. Supposed n rules compete for the reactants which

can only support m(m < n) rules to be applied, the m rules are chosen non-
deterministically.

(2) Maximal parallelism. All the rules that can be applied are applied simul-
taneously.

2.2 RSA Algorithm

RSA is one of the first practical public-key cryptosystems and is widely used for
secure data transmission. In such a crypto system, the encryption key is public
and differs from the decryption key which is kept secret. A user of RSA creates
and then publishes a public key based on two large prime numbers, along with
an auxiliary value. The prime numbers must be kept secret. Anyone can use the
public key to encrypt a message, but with currently published methods, if the
public key is large enough, only someone with knowledge of the prime numbers
can feasibly decode the message.

As shown in Fig.2, the whole RSA algorithm has two processes[1]. One is the
process to generate private and public key pairs. The other is to do encryption
and decryption.

The key generations has four steps:
(1) Firstly, two prime numbers will be choosen. And in consider of the se-

curity, the prime factor should be large enough, and be at least 512 digits in
binary, usually 1024 digits for encryption or 2048 digits for signature.

(2) Secondly, we will get two integers n&m. n can be calculation by the
formula n = p×q, while φ(n), which is the eular function of n, can be calculated
by (p− 1)× (q − 1) because p and q both are prime numbers.

(3) Thirdly, a number e will be selected as the encryption key, and it must
satisfy the equation:

1 < e < φ(n), gcd(e, φ(n)) = 1 (2)

Then, (n, e) is the public key pair.
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Generate p&q

n=p*q

ϕ(n)=(p-1)*(q-1)

Generate e

Generate d

Output (n,e) & (n,d)

Pain text M Input  (n,e)

C=M
e
 mod n Ouput C

cipher text C Input  (n,d)

M=C
d
 mod n Ouput M

Key generation
Encryption & Decryption

Encryption 

Decryption 

Fig. 2: The Process of RSA algorithm

(4) Fourthly, the decryption key d will be calculated, and it meets the con-
dition:

d ≡ e−1(mod φ(n)) (3)

Then (n, d) is the private key.
The process of decryption and encryption have the same operations. if we

have a message M , the ciphertext C can be calculated by the following formula:

C = Me(mod n) (4)

Similarly, the plain text can also be calculated by the similar formula:

M = Ce(mod n) (5)

3 Algorithms

Some RSA implementations have been implemented[15,16,17], this paper will
achieve the RSA algorithm based on the P system in more consideration of
parallelism. In the eq.(2), a big prime integer which is no more than φ(n) can
meet the conditions. So that we can generate three primes p&q&e in parallel,
and the key generation in 2.2 can be realized in the following two steps.

(1) Generating three big primes p&q&e in parallel, see 3.1.1. The main idea
of the generation is to generate a number randomly first and then do the prime
judgement. The prime judgement can be seen in 3.1.2.

(2)After the generation, two multiplications are used to calculate n&φ(n),
then in eq(3), we get the decryption key d by the extended Euclid, see 3.1.3;
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Section 3.1.4 gives the whole process of the key generation. And then the en-
cryption and decryption in eq.(4)&eq.(5) which are realized by the Fast Modular
Multiplication algorithm can be seen in 3.2.

3.1 The Key Generation

p&q&e Generation p&q&e are three primes mentioned in section 2.2, and
a random prime generation algorithm is designed in this section to generate a
prime whose digits are n or no more than n according to the input. If we want
to generate a prime whose digits are n, the input will be a list of placeholders
hnbn−1bn−2..b1e0, where hn is the highest digit and hn 6= 0, otherwise we can
just replace the hn with bn to generate a prime whose digits no more than n.
Besides that, since the big prime must be an odd, the lowest digit e0 can be only
in {1, 3, 5, 7, 9}. The algorithm is as follows:

Algorithm: DRandom(hnbn−1bn−2..b1e0);

Input: a list of placeholders which represents a number whose digits are n or
no more than n.
Output: the random prime number contains d digits
Process:

Begin
1. Repeat{
2. if (e0 exists) then a0 ← one of{1, 3, 5, 7, 9};
3. if (hn exists) then an ← one of{1, 2, 3, 4, 5, 6, 7, 8, 9};
4. if (bi exists) then ai ← one of{0, 1, 2, 3, 4, 5, 6, 7, 8, 9};
} until(ISPrime(anan−1an−2..a1a0))

5. output a;
End.

In this algorithm, a random integer can be generated in O(1), and then do
the prime judgment. Assuming the number of generations is k, the complexity
of this algorithm will be O(k × O(ISPrime)), where ISPrime is described in
the next section.

Prime Judgment The integer generated in DRandom is an odd and an odd
prime can only be 3 or a number in the format of 6i± 1. So we judge the prime
by trial division where the divisors is enumerated from the square estimate root
of the number down to 1. We assume that the estimate square root of an odd
number n is 10bn/2c+1, and we have an conclusion that between the two numbers
10k + 1 and 10k + 3, one is always in the format of 6i+ 1, the other is 6i− 1. So
the prime judgement algorithm is as follows.

Algorithm: ISPrime(anan−1an−2..a0);

Input: a number a in the format of hybird code to be judged.
Output: if a is prime, return true, otherwise return false.
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Process:
Begin
1. p← 10; t← a;
2. While (t > 0) do{
3. c← c+ 1; t← t÷ 10;
4. if (c%2 == 1) then p← p× 10
}

5. s1 ← p+ 1;s2 ← p+ 3;
6. if (a%3 == 0) then return false
7. While (s1 > 1) do {
8. if (a%s1 == 0then return false; else s1 ← s1 − 6;}
9. While (s2 > 1) do {

10. if (a%s2 == 0then return false; else s2 ← s2 − 6;}
11. return true;
End.

The complexity of the algorithm is O(10log10(a)/2/6).

d Generation According to 2.2, the decryption key d is the inverse element of
e to n. And the extend Euclid can be used to get the decryption key, and the
algorithm is as follows.

Algorithm: EXGCD(a,b);

Input: two numbers a&b in the format of hybird code.
Output: the inverse element of a to b
Process:

Begin
1. g ← 1;h← 0;x← 0;n← b;
2. While (true) do{
3. m← a%n;
4. if (m ≤ 0) then break;
5. q ← (a−m)÷ n;
6. a← n; n← m;
7. d← g − q × h;
8. g ← h;
9. h← d;
}

10. While (x < 0) do{
11. d← d+ b;
}

12. output d;
End.

In this process, the complexity is O(log(b)).

Key Generation Algorithm Based on the algorithms mentioned above, the
key generation of the RSA algorithm can be described as follows.
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Algorithm: RSA KG(g1,g2,g3);

Input: g1&g2&g3 are the digits of p&q&e and g3 ≤ g1 + g2
Output: the result of a+ b
Process:

Begin
1. p← DRandom(g1);
2. q ← DRandom(g2);
3. p← DRandom(g1);
4. n← p× q;
5. m← (p− 1)× (q − 1);
6. d← EXGCD(e,m);
7. output (n,e) & (n,d);

End.

In this algorithm, the generation of p&q&e can be calculated in parallel, and
the complexity of the generation is O(O(DRandom) +O(EXGCD))

3.2 Encryption & Decryption

The algorithm of encryption and decryption aims to calculate the formula ab%c,
in this paper, the fast modular multiplication is used to achieve it. Details can
be seen in the following.

Algorithm: RSA DE(a,b,c);

Input: base number a, power number b,modulus c
Output: ab%c
Process:

Begin
1. s← 1;
2. while b > 0 do {
3. if b%2 = 1 then s← s× a%c;
4. b← b÷ 2;
5. a← a× a%c;
}

6. output s;
End.

The complexity is O(log(b)).

4 Design of the P System

In this section, we discuss the design of a RSA P system based on the algorithm
mentioned in section 3.

4.1 The Definition of The RSA P System

According to eq.(1), the RSA P system can be defined as formula (6).
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Πrsa = (O,µ, ω,R, ρ,A1) (6)

where,
(1) O is a finite and non-empty alphabet of objects, including

{ai, bi, ci,mi, ni, xi, di, pi, qi, hi, gi, si, e, e0, f, d, s, t, t1,

t2, t3, t4, t5, t6, t7, t8, t9, t10, t11, t12, t13, t14, u, v, p, q,

−, o−, o+, o×, o÷}

including:
i)ai, bi, ci, mi, ni, xi, di, pi, qi, hi, gi, si, which are used for count, and aki

represents that the ith digit of a is k(the index starts from 0), so if a equals to
23, we mark it as a21a

3
0

ii)i,j,k in rules are used as index, which represents all the integers in [0,1000]
iii)−, o−, o+, o×, o÷ which are used for arithmetic, separately represents mi-

nus sign, addition operation, subtraction operation, multiplication operation,
division operation.

(iv)the other objects which control the evolution of the P system
(2) µ is the initial structure of our P system as shown in Fig.3.

A1

A2 A3

Fig. 3: The initial configuration of the RSA P system

where,

– A2 and its sub membranes are used for key generation, see 4.2;
– Rules in A3 are used for encryption and decryption, see 4.3;
– A1 is used for controlling and coordinating its sub membranes to achieve the

RSA, see 4.4.

(3) ω is a collection of multisets in the initial configuration. where:

ωA1 = φ, ωA2 = φ, ωA3 = φ

(4) In R, there are five types of rules:
(i) u → v, k. This rule means object u evolves to object v. And the k

indicates the priority; the smaller value k is set, the higher the priority of the
rule is.
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(ii) u→ v |w, k. This rule means object u evolves to object v when multiset
w appears in the membrane. In the rule, the w indicates rule can only be
applied in the presence of multiset w.

(iii) u→ v1(v2, in/out), k. This rule means object u evolves to object v1,
at the same time generates object v2 which stays in or is sent into or outer
the membrane

(iv) u → v1(v2, in/out) |w, k. This rule means object u evolves to object
v1 when multiset w appears in the membrane, at the same time generates
object v2 which stays in or is sent into or outer the membrane.

(v) [u]i → [v1]i[v2]i. This rule generates two copies of membranes i. The
multiset u will separately evolve to multiset v1 and multiset v2 in each mem-
brane, meanwhile other objects and sub membranes do not have any changes.
(5) The final result can be found in membrane A1 when the whole system

halts.
The encoding we used in this system is hybrid encoding[18], for more con-

vience in narration, the copies of the object x is denoted by |x |. And (x) is used
to represent the multiset{xk0

0 x
k1
1 x

k2
2 ..x

kn
n } (x = k0 ∗ 100 + k1 ∗ 101 + k2 ∗ 102 +

...+ kn ∗ 10n).
In addition, there are many arthmetic operations in A2&A3, so we need

an arthmetic membrane to provide addition, subtraction, multiplication and
division functions. Since the focus of this paper is to realize RSA algorithm and
many arthmetic P systems have been designed[19,20], we don’t specially design
an arthmetic sub P system separately, and we just define a membrane MC is
one of these arthmetics. We define that the input of MC is two operands (a)(b)
and an operator of the multiset {o−, o+, o×, o÷}. Then the output of MC is
the multiset (c) represented the result, the multiset (m) represented remainders
which may exsits and the object − which occurs when the result is a negative
number.

The next will introduce each membrane and its rules.

4.2 Key Generation Membrane A2

The Key Generation Membrane A2 has some sub membranes and the initial
structure of it is as shown in Fig.4, where the rules is designed according to the
algorithm RSA KG.

Random Prime Integer Generation Membrane M1,M2,M3 The mem-
braneM1&M2&M3 has the same rules, they each accept the object hnbn−1bn−2..b1e0
with an object t to generate a random prime integer, and then send out the result
objects as (p), (q) and (e) separately. The rules are:

r1: (bi → bi |t, 1) r2: (bi → biai |t, 1)
r3: (bi → bia

2
i |t, 1) r4: (bi → bia

3
i |t, 1)

r5: (bi → bia
4
i |t, 1) r6: (bi → bia

5
i |t, 1)

r7: (bi → bia
6
i |t, 1) r8: (bi → bia

7
i |t, 1)

r9: (bi → bia
8
i |t, 1) r10: (bi → bia

9
i |t, 1)



10 Ping Guo and Wei Xu

A2

M1

M2

M9

M4

M7

M8

M5

MC

MC

M6

MC

M4

MC

MC

M7

M8

M5

MC

MC

M6

MC

M4

M3

M7

M8

M5

MC

MC

M6

MC

Fig.4. The initial structure of membrane A2

r11: (e0 → e0a
1
0 |t, 1) r12: (e0 → e0a

3
i |t, 1)

r13: (e0 → e0a
5
0 |t, 1) r14: (e0 → e0a

7
0 |t, 1)

r15: (e0 → e0a
9
i |t, 1) r16: (hi → hiai |t, 1)

r17: (hi → hia
2
i |t, 1) r18: (hi → hia

3
i |t, 1)

r19: (hi → hia
4
i |t, 1) r20: (hi → hia

5
i |t, 1)

r21: (hi → hia
6
i |t, 1) r22: (hi → hia

7
i |t, 1)

r23: (hi → hia
8
i |t, 1) r24: (hi → hia

9
i |t, 1)

r25: (t→ t3, 2) r26: (ai → ai(ai in M4) |t3 , 1)
r27: (t3 → (t in M4), 2) r28: (ai → (pi, out) |pt1 , 1)
r29: (ai → (qi, out) |qt1 , 1) r30: (ai → (ei, out) |et1 , 1)
r31: (bi → λ |t1 , 1) r32: (hi → λ |t1 , 1)
r33: (e0 → λ |t1 , 1) r34: (t1 → λ, 2)
r35: (p→ (p out) |t1 , 1) r36: (q → (q out) |t1 , 1)
r37: (e→ (e out) |t1 , 1) r38: (ai → λ |t2 , 1)
r39: (t2 → t, 2)
The execution of rules is:
(1) In the presence of object t, one of the rules r11 ∼r15 is applied to generate

the number in the highest digit which is in [1,9], one of the rules r16 ∼r24 is
applied to generate the number in the lowest digit which is in {1, 3, 5, 7, 9} and
one of the rules r1 ∼r10 is applied to generate the number in each of the other
digits which is in [0,9]. Meanwhile, the object t evolves to the object t3 which
means we have generated a random number.

(2) In the presence of the object t3, ai copies itself and are sent into M4 to
judge whether it is a prime (rule r26), and the object t3 is converted to object t
to be sent into M4 (rule r27).

(3) The presence of object t2 indicates that the integer we generated is a
composite integer, so we clear the multiset (a)(rule r38), change the object t2
into t (rule r39), and go to (1) to generate another number.

(4) The presence of object t1 indicates the integer we generated is a prime,
rules r28 ∼r30 are applied to send out ai as pi/qi/ei, r34 ∼r37 are executed to
send out the object p,q or e, and r31 ∼r34 are applied to clear other objects in
the membrane.
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Prime Judgment Membrane M4 Based on the algorithm in section 3.1.2,
membrane M4 and its sub membranes are designed to judge whether a number
is a prime number, it accepts the multiset (a) and an object t from the outer
membrane, and then output an object t1 which represents the number is a prime
number, or an object t2 which means the number is composite. The process of
the membrane includes three steps:

1.To estimate the square root of a number in M5, the rules are

r40: (t→ b0t0, 1) r41: (ai → λ |ti , 1)

r42: (ti → dti+1 |aj , 2) r43: (ti → e, 3)

r44: (bid
2 → bi + 1, 1) r45: (bi → (bi+1 out) |e, 1)

r46: (d→ λ |e, 1) r47: (e→ (t3 out), 2)

The execution of the rules is:

(1) When the membrane accepts the object t and (a), the object t will be
converted into an object b0 and an object t0 (rule r40), and bi suggests that the
current estimate is 10i.

(2) In the presence of the object ti, the object ai will be cleared (rule r41).
if there are objects ai, the object ti will be consumed to generate an object d
and an object ti+1 (rule r42); otherwise, the object ti is changed into the object
e (rule r139), then go to (4). Meanwhile if there are two copies of object d, the
object bi evolves to object bi+1 (rule r44).

(3) In the absence of object e, go to (2).

(4) In the presence of object e, the object bi will be sent out as the object
bi+1 (rule r45) and the object e will be sent out as the object t3 (rule r47), then
the object d is cleared.

2.the membrane M6&M7&M8 are used to do trial division, and they sepa-
rately judge the number is a multiple of 3 or the number can be in the format
6i+ 1, 6i− 1. The rules are:

r48: (ai → ai(ai in Mc) |ft1 , 1) r49: (bi → bi(bi in Mc) |ft1 , 1)

r50: (f → d(o÷ in Mc) |t1 , 2) r51: (t1 → t3 |mi , 1)

r52: (t1 → t2 |e, 2) r53: (ci → λ |t3 , 1)

r54: (mi → λ |t3 , 1) r55: (bi → (ai in Mc) |t3 , 1)

r56: (d→ f(o−b
6
0 in MC) |t3 , 1) r57: (t3 → t4, 2)

r58: (ai → λ |−, 1) r59: (bi → λ |−, 1)

r60: (ci → λ |−, 1) r61: (ft4− → s(t1 out), 3)

r62: (t4 → t1 |c20 , 4) r63: (t4 → t1 |ci , 4)

r64: (t4 → t4− |c0 , 5) r65: (ci → bi |f , 6)

r66: (ai → λ |t2 , 1) r67: (bi → λ |t2 , 1)

r68: (ci → λ |t2 , 1) r69: (mi → λ |t2 , 1)

r70: (d→ λ |t2 , 1) r71: (t2 → s(t2 out), 3)

r72: (ai → λ |st4e, 1) r73: (bi → λ |st4e, 1)

r74: (ci → λ |st4ci , 1) r75: (st2 → (e out), 2)

r76: (sft4− → (e out), 2) r77: (s2 → λ, 1)

The execution of the rules is:
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(1) In the presence of the object t1 and e, the rules r48∼r50 are applied to call
the sub membrane MC to do a÷ b, at the same time, the object f is consumed
to generate an object d.

(2) After the division, if there are remainders left, the object t1 evolves to
the object t3 (rule r51); otherwise t1 evolves to object t2 (rule r148), go to (6).

(3) In the presence of object t3, rules r149 ∼r57 are applied to clear the
previous quotients and remainders, send the object bi into MC as ai, change the
object d into e, and send object b60&o− into MC for subtraction. The object t3
evolves to the object t4.

(4) After the subtraction, if the object − exists, the number is a prime num-
ber, and rules r154&r155 are applied to clear the objects in the membrane, gen-
erate an object s and send out an object t1.

(5) After the subtraction, if there is no object −, the object ci evolves to the
object bi (rule r161), meanwhile if c, which represented by (c), is smaller than 2,
the object t4 is to generate an object - (rule r64), go to (4); otherwise the object
t4 is consumed to generate t1, go to (1) (rules r158&r63).

(6) The presence of object t2 indicates the current integer is composite, the
rules r162 ∼r71 are applied to clear the objects in the membrane, generate an
temporary object s and send out the object t2.

(7) When the membrane accepts the object s from the outer membrane,
if there is an object s in the membrane, then two copies of object s will be
consumed; otherwise wait until the object t4 and (c) occur, rules r168 ∼r77 are
applied to clear all the object of the membrane and send out an object e.

3. The membrane M4 is used to control the evolution.

(i) Accepting the multiset(a) and an object t, then send them into M5 to do
the estimation.

r78: (ai → ai(ai in M5) |t, 1) r79: (t→ (t in M5), 2)

(ii)After the estimate in the M5, transfer the result into M6&M7&M8:

r80: (ai → (ai in M6)(ai in M7)(ai in M8) |t3 , 1)

r82: (bi → (bi in M7)(bi in M7) |t3 , 1)

r83: (t3 → (b30t1 in M6)(b0t1 in M7)(b30t1 in M7), 2)

(iii) For the result of the prime judgement:

(1) If the object sent from M6&M7&M8 are all t1, which indicates that the
numbers are all prime numbers, we send out the object t1, and send an object s
into M6&M7&M8 to clear the temporary object s. Rules are:

r84: (t31 → (s in M6)(s in M7)(s in M8)(t1 out), 1)

(2) If any output of the membrane M6&M7&M8 is an object t2, we will send
an object s to each of the other membranes to stop their evolution, then send
out the sign object t2.

r85: (t1 → λ |t2 , 1) r86: (t2 → e |e, 1)

r87: (t32 → e3(s in M6)(s in M7)(s in M8), 2)

r88: (t22 → e2(s in M6)(s in M7)(s in M8), 3)

r89: (t2 → e(s in M6)(s in M7)(s in M8), 4)

r90: (e3 → (t2 out), 1)
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Extended Euclidean Membrane M9 Membrane M9 is designed accord-
ing to the Extended Euclidean algorithm in 3.1.3, and it accepts the mulitset
(a)

⋃
(n)

⋃
{tf} from the outer membrane, the main rules are:

r91: (ai → ai(ai in MC) |t, 1) r92: (ni → ni(bi in Mc) |t, 1)
r93: (f → f(o÷ in MC) |t, 1) r94: (t→ t1, 2)
r95: (t1 → t2 |mi , 1) r96: (e→ λ, 3)
r97: (ai → (ai in MC) |t2 , 1) r98: (mi → mi(bi in MC) |t2 , 1)
r99: (ci → λ |t2 , 1) r100: (f → f(o− in MC) |t2 , 1)
r101: (t2 → t3, 2) r102: (t3 → t4 |e, 1)
r103: (ci → (ai in MC) |t4 , 1) r104: (ni → ai(bi in MC) |t4 , 1)
r105: (f → f(o÷ in MC) |t4 , 1) r106: (mi → ni |t4 , 1)
r107: (t4 → t5, 2) r108: (t5 → t6 |e, 1)
r109: (ci → (ai in MC) |t6 , 1) r110: (hi → hi(bi in MC) |t6 , 1)
r111: (mi → λ |t6 , 1) r112: (f → f(o× in MC) |t6 , 1)
r113: (t6 → t7, 2) r114: (t7 → t8 |e, 1)
r115: (ci → (bi in MC) |t8 , 1) r116: (gi → (ai in MC) |t8 , 1)
r117: (uv → − |t8 , 1) r118: (fv → (o+ in MC) |t8 , 2)
r119: (fu→ −(o+ in MC) |t8 , 2) r120: (f → (o− in MC) |t8 , 3)
r121: (hi → gi |t8 , 1) r122: (v → u |t8 , 1)
r123: (xi → hi |t8 , 1) r124: (− → v |t8 , 1)
r125: (t8 → t9, 4) r126: (t8 → t9 |e, 1)
r127: (−2 → λ |t9., 1) r128: (t9 → t, 2)
r129: (t1 → t10 |e, 2) r130: (ai → λ |t10 , 1)
r131: (ni → λ |t10 , 1) r132: (ci → λ |t10 , 1)
r133: (gi → λ |t10 , 1) r134: (hi → λ |t10 , 1)
r135: (u→ λ |t10 , 1) r136: (v → λ |t10 , 1)
r137: (t10 → t11 |−, 2) r138: (xi → (ai in MC) |t11 , 1)
r139: (bi → bi(bi in MC) |t11 , 1) r140: (f → f(o− in MC) |t11 , 1)
r141: (t11 → t12, 2) r142: (t12 → t13 |e, 1)
r143: (ci → xi |t13 , 1) r144: (t13 → t10, 2)
r145: (t10 → t14, 3) r146: (xi → (xi out) |t14 , 1)
r147: (bi → λ |t14 , 1) r148: (f → λ |t14 , 1)
The execution of the rules is:
(1) In the presence of the object t, r91 ∼r94 are applied to send (a)(n)o÷ into

MC to do a÷ n, meanwhile the object t evolves to object t1 to wait the end of
the calculation.

(2) After the division, if there are remainders left, the object t1 evolves to
the object t2 (rule r95). And the sign object e is consumed (rule r96, this rule
will be executed after each calculation); otherwise the object t1 evolves to the
object t10 (rule r129), go to (8).

(3) In the presence of the object t2, rules r97 ∼r101 are applied to clear the
result (c), and send (a)(m)o− into the membrane MC to calculate a −m, then
the object t2 evolves to the object t3.

(4) After the calculation of a−m, the object t3 evolves to the object t4, and
in the presence of the object t4, rules r103 ∼r107 are applied to send (c)(n)o÷
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into M÷ to get the result of q = (a−a%m)÷n; meanwhile the object ni evolves
to the object ai(a = n), the object mi becomes ni (n = m), and the object t4
become the object t5 to wait the end of this calculation.

(5) After the division in the previous steps, the object t5 evolves to the object
t6. Then r109 ∼ r113 are used to send result (c) and (h)o× into MC to calculate
q × h. The object t6 evolves to the object t7.

(6) After the multiplication, the object t7 is converted to the object t8, and
in the presence of the object t8, we will calculate g − q × h. Since q equals to
(a−a%m)÷n, it is non negative number, we will consider positive and negative
of p&h, in the rules, the object u&v are separately represent that g&h are nega-
tive, firstly we send the two operators in membrane MC (rules r115&r116), then
rules r117 ∼r120 will choose an operation in different status (positive - negative,
positive - positive, negative- negative, negative - positive). Rules r121 ∼r125 are
applied to achieve the operations of g = h; &h = x;. Finally the object t8 evolves
to the object t9.

(7) After the steps above, the object t9 becomes t, go to (1).
(8) In the presence of the object t10, rules r130 ∼r136 are used to clear the

objects.
(9) In the presence of the object -, the object t10 evolves to t11(r137), otherwise

the object t10 evolves to the object t14 (rule r145), go to (10).
(10) In the presence of the object t11, rules r138 ∼r141 are applied to send

(x)(b) into MC to calculate x+b (because x < 0, we calculate −(|x | −b) in fact),
the object t11 evolves to the object t12. After the calculation, rules r142 ∼r144
are executed to make the result become (x), and convert the object t12 into t10,
go to (9).

(11) In the presence of the object t14, rules r145 ∼r148 are applied to clear
the objects and send out (x).

Key Generation Membrane A2 The membrane A2 accepts the objects from
A1, and control the process of key generation. It has four steps, including:

(1) Sending the objects from A1 into M1&M2&M3, to generate three prim
number (p)(q)(e), the rules are:

r149: (i→ (hibi−1bi−2..b1e0 in M1) |a, 1) r150: (a→ (pt in M1), 2)
r151: (i→ (hjbj−1bj−2..b1e0 in M2) |b, 1) r152: (b→ (qt in M2), 2)
r153: (i→ (bkbk−1bk−2..b1e0 in M3) |c, 1) r154: (c→ (et in M3), 2)
(2) The occurrence of the object p&q indicates that (p)&(q) are generated,

rules r155∼r157 are applied to send objects into MC for the calculation of n =
p× q. After that calculation, the object e occurs, the reuslt ci evolves to ni, and
an object p0 and an object q0 are consumed. Then sending (p)(q) into MC to
calculate m = (p− 1)× (q − 1), the rules are:

r155: (pi → pi(pi in MC) |pq, 1) r156: (qi → qi(qi in MC) |pq, 1)
r157: (pq → (o× in MC), 2) r158: (ci → ni |e, 2)
r159: (ep0q0 → pqf, 2) r160: (pi → λ |f , 1)
r161: (qi → λ |f , 1) r162: (ci → mi |ef , 1)
(3) Sending (m)&(e) int o M9 to get (d).
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r163: (ef → t |e0 , 1) r164: (mi → (mi in M9) |t, 1)
r165: (ei → ei(ei in M9) |t, 1) r166: (t→ (tf in M9), 2)
(4) Sending out the key pairs (n, e) and (n, d) into membrane A2.
r167: (ni → (ni out) |d0, 1) r168: (ei → (ei out) |d0 , 1)
r169: (di → (di out), 2)

4.3 Encryption & Depcryption Membrane A3

Membrane A3 is designed based on the algorithm in 3.2. It accepts (a)(b)(c)
from outer membrane, and send out the result of ab%c. The initial structure of
A3 is shown as Fig.5.

A3

MC

Fig.5. The initial structure of membrane A3

The rules of A3 are:
r170: (t→ t1 |bi , 1) r171: (bi → (ai in MC) |t1 , 1)
r172: (t1 → t2(o÷b

2
0 in MC), 2) r173: (ci → bi |t3 , 1)

r174: (ci → bi |t4 , 1) r175: (e→ λ, 3)
r176: (t2 → t3 |m0, 1) r177: (si → (bi in MC) |t3 , 1)
r178: (ai → ai(ai in MC) |t3 , 1) r179: (t3 → t5(o× in Mc), 2)
r180: (t5 → t6 |e, 1) r181: (ci → (ai in MC) |t6 , 1)
r182: (ni → ni(bi in MC) |t6 , 1) r183: (t6 → t7(o÷ in Mc), 2)
r184: (t7 → t8 |e, 1) r185: (mi → si |t8 , 1)
r186: (ci → λ |t8 , 1) r187: (t2 → t4 |e, 2)
r188: (t4 → t8, 2) r189: (ai → (aibi in MC) |t8 , 1)
r190: (t8 → t9(o× in MC), 2) r191: (t9 → t10 |e, 1)
r192: (ci → (ai in MC) |t10 , 1) r193: (ni → ni(bi in MC) |t10 , 1)
r194: (t10 → t11(o÷ in Mc), 2) r195: (t11→ t12 |e, 1)
r196: (mi → ai |t12, 1) r197: (ci → λ |t12 , 1)
r198: (t12 → t, 2) r199: (t→ t13, 2)
r200: (ai → λ |t13 , 1) r201: (si → (si out) |t13 , 1)
r202: (t13 → λ, 2) r203: (ni → λ |t13 , 1)
The execution of the rules is:
(1) In the presence of bi, the object t evolves to the object t1 (rule r170);

otherwise the object t evolves to the object t13(rule r199), and go to (11).
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(2) In the presence of t1, rules r171 ∼r172 are applied to convert bi into ai
and send them to MC to calculate b÷ 2, at the same time, the object t1 evolves
to t2.

(3) After the division, if there are remainders left, the object t2 evolves to
t3(rule r176), otherwise rule r175 is applied to delete the object e (this rule is
applied after every calculation).

(4) In the presence of the object t3, rule r173 is applied, ci is consumed to
generate bi, and rules r177 ∼r179 are used to get the result of a×s. t5 is generated
to wait the end of this calculation.

(5) After the multiplication, the object t5 evolves to the object t6 (rule r180),
meanwhile rules r181 ∼r183 are applied to calculate s ÷ n, and t6 is changed to
t7 to wait the end of this calculation.

(6) After the calculation in (5), the object t7 evolves to t8 (rule r184), then
rules r185&r186 are executed to clear quotients and convert the remainders to
object s.

(7) In the presence of the object t4, the object ci evolves to bi (rule r173) and
the object t4 evolves to the object t8 (rule r188).

(8) In the presence of t8, rules r189&r190 are applied to send ai into MC to
calculate a× a, and the object t8 evolves to t9.

(9) After the multiplication in (8), rules r192 ∼r194 are used to calculate
a× a%n, the object t9 is changed to t11.

(10) After the calculation in (9), rules r195 ∼r197 are applied to clear the
divisor, change remainders into the object a, and make t9 become the object t,
then go to(1).

(11) In the presence of the object t13, which indicates the end of this process,
rules r200 ∼r203 are executed to send out the object si and clear other objects
in this membrane.

4.4 Skin Membrane A1

The function of membrane A1 is to control and coordinate its sub membrane to
achieve RSA algorithm, and start the evolution of the system according to the
input of P system, including 2 aspects: send the input which are the digits of
p&q&e into A2 (the input should promise that the digits of e are less than the
sum of digits of p and q) and then send the message to be encrypted or decrypted
with key pair into A3. The main rules are:

(1) Sending three numbers and three sign objects into A2:
r204: (i→i in A2 |a, 1) r205: (a→ a in A2, 2)
r206: (i→i in A2 |b, 1) r207: (b→ b in A2, 2)
r208: (i→i in A2 |c, 1) r209: (c→ c in A2, 2
(2) According to the input object, send the (m,n, e) or (m,n, d) into A3 to

do encryption or decryption.
r210: (ni → ni(ni in A3) |u, 1) r211: (ei → ei(bi in A3) |u, 1)
r212: (mi → (ai in A3) |u, 1) r213: (u→ (ts0 in A3), 2)
r214: (ni → ni(ni in A3) |v, 1) r215: (di → di(bi in A3) |v, 1)
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r216: (mi → (ai in A3) |v, 1) r217: (v → (ts0 in A3), 2)
After the end of evolution of

∏
RSA, the result will be in the membrane A1.

5 Instance

In this section, we will give an instance to show how the P system works on
realizing RSA algorithm.

5.1 Key Generation

We assume that the digits of p&q&e are 2,3,3, then the input objects {2, a, 2, b, 3, c}
will be sent into membrane A1 in sequence. Rules r204 ∼r209 of A1 will be ap-
plied to send the objects into A2 and then rules in A2 are used to initialize the
process of key generation with sending different placeholders into M1&M2&M3.
The initialization structure is shown as Fig.6(a).
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M5

MC

MC

M6

MC

M4

MC

MC

M7

M8

M5

MC

MC

M6

MC

M4
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h1e0tp

h1e0tq

b2b1e0te

Fig. 6(a) the initial structure of p&q&e generation

(1) Rules in M1&M2&M3 are similar, and the process is also similar. So we
take the process in M1 for eaxmple to show the big random prime generation.
Since the digits of p is 2, we assume the number first generated is 27, which
indicates the objects we generate is {a21a70}, see Fig.6(b), and then send the
objects into M4 to do prime judgements as shown in Fig.6(c).

(2) Once the membrane M4 accpets the input objects, it will send a copy of
them into M5 to do the square root estimation (Fig.6(d)). For the number 27,
the estimation is 10 which represented by the multiset {b1} (Fig.6(e)).

(3) After the estimation, the objects will be sent into M7&M8&M9 at the
same time to do prime judgement by trial division (Fig.6(f)). Membrane M6 is
used for judging whether the number is times of 3 while M7&M8 are used of
6i ± 1. In this process, 27 is the times of 3. Once rules in M6 has checked that
27 is not a prime, the process in M7&M8 will be end timely (Fig.6(g)).
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Fig. 6(b) after a random number generation

M1

M4

M7

M8

M5

MC

MC

M6

MC

h1e0pa1
2a0

7

ta1
2a0

7

Fig. 6(c) the initial of the prime judgment
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Fig. 6(d) before square root estimation
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Fig. 6(e) after square root estimation
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Fig. 6(f) before prime judgment
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Fig. 6(g) after prime judgment

(4) The presence of the object t2 indicates the number we generate is not a
prime. If the generated number is a prime, the object t1 will occur instead of t2.
So if we assume the primes we generated in M1&M2&M3 are 61&53&17, then
the structure of membrane will be shown as Fig.6(h) after these generations.

(5) After the generations, the objects (p)(q)(e){pqe} will be sent into A2, and
the other objects will be cleaned (Fig.6(i)).

(6) In the presence of p&q, the multiset (p)
⋃

(q) will be sent into membrane
MC to calculate n = 61 ∗ 53 = 3233, the result can be seen in Fig.6(j).

(7) After the calculation of n, we will sent the multiset (p− 1)
⋃

(q − 1) into
MC to calculate m = 60 ∗ 52 = 3120 which represents φ(n) in section 2.2, the
result can be seen in Fig.6(k).

(8) After the calculation of m, the multiset (e)
⋃

(m) will be sent into mem-
brane M9 to calculate d, the result d = 2753 can be seen in Fig.6(l).
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Fig. 6(h) complete the generation of p&q&e
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Fig. 6(i) send p&q&e out to A2
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Fig. 6(j) after the calculation of n
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Fig. 6(k) after the calculation of m
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Fig. 6(l) after the calculation of d

A1

A2 A3

e1
1
e0
7
n3
3
n2
2
n1
3
n0
3
d3
2
d2
7
d1
5
d0
3

Fig. 6(m) key generation completed

(9) The end of the evolution in M9 is the end of the key generation, the
obejcts which represents the key pairs (n, e)&(n, d) will be sent out to A1, and
redundant objects will be cleaned (Fig.6(m)).

5.2 Encryption & Decryption

The algorithm of encryption is same with the decryption, and the only difference
is that the input of encryption is (e) while the input of decryption is (d). We
take 65 for eaxmple to show the process of encryption, so the input of A1 will be
{m6

1m
5
0}

⋃
{u} besides the key pairs generated in the previous section(Fig.7(a)).
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Fig. 7(a) the initial structure of encryption

(1) In the presence of object u, the multiset (n)
⋃

(m)
⋃

(e)
⋃
{u} will be

convert to (n)
⋃

(a)
⋃

(b)
⋃
{ts0} and be sent into A3 to do encryption (Fig.7(b)).

(2) To send the object (b) into MC to get the result of b ÷ 2, and after the
calculation, if the remainders (m) exsits, then s = s × a%n will be calculation,
Fig.7(c) show the process in the first time when b = 8.
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Fig. 7(b) A3 accpets objects and start the
encryption
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Fig. 7(c) the calculation of b÷ 2 and
s = s× a%n

(3) The calculation formula a = a × a%n should be calculated, and the
Fig.7(d) shows the result when a = 65.

(4) The process of (2)&(3) will be repeated until b equals to zero, the result
can be seen in Fig. 7(e).
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Fig. 7(d) the calculation of a = a× a%n
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Fig. 7(e) after the encryption
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Fig. 7(f) the final result

(5) After the encryption in A3, all the result objects will be sent out to
A1(Fig. 7(f)).

6 Conclusions

P system is a new kind of distributed parallel computing model, and has been
applied in many fields. RSA alorithm is a very important algorithm in the field
of cryptology. Up to now, there are still little researches on applying P systems
in the field of the information security and this paper is a trial. In this papre,
we give a solution to realize the RSA algorithm in paralle and design a P system
ΠRSA, including structure and rules. Finally an instance is given to describe the
process of the calculation and illustrate the feasibility and effectiveness of our
designed P system.

The foundation of the P system ΠRSA we designed in this paper is the RSA
algorithm proposed in [1], although we make the process to generate a big prime
more parallel, it is still the bottleneck in the realization of ΠRSA. On the other
hand, the code we used in this paper is based on hybrid coding, which makes a
large number of rules exist during the process, the use of other coding methods
will effectively reduce the number of rules. We will do further research in these
two directions.
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Abstract. Spiking neural P systems with anti-spikes (in short, ASN P
systems) are a variant of spiking neural P systems (in short, SN P sys-
tems), inspired by the way in which neurons process information and
communicate to each other through both excitatory and inhibitory im-
pulses. In this work, we consider ASN P systems with rules on synapses,
where all neurons contain only spikes or anti-spikes, and the rules are
placed on the synapses. The computational power of ASN P systems
with rules on synapses is investigated with the restrictions: (1) systems
are simple in the sense that each synapse has only one rule; (2) all spik-
ing rules on synapses are bounded; (3) the delay feature and forgetting
rules are not used. Specifically, we prove that ASN P systems with pure
spiking rules of categories (a, a) and (a, ā) on synapses are universal as
number generating and accepting devices. We also prove that ASN P sys-
tems with inhibitory synapses using spiking rules of category (a, a) on
synapses are universal as both generating and accepting devices. These
results illustrate that simple form of spiking rules are enough for ASN
P systems with rules on synapses to achieve a desired computational
power.

Keywords: Bio-inspired computing, Spiking neural P system, Turing
universality, Anti-spike, synapse

1 Introduction

Natural computing is known as a research field that studies new computational
paradigms inspired from various natural phenomena in nature [1]. Membrane
computing, initiated in [2], is a branch of natural computing, whose aim is to
discover new computational models from the structure and functioning of living
cells. The obtained computational models are usually called P systems, which are

⋆ Corresponding author. Email: shixiaolong@mail.hust.edu.cn
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a class of distributed and parallel computational devices. There are three main
classes of P systems investigated: cell-like P systems [2], tissue-like P systems [3],
and neural-like P systems [14]. There have been an impressive literature on mem-
brane computing from both mathematical/theoretical computer science devel-
opments [4–8], and applications [9–12], and references therein. A comprehensive
survey of membrane computing can be found in [13], and up-to-date information
are available at the membrane computing web site http://ppage.psystems.eu.

A special class of neural-like P systems, incorporating into membrane com-
puting ideas from neural computing based on spiking neurons, called spiking
neural P systems, was proposed in [14]. Such systems are a class of distributed
and parallel computing devices, which are inspired by the way of biological neu-
rons processing information and communicating by means of electrical impulses
of identical shapes (called spikes). SN P systems use individual spikes to in-
corporate spatial and temporal information in computation, where neurons use
spatial and temporal information of incoming spikes to encode their message,
which is associated with the number and timing of spikes, and process the in-
formation by spiking/forgetting rules combining the activation of input neurons.
In SN P systems, each rule contained in neurons is associated with a specific
application context and these rules can be considered special functions, while
in a spiking neural network, a neuron has a time-varying real-valued activation
function. From the description above, SN P systems fall into the third generation
of neural network models [15–17].

Briefly, an SN P system consists of a set of neurons placed in the nodes
of a directed graph whose arcs are called synapses. Neurons contain a number
of copies of a unique symbol object represented by a (called the spike) and
process the information in form of spikes within the system conforming to the
spiking rules and forgetting rules. The execution of a spiking/forgetting rule is
triggered by matching the number of spikes with the regular expression, which is
associated with the rule in a neuron. By using a spiking rule, a neuron consumes
some spikes and produces further spikes, and the produced spikes are replicated
and transmitted to the neurons linked by synapses with the neuron where the
rule is applied. With the execution of a forgetting rule, a predefined number of
spikes is removed from a neuron. One of neurons is designated as the output
neuron, whose spikes are sent to the environment.

Inspired from various biological features and mathematical motivations, nu-
merous variants of SN P systems were proposed, such as SN P systems with
thresholds [18], axon P systems [19], SN P systems with structural plasticity
[20], cell-like SN P systems [21], SN P systems with request rules [22], some re-
stricted SN P systems [23, 24]. Most of these variants of SN P systems are proved
to be computationally complete (equivalent in power with Turing machines), as
number accepting or generating devices, language generators, and function com-
puting devices. SN P systems have also been investigated in different working
modes, such as asynchronous SN P systems [25], asynchronous SN P systems
with local synchronization [26], sequential SN P systems [27–30], SN P systems
with exhaustive use of rules [31, 32]. Certain classes of SN P systems can also be
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used to solve computationally hard problems in a feasible (polynomial or linear)
time [33–35]. There are also significant applications of SN P systems and their
variants in solving issues in practical engineering and science fields, e.g., fuzzy
reasoning SN P systems for fault diagnosis [36], SN P systems for image pro-
cessing [37], fuzzy reasoning SN P systems for fault diagnosis of electric power
systems [38], SN P systems for approximately solving combinatorial optimization
problems [39]. Furthermore, based on SN P systems and their variants, several
software products have also been available [40–42], as well as some SN P system
simulators based on GPU and CUDA have also been designed in [43, 44].

A new variant of SN P systems, called SN P systems with rules on synapses,
was proposed in [45, 46], where the rules are placed on synapses instead of in
neurons. In such systems, neurons contain only one type of object (i.e., spikes).
Inspired by the functioning of inhibitory impulses among biological neurons, anti-
spikes and inhibitory synapses were introduced in [47, 48], thus an idea appears in
a natural way, we consider that in SN P systems with rules on synapses, neurons
contain two types of object, i.e., besides using usual “positive” spikes, anti-spikes
denoted by ā are also considered. The anti-spikes can be produced by means of
spiking rules or by inhibitory synapses which change the “nature” of “positive”
spikes. In an SN P system with rules on synapse and anti-spikes, a neuron can
generate spikes or anti-spikes (not both of them) by using the spiking rules on
synapses and send them to the target neurons. Similarly, a certain number of
spikes or anti-spikes (not both of them) can be removed out of the neuron by the
forgetting rules on synapses. Except for participating in spiking and forgetting
rules placed on synapses, the spikes and anti-spikes can also participate in an
annihilating rule of the form aā→ λ, that is, when spikes and anti-spikes meet
in a certain neuron, they will immediately annihilate each other in a maximal
manner. The application of the annihilating rule has priority over other rules,
hence, at any moment, there are only spikes or anti-spikes but not both of them
in any neuron. We call such systems ASN P systems with rules on synapses.

A rule is bounded if it is of the form bi/bc → b, where 1 ≤ c ≤ i. For
any spiking rule E/bc → b′, if L(E) = {bc} holds, where L(E) is the language
associated with regular expression E, then the spiking rule is called pure, which
is a special case of bounded rule. In ASN P systems with rules on synapses,
we called the synapse simple if a synapse has only one spiking rule. An ASN P
system with rules on synapses is said to be simple if all synapses in the system
are simple.

In this work, we investigate the computational power of ASN P systems with
rules on synapses. In the following proofs, the delay feature and forgetting rules
are not used. We prove the following results: (1) ASN P systems with pure
spiking rules of categories (a, a) and (a, ā) on synapses are universal as number
generating devices; (2) simple ASN P systems with pure spiking rules of cate-
gories (a, a) and (a, ā) on synapses are universal as number accepting devices;
(3) ASN P systems with inhibitory synapses using bounded spiking rules of cate-
gory (a, a) on synapses are proved to be universal as number generating devices;
(4) simple ASN P systems with inhibitory synapses using pure spiking rules of
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category (a, a) on synapses are proved to be universal as number accepting de-
vices. From these universality results it can be interpreted that the structure of
a system is crucial for the functioning of the system, although the individual
neuron and synapse are simple, by cooperating with each other, a network of
neurons and synapses can be rather powerful. Moreover, as in SN P systems,
the applicability of each rule is determined by checking the number of spikes in
the neuron against a regular set associated with the rule, by using the bounded
spiking rules in ASN P systems with rules on synapses, the computationally
hard problem hidden in checking whether a rule associated with general regular
expressions can be applied can be avoided, because it is proved that deciding
whether a rule associated with general regular expression can be applied is at
least NP-hard [49].

2 ASN P systems with rules on synapses

It is useful for readers to have some familiarity with basic elements of formal
language and automata theory [50], as well as with basic concepts and notions
in SN P systems [13, 14], so we introduce here some basic notions and notations
directly.

For an alphabet V , V ∗ denotes the set of all finite strings of symbols from
V , including the empty string λ. The set of all non-empty strings over V , i.e.,
V ∗−{λ}, is denoted by V +. When V = {a} is a singleton, then we simply write
a∗ and a+ instead of {a}∗, {a}+. By NRE we denote the family of recursively
enumerable sets of numbers (they are the length sets of recursively enumerable
languages, hence the notion).

An ASN P system with rules on synapses of degree m ≥ 1 is a construct of
the form

Π = {O, σ1, σ2, · · · , σm, syn, in, out}

where:

1. O = {a, ā} is the alphabet (a is called spike, ā is called anti-spike);

2. σ1, . . . , σm are neurons, of the form σi = (ni) with 1 ≤ i ≤ m, where ni ≥ 0
is the initial number of spikes contained in neuron σi;

3. syn is the set of synapses; each element in syn is a pair of the form ((i, j), R(i,j)),
where (i, j) indicates that there is a synapse connecting neurons σi and σj ,
with i, j ∈ {1, 2, · · · ,m}, i ̸= j, and R(i,j) is a finite set of rules of the follow-
ing two forms:

(1) E/bc → b′, where E is a regular expression over a or ā, while b, b′ ∈ O,
and c ≥ 1 ( spiking rules);

(2) bs → λ, where b ∈ O and s ≥ 1, with the restriction that bs /∈ L(E) for
any rule E/bc → b′ of type (1) from R(i,j) ( forgetting rules);

4. in, out ∈ {1, 2, . . . ,m} indicate the input and output neurons, respectively.
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Because we do not need the feature of delay in spiking rules in the proofs
below, we do not consider here this feature, but such a delay can be introduced
in the usual way.

The spiking rule is applied as follows: if E/bc → b′ ∈ R(i,j) and neuron σi

contains k spikes/anti-spikes, and bk ∈ L(E), k ≥ c, then the rule is applied, its
application means consuming c spikes/anti-spikes (thus only k − c spikes/anti-
spikes remain in σi) and producing one spike/anti-spike, which is immediately
sent to all neurons σj such that (i, j) ∈ syn. If a rule E/bc → b′ has E = bc,
then it is called pure and written in the simplified form bc → b′.

A forgetting rule bs → λ ∈ R(i,j) is used when the neuron contains exactly s
spikes/anti-spikes, and by using the forgetting rule, all s spikes/anti-spikes are
removed from the neuron.

Note that in an ASN P system with rules on synapses, a neuron can contain
either spikes or anti-spikes, but not both of them. When spike a and anti-spike ā
meet in a neuron, they cannot stay together and instantaneously annihilate each
other. If a neuron has either spikes or anti-spikes, and further objects of either
type (maybe both) arrive from other neurons, such that the neuron contains
spikes ar and anti-spikes ās inside, then the annihilating rule aā → λ is imme-
diately applied in a maximal manner, so that either ar−s (if r ≥ s) or ās−r (if
s ≥ r) remain in that neuron. The mutual annihilation of spikes and anti-spikes
takes no time and the annihilating rule has priority over spiking and forgetting
rules.

A global clock is assumed, marking the time for all neurons and synapses.
At each time unit, if a synapse (i, j) can use one of its rules, then a rule from
R(i,j) must be used. If several rules are enabled at the same time in a synapse,
then the one to be applied is chosen non-deterministically. Thus, the rules are
used in a sequential manner on each synapse, but synapses function in parallel
with each other. It is restricted that all rules which are applied at any moment
should consume the same number of spikes from the given neuron, this way of
applying rules is called equal spikes consumption strategy [45].

The configuration of ASN P systems with rules on synapses is denoted by
⟨c1, c2, · · · , cm⟩ with ci ∈ Z. At any moment, if ci ≥ 0, it means that there
are ci spikes in neuron σi; if ci < 0, it indicates that neuron σi contains −ci
anti-spikes. Using the rules as described above, one can define transitions among
configurations. Any sequence of transitions starting from the initial configuration
is called a computation. A computation halts if it reaches a configuration where
no rule can be used on any synapse. With any computation, halting or not, we
associate a spike train, the sequence of symbols 0 and 1 indicating time instances
when the output neuron sends a spike out of the system: 1 indicates a spiking
step, 0 indicates a step when no spike exits the system (we here impose the
restriction that the output neuron produces only spikes, not also anti-spikes;
this restriction is only natural/elegant, but not essential).

The result of a computation can be defined in several ways in SN P systems
literature [51]. In this work, we consider the time distance between the first two
consecutive steps t1 and t2 the output neuron spikes, and their difference, i.e.
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the number t2 − t − 1, is said to be computed by the system Π. The set of all
numbers generated in this way is denoted by N2(Π) (the subscript 2 indicates
that the computation result is encoded by the time distance between the first
two spikes of any computation).

An ASN P system with rules on synapses Π can also work in the accepting
mode. A number n is introduced in the system, by introducing a sequence 10n−11
in neuron in (two spikes are introduced, at a time distance of n steps). The
number n is said to be accepted by Π if the computation eventually halts. The
set of numbers accepted by Π is denoted by Nacc(Π).

We denote by Nsyn
α ASNP (catep, rulek, Inh), α ∈ {2, acc} the family of all

sets of numbers generated or accepted by ASN P systems with rules on synapses
with at most p categories of spiking rules, at most k rules in each synapse,
and inhibitory synapses, where α ∈ {2, acc} denotes the generating or accepting
mode, and superscript syn means “rules on synapses”. If only pure form of
spiking rules are applied, the indication rulek is substituted by prulek, and if
inhibitory synapses are not used, the indication Inh will be removed from the
notation.

3 ASN P systems with spiking rules of categories (a, a)
and (a, ā) on synapses

In this section, we prove that ASN P systems with pure spiking rules of cate-
gories (a, a) and (a, ā) without forgetting rules on synapses are universal as both
number generating and accepting devices.

The following universality proofs are based on the simulation of register ma-
chines. A register machine is a construct M = {m,H, l0, lh, I}, where m is the
number of registers, I is the set of instructions bijectively labeled by elements
of H, l0 ∈ H is the start label (labeling an ADD instruction), and lh ∈ H is the
halt label (assigned to instruction HALT). The instructions are of the following
forms:

– li : (ADD(r), lj , lk) (ADD instructions: increase the value of register r by one
and pass to one of the instructions with labels lj , lk, non-deterministically
chosen),

– li : (SUB(r), lj , lk) (SUB instructions: if the value of register r is not zero,
then subtract 1 from its value and pass to the instruction with label lj ,
otherwise go to the instruction with label lk),

– lh : HALT (Stop the execution of the register machine).

A register machine M works in the generating mode, and it generates a set
N(M) of numbers in the following way. The register machine starts with all
registers empty (i.e., storing the number zero), applies the instruction with label
l0 and proceeds to apply instructions as indicated by the labels (and, in the case
of SUB instructions, by the contents of registers); if the register machine reaches
the halt instruction, then the number n stored in register 1 at that time is said
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to be generated by M . It is known that register machines generate all sets of
numbers which are Turing computable, hence they characterize NRE [52].

A register machine can also be used in the accepting mode: a number n is
stored in the first register (all other registers are empty), the register machine
starts working with the instruction with label l0, and if the register machine
eventually halts, then the number n is accepted (It can also be assumed that all
registers are empty in the halting configuration). Again, in the accepting mode,
deterministic register machines are universal. In this case, the ADD instruction
is written in the form li : (ADD(r), lj).

Theorem 1. Nsyn
2 ASNP (cate2, prule2) = NRE, where the categories of spik-

ing rules are (a, a), (a, ā).

Proof. It is enough to prove the inclusion Nsyn
2 ASNP (cate2, prule2) ⊇ NRE;

for the converse inclusion, it can be invoked from the Turing-Church thesis.
To this aim, we use the characterization of NRE by means of register ma-
chines which works in the generating mode. Consider a register machine M =
{m,H, l0, lh, I} as introduced in Section 2, without any loss of generality, we may
assume that in the halting configuration, all registers different from register 1
are empty, and that register 1 is never decremented during the computation. In
what follows, a specific ASN P system with rules on synapses Π is constructed
to simulate the computation of the register machine M .

The system Π consists of three types of modules: ADD module, SUB module,
and FIN module as shown in Figures 1, 2, 3, respectively. Each synapse has at
most two pure spiking rules of categories of (a, a) and (a, ā), and does not have
forgetting rules. The ADD and SUB modules are used to simulate the ADD and
SUB instructions of M , respectively; then the FIN module is used to output a
computation result (in the form of a suitable spike train).

In an ASN P system with rules on synapses Π, each register r of M is
associated with a neuron σr; the number stored in register r is encoded by
the number of spikes present in neuron σr. Specifically, if register r holds the
number n ≥ 0, this is encoded in the associated neuron σr by means of n + 2
spikes. With each label li of an instruction in M , a neuron σli is also associated.
During a computation, if a neuron σli receives one spike, it starts to simulate
an instruction li : (OP(r), lj , lk): starting with firing the synapse(s) leaving from
neuron σli , operating neuron σr as requested by OP, then introducing a spike
into neuron σlj or σlk . When neuron σlh (associated with the label lh of the halt
instruction of M) receives one spike at certain moment, it means a computation
in M is completely simulated in Π; then the synapse starting from neuron σout

will use its spiking rules to emit spikes to the environment twice, at an interval
of time that corresponds to the number stored in register 1 of M .

In what follows, for the reader convenience, the mentioned modules in the
system Π are given in a graphical form and we will describe the work of these
modules.

Module ADD (shown in Figure 1) – simulating an ADD instruction li :
(ADD(r), lj , lk).
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li

a
2

r

l
(1)
i l

(2)
i

a

l
(3)
i

lj lk

a → a

a → a

a → a

a → a
a → ā

a → ā

a → a
a → a

a
2
→ a

a → a

a → a a
2
→ ā

Fig. 1. Module ADD for simulating instruction li : (ADD(r), lj , lk)

The initial instruction of M , with label l0, is an ADD instruction. Assume
that, at step t, an ADD instruction li : (ADD(r), lj , lk) has to be simulated, with
one spike present in neuron σli (like neuron σl0 in the initial configuration),
and no spike in any other neurons, except for neuron σ

l
(3)
i

, which contains one

spike, and those neurons associated with registers. With one spike in neuron σli ,
then four synapses leaving from this neuron fire. The rules a → a on synapses

(li, r), (li, l
(1)
i ) and (li, l

(2)
i ) are used and one spike is sent to each of neurons

σr, σl
(1)
i

and σ
l
(2)
i

. By receiving the one spike, the number of spikes in neuron

σr is increased by one, simulating the increase of the number stored in register

r by one. For synapse (li, l
(3)
i ), one of the enabled rules a → a and a → ā can

non-deterministically be chosen and applied, so it the following two possible
cases:

1) At step t, if the rule a → a on synapse (li, l
(3)
i ) is applied, then one spike

is sent to neuron σ
l
(3)
i
. In this case, neuron σ

l
(3)
i

accumulates two spikes (it

initially has one spike), thus, at step t + 1, the rule a2 → a on synapse

(l
(3)
i , lj) is applied, as well as the rule a2 → ā on synapse (l

(3)
i , lk), then one

spike is sent to neuron σlj and one anti-spike is sent to neuron σlk . At the

same step, with one spike in neuron σ
l
(1)
i

, the rule a→ ā on synapse (l
(1)
i , lj)

is applied and one anti-spike is sent to neuron σlj ; meanwhile, with one spike

in neuron σ
l
(2)
i

, the rules a → a on synapses (l
(2)
i , lj) and (l

(2)
i , lk) are used,

sending one spike to neurons σlj and σlk , respectively. In this way, neuron
σlj accumulates one spike (one spike from neuron σ

l
(2)
i

or σ
l
(3)
i

is annihilated

by the anti-spike from neuron σ
l
(1)
i

), and the system Π starts to simulate the

instruction lj of M ; neuron σlk has no spike (the spike from neuron σ
l
(2)
i

and

the anti-spike from neuron σ
l
(3)
i

annihilate each other). Note that, at step

t+1, one spike is sent back to neuron σ
l
(3)
i

from neuron σlj , so the number of

spikes in neuron σ
l
(3)
i

is reset to the value they had at the beginning of this
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simulation, which ensures that another ADD instruction can be correctly
simulated at a subsequent step.

2) At step t, if the rule a→ ā on synapse (li, l
(3)
i ) is applied, then one anti-spike

is sent to neuron σ
l
(3)
i

. In this case, at step t + 1, neuron σ
l
(3)
i

has no spike

(one initial spike is annihilated by the anti-spike from neuron σli). Having

one spike in neuron σ
l
(1)
i
, the rule a → ā on synapse (l

(1)
i , l

(4)
i ) is applied,

sending one anti-spike to neuron σlj . At the same step, the rules a → a on

synapses (l
(2)
i , lj) and (l

(2)
i , lk) are applied, and one spike is sent to each of

neurons σlj and σlk . In this case, neuron σlj has no spike (the spike from
neuron σ

l
(2)
i

is annihilated by the anti-spike from neuron σ
l
(1)
i
); and neuron

σlk has one spike, which means that the system Π starts to simulate the
instruction lk of M . Similarly, one spike is sent back to neuron σ

l
(3)
i

from

neuron σlk , the number of spikes in neuron σ
l
(3)
i

is reset to the value they

had at the beginning of this simulation.

Therefore, the ADD module can correctly simulate the ADD instruction:
from neuron σli having one spike inside, the number of spikes in neuron σr is
increased by one, and one of the two neurons σlj and σlk non-deterministically
receives one spike.

Module SUB (shown in Figure 2) – simulating a SUB instruction li :
(SUB(r), lj , lk).

li

a
2

r

l
(1)
i

l
(2)
i

l
(3)
i l

(4)
i

lj lk

l
(5)
i

l
(6)
i

a → a a → ā

a → a
a → a

a → a

a → a

a → ā a → ā

a
2
→ ā

a → a a
2
→ a

a → a

a
2
→ a

a → a

a
2
→ a

a → a
a → a

Fig. 2. Module SUB for simulating instruction li : (SUB(r), lj , lk)

A SUB instruction li is simulated in the system Π in the following way.
Initially, neuron σli contains one spike, and other neurons are empty, except
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neurons associated with registers. Suppose at step t, neuron σli has one spike,

then the rule a → a on synapse (li, l
(1)
i ) can be used, as well as the rule a → ā

on synapse (li, r). One spike is sent to neuron σ
l
(1)
i

, and one anti-spike is sent

to neuron σr, this anti-spike immediately annihilates one spike in neuron σr by
the annihilating rule aā → λ. With one spike in neuron σ

l
(1)
i
, the rules a → a

on synapses (l
(1)
i , l

(2)
i ) and (l

(1)
i , l

(3)
i ) are used at step t+ 1, sending one spike to

each of neurons σ
l
(2)
i

and σ
l
(3)
i
. For neuron σr, there are the following two cases:

1) At step t, neuron σr has n + 2 (n > 0) spikes (corresponding to that the
number stored in register r is n, and n > 0). In this case, neuron σr has at
least three spikes. Hence, after one spike is annihilated by the anti-spike from
neuron σli , neuron σr contains at least two spikes and cannot be activated,
the number of spikes in neuron σr is decreased by one, which simulates that
the number stored in register r is decreased by one. At step t + 2, neuron
σ
l
(3)
i

receives an anti-spike from neuron σ
l
(2)
i
, the spike in neuron σ

l
(3)
i

is

annihilated by this anti-spike. Having no spike or anti-spike in neuron σ
l
(3)
i
,

the synapses leaving from this neuron cannot fire; furthermore, the synapses
leaving from these neurons σ

l
(4)
i
, σ

l
(5)
i

and σ
l
(6)
i

will not fire. At the same

step, neuron σlj receives one spike by passing along the path of synapses

(l
(1)
i , l

(2)
i ), (l

(2)
i , lj). With one spike in neuron σlj , the system Π starts to

simulate the instruction lj of M .

2) At step t, neuron σr has 2 spikes (corresponding to that the number stored
in register is 0). In this case, after one spike is annihilated by the anti-
spike from neuron σli , neuron σr has one spike, then the rules a → a on

synapses (r, l
(3)
i ) and (r, l

(4)
i ) can be used at step t+ 1, sending one spike to

neurons σ
l
(3)
i

and σ
l
(4)
i
, respectively. At step t+ 2, neuron σ

l
(3)
i

contains two

spikes, then the rules a2 → a on synapse (l
(3)
i , lk), (l

(3)
i , l

(5)
i ) and (l

(3)
i , l

(6)
i )

are applied, as well as the rule a2 → ā on synapse (l
(3)
i , lj). One spike is sent

to each of neurons σlk , σl
(5)
i

and σ
l
(6)
i

and one anti-spike is sent to neuron

σlj . After neuron σlk receives one spike, this neuron becomes active, and the
system Π starts to simulate the instruction lk of M . Simultaneously, the rule

a → a on synapse (l
(2)
i , lj) is used and neuron σlj receives one spike which

will be immediately annihilated by the anti-spike from the neuron σ
l
(3)
i
. In

this way, neuron σlj receives no spike and it cannot be activated. At step
t + 2, neuron σ

l
(3)
i

receives two anti-spikes from neurons σ
l
(2)
i

and σ
l
(4)
i

; at

step t + 3, neuron σ
l
(3)
i

also receives two spikes from neurons σlk and σ
l
(5)
i

;

these anti-spikes and spikes annihilate each other. Note that at step t + 3,
two spikes are sent back to neuron σr from neurons σ

l
(5)
i

and σ
l
(6)
i
, which

means that the number stored in register r of M is still zero.

The simulation of SUB instruction is correct: the system Π from neuron σli

having one spike inside, and ends with sending one spike to neuron σlj (if the
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number stored in register r is greater than 0 and decreased by one) or sending
one spike to neuron σlk (if the number stored in register r is 0).

Note that there is no interference between the ADD modules and the SUB
modules. However, it is possible to have interference between two SUB modules.
Specifically, if there are several SUB instructions ls acting on register r, then
neuron σr has synapse connections to all neurons σ

l
(3)
s

and σ
l
(4)
s
. When a SUB

instruction li : (SUB(r), lj , lk) is simulated, in the SUB module associated with
ls, (ls ̸= li) all neurons receive no spike except for neurons σ

l
(3)
s

and σ
l
(4)
s
. If

neurons σ
l
(3)
s

and σ
l
(4)
s

receive one spike from neuron σr, then the rule a → ā

on synapse (l
(4)
s , l

(3)
s ) is used, consuming the spike and sending an anti-spike to

neuron σ
l
(3)
s
. This anti-spike annihilates the spike in neuron σ

l
(3)
s
. In this way, the

numbers of spikes in neurons σ
l
(3)
s

and σ
l
(4)
s

returns to the initial state with no

spike or anti-spike inside. Consequently, the interference among SUB modules
will not cause undesired steps in Π (i.e., steps that do not correspond to correct
simulations of instructions of M).

Module FIN (shown in Figure 3) – outputting the result of computation.

lh

l
(1)
h

l
(2)
h

l
(3)
h

l
(4)
h

a
2

1 out

a → a a → a

a → a

a → aa → a

a → a

a → ā

a → a

a → a

a → a

a → a

a → a

Fig. 3. Module FIN (outputting the result of computation)

Assume now that at step t neuron σlh in the system Π accumulates one spike,
which means that the computation in M halts (that is, the halt instruction is
reached), and neuron σ1 has n + 2 spikes at that moment, for the number n
in register 1 of M . With one spike in neuron σlh , the rules a → a on synapses

(lh, l
(1)
h ) and (lh, l

(2)
h ) are used, sending one spike to neurons σ

l
(1)
h

and σ
l
(2)
h

,

respectively. At step t+1, the rule a→ ā on synapse (l
(1)
h , 1) is applied, sending

the first anti-spike to neuron σ1, this anti-spike immediately annihilates one spike
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in neuron σ1 by the annihilating rule aā→ λ, which means that the number of
spikes in neuron σ1 is decreased by one. At step t+2, one spike arrives in neuron

σout along the path of synapses (l
(2)
h , l

(4)
h ), (l

(4)
h , out), and the rule a→ a on the

synapse pointing to the environment is applied at the next step. The first spike
is sent to the environment by the output neuron at step t+ 3.

Having one spike in each of neurons σ
l
(1)
h

and σ
l
(3)
h

, the rules a → a on

synapses (l
(1)
h , l

(3)
h ) and (l

(3)
h , l

(1)
h ) are used at step t+2. From step t+2 on, neurons

σ
l
(1)
h

and σ
l
(3)
h

emit one spike to each other at each step. At the same time, the rule

a→ ā on synapse (l
(1)
h , 1) is used, continuously sending an anti-spike to neuron

σ1 at each step, which annihilates a spike in neuron σ1 immediately. At step
t+n+1, neuron σ1 ends with one spike inside and becomes activated. One step

later, the rules a→ a on synapses (1, l
(1)
h ) and (1, l

(3)
h ) are applied, after each of

neurons σ
l
(1)
h

, σ
l
(4)
h

receives one spike from neuron σ1, the synapses starting from

these neurons cannot fire. At the same time, the rule a→ a on synapse (1, out)
is also used and one spike is sent to neuron σout. At step t+ n+ 3, neuron σout

contains one spike, thus the rule on the synapse pointing to the environment can
be applied for the second time, emitting the second spike to the environment.
The interval between these two spikes sent out to the environment by the system
is (t+n+3)− (t+3) = n, which is exactly the number stored in register 1 when
the computation of M halts.

From the above description of the modules of the system Π and their work, it
is clear that the register machine M is correctly simulated by the system Π. We
can check that all synapses in the system Π have at most two rules, all rules on
synapse are pure; all rules are of the two categories (a, a) and (a, ā); forgetting
rules are not used. Therefore, NRE = Nsyn

2 ASNP (cate2, prule2), where the
categories of spiking rules are (a, a), (a, ā). �

ASN P systems with rules on synapses working in the accepting mode ignore
the out neuron and use an in neuron to take in exactly two spikes. The time
interval between the two input spikes is the number computed by the system,
if the computation halts. As introduced in Section 2, in the accepting mode,
deterministic register machines are still Turing universal. Therefore, the resulting
ASN P system with rules on synapses system simulating M is simpler compared
to the system simulating the generative case as in Theorem 1.

Theorem 2. Nsyn
acc ASNP (cate2, prule1) = NRE, where the categories of spik-

ing rules are (a, a) and (a, ā).

Proof. We construct an ASN P system with rules on synapses Π ′ to simulate
a deterministic register machine M = {m,H, l0, lh, I}. Actually, the system Π ′

is obtained by modifying the system Π given in the proof of Theorem 1. The
system Π ′ consists of an INPUT module, deterministic ADD modules and SUB
modules.

The INPUT module is shown in Figure 4. Spike train 10n−11 is introduced
into the system through neuron σin, where the interval between the two spikes
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in the spike train is (n + 1) − 1 = n, which indicates that the number to be
accepted by the system Π ′ is n.

in

d1 d2 d3

l0

a
2

1

a → a

a → a

a → a

a → a

a → a

a
2
→ a a → a

Fig. 4. The INPUT module of Π ′

Suppose at step t, neuron σin receives the first spike from the environment.
At step t+1, the rules a→ a on synapses (in, d1), (in, d2) and (in, d3) are used,
and one spike is sent to neurons σd1 , σd2 and σd3 , respectively. With only one
spike in neuron σd1 , the rule on synapse (d1, l0) is not enabled. Having one spike
in neurons σd2 and σd3 , the rules a→ a on synapses (d2, d3), (d3, d2) are applied.
From step t+ 1 on, neurons σd2 and σd3 exchange one spike with each other in
each step. Moreover, at the same time, the rule a→ a on synapse (d2, 1) is also
used, sending one spike to neuron σ1 in each step, until the second spike arriving
at neurons σd2 and σd3 . At step t+n, neuron σin receives the second spike from
the environment. One step later, neurons σd1 , σd2 and σd3 receive the second
spike and accumulate two spikes inside. The rules on synapses (d2, d3), (d3, d2)
and (d2, 1) are not enabled, hence no further spikes are sent to neuron σ1. In this
way, from step t+2 to t+ n+1, neuron σ1 receives n spikes in total. Note that
2 spikes are initially placed in neuron σ1, so there are n+2 spikes in neuron σ1,
which represents the number stored in register 1 of M is n. With two spikes in
neuron σd1 , the rule a2 → a on synapse (d1, l0) is applied. In this way, neuron
σl0 receives one spike and the system starts to simulate the initial instruction l0
of M .

For a deterministic ADD instruction of the form li : (ADD(r), lj), the corre-
sponding module ADD shown in Figure 5 is now much simpler than the one
shown in Figure 1.

Module SUB remains unchanged (as shown in Figure 2). Module FIN is re-
moved, with neuron σlh remaining in the system, but without outgoing synapse.
When neuron σlh receives one spike, it means that the computation of register
machine M reaches instruction lh and stops. Since there is no outgoing synapses
leaving from neuron σlh , in this way, the work of the system Π ′ stops. Thus, a
computation of system Π ′ stops if and only if the computation in M stops. We
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li

lj r

a → a a → a

Fig. 5. Module ADD for simulating instruction li : (ADD(r), lj)

can check in the constructed system Π ′, each synapse contains only one spike
rule, that is, the system Π ′ is simple; all rules on synapses are pure; all rules are
of the two categories (a, a) and (a, ā); forgetting rules are not used. Hence the
theorem holds. �

4 ASN P systems with inhibitory synapses and rules on
synapses

In this section, we consider ASN P systems with inhibitory synapses and rules
on synapses, where no rule on synapses can produce an anti-spike, but there are
synapses which can transform spikes into anti-spikes. In what follows, we prove
that ASN P systems with inhibitory synapses and rules on synapses are Turing
universal as both number generating and accepting devices, which are stated
as Theorems 3 and 4. In the following figures, each inhibitory synapse in the
modules is marked by a “black dot”.

Theorem 3. Nsyn
2 ASNP (cate1, rule3, Inh) = NRE, where the category of spik-

ing rules is (a, a).

Proof. The system consists of three types of modules – ADD module, SUB
module and FIN module shown in Figures 6, 7, 8, respectively. Similar to the
proofs of Theorems 1 and 3, we can check the work of modules ADD, SUB, and
FIN. We do not enter into the detail of the proof here. �

Theorem 4. Nsyn
acc ASNP (cate1, prule1, Inh) = NRE, where the category of

spiking rules is (a, a).

Proof. Theorem 4 can be proved with an INPUT module, deterministic ADD
modules and SUB modules shown in Figure 4, 5 and 7, respectively. Here, we
omit the detail of the proof. �

5 Conclusions and remarks

In this work, we have introduced a variant of SN P systems: ASN P systems with
rules on synapses and investigated the computational power of such systems. We
have proved that ASN P systems with rules on synapses are Turing universal as
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Fig. 8. Module FIN (outputting the result of computation)

number generating devices, with bounded (or pure) spiking rules and without
forgetting rules; as number accepting devices, the systems are even simple with
only pure spiking rules and without forgetting rules. These universality results
indicated that the structure of a system is crucial for the functioning of the
system, although the individual neuron and synapse are simple, by cooperating
with each other, a network of neurons and synapses can be rather powerful.
Moreover, by using the bounded spiking rules in ASN P systems with rules
on synapses, the computationally hard problem hidden in checking whether a
rule associated with general regular expression can be applied can be avoided,
because it is proved that deciding whether a rule associated with general regular
expression can be applied is at least NP-hard [49].

In the proofs of Theorems 1 and 3, in order to achieve the non-determinism
in the ADD instruction, we construct these systems, where each synapse has one
spiking rule except for a group of synapses in ADD modules which have two or
three spiking rules. It remains open how to construct a simple universal ASN P
system with rules on synapses as number generating device.

One recent idea is to consider cell-like SN P systems [21], cell-like SN P
systems with anti-spikes are of interest to be investigated.

As usual, it is worth looking for small (in terms of the number of neurons,
the number of synapses and the number of rules) universal ASN P systems with
rules on synapses. Another interesting problem for ASN P systems with rules on
synapses is to explore whether such systems can be as a framework for solving
computationally hard problems such as Subset Sum problem and SAT problem.
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Abstract. Membrane computing is a distributed and parallel bio-
inspired computing paradigm providing new computing models. The
computational model of membrane computing is called “P systems”.
Despite several P systems simulation tools have been built, the general
object-oriented framework of P systems lacks. This study gives the com-
puter storage structure of P systems, the object-oriented static model
and the object-oriented dynamic model of membrane computing using
Umlet. This study intuitively gives the concepts and operations involved
in the membrane computing, which facilitates a better understanding of
the thought of membrane computing, and provides support for research
personnel having no membrane computing foundation.

Keywords: Membrane computing; P system; Object-oriented method;
Modeling; UML

1 Introduction

Biological systems, such as cells, tissues, and human brains, have deep compu-
tational intelligences. Biologically inspired computing, or bio-inspired comput-
ing in short, focuses on abstracting computing ideas from biological systems to
construct computing models and algorithms. Membrane computing is a novel
research branch of bio-inspired computing, initiated by Gh. Păun in 2002, which
seeks to discover new computational models from the study of biological cells,
particularly of the cellular membranes [1, 2]. The obtained models are distribut-
ed and parallel bio-inspired computing devices, usually called P systems. There
are three mainly investigated P systems, cell-like P systems [1], tissue P systems
[3], and neural-like P systems (also known as spiking neural P systems) [4] (and
their variants, see e.g. [5–11]). P systems are known as powerful computing mod-
els, are able to do what Turing machines can do efficiently [12–16]. The parallel
evolution mechanism of variants of P systems, such as numerical P systems [17,
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61472231, 61402187, 61502535, 61572522, 61572523, 61502283 and 61602282).
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18], spatial P systems [19], spiking neural P systems with anti-spikes [20], has
been found to perform well in doing computation, even solving computational
hard problems [21–23].

The implement research of membrane computing contains three aspects: soft-
ware, hardware and biochemical methods. Sixteen P systems softwares are listed
on the P systems webpage, in which P-Lingua and MeCoSim are the most pop-
ular ones [24]. The field-programmable gate arrays are used to carry out the
reconfigurable hardware implementation of P systems [25]. Unicom u-tube and
broth are used to realized the biochemical implementation scheme [26]. Due to
the hardware and the biochemical methods need to consume large amounts of
resources, the software simulation is currently the most common way to imple-
ment the membrane computing. Although several software simulation tools have
been built, they give the functions in detail, while the general object-oriented
framework of P systems is not given. Only the simulations of several specific P
systems are given, therefore, when researchers want to simulate a new variety
of P systems, they need to design themselves. If there is a description of all
concepts and operations from a macroscopic perspective, the design process will
become easier.

For this purpose, a general object-oriented description for membrane comput-
ing is given. The paper is organized as follows: The object-oriented description
of membrane computing is introduced in Section 2. Section 3 gives the storage
structure of P systems in computers. In Sections 4 and 5, the object-oriented
static model and the object-oriented dynamic model are constructed respective-
ly. Finally, some conclusions are drawn in Section 6.

2 Preliminaries

In this section, some knowledge about Unified Modeling Language (UML) is
introduced. For more detail, please refer [28].

The UML is a unified modeling language in the field of software engineer-
ing, which aims to provide a standard way to model and visualize the software
development. UML defines five classes of diagrams.

(1.) the use-case diagram: The use-case diagram describes the system function
from the perspective of the users, and points out the operators of each func-
tion.

(2.) the static diagram (including the class diagram, the package diagram, and
the object diagram):
the class diagram: The class diagram describes the static structure of the
class in the system.
the package diagram: The package diagram is composed of packages and
classes showing the relationship between the packages.
the object diagram: The object diagram is the instance of class diagram.

(3.) the behavior diagram (including the state diagram and the activity diagram):
The behavior diagram describes the exchange relationship composed by the
system dynamic model and the objects.
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the state diagram: The state diagram describes to state control flow.
the activity diagram: The activity diagram describes the workflow of the
case.

(4.) the interaction diagram (the sequence diagram and the cooperation dia-
gram): The interaction diagram describes the interactions between objects.
the sequence diagram: The sequence diagram describes a dynamic relation-
ship between objects, emphasizes the order of the messages which are sent
by objects, and shows the interaction between objects.
the cooperation diagram: The cooperation diagram describes the cooperative
relationship between objects.

(5.) the implementation diagram: the configuration diagram: The configuration
diagram defines the physical architecture of software and hardware in the
system.

3 The object-oriented description of membrane
computing

The object-oriented method is a programming paradigm which is based on the
“objects”. The object is a package composed of data attributes and the corre-
sponding operations on these data. A group of objects with similar properties
form a “class”[27].

The three main components: membranes, rules, and P system objects of the
three main P systems: cell-like P system, tissue-like P system, and neural-like P
system are described from the view of the object-oriented description.

(1). P system object: The characters or strings which are derived from chemical
substances in cells are called objects. In this paper, they are called P sys-
tem objects to differentiate them from objects in an object-oriented method.
Alphabet O contains all P system objects in a P system.

(2). membrane: Membranes divide the whole P system region into several com-
partments. Multiset of P system objects and rules are placed in compart-
ments. Each compartment is a relatively independent computing unit. Each
membrane has its label (the set of labels h is called H) and charge (+, -, 0).

(3). rule: Rules point out the operations that need to be executed on P system
objects or membranes. By executing rules, the configuration of a P system
is changed. Higher priority rules should be executed with higher priority if
the priority of rules is defined.
There are several types of rules: evolution rules which change the kind or the
number of P system objects in a certain compartment (u → v, u, v ∈ O∗),
communication rules which change the compartment which the P sys-
tem objects belong to ((u, out; v, in), u, v ∈ O∗), membrane creation rules
which create new membranes (a → [b]αj , a, b ∈ O, h ∈ H,α ∈ {+,−, 0}),
membrane division rules which divide one membrane into two membranes
([ha]

α1

h → [h1b]
α2

h1
[h2c]

α3

h2
, h, h1, h2 ∈ H,α1, α2, α3 ∈ {+,−, 0}, a, b, c ∈ O),

and membrane dissolution rules which dissolve membranes ([ha]
α
h → b, h ∈

H,α ∈ {+,−, 0}, a, b ∈ O).



4 A General Object-Oriented Description for Membrane Computing

(4). cell-like P system: The cell-like P system is the basic membrane computing
model. It simulates the structure and function of cells. All other membranes,
rules, and P system objects are in a membrane called skin membrane. The
membrane structure of a cell-like P system is a tree structure.

(5). tissue-like P system: The tissue-like P system is an important extension
of membrane computing model. It simulates the structure and function of
tissues. Multiple cells are placed in one environment, and both the cells and
the environment can have P system objects. The membrane structure is a
graph structure.

(6). neural-like P system: The neural-like P system is a relatively new pro-
posed membrane computing model which is a hot area in membrane com-
puting. The cells in this P system are neurons. Spiking Neural P system, SN
P system for short, is the main kind of neural-like P system, which has only
one P system object called spike. The execution of rules in SN P systems
need several steps. If a rule in one neuron needs t steps to be executed, this
neuron is closed during this period of time, which means this neuron cannot
receive or emit spikes. If no rule in one neuron is executed at a time, this
neuron is open.

In conclusion, the model of membrane computing: P system can be seen as
a class which has several attributes, such as membrane structure, environmen-
t (the kind and number of objects in environment), rules, alphabet, multiset,
configuration(the membrane structure and the multiset in each component). P
system class has three subclasses: cell-like P system, tissue-like P system, and
neural-like P system. The membrane structure and the objects of the P systems
are changed through executing rules, therefore, three types of operations are de-
fined: operation on membranes, operation on rules, and operation on P system
objects. The details will be given in the following sections.

4 The data structure of membrane computing

In this section, the data structure of membrane computing is designed with the
purpose of storing the alphabet, membrane, multiset, evolution rule, commu-
nication rule, membrane creation rule, membrane division rule, and membrane
dissolution rule in computers.

(1). alphabet: A string array is used to store all characters in a P system. The
characters appear only in this array in the whole P system. In the following,
the characters are represented by the serial number in the string array to
save space. For instance, there is a string array alphabet = [a, b, c, d, e] shown
in Fig 1, the five characters are represented by 1, 2, 3, 4 and 5. String 224 is
used to show two a and one d.

(2). membrane: String arrays of length 5 are used to store the relevant infor-
mation as Fig.2 and Fig.3.

(3). multiset: String arrays of length 2 are used to store the multiset as Fig.4.
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Fig. 1. The data structure of the alphabet.
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Fig. 2. The data structure of the membrane for the cell-like P systems.

(4). rule type: An string array is used to store all rules types used in a P system.
Each string stores one type of rule. The strings appear only in this array in
the whole P system. In the following, the strings are represented by the serial
number in the string array to save space.

(5). evolution rule: String Arrays of length 6 are used to store the evolution
rule as Fig.5.

(6). communication rule: String Arrays of length 7 are used to store the com-
munication rule as Fig.6.

(7). membrane creation rule:String Arrays of length 8 are used to store the
membrane creation rule as Fig.7.

(8). membrane division rule: String Arrays of length 12 is used to store the
membrane division rule which divides a membrane into two membranes as
Fig.8.

(9). membrane dissolution rule:String Arrays of length 7 is used to store the
membrane dissolution rule as Fig.9.

5 An object-oriented static model of membrane
computing

According to the object-oriented description of membrane computing, the P
system class has three subclasses: Cell-like P system class, Tissue-like P system
class, and Neural-like P system class. These subclasses inherit the attributes of
the P system class, and they have their own attribute: the membraneStructure.
Each P system class aggregates by the Membrane class, the Rule class, and the
Object class.

The P system class has six attributes: membraneStructure, environment,
rules, alphabet, multiset and configuration. And six operations are in the P
system class which are used to acquire information about a P system: getCon-
figuration, getMembraneStructure, getMultiset, getAlphabet, getEnvironment,
and getRules.

The Cell-like P system class, the Tissue-like P system class, and the Neural-
like P system class inherit the attributes and the operations of the P system
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Fig. 4. The data structure of the multiset.

class, and they have their own attribute: the membraneStructure and their own
operations: setMembraneStructure and getMembraneStrucuture.

The Membrane class has eight attributes.

(1). label: Label is used to distinguish different membranes.
(2). charge: The charge of a membrane can be positive which is represented by

“+”, negative which is represented by “-”, and neutral which is represented
by “0”.

(3). multiset: Multiset shows the kind and the number of P system objects
contained in this membrane.

(4). innerMembranes: InnerMembranes show the labels of membranes which
are in this membrane. (This is the attribute of the cell-like P systems.)

(5). outerMembrane: The OuterMembrane shows the label of membrane which
is outside this membrane. (This is the attribute of the cell-like P systems.)

(6). connectToMembrane: The ConnectToMembrane shows the labels of the
membranes which have channels from the current membrane. (This is the
attribute of the tissue-like P systems and the neural-like P systems.)

(7). connectFromMembrane: ConnectFromMembrane shows the labels of
membranes which have channels to the current membrane. (This is the at-
tribute of the tissue-like P systems and the neural-like P systems.)

(8). status: Status shows at this step, this membrane is open or closed.

And twenty operations are in the Membrane class.

(1). createMembrane: A new membrane is created by the membrane creation
rule.

(2). dissolveMembrane: The current membrane is dissolved, P system objects
and the innermembranes in the current membrane enter into the outermem-
brane, and rules in the current membrane are removed.

(3). setCharge: The charge of the current membrane is set.
(4). getCharge: The charge of the current membrane is obtained.
(5). setLabel: The label of the current membrane is set.
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(6). getLabel: The label of the current membrane is obtained.
(7). getAllMembranes: All labels of membranes in a P system are obtained.
(8). getChildMembranes: All labels of innermembranes in the current mem-

brane are obtained.
(9). getParentMembrane: The label of outermembrane in the current mem-

brane is obtained.
(10). getChannelsToMembrane: All membranes which are connected to the

current membrane are obtained.
(11). getChannelsFromMembrane: All membranes which are connected from

the current membrane are obtained.
(12). getSelectedRules: The id of rule which will be executed in the current

membrane is obtained.
(13). isSkinMembrane: Whether a membrane is the skin membrane or not is

judged.
(14). isOpen: Whether a neuron is open is judged.
(15). isClosed: Whether a neuron is closed is judged.
(16). decreaseStepsToOpen: This operation is used to record how many steps

are needed to make a closed neuron open again.
(17). getMultiset: Multiset of P system objects in the current membrane is ob-

tained.
(18). renewLabel: The label of the current membrane is updated.
(19). buildChannel: For dynamic membrane structure, a new channel between

membranes is created.
(20). removeChannel: For dynamic membrane structure, a channel between

membranes is melt.

The Rule class also has four attributes aims to make the operations easier.

(1). id: Id uses to distinguish different rules.
(2). ruleComparator: RuleComparator is used to compare the priority and

choose the rule with higher priority. Each rule is assigned a priority level
represented by a positive integer. Bigger number means higher priority.
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And six operations are in the Rule class: getRuleId, setRuleId, selectRule,
buildRule, getType and removeRule.

The Object class has only one attribute: alphabet and three operations: ad-
dObjects, removeObjects, and updateObjects.

The class diagram is shown in Fig 1. The relationship between the P system
class and the Cell-like P system class, the Ttssue-like P system class, the Neural-
like P system class is inheritance. The inheritance means a class (called subclass)
inherits the attributes and operations of another class (called superclass), and
the subclass can add its own attributes and operations or rewrite its superclass’s
operations. In UML diagram, the inheritance is represented by a solid line with
a hollow triangular arrowhead, pointing from the subclass to the superclass.
The relationship between the Cell-like P system class, the Tissue-like P system
class, the Neural-like P system class and the Membrane class, the Rule class, the
Object class are aggregation. The aggregation shows the relationship between
the whole and the parts, while the whole and the parts are separable. In UML
diagram, the aggregation is represented by a solid line with a arrow and a hollow
diamond.

The relationship between the P system class and the P system set class is
shown in Fig 3.. The P system set class contains the whole set of P system. The
dependence means the change of class A can make the change of the class B.
It is said that class B depends on class A. In UML diagram, the dependence is
represented by a imaginary line with a arrow, pointing from the class B to the
class A.
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6 Object-oriented dynamic model of membrane
computing

The object-oriented dynamic model of membrane computing describes the infor-
mation transmission process between objects. In P system, changes are triggered
by rules. In this section, the activity diagram and the sequence diagrams of four
common rule operations are given.

6.1 the activity diagram

Fig 12. shows the workflow of the rules. The activity is controlled by rules. At
the beginning, a rule is selected. The type of the selected rule is checked by
“getType”.

If the rule is an evolution rule, the objects which are consumed by this rule is
removed from the system by “removeObjects”, and then the objects which are
generated by this rule is added to the system by “addObjects”.

If the rule is a communication rule, the label number of the membrane which
communicates with the current membrane is obtained by “getLabel”. The ob-
jects which are transported from the current membrane are removed from the
current membrane by “removeObjects”, and these objects are added to the mem-
brane which communicates with the current membrane by “addObjects”. The
objects which are transported to the current membrane are handle by opposite
operations.

If the rule is a membrane creation rule, the objects which are consumed
by this rule is removed from the system by “removeObjects”, and then a new
membrane is created by “createMembrane”. The label and the charge of the new
membrane are set by “setLabel” and “setCharge”. Objects are added to the new
membrane by “addObjects”.

If the rule is a membrane division rule, two new membranes are created by
“createMembrane”. The label and the charge of the new membranes are set by
“setLabel” and “setCharge”. Objects are added to the new membranes by “ad-
dObjects”. The connections between the new membranes and other membranes
are built by “buildConnect”. The objects and the rules in the old membrane are
removed from the system by “removeObjects” and “removeRule”. The connec-
tions between the old membrane and other membranes are removed from the
system by “removeConnect”. The old membrane is removed from the system by
“dissolveMembrane”.

If the rule is a membrane dissolution rule, the objects which are consumed by
this rule is removed from the system by “removeObjects”, and then the objects
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which are generated by this rule is added to the system by “addObjects”. The
rules and the membrane are removed from the system by “removeRule” and
“dissolveMembrane”.

6.2 the sequence diagrams

Sequence diagrams give a visual description of the time sequence of messages
transmitted between objects.

(1). evolution rule: As shown in Fig 5., “P system class” sends a message
“selectRule” to “Rule class” to deal with the chosen rule. Firstly, the serial
number of this rule type is judged by “getType”. If this rule is an evolution
rule, “removeObjects” is activated to remove the P system objects which are
consumed. At the next step, “addObjects” is activated to add the generated
P system objects. After these steps, “generate()” is activated to generate
new P system attributes.

(2). communication rule: As shown in Fig 6., “P system class” sends a mes-
sage “selectRule” to “Rule class” to deal with the chosen rule. Firstly, the
serial number of this rule type is judged by “getType”. If this rule is an
communication rule, “getLabel” is used to obtain the label of the membrane
which is communicated with the current membrane. The objects which are
transported from the current membrane are removed from the current mem-
brane by “removeObjects”, and these objects are added to the membrane
which communicates with the current membrane by “addObjects”. The ob-
jects which are transported to the current membrane are handle by opposite
operations. After these steps, “generate()” is activated to generate new P
system attributes.

(3). membrane creation rule: As shown in Fig 7., “P system class” sends a
message “selectRule” to “Rule class” to deal with the chosen rule. Firstly,
the serial number of this rule type is judged by “getType”. If this rule is
a membrane creation rule, “removeObjects” is activated to remove the P
system objects which are consumed. At the next step, “createMembrane” is
activated to create the new membrane. The label and the charge of the new
generated membrane are set by “setLabel” and “setCharge”. “addObjects”
is activated to add the P system objects to the new membrane. After these
steps, “generate()” is activated to generate new P system attributes.

(4). membrane division rule: As shown in Fig 8., the “P system class” sends a
message “selectRule” to the “Rule class” to deal with the chosen rule. First-
ly, the serial number of this rule type is judged by “getType”. If this rule is
a membrane division rule, two new membranes are created by “createMem-
brane”. The label and the charge of the new membranes are set by “setLabel”
and “setCharge”. Objects are added to the new membranes by “addObject-
s”. The connections between the new membranes and other membranes are
built by “buildConnect”. The objects and the rules in the old membrane are
removed from the system by “removeObjects” and “removeRule”. The con-
nections between the old membrane and other membranes are removed from
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the system by “removeConnect”. The old membrane is removed from the
system by “dissolveMembrane”. After these steps, “generate()” is activated
to generate new P system attributes.

(5). membrane dissolution rule: As shown in Fig 9., “P system class” sends
a message “selectRule” to “Rule class” to deal with the chosen rule. Firstly,
the serial number of this rule type is judged by “getType”. If this rule is
a membrane dissolution rule, “removeObjects” is activated to remove the
P system objects which are consumed. At the next step, “addObjects” is
activated to add the generated P system objects. Because this rule is a
membrane dissolution rule, “removeRule” is activated to remove all rules in
this membrane, and then, “dissolveMembrane” is activated to dissolve this
membrane. All P system objects enter into the outermembrane. After these
steps, “generate()” is activated to generate new P system attributes.

6.3 the use-case diagram

A use-case diagram is used to show what a user needs to do to build a P system
(Fig. 9.). Due to the fact that all parameters of P systems and operations (rules)
are packaged in the P system class, what a user needs to do is to set the P system
parameters, and the system will run itself to generate the computational result.
The user does not need to know the programming details.

7 Conclusion and Discussion

This paper analyzes membrane computing from the object-oriented method,
gives a feasible scheme of storing P systems in computers,and builds object-
oriented static model and the object-oriented dynamic model, which can help
new researchers know membrane computing more quickly and roundly. In the
further, the reusable components will be designed to make the realization of P
systems easier.
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Fig. 10. The class diagram shows that the relationship between the P system class and
the Cell-like P system class, the Ttssue-like P system class, the Neural-like P system
class is inheritance, and the relationship between these three P system classes and the
Membrane class, the Rule class, the Object class are aggregation.



A General Object-Oriented Description for Membrane Computing 15

Fig. 11. The relationship between P system class, P system operation class and the P
system set class. The relationship between P system class and the P system set class
is unidirectional association.
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Fig. 12. The activity diagrams
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Fig. 13. The sequence diagrams of evolution rule
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Fig. 14. The sequence diagrams of communication rule
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Fig. 15. The sequence diagrams of membrane creation rule



20 A General Object-Oriented Description for Membrane Computing

Fig. 16. The sequence diagrams of membrane division rule
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Fig. 17. The sequence diagrams of membrane dissolution rule

Fig. 18. The use-case diagram
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Abstract. The N-Queens problem consists of placing N queens on an
N×N chessboard such that no two queens threaten each other (i.e. same
row, column, or diagonal). P systems solutions to the N-Queens problem
and related problems (e.g. SAT) are often in a nondistributed way, i.e. the
complete input to the problem enters the system through a single input
membrane and the problem is solved. dP systems involve using more
than one P system to solve problems in a distributed way, i.e. the problem
input is partitioned and each partition enters the system using distinct
components (which are also P systems). In this work, we solve the N-
Queens problem using dP systems where the components are P systems
with active membranes. Our 2-component and 3-component solutions
partition the elements of the input multiset based on the clauses they
represent. Compared to the nondistributed solution, our 2-component
and 3-component solutions reduce the computation time by a half and
by a third, respectively. Besides the analysis of the computation time,
we also analyze communication costs. ComN , indicating the number of
computation steps where communication occurred, is constant for both
solutions. ComR, the number of intercomponent communication rules
used, and ComW , the number of object communicated, are in terms of
S, where S is the number of solutions to the problem instance.

Key words: Membrane computing; dP systems; P systems with active mem-
branes; N-Queens problem; Communication complexity.

1 Introduction

Membrane computing, initiated in [1], involves a models of computation inspired
by the structures and processes of biological cells. The models in membrane
computing are commonly referred to as P systems. For this paper, we focus
on the class of P systems with active membranes [2]. P systems with active
membranes include processes that can change the hierarchy of the membrane
structure, such as membrane division and membrane dissolution. Studies such
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as in [3] have shown that this class of P system can be used to solve NP-complete
problems in polynomial time, with the trade-off of using exponential workspace.
Efforts have also been made to simulate P systems with active membranes using
parallel software and hardware, as in [4, 5].

As mentioned, P systems with active membranes have been used to solve
NP-complete problems. One such problem is the N-Queens Problem, originally
introduced in 1850 by Carl Gauss [6]. The problem is to find a way to arrange
N queens on an N × N chessboard such that no queen threatens the other,
meaning at most one of the N queens is placed on each row, column and diago-
nal. The problem is computationally expensive, and brute force algorithms are
not useful with current technology. Solutions to the N-Queens problem using P
systems already exist, such as in [7] and [5]. Such solutions involve representing
the N-Queens problem as a boolean formula in conjunctive normal form. By
representing the N-Queens problem as a boolean formula in CNF, the N-Queens
problem is reduced to a satisfiability problem (SAT for short). We will not go
into details, but solutions to the SAT and other NP-complete problems using P
systems are available in [2, 3, 8, 9] and more recently in [10,11].

Distributed P systems, also known as dP systems, deal with computing for
solutions to problems in an explicitly distributed manner. dP systems use P
systems as components wherein partitions of subproblems are introduced to be
computed, the result of the computation yielding the solution to the main prob-
lem. It was first introduced in [12], where the first class of P systems used as
components are the P automata [13], hence dP Automata. In order to obtain the
solution to a problem, the component P systems often communicate with each
other through a set of rules that allow the exchange of objects. This communica-
tion can be attributed to certain costs, such as the number of rules or time steps
used in the entirety of the computation. This allows us to compute communica-
tion costs and to analyze whether handling a problem in a distributed manner
is more efficient. Further results in dP Systems are found in [12], dP automaton
in [14], and spiking neural dP systems in [15].

In this paper, a construction of a dP system solving the N-queens problem
is presented. The dP system uses the P system with active membranes as com-
ponents, mostly based on the P system solution presented in [7] . To the best of
our knowledge, our work is the first attempt to define this kind of dP system.
These definition of dP system introduces a modification of the intercomponent
communication rules where in the polarity of the skin membranes are taken
into account. An intercomponent communication is initiated only when precise
polarities and object content of each skin membrane are satisified.

Given a CNF formula representing the N-Queens problem and its encoded
input multiset, we partition the input multiset based on the clauses of the CNF
formula the elements belong to. The input multisets from the partitioning have
unequal sizes, but the number of clauses that will be processed by each com-
ponent are equal. An analysis of the cost in terms of computation steps and
communication (in the sense of [16] and [12]) for the 2-component solution is
provided. We show that the 2-component solution results in a reduction of com-
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putation steps by half compared to a nondistributed P system solution. The 2-
component solution needs only one step for all communications, but the amount
of communicated objects and communication rules used depends on the number
of satisfying assignments for the given N-Queens problem instance.

We extend the results of the 2-component solution into a 3-component solu-
tion. We show that there is a reduction of computation steps by a third compared
to a nondistributed P system solution. For the 3-component solution, we are able
to compute the minimum number of communication rules used, and the objects
communicated for the 3-component solution, but not the exact amount. The
reason is given in Section 3.3, and it is left as an open problem.

The parts of this paper are organized as follows: In Section 2, we introduce
the basic notations and preliminaries needed for the rest of the paper, including
the original solution to the N-queens puzzle using P systems. In Section 3 we
introduce dP systems with active membranes, and use this to solve the N-Queens
problem. We also provide computation and communication cost analyses of our
solution. Section 4 summarizes the results of this paper and presents some future
works in dP systems.

2 Preliminaries

It is assumed that the readers are familiar with the fundamentals of formal
language theory. Let Σ be an alphabet, the Kleene closure of Σ, denoted as Σ∗,
is the set of all finite words over the alphabet Σ. We denote by λ the word of
length zero (the empty word), and by Σ+ the set of all non-empty words. A
multiset M over Σ, is a mapping from Σ to the set of non-negative integers.

2.1 P Systems with active Membranes

The readers are assumed to have basic knowledge of membrane computing (refer
to [2] for an introduction). P systems with active membranes is formally defined
as follows [7]:

Π = (O,H, µ,w1, ..., wm, R)

where:

– m ≥ 1 (initial degree of the system)
– O is the alphabet of objects
– H is a finite set of labels for membranes
– µ is the membrane structure
– w1, ..., wm are strings over O as initial multiset in the m regions
– and R is a finite set of developmental rules

(a) [ a→ v ]eh
(b) a [ ]e1h → [ b ]e2h
(c) [ a ]e1h → b[ ]e2h
(d) [ a ]eh → b
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(e) [ a ]e1h → [ b ]e2h [ c ]e3h
for h ∈ H; e, e1, e2, e3 ∈ {+,−, 0}; a, b, c ∈ O

The rules above associate membranes with a polarity denoted by either +,−,
or 0 as positive, negative, or neutral polarity respectively.

The rules of the P systems with active membranes are applied in a non-
deterministic maximally parallel manner. If a membrane is dissolved, its multi-
set of objects and all its children membranes become the content of its parent
membrane. The skin membrane is never dissolved, nor will it ever be divided. All
objects and membranes not being part of any rule application remain unchanged
at the next step.

All rules associated with membranes labeled h are used for all membranes
with label h. If multiple rule types can occur during a computation step on a
membrane, rules of type (a) are applied first before any rules of type (b)-(e).
During each step, only one rule type of (b)-(e) can be applied to a membrane
with label h.

2.2 dP Scheme

A dP Scheme of degree n ≥ 1 is a construct [12]:

∆ = (O,Π1, ...,Πn, R),

where:

– O is an alphabet of objects;
– Π1, ...,Πn are cell-like P systems with O as the alphabet of objects and the

skin membranes are labeled with s1, ..., sn respectively;
– R is a finite set of rules of the form (si, u/v, sj), where 1 ≤ i, j ≤ n, i 6= j,

and u, v ∈ O∗, with uv 6= λ; |uv| is called the weight of the rule (si, u/v, sj).

The systems Π1, ...,Πn are called the components of ∆, and R contains the
rules called inter-components communication rules. Each component can take
some input and perform computations independently. The system accepts if all
components end in a halting configuration. Each component can also communi-
cate symbols with other components as defined by the rules in R.

A configuration in ∆ for some computation step k ≥ 0 is a distribution of
multisets over the membranes of each component Πi, for all i ∈ {1, ..., n}. For dP
systems using P system components with a dynamic membrane structure, such as
P systems with active membranes, it is also important to include the membrane
structure in the configuration. The initial configuration of ∆ is denoted as δ0.

An important consideration in dP Scheme is splitting the problem (or more
specifically, input instance of the problem) to the different components. If there
are n components of a dP Scheme, and for an input instance w = w1w2...wn
split into n parts, the computation of the dP Scheme is said to be balanced if
the ||wi| − |wj || ≤ 1, for all i, j ∈ {1, ..., n}, i 6= j. That is, each input partition
should be more or less of equal sizes.
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Because of the partition of the input instance, another consideration is the
computation of dP Scheme is the communication cost. The following defines the
communication cost for a given computation step of the system [12]:

Let ∆ be a dP scheme and δ : δ0 ⇒ δ1 ⇒ ...⇒ δh be a halting computation
in ∆. Then for each i = 0, 1, ..., h− 1, we have the following parameters:

– ComN(δi ⇒ δi+1) = 1 if a communication rule is used in this transition,
and 0 otherwise;

– ComR(δi ⇒ δi+1) = the number of communication rules used in this tran-
sition,

– ComW (δi ⇒ δi+1) = the total weight of the communication rules used in
this transition.

These parameters can also be used to measure computations, results of compu-
tations, systems, and languages. We denote the set of strings accepted by ∆ as
L(∆). For ComX ∈ {ComN,ComR,ComW}, we define:

– ComX(δ) =
∑h−1
i=0 ComX(δi ⇒ δi+1), for δ which is a halting computation.

– ComX(w,∆) = min{ComX(δ) | δ is a computation of ∆ that accepts the
string w}

– ComX(∆) = max{ComX(w,∆) | w ∈ L(∆)}
With respect to these communication measures, the idea of parallelizability

for dP systems is also introduced in [12], but while the definition is for dP systems
with P automata(see [13]) components, we can also use it for dP systems using
other classes of P systems as components.

A language L ⊆ V ∗ is said to be (n,m)-weakly ComX parallelizable, for some
n ≥ 2,m ≥ 1 and X ∈ {N,R,W}, if there is a dP system ∆ with n components
and there is a finite subset F∆ of L such that each string x ∈ L − F∆ can be
written as x = x1x2 . . . xn, each component Πi of ∆ takes as input the string
xi, i ≤ i ≤ n, and the string x is accepted by ∆ by a halting computation δ such
that ComX(δ) ≤ m. A language L is said to be weakly ComX parallelizable
if it is (n,m)-weakly ComX parallelizable for some n ≥ 2,m ≥ 1.

We also introduce a stronger version of parallelizability. A language L ⊆ V ∗
is said to be (n,m, k)-efficiently ComX parallelizable, for some n ≥ 2,m ≥
1, k ≥ 2 and ComX ∈ {ComN,ComR,ComW}, if it is (n,m)-weakly ComX
parallelizable, and there is a dP system ∆ such that

limx∈L,|x|→∞
timeΠ(x)

time∆(x)
≥ k

for all (non-distributed) P systems Π such that L = L(Π). A language L is said
to be efficiently ComX parallelizable if it is (n,m, k)-efficiently ComX paral-
lelizable for some n ≥ 2,m ≥ 1, k ≥ 2.

For the N-queens problem, we consider timeΠ(x) as the number of steps
in the original solution in [7] and time∆(x) as the number of steps the entire
dP system takes in our solution. We may refer to k as the markup of speed or
speedup for our dP system.
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2.3 dP Systems with Active Membranes

A dP System with active membranes is a dP Scheme with P systems with active
membranes as its components. A dP system with active membranes of degree
n ≥ 2, shortened as n-dPAM, is formally defined as follows:

∆ = (O,Π1, ...,Πn, out,R)

where:

– O is an alphabet of objects.
– Π1, ...,Πn are P systems with active membranes with O as the alphabet of

objects.
• For brevity of labeling the membranes of each component, each mem-

brane of each component is labeled as (i, j), for all i ∈ {1, ..., n}, and for
all j ∈ {1, ...,mi}, where mi is the degree of Πi. We use (i, 1) to label
the skin membrane of component Πi.

• We can also omit the parentheses of the labels if it is clear in the context
that i, j would mean a label. An example is in describing the membrane
structure in text or in figures.

– out is a subset of integers from {1, ..., n} to indicate which component(s)
sends an output. This set can be an empty set if the dP system does not
give any output.

– R is a finite set of rules of the form ((i, 1), αi, u/v, αj , (j, 1)), where i, j ∈
{1, ..., n}, i 6= j, and u, v ∈ O∗ with uv 6= λ, and αi, αj ∈ {0,−,+} (neutral,
negative, and positive respectively) are the polarities of the skin membranes
of components Πi and Πj respectively.

2.4 N-Queens Problem

The solution presented in [7] represents the N-Queens problem as a boolean
formula in conjunctive normal form. If all clauses are true, then the entire formula
is true. Hence, the N-Queens problem is now reduced to a satisfiability problem
(SAT). The indexing convention of the propositional variables follow a pattern
similar to the chess algebraic notation [17]. For this paper, we only consider N ≥
3 queens, as checking for N = 1 and N = 2 is trivial. Given an N×N chessboard,
the bottom-left corner is indexed as (1, 1), the upper-left corner is (1, N), the
bottom-right corner is (N, 1), and the upper-right corner is (N,N). Thus, the
index (i, j) represents the file (column) and rank (row), respectively, of the N2

cells of the chessboard. Each cell of the chessboard represents a propositional
variable, denoted as si,j , for all i, j ∈ {1, ..., N}. These propositional variables
would be assigned true if, and only if, a queen is assigned to cell (i, j).

A valid solution to an instance of the N-Queens problem is to place N queens
on the board such that no two queens threaten each other (the movement of the
queen chess piece is defined in [17]). This constraint means that for each column,
row, and diagonal, there should be at most one queen, but there should be exactly
N queens on the board. The equivalent boolean formula for these restrictions is
given by [7] as follows:
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– There is at most one queen in each column.

ψ1 ≡
N∧
i=1

N∧
j=1

N∧
k=j+1

(¬si,j ∨ ¬si,k)

– There is at most one queen in each row.

ψ2 ≡
N∧
i=1

N∧
j=1

N∧
k=j+1

(¬sj,i ∨ ¬sk,i)
– There is at most one queen for each line parallel to the diagonal going from

square (1, 1) to square (N,N).

ψ3 ≡
N−2∧
d=0

N−d∧
j=1

N−d∧
k=j+1

(¬sd+j,j ∨ ¬sd+k,k)

ψ4 ≡
−1∧

d=−(N−2)

N+d∧
j=1

N+d∧
k=j+1

(¬sj,j−d ∨ ¬sk,k−d)

– There is at most one queen for each line parallel to the diagonal going from
square (1, N) to square (N, 1)

ψ5 ≡
N+1∧
d=3

d−1∧
j=1

d−1∧
k=j+1

(¬sj,d−j ∨ ¬sk,d−k)

ψ6 ≡
2n−1∧
d=N+2

N∧
j=d−n

N∧
k=j+1

(¬sj,d−j ∨ ¬sk,d−k)

– And finally, there is at least one queen in each column.

ψ7 ≡
N∧
i=1

N∨
j=1

si,j

Let ϕN = ψ1∧ψ2∧ψ3∧ψ4∧ψ5∧ψ6∧ψ7 be the conjunction of all restrictions
for a given N . An assignment of truth values that make ϕ true encodes the cells
in which the N queens must be placed on to solve the N-Queens problem.

3 Main Results

3.1 2-dPAM solution to the N-Queens Problem

In Section 2.4, ϕN = ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4 ∧ ψ5 ∧ ψ6 ∧ ψ7 is the boolean formula
in conjunctive normal form representing the N-Queens problem. We denote the
set of clauses of ϕN as {C1, ..., Cm}, where m is the number of clauses of ϕN .
The order of these clauses are determined by the order of conjunction of each
restriction ψl, for all l ∈ {1, ..., 7}. We rename the N2 propositional variables
of ϕ as follows: ∀k ∈ {1, ..., N2},∃i, j ∈ {1, ..., N} where k = (j − 1) ∗ N +
i and xk = si,j . We denote the set of propositional variables of ϕN as V ar(ϕN ) =
{x1, ..., xn}, where n = N2.

The encoding of ϕN as an input multiset for a P system was given in [7].
Given the clauses and propositional variables of ϕN , the encoding of ϕN is

cod(ϕN ) = {xi,j | xj ∈ Ci} ∪ {yi,j | ¬xj ∈ Ci}

Given this encoding for the input multiset, we now construct a 2-dPAM for
solving the N-Queens Problem. Let m be the number of clauses of ϕN , and n the
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number of propositional variables of ϕN . The 2-component dP system is defined
as:

∆N = (Γ,Π1, Π2, {1}, R∆)

where:

Γ ={xi,j , yi,j | i ∈ {1, ...,m}, j ∈ {1, ..., n}} ∪ {dk | k ∈ {1, ..., 3n+ 2m+ 1}}
∪ {sk | k ∈ {1, ..., n}} ∪ {tj , fj | j ∈ {1, ..., n}}
∪ {zi,j , hi,j | i ∈ {1, ...,m}, j ∈ {2, ..., n}} ∪ {ri,j | i ∈ {1, ...,m}, j ∈ {1, ..., 2n}}
∪ {vk | k ∈ {1, ..., 6n+ 2m− 1}} ∪ {e, r,Yes,No}

∪ {bw, pw | w ∈
n⋃
i=0

{0, 1}i} ∪ {bw,j | w ∈ {0, 1}n, j ∈ {1, ...,m+ 1}}

∪ {bw,j,α | w ∈ {0, 1}n, j ∈ {1, ...,m+ 1}, α ∈ {1, 2}}

Πα = (Γ, {(α, 1), (α, 2)}, [ [ ]α,2 ]α,1, wα,1, wα,2, Rα), α ∈ {1, 2}

{xi,j , yi,j}
bλ
d0
v0

1,2

0
0 0

1,1

{xi,j , yi,j}
bλ
d0
v0

0

2,2

2,1

bw,m1+1,1/bw,m2+1,2

Fig. 1. 2-component dP system, ∆N

Figure 1 gives an illustration of ∆N . The evolution rules in R1 and R2 will
depend on how we partition the input multiset.

In our 2-dPAM solution, the elements of the input multiset are partitioned
based on their clause index. Each component will have an equal (if not, then
almost equal) number of clauses to process. We denote by m1 and m2 the number
of clauses in Π1 and Π2, respectively. Given the conjunctive formula ϕ, there are
m clauses, {C1, ..., Cm}, m1 = dm2 e, and m2 = m−m1. Note that if m is even,
then m1 = m2. Otherwise, Π1 will have one more clause than Π2. For this paper,
we consider the distribution of the input multiset in this partition as follows: Π1

will contain all elements of the input multiset, xi,j , where i ∈ {1, ...,m1}, and
Π2 will contain all elements of the input multiset, xi,j , where i ∈ {m1+1, ...,m}.

Given this partition, the multiset w1,2 ofΠ1 will contain {xi,j | i ∈ {1, ...,m1}}∪
{bλ, d0, v0}, and w2,2 of Π2 will contain {xi,j | i ∈ {m1 + 1, ...,m}}∪{bλ, d0, v0}.
The rules of Π1 and Π2 are almost the same, differing only in the labels of
the membrane and some evolution rules. For Πα, α ∈ {1, 2}, Rα contains the
following evolution rules:

(a.1) [ dj ]0α,2 → [ sj+1 ]+α,2[ sj+1 ]−α,2, for all j ∈ {0, ..., n− 1}.
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(a.2) {[ dj ]+α,2 → dj [ ]0α,2, [ dj ]−α,2 → dj [ ]0α,2}, for all j ∈ {1, ..., n}.
(a.3) dj [ ]0α,2 → [ dj ]0α,2, for all j ∈ {1, ..., n− 1}.
(a.4) [ di → di+1 ]0α,1, for all i ∈ {n, ..., 3n− 4} ∪ {3n− 2, ..., 3n+ 2m1 + 1}.
(a.5) [ d3n−3 → d3n−2e ]0α,1.

(a.6) [ d3n+2m1+2 ]01,1 → No[ ]+1,1.

(b) {[ sj → tjdj ]+α,2, [ sj → fjdj ]−α,2}, for all j ∈ {1, ..., n}.

(c.1)

{
[xi,1 → ri,1]+α,2, [yi,1 → λ]+α,2,

[xi,1 → λ]−α,2, [yi,1 → ri,1]−α,2

}
, for all i ∈ {1, ...,m}.

(c.2)

{
[xi,j → zi,j ]

+
α,2, [yi,j → hi,j ]

+
α,2,

[xi,j → zi,j ]
−
α,2, [yi,j → hi,j ]

−
α,2

}
, for all i ∈ {1, ...,m} and j ∈ {2, ..., n}.

(d)

{
[zi,j → xi,(j−1)]

+
α,2, [hi,j → yi,(j−1)]

+
α,2,

[zi,j → xi,(j−1)]
−
α,2, [hi,j → yi,(j−1)]

−
α,2

}
, for all i ∈ {1, ...,m},

and j ∈ {2, ..., n}.

– For Π1:

(e.1) [ri,j → ri,(j+1)]
0
1,2, for all i ∈ {1, ...,m1} and j ∈ {1, ..., 2n− 1}.

(e.2) [r1,2n]+1,2 → r1 2n [ ]−1,2.

(e.3) [r1,2n → λ]−1,2.

(e.4) [ri,2n → r(i−1) 2n]−1,2, for all i ∈ {2, ...,m1}.
(e.5) r1,2n [ ]−1,2 → [r]+1,2.

– and for Π2:

(e.6) [ri,j → ri,(j+1)]
0
2,2, for all i ∈ {m1 + 1, ...,m} and j ∈ {1, ..., 2n− 1}.

(e.7) [r(m1+1),2n]+2,2 → r(m1+1) 2n [ ]−2,2.

(e.8) [r(m1+1),2n → λ]−2,2.

(e.9) [ri,2n → r(i−1) 2n]−2,2, for all i ∈ {m1 + 2, ...,m}.
(e.10) r(m1+1),2n [ ]−2,2 → [r]+2,2.

(f) e[ ]0α,2 → [r]+α,2.

(g.1) {[ vi → vi+1 ]0α,2, [vi → vi+1]+α,2, [vi → vi+1]−α,2}, for all
i ∈ {0, ..., 6n+ 2m1 − 2}.

(g.2) [ v6n+2m1−1 → λ ]−α,2.

(g.3) [ v6n+2m1−1 ]+α,2 → r.

(i) [r → λ]+α,2.

(j.1) {[ bw → pw1 ]+α,2, [ bw → pw0 ]−α,2}, for all w ∈ ⋃n−1i=0 {0, 1}i.
(j.2) [ pw → bw ]0α,2, for all w ∈ ⋃ni=1{0, 1}i.
(j.3) [ bw′ → bw′,1 ]0α,2, for w′ ∈ {0, 1}n.

(j.4) [ bw,i → bw,i+1 ]−α,2, for all i ∈ {1, ...,mα}.
(j.5) [ bw′,mα+1 ]+α,2 → bw′,mα+1,α [ ]−α,2.
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(j.6) [ bw′,m2+1,2 → Yes ]01,1.

(j.7) [ Yes ]01,1 → Yes[ ]+1,1.

Finally, we add the following intercomponent communication rules in R∆:
{((1, 1), 0, bw,m1+1,1/bw,m2+1,2, 0, (2, 1)) | w ∈ {0, 1}n}

The processes of ∆N can be separated in three phases: (1) the assignment
phase, (2) the clause checking phase, (3) and the communication phase. Most
rules related to the assignment phase and clause checking phase of the individual
components are taken from the solution presented in [7]. As such, we will focus
on the evolution of the objects used during the communication phase.

Assignment Phase: The components of ∆N will generate all possible truth
assignments for all n propositional variables, resulting in the creation of 2n

membranes labeled (α, 2), for all α ∈ {1, 2}. We can view this process as a

cycling sequence of rules: δi
(a.1)⇒ δi+1

(b)⇒ δi+2
(a.2)⇒ δi+3

(a.3)⇒ δi+4.

For brevity, we focus on the process of a single component, Π1, as both
component apply the same rules during the assignment phase. We start at the
initial configuration, denoted as δ0. At δ0, rule (a.1) is applied, creating two
membranes of label (1, 2), but of opposite polarity. Transitioning to δ1, each
membrane (1, 2), object s1 now exists.

Again in δ1 ⇒ δ2, rules (j.1) are also applied. Object bw will store the truth
assignment in its index w. The binary word w will start at the empty word
λ, and will be appended with a 1 in membranes (1, 2) of positive polarity and
appended with a 0 in negative polarity to indicate the assignment of true and
false respectively. The concatenation of a bit to index w makes object b evolve
into object p.

At δ2 ⇒ δ3, rule (a.2) can now be applied. Rule (a.2) will send object d1
outside of the (1, 2) membranes, changing their polarity back to neutral 0. There
will now be two d1 objects present in membrane (1, 1). Finally, object pw is
evolved back to bw, ready for a bit concatenation in the next cycle.

At δ3 ⇒ δ4, rule (a.3) is applied. This returns object d1 back into membranes
(1, 2) of neutral polarity. At configuration δ4, rule (a.1) can applied again. During
this transition, object bw will now have an index w of length n, representing a
truth assignment for all n propositional variables. This completes one cycle of
the assignment phase. These cycles continue until all n variables are processed.

The assignment phase ends once 2n number of dn objects appear in membrane
(1, 1), taking exactly 4n − 1 steps. This would be configuration δ4n−1. System
∆N will then enter the clause checking phase.

Clause Checking Phase: In the clause checking phase, each component
will check if all their assigned clauses are evaluated to true. This is done by
checking if an ri,j object exists, for all i ∈ {1, ...,m}.

The clause checking phase will start with a preprocessing, with components
Π1 and Π2 evolving all their existing ri,j objects into ri,2n objects using rules
(e.1). Rules (a.4) and (a.5) will produce 2n copies of object e, and using rule (f)
sends all these object e into the 2n membranes, changing the polarity to positive.
By configuration δ6n−2, the preprocessing will end.
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After the preprocessing, the components will now check if all the clauses have
evaluated to true. The ith clause is true if, and only if, an object ri,2n exists in
membrane (α, 2). The clause checking phase will also have a cyclic sequence of
rule application: apply (e.2) then in the next step, apply (e.4) and (e.5). Like in
the assignment phase, we focus on how the bw,i objects evolve during this phase.

At transition δ6n−2 ⇒ δ6n−1, rule (e.2) is applied only when r1,2n exists. Any
(1, 2) membrane unable to use (e.2) will be unable to proceed, stuck in positive
polarity until the end of the clause checking phase. These membranes will later
on be dissolved as they do not encode a correct solution to ϕN .

At δ6n−1 ⇒ δ6n, if rule (e.2) was applied successfully in the previous transi-
tion, in addition to applying rule (e.4), rule (j.4) is used to increment the index i
of object bw,i, for all i ∈ {1, ...,m1} ({1, ...,m2} for Π2). Incrementing the index
i indicates that clause Ci of ϕN is true. For Π2, it means that clause Cm1+i is
true. To finish the cycle, rule (e.5) is applied during δ6n−1 ⇒ δ6n to return all
membranes (1, 2) of negative polarity back to positive polarity so that (e.2) can
be used again.

This cycling sequence of rules will occur for m1 times in Π1 and m2 times in
Π2. It would take 2m1 steps and 2m2 steps for Π1 and Π2 respectively. Since
m1 ≥ m2 by at most one, worst case is that ∆N at configuration δ6n−2+2m1

.
Looking in Πα, α ∈ {1, 2}, at configuration δ6n+2m1−2, any undissolved mem-

brane (α, 2) will contain an object bw,mα+1.
For an undissolved membrane (α, 2), the w in bw,mα+1 represents the truth

assignment encoded by the undissolved membrane that satisfies the clauses as-
signed to component Πα. Applying rule (j.5), the skin membrane (α, 1) will
receive object bw,mα+1,α from this undissolved membrane.

0

α, 1

0

α, 1

0

α, 1

0

α, 1

bw,i

−

α, 2

bw,i+1

−

α, 2

bw,mα+1

−

α, 2

*

bw,mα+1,α

−

α, 2

Fig. 2. Object bw,i during the clause checking phase of a component Πα. Index
i will only reach the value mα + 1 when w encodes a truth assignment that
satisfies all clauses assigned to Πα.

Figure 2 summarizes the evolution of the object bw,i during the clause check-
ing phase. By configuration δ6n+2m1−1, the clause checking phase has ended for
both components, and will now enter the communication phase.

Communication Phase: The two components should now be ready for
intercomponent communication. From the assignment phase and clause checking
phase, for a binary word w encoding a truth assignment, the object bw,mα+1,α

will only appear in skin membrane (α, 1) if and only if the truth assignment
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encoded by w satisfies all the clauses assigned to Πα. We use this to show that
communication occurs only if there exists a satisfying assignment.

Lemma 1 For all w ∈ {0, 1}n, the intercomponent communication rule ((1, 1),
0, bw,m1+1,1 / bw,m2+1,2, 0, (2, 1)) is used if and only if w encodes a satisfying
assignment.

Suppose that a binary word w encodes a satisfying assignment. From the
assignment phase and clause checking phase, it must be the case that object
bw,m1+1,1 appears in skin membrane (1, 1) and object bw,m2+1,2 appears in skin
membrane (2, 1) at the end of the clause checking phase.

At transition δ6n−1+2m1
⇒ δ6n+2m1

, the rule ((1, 1), 0, bw,m1+1,1 / bw,m2+1,2,
0, (2, 1)) is used to communicate bw,m1+1,1 from (1, 1) to (2, 1) and bw,m2+1,2

from (2, 1) to (1, 1).
Now suppose that a binary word w does not encode a satisfying assign-

ment. The truth assignment encoded by w fails to satisfy the set of clauses
assigned to Π1 or Π2. Hence, either bw,m1+1,1 does not appear in (1, 1) by the
end of the clause checking phase, or bw,m2+1,2 in (2, 1). In either case, the rule
((1, 1), 0, bw,m1+1,1/bw,m2+1,2, 0, (2, 1)) cannot be applied. This proves Lemma 1.

If a communication occurs, for a binary word w encoding a satisfying assignment,
object bw,m2+1,2 should arrive at Π1 at configuration δ6n+2m1 . At δ6n+2m1 ⇒
δ6n+2m1+1, object bw,m2+1,2 is evolved into object Yes. At δ6n+2m1+1⇒ δ6n+2m1+2,
Yes will be sent to environment, changing the polarity of (1, 1) to positive from
neutral. The dPAM ∆N halts at δ6n+2m1+2 with an affirmative decision.

The satisfying assingment may not be unique. During the transition δ6n−1+2m1 ⇒
δ6n+2m1

, the number of rules that will be used is equivalent to the number of
satisfyin assingments. This number is denoted as S.

In the case of a problem instance of the N-Queens problem having no satis-
fying assignment, as a consequence of Lemma 1, observe that there will be no
communications occurring in-between components. At transition δ6n+2m1+2 ⇒
δ6n+2m1+3, Π1 will send out an object No to the environment. The dPAM ∆N

halts at δ6n+2m1+2 with negative decision. Figure 3 gives an illustration of the
communication during this phase.

0 0

1,1 2,1

1,2 2,2

− −

bw1,m1+1,1 bw2,m2+1,2

0 0

1,1 2,1

1,2 2,2

− −

bw2,m2+1,2 bw1,m1+1,1

Fig. 3. Communication only occurs when w encodes a satisfying assignment
because only then will bw,m1+1,1 and bw,m2+1,2 appear in their respective com-
ponents.
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We can summarize this result in the following theorem:

Theorem 1 The N -Queens Problem is (2, r)-weakly ComX parallelizable, where
(r, ComX) ∈ {(1, ComN), (S,ComR), (2S,ComW )}, N ≥ 3, and S is the num-
ber of satisfying assignments to the N -Queens problem.

3.2 Cost and speedup analysis of computations and communications

The dP Systems here are deterministic, following the P systems we based it on. It
is important to note first how our partition schemes affect the computation time.
Given the computation for the number of clauses provided in [7], the number of
objects in the input multiset can also be computed.

The total number of clauses is m = 1
3 (5N3 − 6N2 + 4N). The total number of

objects in our input multiset, denoted as I, would be I = 10N3−9N2+2N
3 objects.

In the partition of the 2-component solution, the input multiset is partitioned
according to the clauses they belong to, both components processing an equal
number of clauses, differing by at most one clause. Π1 would take the first m1 =
dm2 e clauses. Based on the number of clauses of ϕN , all the clauses ofΠ1 belong to
either ψ1 or ψ2. Hence, the number of elements of the input multiset Π1 receives

is 2m1 = 2(m2 ) = 1
3 (5N3 − 6N2 + 4N), and for Π2, I − 2m1 = 5N3−3N2−2N

3 .

Observe that there is only a small difference between the sizes of the input
multiset partition. At larger values of N , the difference is almost negligible.

We now compute for the running time of the proposed dP system ∆N . Given
an instance of the N-Queens problem, if there exists a satisfying assignment, then
∆N will take 6n+2m1 +2 steps to finish, and if there are none, then it would be
6n+2m1+3 steps. Taking the worst case, we denote the running time of ∆N with

input N as time∆N (N), and is computed as, 6n+ 2m1 + 3 = 5N3+12N2+8N+9
3 .

In Theorem 1, we know that the N-Queens problem is (2, r)-weakly ComX
parallelizable, for (r,X) ∈ {(1, N), (S,R), (2S,W )}. To check if it is efficiently
ComX parallelizable, we compare it to the running time of the non-distributed
P system solution presented in [7]. The running time of the non-distributed P
system solving N-Queens problem, denoted as timeΠ(N), is: 6n + 2m + 1 =
10N3−6N2+8N+3

3 .

Taking the limits of the ratio of the two running times, we have:

lim
N→∞

timeΠ(N)

time∆N (N)
=

10N3−6N2+8N+3
3

5N3+12N2+8N+9
3

= 2

We can summarize this result as the following theorem:

Theorem 2 The N -Queens Problem is (2, r, 2)-efficiently ComX parallelizable,
where (r, ComX) ∈ {(1, ComN), (S,ComR), (2S,ComW )}, N ≥ 3, and S is
the number of correct solution to the N -Queens problem.
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3.3 3-dPAM solution

In this section, we extend the results of Theorem 1 to a 3-component dP system.
The 3-dPAM will a use a partition based on partition scheme of Section 3.1.
Our 3-dPAM solving N-Queens is defined as follows:

∆N,3 = (Γ,Π1, Π2, Π3, {1}, R∆)

where:

– Γ as defined in Section 3.1.
– Πα = (Γ, {(α, 1), (α, 2)}, [ [ ]α,2 ]α,1, wα,1, wα,2, R1), α ∈ {1, 2, 3}

Let ϕN , {C1, ..., Cm}, and {x1, ..., xn} be as defined in Section 3.1. We de-
note the number of clauses assigned to Π1, Π2, and Π3 as m1, m2, and m3,
respectively, with m1 ≥ m2 ≥ m3, differing at most by one. The 3-dPAM so-
lution partitions the encoded input multiset with Π1 containing {xi,j , yi,j | i ∈
{1, ...,m1}, j ∈ {1, ..., n}},Π2 containing {xi,j , yi,j | i ∈ {m1+1, ...,m1+m2}, j ∈
{1, ..., n}}, and Π3 containing {xi,j , yi,j | i ∈ {m1+m2+1, ...,m}, j ∈ {1, ..., n}}.

The evolution rule sets, R1, R2, and R3 will mostly be similar to the con-
struction of ∆N in Section 3.1. Our major changes will be those of the (j) rules,
involving our b objects for communication. Let α ∈ {1, 2, 3}.

(j.1) {[ bw → pw1 ]+α,2, [ bw → pw0 ]−α,2}, for all w ∈ ⋃n−1i=0 {0, 1}i.
(j.2) [ pw → bw ]0α,2, for all w ∈ ⋃ni=1{0, 1}i.
(j.3) [ bw → bw′,1 ]0α,2, for w ∈ {0, 1}n.

(j.4) [ bw,i → bw,i+1 ]−α,2, for all i ∈ {1, ...,mα}.
(j.5) [ bw,mα+1 ]+α,2 → bw,mα+1,α [ ]−α,2.

(j.6) [ bw,m3+1,3 ]01,1 → bw [ ]+1,1. (For Π1 only)

We add the following intercomponent communication rules in R∆:

(R∆.1) {((2, 1), 0, bw,m2+1,2/bw,m3+1,3, 0, (3, 1)) | w ∈ {0, 1}n},
(R∆.2) {((1, 1), 0, bw,m1+1,1/bw,m3+1,3, 0, (2, 1)) | w ∈ {0, 1}n}

The rules (j.1) up to (j.5) works the same as those in ∆N . By configuration
δ6n+2m1−1, for α ∈ {1, 2, 3}, the bw,mα+1,α objects will enter the skin membranes
(α, 1) of each component. Note that if the number of clauses, m, is not divisible
by 3, then Π2 or Π3 may be one step earlier. But, this does not affect our compu-
tation. These components will simply wait, doing nothing, for one computation
step. The appearance of an object bw,mα+1,α in the skin membrane indicates
that the encoded truth assignment in w satisfies all clauses assigned to Πα. For
example, if bw,m1+1,1 appears in (1, 1), then using the truth assignment encoded
by w, clauses {C1, ..., Cm+1} evaluates to true.

The goal of the communication phase is to transfer an object bw,m3+1,3, for
some w ∈ {0, 1}n, from Π3 to Π1. We note the following, during the communi-
cations between the three components:
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– Let w ∈ {0, 1}n. Consider an intercomponent communication rule ((α, 1), 0,
bw,mα+1,α / bw,m3+1+1,3, 0, (α+ 1, 1)), for some w ∈ {0, 1}n, for α ∈ {1, 2}.
This is a rule of type (R∆.1) or (R∆.2). If this rule is applied, then using
the truth assignment encoded by binary word w, the clauses assigned to Πα

and Πα+1 are all true.
– Suppose we have an object bw,m3+1,3 appearing in Π3. If Π3 communicates
bw,m3+1,3 to Π2 by a rule from (R∆.2), then clauses {Cm1+1, ..., Cm} are
all true. If Π2 communicates bw,m3+1,3 to Π1 by a rule from (R∆.3), then
clauses {C1, ..., Cm1

} are also true.

Suppose that for some w ∈ {0, 1}n, w encodes a satisfying assignment. By
configuration δ6n+2m1−1, it should be the case that bw,m1+1,1, bw,m2+1,2, and
bw,m3+1,3 appears in their corresponding skin membranes.

At transition δ6n+2m1−1 ⇒ δ6n+2m1 , Π2 and Π3 will exchange bw,m2+1,2, and
bw,m3+1,3 using a rule in (R∆.1). At transition δ6n+2m1 ⇒ δ6n+2m1+1, Π1 and
Π2 will exchange bw,m1+1,1 and bw,m3+1,3 using a rule (R∆.2). As stated above,
bw,m3+1,3 arriving at skin membrane (1, 1) indicates that clauses {C1, ..., Cm}
are all true, and hence the boolean formula ϕN is satisfied.

At transition δ6n+2m1+1 ⇒ δ6n+2m1+2, with the presence of the object bw,m3+1,3

in (1, 1), the object bw is sent as output, w encoding a truth assignment that
satisfies the boolean formula ϕN . ∆N,3 halts at configuration δ6n+2m1+2.

Now, suppose that for some w ∈ {0, 1}n, w does not encode a correct solution,
but the object bw,mα+1,α appears in some skin membrane (α, 1), for some α ∈
{1, 2, 3}, but not in all skin membranes. We consider the following cases:

– (Case 1): Only one bw,mα+1,α, for some α ∈ {1, 2, 3}. In this case, no inter-
component communication rule involving the encoded truth assignment w
can occur.

– (Case 2): Exactly two bw,mα+1,α, for some α ∈ {1, 2, 3}. We consider three
further subcases:
• (Case 2.1): Only bw,m1+1,1 and bw,m2+1,2. Since bw,m3+1,3 does not exist,

it will never appear in skin membrane (1, 1).
• (Case 2.2): Only bw,m2+1,2 and bw,m3+1,3. At transition δ6n+2m1−1 ⇒
δ6n+2m1

, the objects bw,m2+1,2 and bw,m3+1,3 are exchanged between skin
membranes (2, 1) and (3, 1). Since bw,m1+1,1 does not exist, membrane
(2, 1) cannot send the object bw,m3+1,3 to membrane (1, 1).

• (Case 2.3): Only bw,m1+1,1 and bw,m3+1,3. Since bw,m2+1,2 does not exist,
then no communication involving bw,m3+1,3 can occur.

In all cases, if w does not encode a correct solution, the object b′w,m3+1,3

fails to arrive at skin membrane (1, 1). At δ6n+2m1+2 ⇒ δ6n+2m1+3, the presence
of the object d3n+2m1+2 in skin membrane (1, 1) will result in Π1 sending an
output of No. S‘ystem ∆N,3 halts at configuration δ6n+2m1+3.

We have shown that the binary word w encodes a satisfying assignment if,
and only if, bw,m3+1,3 appears in skin membrane (1, 1) through intercomponent
communications. This proves that ∆N,3 can find a satisfying assignment to the
N-Queens problem, if there exists one.
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Let S be the number of satisfying assignments for the given instance of
the N-Queens. Analysing the communication cost of ∆N,3, it takes one more
step to perform a communication as compared to ∆N because of the additional
component. We have that ComN(∆N,3) = 2. Analysing the running time of
∆N,3, at worst case, is 6n+ 2m1 + 3. Evaluating time∆N,3(N): 6n+ 2m1 + 3 =

6n+ 2m3 + 3 = 10N3+42N2+8N+27
9 .

Comparing the ratio of running times, we have the following ratio:

lim
N→∞

timeΠ(N)

time∆N,3(N)
=

10N3−6N2+8N+3
3

10N3+42N2+8N+27
9

= 3

This shows that ∆N,3 is three times faster than the non-distributed solution
given a large value for N . The following theorem summarizes these results:

Theorem 3 The N-Queens Problem is (3, 2, 3)-efficiently ComN parallelizable.

Note that ComR(∆N,3) ≥ 2S, and ComW (∆N,3) ≥ 4S. The reason for the
inequality for ComR and ComW is because of (Case 2.2). These communications
will still occur even when the truth assignment encoded by w is not a satisfying
assignment. Given an arbitrary N , we know that the minimum number of rules
that will be used is 2S, and the minimum number of objects communicated is 4S.
We leave as an open problem the exact number of truth assignments satisfying
clauses for Π2 and Π3, but not Π1, given an arbitrary N . The difficulty of finding
this exact value for ComR(∆N,3) and ComW (∆N,3) seems to be non-trivial.

4 Final remarks

In this work, we presented a solution to the N-Queens problems using dP sys-
tems with active membranes. The solution is based on [7], with modifications to
consider the effect of a partitioned input multiset and the intercomponent com-
munication rules. The number of clauses of the boolean formula representation
is the largest contributor to the length of the computation. Given that the 2-
component solution distributes the number of clauses evenly to each component,
it was expected that the solution would show a reduction in the length of the
computation by half as the size of the problem increases (in terms of N). The 2-
component solution only needed one step for communication, and communicates
2S objects, with S the number of correct solution to the problem instance.

The 3-component solution also showed a reduction in the length of the com-
putation by a third as the size of the problem increases. As expected, the 3-
component solution needed one more additional step for communication, as com-
pared to the 2-component solution. The disadvantage at using the 3-component
solution is the extra communication caused by some incorrect truth assignments.
These truth assignments satisfy the clauses assigned to the second and third com-
ponent, so communication occurs between these two components, but not the
clauses of the first component. The exact number of incorrect truth assignments
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that causes these communication is non-trivial to compute and it is left as an
open problem.

Much study still needs to be done in dP systems. Most of the literature avail-
able on dP systems involve the use of P automata [12], and SNP systems [15]. In
this work, we present the idea of using P systems with active membranes as com-
ponents, but we did not explore the capabilities of such dP systems with active
membranes in terms of its computational complexity, the family of languages it
can generate or recognize, and so on. In general, we would like to characterize the
family of problems that dP systems can solve using other classes of P systems
as components.
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Abstract. Spiking neural P systems (in short, SN P systems) is a class
of distributed parallel computing models. Parallel computation of matrix
operations has been supported on some new computing devices such as
GPU, which provides a promising way to simulate the parallel compu-
tation of SN P systems. In this paper a matrix representation method
of parallel computation for SN P systems is developed. In firing mech-
anism of SN P systems, the delay factor plays the role of controlling
the receiving of spikes in neurons and the opportunity of emitting the
spikes after the firing. In order to achieve the parallel computation of SN
P systems, several matrices or vectors are introduced to decompose the
firing mechanism of neurons. The parallel computation procedure of SN
P systems can be achieved by the operations of the matrices or vectors.
Two examples are used to illustrate the parallel computation procedure
using the matrix operations.

Keywords: P systems; Spiking neural P systems; Parallel computing;
Matrix representation

1 Introduction

Membrane computing initiated by Gh. Pǎun [1], was inspired from the struc-
ture and functioning of living cells as well as the interactions of living cells in
tissues or higher order biological structures. Membrane computing is a class of
distributed parallel computing models, known as P systems [2–7]. As one of
main forms, spiking neural P systems (in short, SN P systems) were inspired by
the neurophysiological behavior of neurons sending electrical impulses (spikes)
along axons to other neurons under the framework of membrane computing [8].
A SN P system can be viewed as a net of neurons placed in the nodes of a di-
rected graph whose arcs represent the synaptic connections among the neurons.
The flow of information is inherently realized by the exciting of pulse potentials,
which are encoded by the so-called spikes. The spikes, which are objects of a
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unique type and are placed inside the neurons, can be sent from presynaptic to
postsynaptic neurons according to specific firing/spiking rules. By applying a
firing/spiking rule, some spikes are consumed and new spikes are produced, and
the produced spikes are sent to all subsequent neurons. When a forgetting rule
is applied, spikes are removed from neurons. More recently, a large number of
variants of SN P systems have been proposed [8–19].

The parallel computation is an important feature of SN P systems, and it is
attractive for the development of efficient algorithms in real-world applications.
However, the parallel computation ability of SN P systems can not be implement-
ed or simulated really because of the limitation of serial architecture of current
computer. GPUs (Graphical Processing Units) and FPGA (Field-Programmable
Gate Array) provided the implementation means of parallel computation, spe-
cially, parallel computation of matrix operations. In order to realize the parallel
computation of SN P systems, a feasible way is to express its parallel computa-
tion procedure by matrix operations. For this, Zeng et al [20] discussed matrix
representations of two kinds of SN P systems without delay: SN P systems with
extended rules and SN P systems with weights. Based on the matrix represen-
tations, Cabarle et al [21–23] achieved the simulators of several SN P systems
without delay. However, the delay is an important characteristic in firing mech-
anism of SN P systems. Therefore, it is an interesting topic how to build the
matrix representation of SN P systems with delay because it is significant for im-
plementation of their parallel computations on GPU/FPGA. This work focuses
on the interesting issue and proposes a matrix representation method of SN P
systems with delay. In order to decompose the firing mechanism of SN P system-
s, several matrices and vectors are introduced, such as rule delay matrix, spike
consumption matrix, spike generation matrix and caching spike vector. Based
on matrix operations, the matrices and vectors describe the firing mechanism
of neurons in SN P systems, including the firing, spike consumption, time delay
and emitting spike. The main contribution behind this work is that a matrix
representation method of SN P systems (with delay) is developed.

The rest of this paper is organized as follows. First, we briefly review the def-
inition of SN P systems in Section 2. The matrix representation method of SN
P systems is discussed in Section 3. Two examples to illustrate the parallel com-
putation procedure of SN P systems are provided in Section 4. The conclusions
and future work on the topic are discussed in Section 5.

2 SN P systems

In this section, we briefly review SN P systems in a computing version (i.e., able
to take some inputs and provide some outputs). A more detailed description of
SN P systems can be found in literatures [2, 8–10].

Definition 1. A SN P system of degree m ≥ 1, is a construct of the form

Π = (A, σ1, σ2, . . . , σm, syn, I,O)

where
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(1) A={a} is the singleton alphabet (the object a is called spike);
(2) σ1, . . . , σm are neurons, of the form σi=(ni, Ri), 1 ≤ I ≤ m, where

(i) ni ≥ 0 is the initial number of spikes contained in neuron σi;
(ii) Ri is a finite set of rules of the form

E/ac → ap; d

where E is a regular expression over a, c ≥ 1 and p, d ≥ 0, with c ≥ p;
if p = 0, then d = 0.

(3) syn ⊆ {1, 2, . . . ,m} × {1, 2, . . . ,m} with i 6= j for all (i, j) ∈ syn, 1 ≤ i, j ≤
m ( synapses between neurons).

(4) I and O are input neuron set and output neuron set, respectively.

A SN P system can be viewed as a directed graph in which the nodes denote
its neurons and the arcs represent the synaptic connections among the neurons.
Each neuron contains one or more spikes, or no spike. Under the control of
firing/spiking rules, the spikes excited by a neuron will be transmitted into its
subsequent neurons. The firing/spiking rules are of the form E/ac → ap; d,
where d ≥ 0 is called the delay factor. If p = d = 0, E/ac → ap; d is written
in the form E/ac → λ, known as forgetting rule. If d = 0, E/ac → ap; d can
be written as a simple form, E/ac → ap, called the firing/spiking rule without
delay. Thus, SN P systems with the firing/spiking rules without delay is called
SN P systems without delay in this work. The literature [20] has discussed matrix
representation of SN P systems without delay. However, this paper focuses on
matrix representation of SN P systems with delay.

The firing mechanism of neurons can be described as follows. If neuron σi
contains k spikes, ak ∈ L(E), and k ≥ c, then firing/spiking rule E/ac → ap; d
can be applied. When the rule is applied, c spikes are consumed (k − c spikes
remain) and the neuron will produces p spikes after d time units. In case of no
delay (i.e., d = 0), the produced spikes are emitted immediately. However, in the
case of delay d > 0, delay mechanism will work as follows: if rule E/ac → ap; d
in neuron σi is used at step t, the neuron is “closed” or “blocked” at steps
t, t + 1, . . . , t + d − 1, and it can not receive new spikes from other neurons; at
step t+d, the neuron emits the produced spikes and becomes again open, hence
it can receive the spikes from other neurons; the p spikes emitted by neuron σi
are transmitted to all neurons σj such that (i, j) ∈ syn, hence each such neuron
σj of them receives p spikes. A forgetting rule ac → λ is applicable to a neuron
whether the neuron contains exactly c spikes and then all c spikes are removed.

SN P systems are synchronized by a global clock, marking the time for the
whole system. Besides, SN P systems are non deterministic because two rules
E1/a

c1 → ap1 ; d1 and E2/a
c2 → ap2 ; d2 can have L(E1) ∩ L(E2) 6= ∅. Therefore,

it is possible that two or more rules of the system can be enabled in a neuron.
In this case, one of them is non-deterministically chosen to be used. Moreover,
in each time unit, if a neuron can use a rule, the rule must be used. Each neuron
deals with its spikes in the sequential manner, only using one rule in each time
unit, but the rules are used in parallel for all neurons of the system.
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3 Matrix representation of SN P systems with delay

Currently, parallel implementation of matrix operations has received an effective
support on some new computing devices such as GPUs and FPGA. Therefore,
an effective way to realize parallel computation of SN P sytems is using the
matrix operations to express its computing procedure. In this section, we will
focus on the matrix representation of SN P systems with delay.

We assume the SN P system Π considered here has m neurons σ1, σ2, . . . , σm
and n rules r1, r2, . . . , rn. Denote by R1, R2, . . . , Rn the firing rule sets of neu-
rons σ1, σ2, . . . , σm respectively. We firstly define several matrices, vectors and
operations as follows.

Definition 2. (Relation Matrix). The relation matrix of Π, L, is defined by

L =
(
lij

)
n×m

(1)

where

lij =

{
1, if (i, j) ∈ syn and i 6= j
0, elsewise

(2)

Matrix L describes relationship between neurons in Π. lij = 1 means a
synapse connection from neuron σi to neuron σj where σj is a successor of σi.
However, lij = 0 indicates no synapse connection from neuron σi to neuron σj .
L is often asymmetric Maybe, this is, if (i, j) ∈ syn then (j, i) is not necessarily
be in syn.

Definition 3. (Rule Delay Matrix). The rule delay matrix of Π, D, is defined
by

D =
(
τij

)
n×m

(3)

where

τij =

{
dij , if ri ∈ Rj

0, elsewise
(4)

where dij is the delay of ith firing rule Eij/a
sij → apij ; dij in neuron σj.

Matrix D expresses the delay factors of firing rules in neurons of Π. The
matrix will be used to control the waiting times until spikes are emitted after
neurons fire.

Definition 4. (Spike Consumption Matrix). The spike consumption matrix of
Π, U , is defined by

U =
(
uij

)
n×m

(5)

where uij expresses the number of the consumed spikes when ith firing rule
Eij/a

sij → apij ; dij in neuron σj fires.

uij =

{
sij , if ri ∈ Rj

0, elsewise
(6)
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The matrix indicates that if firing rule ri : Eij/a
sij → apij ; dij is enabled

and applied and ri ∈ Rj , then uij = sij ; elsewise uij = 0.

Definition 5. (Spike Generation Matrix). The spike generation matrix of Π,
V , is defined by

V =
(
vij

)
n×m

(7)

where vij denotes the number of the generated spikes after ith firing rule Eij/a
sij →

apij ; dij in neuron σj fires.

vij =

{
pij , if ri ∈ Rj

0, elsewise
(8)

The matrix indicates that if ri ∈ Rj and firing rule ri : Eij/a
sij → apij ; dij

is applied, then vij = pij ; elsewise vij = 0.

Definition 6. (Countdown Operation). Suppose T = (t1, t2, . . . , tm) is a vector,
ti ∈ N, i = 1, 2, . . . ,m. The countdown operation of T is defined by

T ↓ = (t1, t2, . . . , tm)↓ = (t↓1, t
↓
2, . . . , t

↓
m) (9)

where

t↓i =

{
ti − 1, if ti ≥ 1
0, elsewise

(10)

In Definition 6, vector T is called waiting time vector, each of which indicates
the waiting time of the corresponding neuron to be opened. In this work, rule de-
lay matrix and countdown operation will be used to realize the delay mechanism
of SN P systems.

Definition 7. (Caching Spike Vector). The vector Wk = (w
(k)
1 , w

(k)
2 , . . . , w

(k)
m )

is called the caching spike vector at kth computing step, where w
(k)
i is the number

of the cached spikes in neuron σi at kth computing step, i = 1, 2, . . . ,m. Initially,
let W0 = (0, 0, . . . , 0).

Definition 8. ( Waiting Time Vector). The vector Tk = (t
(k)
1 , t

(k)
2 , . . . , t

(k)
m ) is

called the waiting time vector at kth computing step, where t
(k)
i expresses the

residual time that neuron σi waits for at kth computing step, i = 1, 2, . . . ,m.
Initially, let T0 = (0, 0, . . . , 0).

Definition 9. (Spiking Vector). The vector Xk = (x
(k)
1 , x

(k)
2 , . . . , x

(k)
m ) is called

the spiking vector at kth computing step, where x
(k)
i expresses the number of

spikes to be sent in neuron σi at kth computing step. Initially, let X0 = (0, 0, . . . , 0).

Based on firing principle of neurons, x
(k)
i can be computed by

x
(k)
i =

{
w

(k)
i , if t

(k)
i = 0

0, elsewise
(11)



6 J. Hu, G. Chen, H. Peng, et al.

Tk-1

U

Ck-1

Zk

D

Tk

Wk-1

V

Wk Xk

L

Yk Ck

Fig. 1. The computing procedure of parallel computing for SN P systems.

where w
(k)
i is the number of the cached spikes in neuron σi and t

(k)
i denotes the

residual time that neuron σi waits for at kth computing step, i = 1, 2, . . . ,m.
For convenience, we formally denote Xk = Wk . Tk.

Definition 10. (Receiving Vector). The vector Yk = (y
(k)
1 , y

(k)
2 , . . . , y

(k)
m ) is called

the receiving vector at kth computing step, where y
(k)
i expresses the number of the

spikes received in neuron σi at kth computing step. Initially, let Y0 = (0, 0, . . . , 0).

Based on firing principle of neurons, y
(k)
i can be computed by

y
(k)
i =

{
Xk · [L]i, if t

(k)
i = 0

0, elsewise
(12)

where [L]i is ith column of relation matrix L, i = 1, 2, . . . ,m. For convenience,
we formally denote Yk = (Xk · L) . Tk.

Definition 11. (Configuration Vector). The vector Ck = (n
(k)
1 , n

(k)
2 , . . . , n

(k)
m ) is

called the configuration vector of Π after kth computing step, where n
(k)
i is the

number of spikes contained in neuron σi after kth computing step, i = 1, 2, . . . ,m.

Denote by vector C0 = (n
(0)
1 , n

(0)
2 , . . . , n

(0)
m ) the initial configuration vector of

Π, where n
(0)
i is the initial number of spikes in neuron σi, i = 1, 2, . . . ,m. There-

fore, computing procedure of SN P systemΠ can be expressed as C0
1⇒C1

2⇒C2
3⇒

· · · k⇒Ck
k+1⇒ · · ·.

Definition 12. (Rule Firing Vector). The vector Zk = (z
(k)
1 , z

(k)
2 , . . . , z

(k)
n ) is

called the rule firing vector after kth computing step, where

z
(k)
i =

{
1, if rule ri fires and t

(k−1)↓
i = 0

0, elsewise
(13)
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Table 1. The parallel computation algorithm for SN P systems

Input: C0, W0, T0, U , V , D and L;

Output: Ck;

Begin
for k = 1, 2, · · ·

Zk ←
¨︷ ︸︸ ︷

(Ck−1, U, T
↓
k−1);

Tk ← T ↓k−1 + Zk ·D;
Wk ←Wk−1 −Wk−1 . Tk + Zk · V ;
Xk ←Wk . Tk;
Yk ← (Xk · L) . Tk;
Ck ← Ck−1 − Zk · U + Yk;

end for
End.

Note that Zk is an indicator vector, each component of which indicates
whether the corresponding rule fires and opened.

Lemma 1. Zk =

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1), where

¨︷ ︸︸ ︷
(·, ·, ·) is called the firing operation.

Proof. According to firing mechanism of neurons, if the number of spikes con-
tained in neuron σj meets regular expression E of rule ri (related with Ck−1

and U) and t
(k−1)↓
i = 0, then z

(k)
i = 1; elsewise z

(k)
i = 0. Therefore, we have

Zk =

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1).

Lemma 2. Tk = T ↓k−1 +

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1) ·D

Proof. Note that Tk is a waiting time vector, each component of which indicates
whether the corresponding neuron is closed and has waiting time to be opened.
According to firing mechanism of neurons, if a neuron is closed (after firing) and
waits to open, then ti,k = ti,k−1 − 1; if a neuron is enabled and fires and delay
factor of the corresponding rule has di > 0, then ti,k = Zi · [D]j , where [D]j is
jth column of D. Thus, Lemma 2 can be concluded by Lemma 1.

Lemma 3. Wk = Wk−1 −Wk−1 . Tk +

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1) · V

Proof. Note that Wk is a caching spike vector, each component of which indicates
the number of spikes cached in the corresponding neuron. According to firing
mechanism of neurons, Wk = Wk−1 −W ′ +W ′′, where W ′ is the emitted spike
vector andW ′′ is the spike vector to be cached at k computing step. By Definition
9, we have W ′ = Wk−1 .Tk. Since V is the spike generation matrix, W ′′ = Zk ·V
can be concluded by Definitions 9 and 12. Based on Lemma 1, we have W ′′ =

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1) · V .
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Based on Lemma 2 and 3, we can conclude matrix representation of parallel
computation for SN P systems as follows.

Theorem 1. (Matrix Representation). The computation procedure of Π is given
by

Ck = Ck−1 + ((Wk . Tk) · L) . Tk −
¨︷ ︸︸ ︷

(Ck−1, U, T
↓
k−1) · U. (14)

Proof. Based on firing mechanism of neurons, Ck = Ck−1 + C ′ − C ′′, where C ′

denotes the received new spike vector and C ′′ denotes the consumed spike vector
at kth computing step. By Definitions 9 and 10, we have C ′ = ((Wk .Tk) ·L).Tk.
Note that U is spike consumption matrix. Based on Lemma 1, we have C ′′ =

Zk · U =

¨︷ ︸︸ ︷
(Ck−1, U, T

↓
k−1) · U . Thus, the theorem is proven.

Based on Theorem 1, the developed parallel computing algorithm for SN
P systems based on matrix operations is provided in Table 1 in an iteration
algorithm, and its computing procedure is shown in Fig. 1.

4 Two illustration examples

In this section, we use two examples to illustrate parallel computation procedure
of SN P systems with delay.

Example 1. SN P system Π1, shown in Fig. 2, has three neurons (σ1, σ2, σ3) and
three rules (r1, r2, r3). R1 = {r1}, R2 = {r2} and R3 = {r3}.

a
2s-1

a+/aa;2 

a

aa;0 

asa;1 

s1 

s3 s2 
Rules:

           r1:    a
+/aa;2

           r2:    asa;1

           r3:    aa;0

Fig. 2. SN P system Π1 and its firing rules.

According to the definitions 2-5, the relation matrix, rule delay matrix, spike
consumption matrix and spike generation matrix of Π1 are, respectively

L =

0 1 0
0 0 1
0 0 0

, D =

2 0 0
0 1 0
0 0 0

, U =

1 0 0
0 s 0
0 0 1

, V =

1 0 0
0 1 0
0 0 1


Initially, C0 = (2s − 1, 0, 1), W0 = (0, 0, 0), T0 = (0, 0, 0). The parallel com-

putation procedure of Π1 is provided as follows.
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Step 1) Z1 =

¨︷ ︸︸ ︷
(C0, U, T

↓
0 ) = (1, 0, 1), T1 = T ↓0 + Z1 ·D = (2, 0, 0),

W1 = W0 −W0 . T1 + Z1 · V = (1, 0, 1), X1 = W1 . T1 = (0, 0, 1),
Y1 = (X1 · L) . T1 = (0, 0, 0), C1 = C0 − Z1 · U + Y1 = (2s− 2, 0, 0).

Step 2) Z2 =

¨︷ ︸︸ ︷
(C1, U, T

↓
1 ) = (0, 0, 0), T2 = T ↓1 + Z2 ·D = (1, 0, 0),

W2 = W1 −W1 . T2 + Z2 · V = (1, 0, 0), X2 = W2 . T2 = (0, 0, 0),
Y2 = (X2 · L) . T2 = (0, 0, 0), C2 = C1 − Z2 · U + Y2 = (2s− 2, 0, 0).

Step 3) Z3 =

¨︷ ︸︸ ︷
(C2, U, T

↓
2 ) = (0, 0, 0), T3 = T ↓2 + Z3 ·D = (0, 0, 0),

W3 = W2 −W2 . T3 + Z3 · V = (1, 0, 0), X3 = W3 . T3 = (1, 0, 0),
Y3 = (X3 · L) . T3 = (0, 1, 0), C3 = C2 − Z3 · U + Y3 = (2s− 2, 1, 0).

Step 4) Z4 =

¨︷ ︸︸ ︷
(C3, U, T

↓
3 ) = (1, 0, 0), T4 = T ↓3 + Z4 ·D = (2, 0, 0),

W4 = W3 −W3 . T4 + Z4 · V = (1, 0, 0), X4 = W4 . T3 = (0, 0, 0),
Y4 = (X4 · L) . T4 = (0, 0, 0), C4 = C3 − Z4 · U + Y4 = (2s− 3, 1, 0).

Step 5) Z5 =

¨︷ ︸︸ ︷
(C4, U, T

↓
4 ) = (0, 0, 0), T5 = T ↓4 + Z5 ·D = (1, 0, 0),

W5 = W4 −W4 . T5 + Z5 · V = (1, 0, 0), X5 = W5 . T4 = (0, 0, 0),
Y5 = (X5 · L) . T5 = (0, 0, 0), C5 = C4 − Z5 · U + Y5 = (2s− 3, 1, 0).

Step 6) Z6 =

¨︷ ︸︸ ︷
(C5, U, T

↓
5 ) = (0, 0, 0), T6 = T ↓5 + Z6 ·D = (0, 0, 0),

W6 = W5 −W5 . T6 + Z6 · V = (1, 0, 0), X6 = W6 . T5 = (1, 0, 0),
Y6 = (X6 · L) . T6 = (0, 1, 0), C6 = C5 − Z6 · U + Y6 = (2s− 3, 2, 0).

According to parallel computing algorithm described above, we easily obtain
the computing results in the subsequent steps. Table 2 gives the computing
results of Π1 in the first 15 steps.

Example 2. SN P systemΠ2, shown in Fig. 3, has six neurons (σ1, σ2, σ3, σ4, σ5, σ6)
and eleven rules (r1, r2, r3, r4, r5, r6, r7, r8, r9, r10, r11). R1 = {r1, r2, r3}, R2 =
{r4, r5}, R3 = {r6}, R4 = {r7}, R5 = {r8} and R6 = {r9, r10, r11}.

Based on the definitions above, the relation matrix, rule delay matrix, spike
consumption matrix and spike generation matrix of Π2 are, respectively

L =


0 1 1 0 0 0
1 0 0 0 0 1
1 0 0 1 1 1
0 0 0 0 0 1
0 0 0 0 0 1
1 0 0 0 0 0

, D =


2 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 2 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0



T

U =


4 2 1 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 2 3



T

, V =


1 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0



T
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Table 2. The computing results of Π1 in the first 15 steps

k Zk Tk Wk Xk Yk Ck

0 - (0,0,0) (0,0,0) - - (2s-1,0,1)
1 (1,0,1) (2,0,0) (1,0,1) (0,0,1) (0,0,0) (2s-2,0,0)
2 (0,0,0) (1,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-2,0,0)
3 (0,0,0) (0,0,0) (1,0,0) (1,0,0) (0,1,0) (2s-2,1,0)
4 (1,0,0) (2,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-3,1,0)
5 (0,0,0) (1,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-3,1,0)
6 (0,0,0) (0,0,0) (1,0,0) (1,0,0) (0,1,0) (2s-3,2,0)
7 (1,0,0) (2,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-4,2,0)
8 (0,0,0) (1,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-4,2,0)
9 (0,0,0) (0,0,0) (1,0,0) (0,1,0) (0,0,0) (2s-4,3,0)
10 (1,0,0) (2,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-5,3,0)
11 (0,0,0) (1,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-5,3,0)
12 (0,0,0) (0,0,0) (1,0,0) (1,0,0) (0,1,0) (2s-5,4,0)
13 (1,0,0) (2,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-6,4,0)
14 (0,0,0) (1,0,0) (1,0,0) (0,0,0) (0,0,0) (2s-6,4,0)
15 (0,0,0) (0,0,0) (1,0,0) (1,0,0) (0,1,0) (2s-6,5,0)

a3

a4a;2
 a

2
a;1

al

aa;1 aa;0 

aa;1

s1 

s3 

s2 

Rules:

     r1:    a
4a;2     r7:    aa;2      

     r2:    a
2a;1     r8:    aa;1

     r3:    al         r9:    aa;0

     r4:    aa;0      r10:   a
2l 

     r5:    aa;1      r11:   a
3l 

     r6:    aa;1

a

aa;0
 a2l 

a3l

aa;2 

aa;1 

s4 

s5 

s6 

Fig. 3. SN P system Π2 and its firing rules.
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Initially, C0 = (3, 0, 0, 0, 0, 1), W0 = (0, 0, 0, 0, 0, 0), T0 = (0, 0, 0, 0, 0, 0). The
parallel computation procedure of Π2 is provided as follows.

Step 1) Z1 =

¨︷ ︸︸ ︷
(C0, U, T

↓
0 ) = (0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0),

T1 = T ↓0 +Z1 ·D = (0, 0, 0, 0, 0, 0), W1 = W0−W0 .T1 +Z1 ·V = (0, 0, 0, 0, 0, 1),
X1 = W1 . T1 = (0, 0, 0, 0, 0, 1), Y1 = (X1 · L) . T1 = (1, 0, 0, 0, 0, 0),
C1 = C0 − Z1 · U + Y1 = (4, 0, 0, 0, 0, 0).

Step 2) Z2 =

¨︷ ︸︸ ︷
(C1, U, T

↓
1 ) = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

T2 = T ↓1 +Z2 ·D = (2, 0, 0, 0, 0, 0), W2 = W1−W1 .T2 +Z2 ·V = (1, 0, 0, 0, 0, 0),
X2 = W2 . T2 = (0, 0, 0, 0, 0, 0), Y2 = (X2 · L) . T2 = (0, 0, 0, 0, 0, 0),
C2 = C1 − Z2 · U + Y2 = (0, 0, 0, 0, 0, 0).

Step 3) Z3 =

¨︷ ︸︸ ︷
(C2, U, T

↓
2 ) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

T3 = T ↓2 +Z3 ·D = (1, 0, 0, 0, 0, 0), W3 = W2−W2 .T3 +Z3 ·V = (1, 0, 0, 0, 0, 0),
X3 = W3 . T3 = (0, 0, 0, 0, 0, 0), Y3 = (X3 · L) . T3 = (0, 0, 0, 0, 0, 0),
C3 = C2 − Z3 · U + Y3 = (0, 0, 0, 0, 0, 0).

Step 4) Z4 =

¨︷ ︸︸ ︷
(C3, U, T

↓
3 ) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

T4 = T ↓3 +Z4 ·D = (0, 0, 0, 0, 0, 0), W4 = W3−W3 .T4 +Z4 ·V = (1, 0, 0, 0, 0, 0),
X4 = W4 . T3 = (1, 0, 0, 0, 0, 0), Y4 = (X4 · L) . T4 = (0, 1, 1, 0, 0, 0),
C4 = C3 − Z4 · U + Y4 = (0, 1, 1, 0, 0, 0).

Step 5) Z5 =

¨︷ ︸︸ ︷
(C4, U, T

↓
4 ) = (0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0),

T5 = T ↓4 +Z5 ·D = (0, 0, 1, 0, 0, 0), W5 = W4−W4 .T5 +Z5 ·V = (0, 1, 1, 0, 0, 0),
X5 = W5 . T4 = (0, 1, 0, 0, 0, 0), Y5 = (X5 · L) . T5 = (1, 0, 0, 0, 0, 1),
C5 = C4 − Z5 · U + Y5 = (1, 0, 0, 0, 0, 1).

Step 6) Z6 =

¨︷ ︸︸ ︷
(C5, U, T

↓
5 ) = (0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0),

T6 = T ↓5 +Z6 ·D = (0, 0, 0, 0, 0, 0), W6 = W5−W5 .T6 +Z6 ·V = (0, 0, 0, 0, 0, 0),
X6 = W6 . T5 = (0, 0, 1, 0, 0, 1), Y6 = (X6 · L) . T6 = (2, 0, 0, 1, 1, 1),
C6 = C5 − Z6 · U + Y6 = (2, 0, 0, 1, 1, 1).

Based on parallel computing algorithm described above, we can obtain the
computing results in the subsequent steps. Table 3 gives the computing results
of Π2 in the first 15 steps.

5 Conclusions and future work

The distributed parallel computation is an attractive feature of SN P systems.
However, parallel computation ability of SN P systems can not really be simulat-
ed on the current computer due to the restriction of serial architecture. Currently,
some new computing devices such as GPU and FPGA, which support the par-
allel computation, provide an way to implement the parallel computation of SN
P systems. This paper presented a matrix representation for SN P systems with
delay, where several matrices, vectors and operations were introduced to express
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Table 3. The computing results of Π2 in the first 15 steps

k Zk Tk Wk Xk Yk Ck

0 · · · (0,0,0,0,0,0) (0,0,0,0,0,0) · · · · · · (3,0,0,0,0,1)
1 (0,0,0,0,0,0,0,0,1,0,0) (0,0,0,0,0,0) (0,0,0,0,0,1) (0,0,0,0,0,1) (1,0,0,0,0,0) (4,0,0,0,0,0)
2 (1,0,0,0,0,0,0,0,0,0,0) (2,0,0,0,0,0) (1,0,0,0,0,0) (0,0,0,0,0,0) (0,0,0,0,0,0) (0,0,0,0,0,0)
3 (0,0,0,0,0,0,0,0,0,0,0) (1,0,0,0,0,0) (1,0,0,0,0,0) (0,0,0,0,0,0) (0,0,0,0,0,0) (0,0,0,0,0,0)
4 (0,0,0,0,0,0,0,0,0,0,0) (0,0,0,0,0,0) (1,0,0,0,0,0) (1,0,0,0,0,0) (0,1,1,0,0,0) (0,1,1,0,0,0)
5 (0,0,0,1,0,1,0,0,0,0,0) (0,0,1,0,0,0) (0,1,1,0,0,0) (0,1,0,0,0,0) (1,0,0,0,0,1) (1,0,0,0,0,1)
6 (0,0,1,0,0,0,0,0,1,0,0) (0,0,0,0,0,0) (0,0,1,0,0,1) (0,0,1,0,0,1) (2,0,0,1,1,1) (2,0,0,1,1,1)
7 (0,1,0,0,0,0,1,1,1,0,0) (1,0,0,2,1,0) (1,0,0,1,1,1) (0,0,0,0,0,1) (0,0,0,0,0,0) (0,0,0,0,0,0)
8 (0,0,0,0,0,0,0,0,0,0,0) (0,0,0,1,0,0) (1,0,0,1,1,0) (1,0,0,0,1,0) (0,1,1,0,0,1) (0,1,1,0,0,1)
9 (0,0,0,0,1,1,0,0,1,0,0) (0,1,1,0,0,0) (0,1,1,1,0,1) (0,0,0,1,0,1) (1,0,0,0,0,1) (1,0,0,0,0,1)
10 (0,0,1,0,0,0,0,0,1,0,0) (0,0,0,0,0,0) (0,1,1,0,0,1) (0,1,1,0,0,1) (3,0,0,1,1,2) (3,0,0,1,1,2)
11 (0,0,0,0,0,0,1,1,0,1,0) (0,0,0,2,1,0) (0,0,0,1,1,0) (0,0,0,0,0,0) (0,0,0,0,0,0) (3,0,0,0,0,0)
12 (0,0,0,0,0,0,0,0,0,0,0) (0,0,0,1,0,0) (0,0,0,1,1,0) (0,0,0,0,1,0) (0,0,0,0,0,1) (3,0,0,0,0,1)
13 (0,0,0,0,0,0,0,0,1,0,0) (0,0,0,0,0,0) (0,0,0,1,0,1) (0,0,0,1,0,1) (1,0,0,0,0,1) (4,0,0,0,0,1)
14 (1,0,0,0,0,0,0,0,1,0,0) (2,0,0,0,0,0) (1,0,0,0,0,1) (0,0,0,0,0,1) (0,0,0,0,0,0) (0,0,0,0,0,0)
15 (0,0,0,0,0,0,0,0,0,0,0) (0,0,0,0,0,0) (1,0,0,0,0,0) (1,0,0,0,0,0) (0,1,1,0,0,0) (0,1,1,0,0,0)

the parallel computation procedure of SN P systems. Since matrix operations
are easily implemented on GPU and FPGA, the proposed representation method
can help to achieve the parallel computation of SN P systems with delay on GPU
or FPGA. Therefore, the future work is that based on the matrix representation,
we will further discuss the implementation of SN P systems with delay and its
variants on GPUs or FPGA.
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8. Ionescu, M., Păun, Gh., Yokomori, T.: Spiking neural P systems. Fundameta Infor-
maticae 71(2-3), 279-308 (2006)
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neural P system simulations on a high performance GPU platform. Lecture Notes
in Computer Science 7017, 99-108 (2011)

22. Cabarle, F., Adorna, H., Mart́ınez-del-Amor, M.A.: Simulating spiking neural P
systems without delays using GPUs. International Journal on Natural Computing
Research 2(2), 19-31 (2011)

23. Cabarle, F., Adorna, H., Mart́ınez-del-Amor, M.A.: A spiking neural P system
simulator based on CUDA. Lecture Notes in Computer Science 7184, 87-103 (2012)



Discrete GSO Based on Time Window Division for
Solving Multi-objective VRPTW

Wenbo Dong1, Kang Zhou1⋆, Huaqing Qi2, Tingfang Wu3, and Jun Zhang1

1School of Math and Computer,
2Department of Economics and Management,

Wuhan Polytechnic University, Wuhan 430023, Hubei, China
3Key Laboratory of Image Information Processing and Intelligent Control,
School of Automation, Huazhong University of Science and Technology,

Wuhan 430074, Hubei, China
{dongwb7@foxmail.com,zhoukang_wh@163.com

qihuaqing@sohu.com,
tfwu@hust.edu.cn,jzhang111@msn.com}

Abstract. This paper presents a new model and solution for multi-objective ve-
hicle routing problem with time windows (VRPTW). We argue that the VRPTW
is most naturally viewed as a multi-objective problem, in which both vehicles
and total distance are of equal value, depending on the needs of the user. Since it
is difficult to find out the VRPTW Pareto front solution for current exited algo-
rithms, a multi-objective discrete glowworm swarm optimization algorithm based
on time window division is proposed, termed MGSO. Unlike other algorithms in
literature, in this paper, the customers are divided into different classes according
to the time window firstly. And then the generation of initial population and local
search are designed according to the time window division. Meanwhile, in order
to improve the performance of MGSO, the motion equations and related motion
rules of glowworm are improved. Moreover, a memetic search strategy is used to
create better solution from the old one and a new Pareto technique is designed
to screen out excellent individuals. Finally, the proposed algorithm is compared
with some meta-heuristics published in literature. Results show that the algorith-
m generates some new solutions which are different from the reference solution,
and considering the quality of solution and computation time, the algorithm is a
competitive approach for multi-objective VRPTW.

Keywords: Multi-objective VRPTW; MGSO; Time window division; Memetic
search; Pareto technique

1 Introduction

Vehicle Routing Problem (VRP) has a wide range of applications in computer sci-
ence, operational research and combination optimization. In real life, many problems
can be abstracted as VRP, such as logistics distribution, electric power dispatching prob-
lems, postal deliveries and bus routing problem, etc. VRP has received much attention

⋆ Corresponding author.
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due to their wide applicability. And variants of VRP have been studied extensively in
the literature. In recent years, customer’s requirement on service time is becoming much
higher, time factor is taking more and more important role in the VRP, therefore, study-
ing vehicle routing problem with time windows (VRPTW) has very important practical
value. VRPTW is a variant of VRP obtained by adding time windows constraints to the
model. VRPTW is a classic example of a NP-complete problem, and hence it is very
hard to solve optimally [1]. If VRPTW is required to optimize the number of vehicles
and traveling distance at the same time, the multi-objective VRPTW is obtained. Obvi-
ously, solving multi-objective VRPTW is much more difficult than solving VRPTW [2].
From a theoretical point of view, this may be impossible to realize, because instances
of the multi-objective VRPTW may have many non-dominated solutions [3]. Some so-
lutions may minimize the number of vehicles at the expense of distance, and others
minimize distance while necessarily increasing the vehicles. For MOPs, there does not
typically exist a single solution that minimizes all objectives simultaneously. Hence,
attention is paid to Pareto optimal solutions, that is, solutions that cannot be improved
in any objective without degrading at least one of the other objectives. The collection of
all Pareto optimal solutions is called the Pareto optimal set, and the Pareto optimal front
is the projection of Pareto optimal set in the objective space. If one scans the literature,
however, most researchers have focused on one of these two objectives, the number
of vehicles or travel distance. Even a few researchers have studied the Multi-objective
VRPTW, they are just found a solution of the Pareto optimal front, not the whole Pareto
optimal front [4–6].

Due to the inherent complexities and usefulness of the VRPTW, more and more at-
tention is paid to this problem and a variety of methods are proposed to handle with the
VRPTW, and these methods can be roughly classified into exact algorithms and heuris-
tic algorithms [7]. With the enlargement of customers (that is, the size of the problem),
the amount of computations of exact algorithms exponentially increases. And it should
be noted that exact methods are more efficient in the situations where the solution space
is restricted by narrow time windows, since there are fewer combinations of customers
to define feasible routes [8, 9]. So now, scholars mainly concentrate on the heuristic
algorithms, such as genetic algorithm [10], ant colony optimization [11, 12], simulat-
ed annealing algorithm [13], particle swarm optimization algorithm [14, 15] and tabu
search algorithm [16] and so on [17] all are used to solve VRPTW. In many heuris-
tic algorithms, glowworm swarm optimization algorithm (GSO) is new type of intel-
ligent bionic swarm optimization algorithm [18]. The algorithm shares a few features
with some better known swarm intelligence based optimization algorithm, such as A-
CO and PSO, but with several significant differences. The agents in GSO are thought
of as glowworms that carry a luminescence quantity called luciferin along with them.
The glowworms encode the fitness of their current locations, evaluate using the objec-
tive function, into a luciferin value that they broadcast to their neighbors. the glow-
worm identifies its neighbors and computers its movements by exploiting an adaptive
neighborhood, which is bounded above by its sensor range. Each glowworm selects,
using a probabilistic mechanism, a neighbor that has a luciferin value higher than its
own moves toward it. These movements–based only on local information and selective
neighbor interactions–enable the swarm of glowworms to partition into disjoint sub-
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groups that converge on multiple optima of a given multimodal function. So far, GSO
has been successfully applied to the complicated multi-objective function optimization,
the signed source localization, sensor noise processing, etc., and it shows a good perfor-
mance [19, 20]. Discrete Glowworm Swarm Optimization algorithm (DGSO) has been
successful to slove the TSP [21] and VRP [22], and shows strong vitality. However, the
algorithm is a global search algorithm, it has defects in accuracy, and it may suffer from
degradation, which is a serious flaw of the algorithm [21].

According to the above mentioned problems, this paper proposes a discrete GSO
based on time window division to solve the multi-objective VRPTW, which is also
called MGSO. We argue that the VRPTW is most naturally viewed as a multi-objective
problem, in which both vehicles and total distance are of equal value, depending on
the needs of the user. An advantage of this approach is that it is unnecessary to derive
weights for a weighed sum scoring formula. This prevents the introduction of solution
bias towards either of the problem dimensions. The concept of time window is used
to divide the customers, the customers whose time windows are similar are divided in-
to a class. And then the generation of initial population and local search are designed
according to the time window division. In order to improve the performance of GSO,
The motion equations and related motion rules of glowworm are improved. And in the
search process with random individuals instead of repeated individuals in population to
maintain the diversity of population. At the same time, in order to speed up the search
and make up the deficiency of local searching capability, this paper proposes a memetic
search strategy based on time window division and an adaptive flying step to enhance
the local search ability, and the elite strategy is adopted to prevent the degradation of
algorithm. Moreover, this paper introduced the concept of Pareto dominance to evaluate
the advantages and disadvantages of the individual. And a new method of constructing
Pareto non-dominated solution set is designed. By solving the different Solomon nu-
merical examples and the algorithm is compared with some meta-heuristic published in
literature. Results show that the proposed MGSO is a competitive approach for multi-
objective VRPTW.

2 Multi-objective VRPTW Formulation

In this section, the mathematical model of multi-objective VRPTW is given. Multi-
objective VRPTW is given by a special node called depot, a set of customers C to
be visited and a directed network connecting the depot and the customers. And let us
assume there are n + 1 customers, C = {0, 1, 2, ..., n} and for simplicity, depot is
denoted as customer 0 [23, 24]. There are some same vehicles in the depot, so vehicles
must leave from and return to the central depot. Every customer in the network must be
visited only once by one of the vehicles. Since each vehicle has a limited capacity qk,
and each customer has a varying demand mi, qk must be greater than or equal to the
summation of all demands on the route traveled by that vehicle k. It is assumed that K
is the number of vehicles and it is calculated according to formula (1).

K = [
n∑

i=1

mi/αqk] + 1 (1)
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where ’[*]’ represents an integer no greater than integer in square brackets, α(0 < α <
1) is an estimated value, and the more constrained conditions, the smaller value of α, in
this paper α=0.5.

A route is defined as staring from depot, going through a number of customers
and ending at the depot. On the other hand, any customer i must be serviced within a
predefined time interval [ei, li], limited by an earliest arrival time (ei) and latest arrival
time (li). Vehicles arriving earlier than the earliest arrival time incur waiting and waiting
time is permitted at no cost [25, 26].

The model has two types of decision variables. For customer i, customer j, and
each vehicle k, the decision variable xijk is equal to 1 if vehicle k drives from i to j
and 0 otherwise. In the multi-objective VRPTW, this paper sets xiik = 0. The decision
variable aik denotes the arrival time of each vehicle k at node i. In order to formulate
the model, other following notations are defined:

fik=service time for vehicle k at node i

wik=waiting time for vehicle k at node i

z0k=departure time of vehicle k from the central depot

It can be know that (z0k = w0k = f0k = 0) according to the problem. The objective
of the VRPTW is to serve all the C customers such that the following objectives are met
and the following constraints are satisfied.

Objectives

Minimize the distance traveled by the vehicles.

Minimize the total number of vehicles used to serve the customers.

Constraints

Vehicle capacity constraints are observed.

Time window constraints are observed.

Each customer is served exactly once.

Each vehicle starts its journey from depot and ends at the depot [27].

Therefore, the problem is formulated as follows:

minf1 =
K∑

k=1

n∑
i=0

n∑
j=0

dijxijk (2)

minf2 =

K∑
k=1

n∑
j=1

x0jk (3)

Subject to:
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n∑
j=1

x0jk =
n∑

j=1

xj0k ≤ 1; (k ∈ {1, · · · ,K}) (4)

∑
i,j∈S

xijk ≤ |S| − 1; (∀ S
(2≤|S|≤n−1)

⊆ C/{0}) (5)

K∑
k=1

n∑
j=0,j ̸=i

xijk = 1; (i ∈ {1, · · · , n}) (6)

N∑
i=1

mi

n∑
j=0,j ̸=i

xijk ≤ qk; (k ∈ {1, · · · ,K}) (7)

K∑
k=1

N∑
i=0,i̸=j

xijk(aik + tij + fik + wik) ≤ ajk; (j ∈ {i, · · · , n}) (8)

ei ≤ (aik + wik) ≤ li; (i ∈ {1, · · · , N}, k ∈ {1, · · · ,K}) (9)

Formulation (2)-(3) refers to the two objectives of the constructed multi-objective
VRPTW; constraint (4)-(6) secures every route starts and ends at the central depot and
every customer node is visited only once by one vehicle; constraint (7) is the capacity
constraint; constraints (8)-(9) define the time windows.

3 Analysis and Application of Time Windows

Time windows are an important part of VRPTW, the effective and full use of time
windows can quickly solve the VRPTW. In this section, we discuss the time windows,
and the time windows are processed in order to better solve the problem. Firstly, cus-
tomers are divided into different classes according to the time window division in 3.1
section. Then in 3.2 section, based on 3.1 section, a new 2-dimensional population gen-
eration method is designed, which is based on time window division. Finally, 3.3 section
proposes a memetic search based on time windows to generate a better solution from
the information of the old solution.

3.1 Time window division

In this section, customers are divided into different classes according to the time
window division. The VRPTW relative to the VRP, delivery time and time window must
be considered, the main reason is limitation of customer’s earliest arrival time and latest
arrival time. Therefore, under this restriction, VRPTW must consider the scheduling of
time in addition to considering the spatial aspect. At the same time, due to the limitation
of depot’s time window, it indirectly causes the limitation of route length. Hence, if we
want to get a good solution, it is important to explore the problem of time and space.
Customers are divided into different classes, so that we can take different actions to
different customers, such as, customers’ service times in the same class are mutually
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exclusive, so we only need to take actions for customers who are in different classes,
this will greatly improve structure speed of the initial population; and in the local search,
because customers’ service time in the same class also is similar, hence we only need
to take neighborhood operations for customers who are in same class, compared to the
blind search, this will greatly improve the search speed of the algorithm. This section is
the foundation of the following sections. Assuming that c is a customer, and his service
time window is in [ec, lc]. Customers are divided into different classes according to the
following algorithm 1.

Algorithm 1 Time window division
Input:

[ec, lc]: the service time window of customer c, c ∈ C
T : the time window of depot
K: the number of vehicles

Output: class(i), for i = 1 to K % i: a variable used to do loop
1: class(i)← ∅ , for i = 1 to K
2: j ← 1 % j: a variable used to do loop
3: Calculate T imewindow(class(i)) = [e0 + (i − 1)T/K, e0 + iT/K], for i = 1 to K,

T = ldepot − edepot
4: for ( ∀c ∈ C ) do
5: C ← C/{c}
6: for ( j = 1 ; j ≤ K ; j ++ ) do
7: if [ec, lc] ∩ Timewindow(class(j)) ̸= ∅ then
8: class(j)← class(j) ∪ {c}
9: end if

10: end for
11: end for
12: return class(i), for i = 1 to K

We enumerate an example to illustrate this algorithm. As shown in figure 2, for
example, there are two periods [10, 20] and [20, 30], which are calculated based on the
first 3 steps of algorithm 1, and the service time of customer i and j are [15, 25] and
[22, 28] respectively. The customer i will be added to customer class whose service time
window is within [10, 20] and [20, 30], and the customer j will be added to customer
class whose service time window is within [20, 30].

e0 e0+T/K e0+2T/K e0+3T/K …… e0+(K-1)T/K l0……

Fig. 1: Time window schematic diagram

This concept is applied to construct the initial population and neighborhood search,
it can effectively speed up the construction of initial population and can also improve
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10 20 30

…… ……[15,25] 15 25
Fig. 2: Customer segmentation schematic diagram

the optimization efficiency of neighborhood search. This algorithm is also the foun-
dation for the following establishment of initial population and neighborhood search
algorithm.

3.2 2D population generation method based on time windows

In this section, based on the 3.1 section, a 2D population generation method based
on time windows is proposed. The initial population is generated as follows: First, a
2-dimensional space is constructed to correspond to the vehicle k and the customer
r. Second, based on the algorithm 1 of last section, the customers are divided into K
subclasses according to their time window. We select a customer from the first subclass,
if the customer satisfies the load of vehicle, the customer is assigned to the ith routing,
and then we select a customer from the second subclass, the customer is used to judge
whether it meets the load of vehicle, if this condition is not met, a new vehicle would
be used to arrange the rest of the customers. Specific steps are given as algorithm 2.

We also enumerate an example to illustrate this algorithm. For example, there is
a VRPTW in which the number of customers is 7, and they are divided into {1,5},
{2,3,6}, {4,7}. According to the above steps, we can get:

Vehicle 1: 0→ 1→ 3→ 0
Vehicle 2: 0→ 5→ 2→ 4→ 0
Vehicle 3: 0→ 6→ 7→ 0
We get the coding sequence (1, 3, 5, 2, 4, 6, 7). This sequence is only a possible

candidate solution. Repeat this step several times, until it reaches a population size. It
makes the initial population spread out as much as possible in the solution space using
this kind of construction method.

3.3 Memetic search based on time window division

In this section, based on the 3.1 section, a memetic search based on time window
division is proposed. Memetic search uses the local heuristic search to simulate the vari-
ation process which is supported by a large number of professional knowledge. In this
section, memetic search is used to generate a better solution from the old solution. In the
previous sections, customers are divided into different classes, therefore, it would not
be able to produce feasible solutions if customers’ service time windows are in different
classes or their time windows are far apart, so we only need to adopt memetic search to
customers whose service time windows are in the same class, (such as, exchange and
insert operations in local search), this greatly reduces the computation of the algorithm,
the general optimization and convergence speed of the algorithm has been strengthened.
In the standard GSO, the best state of solution generated in the iterative process may not
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Algorithm 2 Initial population generation based on time window
Input:

K: the number of vehicles
class(1), class(2), · · · , class(K): time window class
N : glowworms population size

Output: G1, G2, · · · , GN : initial population of glowworms
1: repeat
2: vnum = 1, snum = 1, X = 1 % vnum: a count variable for vehicle; snum:

a count variable for time window class; X: a variable used to do loop
3: repeat
4: if class(snum) ̸= ∅ then
5: select a customer c randomly from class(snum)
6: if it meets the load of vehicle then
7: c is serviced by vnumth vehicle
8: class(snum)← class(snum)/{c}
9: else

10: vnum← vnum+ 1, snum← 1
11: end if
12: else
13: snum← snum+ 1
14: end if
15: until all customers are serviced
16: GX ←customer sequence
17: X ← X + 1
18: until the value of X is equal to N
19: return G1, G2, · · · , GN

appear again in the later stage, which causes the decrease of the computation precision.
In order to overcome the above shortcoming, this paper introduces the elite strategy to
record the optimal state of the solution. In each iteration, contemporary optimal location
of glowworm and elite are compared, if contemporary optimal location of glowworm is
better than elite, then elite will be update, otherwise, the location of elite is unchanged.
The specific steps are given as algorithm 3.

Due to the constant iteration of the algorithm, glowworms will fly to the same loca-
tion, which show that the coding of glowworms will be the same. Therefore, in each
iteration of the algorithm, some glowworms will be generated randomly to replace
repeating coding. It maintains the diversity of the glowworm population, so that the
glowworm has a wider space to fly.

4 Improved Design of Discrete GSO

In this section, we propose a series of improvement measures to improve the per-
formance of the algorithm. In 4.1 section, a path decoding method based on greedy
construction method is proposed. the motion equations and related motion rules of
glowworm are improved to improve the performance of GSO, as shown in 4.2 and
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Algorithm 3 Memetic search based on time window division
Input:

Gi: glowworm i
Gelite: elite glowworm

Output: Gi

1: repeat
2: select a customer c randomly, and find the customer’s class
3: memetic search strategy is used to do the local search for customers whose service time

window are in the same class or adjacent class.
4: Gi ← memetic_search(Gi)
5: if f(Gi) > f(Gelite) then
6: Gelite ← Gi

7: end if
8: until terminal criterion is satisfied
9: return Gi

4.3 section. At the same time, in order to speed up the search and make up the deficien-
cy of local searching capability, 4.4 section proposes an adaptive flying step to enhance
the local search ability, and the elite strategy is adopted to prevent the degradation of
algorithm. Moreover, in 4.5 section, the generation algorithm of Pareto solution set is
designed.

4.1 Path decoding based on greedy construction

The VRPTW is represented as a list of n nodes, where n is the number of cus-
tomers, node i ∈ [1, n] represents a customer. Each node is associated with a physical
location specified by x and y coordinates, where the distance between nodes is given
by the Euclidean distance between the corresponding points. The travel time between
two nodes is equal to the distance. Each node is also associated with customer demand,
ready time, due date and service time. The initial solution is generated by choosing a
random ordering of the nodes, forming a list of length n where each node appears once
only(the depot is not included). The problem representation is the order of customers
without route splitters, for example, there is a string (9, 3, 4, 8, 7, 2, 5, 1, 6). As this rep-
resentation does not include the information on where the list is broken by returns to
the depot, or terminal points, to identify such terminal points, we have adopted the split
procedure, which works through the customer sequence embedded in the chromosome.
When decoding a sequence, the system only needs to insert the customers into the path
as much as possible, if a customer does not satisfy the constraints of time window or
capacity, the system will open up a new path to service him. In this way, until all the
customers are serviced. This method can realize automatic and dynamic orientation of
the number of vehicles without requiring you to preset the number of vehicles. Accord-
ing to this method, the above sequence can be decoded as: route 1: (0, 9, 3, 0); route 2:
(0, 4, 8, 7, 2, 0); route 3: (0, 5, 1, 6, 0).
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4.2 Distance definition based on coding difference

The distance between the glowworms, we refer to the literature 15, but there is a big
difference. Assuming that there are two glowworm individuals gi and gj . The distance
between glowworms gi and gj can be defined according to the formula (10).

Distgigj = c×

n∑
k=1

dist(gik , gjk)

n∑
k=1

max(matrixk−rows)
(10)

where dist(a, b) is the arc distance between a and b, gik and gjk represents the kth
component in gi and gj , denominator is the sum of the maximum in each row in the
weight matrix, c is a constant.

4.3 Location update based on dynamic step

Because each glowworm represents a candidate solution, a candidate solution is a
set of encoding. Therefore, each flight is equivalent to the code update once. Based
on this, this paper designs new distance update rules associated with the flight step
s of the glowworm. The rules are not the same as compared to discretization pro-
cesses in other literature, it has not abandoned the concept of the flight step of glow-
worm, but inherited it, which makes it more close to the original algorithm. Distance
update rules are as follows: in the mobile phase, a sequence consisting of s differ-
ent random integers is generated firstly, r(s) = (r1, r2, · · · , rs), where ri ∈ [1, n],
ri ̸= rj , and i, j ∈ [1, s]. If the glowworm G1(g11, g12, · · · , g1n) flies to the glow-
worm G2(g21, g22, · · · , g2n). Glowworm can fly according to the following rules.
Flight Rules: G1(ri) = g1ri , G2(ri) = g2ri , new G1(ri) ← G2(ri), find rj , s.t.
G1(rj) = G2(ri), G1(rj)← oldG1(ri).

4.4 Adaptive step adjustment strategy

In traditional GSO, glowworm flying step length is longer, the more easy to search
the global optimum, but also reduces the search accuracy, and sometimes the concus-
sion phenomenon appears; smaller step, improve the accuracy of solution, but will fall
into the local optimal. For this problem, we need to dynamically adjust the parameter of
step size according to the search results of different stages, and to deal with the relation-
ship between the global optimization ability and the accuracy. In the running process
of the algorithm, this paper designs an adaptive step size, so that glowworms living
farther away fly faster and glowworms living closer fly slowly to avoid glowworms fly-
ing too fast to miss the optimal solution, which improve the searching efficiency of the
algorithm. The following formula (11) is used in this paper.

s∗ = | i− iter

iter
|s (11)

where i represents the number of current iteration, iter represents the maximum number
of iterations, s represents previous generations’ step size.
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When a glowworm fly to target glowworm, a small step s can make the glowworm
better close to the target glowworm without skipping the optimal solution because of
its big initial step size, so as to improve the accuracy of the search. Thus, based on
the results of the last iteration, the flight step of the iteration is updated dynamically,
which has better adaptability. For standard GSO, since the fly step size is fixed, in
the initialization of s, too large will affect the accuracy of the solution, too small will
affect the search speed. So only dynamically adjusting the step size according to the
situation we can better improve the search speed and search accuracy of the algorithm.
Therefore, in earlier stage of the algorithm, using a larger step size can ensure coarse
search in a large range of solution space, which can quickly search the global optimal
neighborhood; And in near optimal neighborhood the algorithm has a smaller step size,
the algorithm can gradually evolve into a precise search, which can be more accurate to
search the optimal solution.

4.5 Construction algorithm of Pareto solution set

In this section, we propose an algorithm to find the Pareto non dominated solution
set. Assume that Pop represents glowworm population, S represents a tectonic set,
S = Pop; NDset is a non-dominated set, initialized to an empty set. First of all, decode
the glowworms’ encode, S is sorted in descending order according to the number of
vehicles, and then an exclusive operation is used to filter the glowworms. Exclusive
operation is the following: if the decoded number of vehicles are the same, we only
keep minimum value path of glowworms individuals, because only those individuals
can participate in the structure of the non-dominated solutions. Algorithm pseudo code
can be described as algorithm 4.

5 MGSO Steps for Solving Multi-objective VRPTW

In this section, according to the design ideas of the above sections, the steps of
MGSO are described as follows. In the steps of the algorithm, some of the parameters
and steps are given, and their specific content can be referred to in the literature [21].

Step 1 The time window is divided according to the algorithm 1, and then the pop-
ulation is initialized according to the algorithm 2, and set the following parameters:
maximum number of iterations, li(0), rid(0), γ, rs, ρ, β, s, nt [21].

Step 2 For a glowworm i, calculate the objective function value, and then transform
objective function value into fluorescein value.

Step 3 Calculate the distance between i and other glowworms, and then in its deci-
sion domain radius (rid(t) ), choose glowworms whose fluorescein value is higher than
its compose the neighbor set (Ni(t)).

Step 4 Calculate the probability that glowworm i move to the glowworm j (j ∈
Ni(t)), and then according to the roulette wheel select the moving object.

Step 5 Generate a random sequence r = (r1, r2, · · · , rs), where s is the step, ri ̸=
rj(i, j ∈ [1, n]). Update the glowworm’s encode according to update rules.

Step 6 Perform local search according to algorithm 3.
Step 7 Adjust the decision domain radius according to the neighbor density [21].
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Algorithm 4 Construction algorithm of Pareto solution set
Input:

Pop: glowworm population
NDset: Pareto non-dominated set

Output: NDset
1: S ← Pop % S: a tectonic set
2: NDset← ∅
3: Sort(S) according to the number of vehicles
4: Exclusive Operation: if the decoded number of vehicles are the same, we only keep minimum

value path of glowworms individuals
5: for the first glowworm g1 ∈ S
6: NDset = NDset ∪ {g1}
7: S ← S − {g1}
8: for (∀g ∈ S) do
9: if g1 ≻ g then

10: NDset← NDset ∪ {g}
11: g1 ← g
12: end if
13: S ← S − {g}
14: end for
15: return NDset

Step 8 Determine if the current number of iterations reaches the maximum number
of iterations or algorithm end conditions, if not, go to step 1, i = i + 1, continue to
execute step by step; otherwise, stop running.

6 Experimental Analysis

This section describes computational experiments carried out to investigate the per-
formance of the proposed MGSO. The algorithm was coded in VC 6.0 and run on a
PC with 1.5GHz CPU and 4GB memory. The experimental results use the standard
Solomon’s VRPTW benchmark problem instances available at http://web.cba.
neu.edu/~msolomon/problems.htm. The Solomon’s problems consist of 56
data sets, which have been extensively used for benchmarking different heuristics in
literature over the years. There are three different sizes of data sets(25, 50 and 100) in
the database. Each data set contains 56 test problems, and they are divided into six cat-
egories: C1, C2, R1, R2, RC1, RC2. Problems in sets R1 and R2 have the customers’
locations generated randomly over a square. Problems in sets C1 and C2 have the clus-
tered customers whose time windows generated based on a known solution. Problems
in set RC1 and RC2 have a combination of randomly placed and clustered customers.
Problems in sets R1, C1 and RC1 have narrow time windows and a small capacity of
the vehicle, while problems in sets R2, C2 and RC2 have larger time windows and a
larger capacity of the vehicle.
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6.1 Selection of algorithm parameters

Some parameters are described as follows: ρ = 0.6, γ = 0.7, β = 0.05, nt = 20,
l0 = 15, r0 = 7 [21]. Among them, the effect that how population size and the number
of iterations influence the convergence performance of the algorithm is more complex.
their value cannot be too small, or it’s hard to get good results, but bigger is not always
better, the calculation will be longer if they are bigger, so their value should be set
according to specific problems. Here we will analyze and discuss on the number of
glowworms and the number of iterations.

The increase in the number of glowworms can improve the precision, but when the
number of glowworms reaches a certain value, it is vary hard to improve the precision
by increasing the number of glowworms. On the contrary, they cause increasing time
complexity as the number of glowworms grows so to affect the optimization efficiency
of the algorithm. So in this section, the number of glowworms are discussed according
to the problem’s size under the high-precision precondition. Compared several numer-
ical tests in scale 100, the results are shown in table 1. The experiments were repeated
for 20 times and the average was calculated for each group.

We use v = (n, c) to represent a candidate solution of the multi-objective VRPTW,
where n is the number of vehicles, c is the traveling distance.

Table 1: The relationship between the number of glowworms and problems
HHHHHP2

P1 10 20 30 40 50 60 70

C101.100 (13,1226.1) (13,1216.2) (13,1148.2) (13,1135.4) (13,1130.1) (12,1208.4) (12,1193.7)
HHHHHP2

P1 80 90 100 110 120 130 140

C101.100 (12,1178.3) (12,1172.2) (12,1163.3) (12,1160.4) (12,1144.9) (12,1123.3) (12,1100.9)
HHHHHP2

P1 150 160 170 180 190 200 210

C101.100 (12,1093.0) (12,1087.5) (12,1051.4) (11,976.6) (11,976.6) (11,976.6) (11,976.6)

Note: P1 = number of glowworms; P2 = problems.

As shown in table 1, the numerical example is C101.100. As can be seen from the
table, there is a fast increase in the precision of the algorithm when the population
size is small. However, as the population size increases, it has not much impact on the
precision of the algorithm, on the contrary, this algorithm may slow down the search
efficiency because it needs more computation. We can get the conclusion from the black
data in the table that the algorithm can obtain the high-quality solutions when the rate of
population size to problem’s size is between [0.8, 2]. When the rate is 2, three numerical
examples show that the optimal solution can be obtained using this algorithm and the
tour quality is enhanced. So the rate will be set to 2 in the following experiment.
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In order to obtain the relationship between the number of iterations and the calcu-
lation results, this paper uses the numerical example R201, which has 100 customers.
Specific results are shown in figure 3.
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Fig. 3: Influence of iteration on convergence. The blue line represents the change pro-
cess of the vehicles, the green line represents the change process of the total distance.

As can be seen from Figure 3, with the increasing of iterations, the number of vehi-
cles converges from 14 to 7. When the number of vehicles remains constant, the distance
of the vehicle is decreased with the increasing of iterations. At last, when the number of
vehicles is 7, the distance of vehicles is kept 1570 constant, it shows that the algorithm
converges to the global optimal. So in this paper, the maximum recommended number
of iterations is 200.

6.2 Simulation results and comparisons

In this section, some instances in the database are simulated. There are 25,50 and
100 customers of six type problems in the database. The results are shown in table 2.
In table 2, we mainly give the different non dominated solutions compared with the
reference solutions in the database.

From table 2, we can see that the proposed algorithm can solve multi-objective
VRPTW very well. The algorithm produces a lot of new solutions, but this paper only
lists those solutions whose vehicle number or distance is less than reference solutions,
these solutions are compared with the reference solution, and provide more options
for the decision maker. In the example, some numerical examples are single Pareto
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Table 2: Comparisons with best published results
Instances Customers Know optimal solution [33] This paper

Vehicle number Distance Pareto solution sets

R105 25 6 530.5 {(5,556.7),(6,531.5)}
R201 25 4 463.3 {(2,523.7),(3,487.1),(4,478.2)}
R202 25 4 410.5 {(2,471.9),(3,436.0),(4,411.2)}
R205 25 3 393.0 {(1,504.5),(2,405.9),(3,393.7)}
R206 25 3 374.4 {(1,413.2),(2,392.2),(3,376.9)}
R210 25 3 404.6 {(1,516.0),(2,413.6),(3,405.2)}
R207 25 3 361.6 {(1,398.0),(2,374.2),(3,362.3)}
C202 25 2 214.7 {(1,223.3),(2,215.5)}
RC202 25 3 338.0 {(1,551.6),(2,376.1),(3,339.1)}
RC203 25 3 326.9 {(1,432.5),(2,358.9),(3,330.2)}
RC204 25 3 299.7 {(1,327.5),(2,316.7),(3,300.2)}
RC206 25 3 324.0 {(1,482.0),(2,351.1),(3,325.1)}
RC207 25 3 298.3 {(2,308.6),(3,298.9)}
R201 50 6 791.9 {(3,1075.9),(4,1043.7),(5,840.8),(6,799.8)}
R202 50 5 698.5 {(3,826.1),(4,801.5),(5,795.1)}
R203 50 5 605.3 {(2,766.8),(3,711.8),(4,702.4),(5,696.1)}
R205 50 4 690.1 {(3,811.0),(4,783.9),(5,766.3)}
R206 50 4 632.4 {(2,780),(3,701.6),(4,687.3)}
R210 50 4 645.6 {(2,748.8),(3,737.4),(4,706.5)}
R209 50 4 600.6 {(2,724.3),(3,682.3),(4,676.9)}
C201 50 3 360.2 {(2,485.5),(3,361.7)}
C202 50 3 360.2 {(2,403.8),(3,380.2)}
RC201 50 5 684.8 {(3,919.2),(4,962.1),(5,899.1),(6,817.4)}
RC202 50 5 613.6 {(3,793.6),(4,771.8),(5,755.6),(6,735.4)}
RC203 50 4 555.3 {(2,715.5),(3,626.4)}
RC205 50 5 630.2 {(3,910.2),(4,791.1),(5,716.2)}
RC206 50 5 610.0 {(3,717.2),(4,693.2),(5,686.1)}
RC207 50 4 558.6 {(2,786.6),(3,599.7),(4,580.9)}
R203 100 4 935.0 {(4,1123.1),(5,1066.7),(6,978.5)}
R204 100 3 789.7 {(3,1130.1),(4,927.7),(5,831.8),(6,826.2)}
R205 100 3 994.4 {(3,1422.3),(4,1154.2),(5,1156.7)}
RC201 100 9 1261.8 {(7,1639.9),(8,1553.6),(9,1542.2)}
RC202 100 8 1092.3 {(5,1734.2),(6,1671.6),(7,1503.4),(8,1325.8)}
RC203 100 4 1026.6 {(4,1269.8),(5,1187.1),(6,1020.1)}
RC205 100 7 1154.0 {(6,1634.2)}
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solutions, namely, the vehicle number and the distance achieve the optimal at the same
time. A tick, on the other hand, indicates that the solution we obtained is the same as
the best known. The results obtained by our algorithm are quite good as compared to
the best published results found in literature.

In order to test the deep search of the algorithm, this paper makes a comparsion be-
tween GSO with local search and traditional GSO, specific results are shown in Figure
4.
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Fig. 4: Comparison results of algorithm search. ’data2’ represents the traditional GSO;
’data1’ represents the proposed algorithm.

It can be seen from figure 4 that the proposed algorithm reduced from 33 vehicles
to 21 vehicles, while the traditional GSO reduced from 32 vehicles to 25 vehicles, com-
pared with the proposed algorithm more than 4 cars. The routing distance is steadily
decreased from 2700 to 1700, while the traditional GSO decreased from 2500 to 1900.
On the whole, the deep search of the proposed algorithm is more powerful, and it im-
proves the accuracy of solutions.

In order to better verify the stability of the algorithm, the experiments were totally
repeated for 20 times and he average was calculated for each group. The statistical
results of the experiment are presented in table 3, where the average value of the optimal
solution, the relative deviation between the average and the know optimal solution and
the standard deviation between the average and the know optimal solution for each case
on the traveling distance are listed.

As can be seen from table 3, the relative deviation between the average and the
known optimal solution is small; When the customer scale is 25, the relative deviation
is below 1%, the standard deviation is 0, which shows that the algorithm can find the
optimal solution, and the calculation time is less than 3s, which shows that the algorith-
m has fast convergence speed and high efficiency. With the increasing of customers, the
average deviation of the algorithm, the standard deviation and the average calculation
time are increased in varying degrees, the overall trend is increasing with the increase
of customers. In the table, the maximum average deviation of the numerical example is
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Table 3: The performance test of the algorithm
Instances customers Know optimal solution Results run 20 times

source [33] distance Ave V Ave RD(%) Stan D AveRT(s)

R201 25 KD 617.1 618.3 0.19 0 2
R208 25 IV+C 328.2 329.3 0.34 0 2
C101 25 KD 191.3 191.8 0.26 0 3
C201 25 CR+L 214.7 215.5 0.37 0 3
RC101 25 KD 461.1 462.1 0.21 0 2
RC208 25 C 269.1 269.6 0.19 0 2
R104 50 KD 625.4 659.8 5.50 15.75 41
R204 50 IV 506.4 530.4 4.74 20 30
C102 50 KD 361.4 392.2 8.52 25.16 67
C204 50 KL 350.1 365.6 4.43 11.46 70
RC104 50 KD 545.8 546.5 0.13 0 54
RC204 50 DLP 444.2 459.5 3.44 23.77 58
R101 100 KD 1637.7 1714.3 4.68 27.37 440
R201 100 KL 1143.2 1188.2 3.94 12.60 465
C101 100 KD 827.3 828.9 0.19 0 880
C205 100 CR+KLM 586.4 625.7 6.70 18.22 857
RC101 100 KD 1619.8 1690.2 4.35 8.91 580
RC205 100 IV+C 1154 1201.3 4.10 16.80 610

Note: ’Ave V’ = Average value, ’Ave RD’ = Average relative deviation, ’Stan D’ =
Standard deviation, ’Ave RT’ = Average running time; ’KD’=KDMSS, ’KL’=KLM,
’DL’=DLP.
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less than 9%, and the standard deviation is small, it can be concluded that the algorithm
has strong robustness and calculation result is stable. In addition, viewed by the average
computational time, when the customer scale is 100, the computation time will increase
a lot, but compared to other papers in this field, it has greatly reduced the computa-
tion time. It can be seen that the algorithm has high efficiency and can converge to a
satisfactory solution in a short time.

Here, this paper selects two specific examples of the path contrast, they are R201
and RC201, the specific results are shown in Table 4.

From the experimental results, the algorithm is sensitive to data sets and it will show
different robustness according to the different types of data sets. The dispersion of data
sets and the width of time window can affect the performance of the algorithm. The
three kinds of problems C1, R1 and RC1 have smaller load of the vehicle and their time
window is narrow, so the customers each vehicle can service are less; On the contrary,
C2, R2 and RC2 these three kind of problems have larger load of the vehicle and their
time window is wide, so each vehicle can service more customers.

From the experiment analysis and comparison of experimental results, because of
the complexity of the problems, the algorithm can acquire the accurate optimal solutions
of some problems (or certain instances of some examples), and it can either get the
approximate optimal solutions of other problems and their error is also in the range
of acceptance. The results show that the algorithm in this paper has certain superiority
comparing with other meta-heuristic approaches in the literature.

7 Concluding Remarks

A multi-objective discrete glowworm algorithm based on time window division has
been proposed in this paper, which incorporates various new designs and ideas and the
concept of Pareto’s optimality for solving VRPTW. This paper considered VRPTW as
a multi-objective problem in which the fleet size of vehicles and total traveling distance
are minimized while capacity and time window constraints are not violated. As a result,
this method returns not a single non-dominated solution but a set of non-dominated so-
lutions. Customers are divided into different classes according to the time window divi-
sion, so that we can take different actions to different customers, and this greatly speed
up the convergence rate of the algorithm. And this is also the basis of initial population
and neighborhood search. The improved motion equations enhance the performance of
the algorithm, and memetic search strategy based on time window division and adaptive
flying step improve the local search ability of the algorithm. At the end, the algorithm
was applied to solve the benchmark Solomon’s VRPTW instances. According to the
produced results, the suggested approach was quite sufficient as compared to the best
published results, and it is proved to be an effective method for solving multi-objective
VRPTW.

The future research work is mainly to carry out more numerical experiments to
further verify the performance of the algorithm. The algorithm contains many ideas and
ingredients, aimed at improving the quality of the solutions found by it, the direction for
future work is to study the impact that each of these ingredients has over the quality of
the solutions found. Secondly, the proposed algorithm will be applied to other research
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Table 4: Solutions of R201 and RC201
Instances Vehicle route comparison

R201 The proposed algorithm
1: (52 88 30 76 54 55 56 74 13)
2: (45 36 47 62 69 28 12 21 2 15 41 22 87 57 43 97 37 93 60 89)
3: (27 31 63 64 19 11 90 51 81 79 78 34 50 3 68 26 1 70)
4: (33 65 71 29 9 20 10 32 66 35 77)
5: (95 42 92 59 5 83 82 7 18 84 8 49 46 48 17 91 100 58)
6: (98 14 38 44 16 61 86 85 99 96)
7: (72 39 67 23 75 73 40 94 6 53 4 25 24 80)

The reference solution [33]
1: (52 69 53 26 54 55 25)
2: (5 83 45 82 47 36 11 19 62 88 7 18 8 48 60 93)
3: (42 15 73 21 40 87 37 97 43 56 74 4)
4: (95 59 92 98 14 38 44 16 61 86 85 99 96 13)
5: (28 12 29 76 79 81 51 9 78 34 3 50)
6: (33 65 71 30 90 32 70 1)
7: (27 31 63 64 49 46 17 91 100)
8: (2 72 39 67 23 75 22 41 57 94 6 84 10 20 66 35 24 68 80 77 58 89)

RC201 The proposed algorithm
1: (53 10 97 74)
2: (92 42 39 36 72 71 81 94 50 34 26 32 96 93)
3: (69 82 98 88 79 7 6 8 46 3 4 1 55 60)
4: (95 63 33 28 27 29 31 30 62 67 90 99 9 87 86 57 66 56)
5: (5 45 2 61 44 41 38 40 43 35 37 54 68)
6: (75 16 15 11 12 78 73 17 13 58 77 25)
7: (65 14 47 59 52 83 64 19 23 21 18 76 85 84 51 49 22 20 24 48 89 91 80 70 100)

The reference solution [33]
1: (72 42 39 36 38 44 40 41 81 90 6 46 4 60 55)
2: (92 95 63 67 71 94 96 54 93 80)
3: (65 82 52 99 88 8 3 1 68)
4: (62 33 28 27 29 31 30 76 49 22 20 97 10 17 13 24 91)
5: (69 98 12 16 15 11 9 87 86 74 58 77 25)
6: (5 45 2 7 79 73 78 53 57 48 89)
7: (83 64 84 51 85 50 34 26 32 56)
8: (61 37 35 43 70 100)
9: (14 47 59 75 23 21 18 19 66)
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fields. In addition, further research may include investigations into scalable methods for
large VRPTW or other types of VRPTW, such as multi-depot vehicle routing problem
with time windows, vehicle routing problem with soft time windows, can be tested by
our algorithms with some changes [28]. And learn from other methods, so that it can
better solve the multi-objective VRPTW [29–32].
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Abstract. Traffic network layout problem based on distribution center
is a crucial issue in transportation and logistics systems. The precision
and the efficiency cannot get further improved by using the intelligence
algorithms including PSO algorithm to solve this layout problem, the
paper proposes the combination with membrane computing and PSO
algorithm to break through the bottleneck problems. In the membrane
system, some rules are designed to modify the efficiency of the algorith-
m: an exchange-tree operator rule is used to ensure the production of
feasible solutions in polynomial time; a synchronous computing rule of
velocity vectors is designed to modify time efficiency; a new updating rule
of each position is used to further modify the efficiency of the algorithm.
We also design a special improvement strategy to modify the precision
of solutions; Through the analysis and comparison for the experimental
results of different algorithms, the results show that the designs of three
rules really improves the efficiency of membrane algorithm; the appli-
cation of this improvement strategy also improves the precision of the
algorithm; which prove that membrane algorithm is competitive with
other heuristic algorithms in the literature.

Keywords: Traffic network layout problem based on distribution cen-
ter; Membrane computing; PSO algorithm

1 Introduction

Traffic network layout problem based on distribution center is an important
problem in logistics systems filed. Layout optimization model is the basis of
studying this problem, which directly affect the cost of all activities in the process
⋆ Kang Zhou is corresponding author (phone: 0086-027-85504737; fax: 0086-027-

85504742; e-mail: zhoukang wh@163.com).
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of the transportation. The problem is to find the shortest path with a radial
constraint starting from the distribution center. This problem has been proved
to be NP-hard problem, therefore the research for this problem had a certain
application value in real life. In recent years, this problem had caused a plenty of
attention, many researchers have contribute to the problem such as in literatures
[1–3]. Because these algorithms mainly focus on quickly producing good solutions
in significantly less time rather than obtaining optimal solutions computed by
spending the exponential time, some heuristic algorithms are used to solve this
practice problem such as ant colony algorithm in [4], genetic algorithm in [5, 6],
a quantum inspired swarm algorithms in [7] and improved PSO in [8–12], which
optimized the layout of network at different extent.

In the above algorithms, PSO has achieved relatively good results, therefore
many scholars started to further study its some characteristics such as reference
[13] studied the trajectories of particles, inertia weights and constriction factors
are analyzed in [14], the research of convergence is in [15], and the study of tuning
parameters of PSO in [16], which modified the performance of the algorithm by
studying and improving them. However, this algorithm cannot still effectively
and quickly solve larger-scale problems even in the best of conditions, especially
PSO in reference [10]. The reason is analyzed as follows.

(1) For efficiency problems. The computational model of velocities and
positions of each particle cannot ensure that the efficiency of the algorithm get
further improved thus not ensuring that the algorithm computed some feasible
solutions in polynomial time.

(2) For poor precision problems. Due to the blind random of selecting an
edge in a radial network with a circle, this operation cannot make the algorithm
searching towards an optimal direction thus reducing the quality of the solutions;.

In order to solve these problems, many scholars start to look for a new break-
through in different domains. As studied has advanced, a new and significant area
P system [17, 18] is proposed by professor Pǎun in 1998 and immediately causes
a plenty of attentions. It is a new branch of nature computing that a comput-
ing model or thought is abstracted from the cooperation of cell structure and
function as well as tissues and organs. So far, many scholars has began to study
P system, for example, evolution membrane computing is studied in reference
[19], references [21–24] studied P system with active membranes and different
rules, multiple dimensional knapsack problem is studied by using P system with
input and active one [25], tissue-like P system and spiking neural P system are
studied in [26–29] and spiking neural P system with different fuzzy are studied
in [30, 31], which shows that P system is forward-looking in filed of application
research and makes the research of membrane algorithm raising to a new level.

In order to expand the application area of P system, some scholars applied
this system to some optimization area, which combines membrane computing
with heuristic algorithm (membrane algorithm). Membrane algorithm is of the
great potential to effectively solve some large scale problems based on the par-
allelism and distribution of membrane computing. Until now, some scholars ap-
plied them to optimize some practical problem. In [32–34], membrane algorith-
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m with different evolution mechanism was proposed to solve TSP; In [38–41],
they studied respectively a multi-objective membrane algorithm guided by the
skin membrane and membrane algorithm with quantum mechanism and PSO
to solve an optimization problem; literatures [35–37] studied respectively mem-
brane computing model for IIR filter design and membrane clustering algorithms
with different evolving mechanisms, which obtained the better results in solving
different filed problems. Based on the greater power of membrane computing
and the advantages of PSO algorithm, the paper proposes a new combination of
membrane algorithm and PSO evolution mechanism (MPSO) to break through
these bottleneck problems in solving larger-scale problems, where owns both the
distribution and parallelism mechanism and the particle evolution mechanism.
This method for solving efficiency and precision is stated as follows.

(1) Strategies for efficiency problems. The velocity and position of par-
ticles are respectively redesigned thus quickly locating position of particles at the
next position; To introduce exchange-tree mechanism is to produce the feasible
solutions in a limited time.

(2) Strategy for precision problems. Introduction of membranes. Each
membrane searches a specific space thus increasing the diversity of populations
and further modifying the precision; The exchange-tree operator is modified to
ensure the evolution of the algorithm towards the bests direction thus improving
the precision of solutions.

The above studies suggest that MPSO can improve the efficiency by using
the exchange-tree technology and also use multi-membranes and some strategies
to make the objects evolving towards an optimal area thus improving the pre-
cision of solutions; At the same, some evolution rules of PSO such as velocity
structure and update way of position are redesigned to solve the efficiency of the
algorithm; which show that they are to better optimize large scale network lay-
out problem thus improving the performance of membrane algorithm, compared
with traditional one and GA at the same conditions.

The rest chapter is organized as follows: section 2 introduces the definition
and mathematical model of this problem; section 3 researches some evolution
rules of each membranes; section 4 studies the application of MPSO in solving
the layout problem; section 5 presents experiment study; finally, the paper makes
a conclusion for membrane algorithm.

2 Traffic Network Layout Problem based on Distribution
Center

In an undirected network G = (V,E,W ), where set V (G) = {vi|i = 1, 2, ...,M}
is noted as a client set, |V | = M ; set E(G) = {eij |i, j ∈ {1, 2, ...M}} is noted
as an edge set, |E| = N ; set W (G) = {wij |i, j ∈ {1, 2, ...,M}} is noted as a dis-
tance set, traffic network layout problem is as follows: in this network, v1 is the
distribution center, starting from v1, to optimize the layout of each route from
v1 to all clients makes the total distance reaching minimum under satisfying the
length constraint of each route. Let xij be a decision variable whether an edge eij
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is selected, where if xij = 1, then an edge eij is selected; else, not be selected. In
order to the requirement of mathematical modeling, set T (xij) = {xij |xij = 1}
is a edge-selected set which should satisfy the radial constraint and the length
constraint; let P (v1)(P (v1) ⊆ T (xij)) be a path starting from v1. Therefore,
mathematical model is constructed as follows.

Min Z =
M∑
i=1

M∑
j=1

wijxij (1)

subject to:

∑
vi,vj∈S

xij ≤ |S| − 1, ∀ S ⊆ V, 2 ≤ |S| ≤ n− 2 (2)

T (xij) = {xij |xij = 1}, i = 1, 2, ...,M ; j = 1, 2, ...,M (3)

|T (xij)| = M − 1, i = 1, 2, ...,M ; j = 1, 2, ...,M (4)

∑
xij∈P (v1)

wijxij ≤ p0, ∀ P (v1) ⊆ T (xij) (5)

xij ∈ {0, 1}, ∀eij ∈ E (6)

where the objective function Z in formula (1) is to determine a feasible scheme
which primarily minimizes the total distance of current radial network; formula
(2) shows that this graph should satisfy the radial constraint; formula (3) il-
lustrates that set T stores all edges of this radial network; formula (4) ensures
that this graph is a maximum radial network; formula (5) ensures that the total
distance starting from v1 is less than the length constraint p0. formula (6) shows
that whether an edge eij is selected: if xij=1, then the edge is selected; else, not
be selected.

3 Membrane Algorithm with PSO Mechanism

Because traditional PSO algorithm in [10] encountered the low efficiency and
the poor precision, the combination of membrane computing and PSO evolu-
tion mechanism (MPSO) is proposed and used for solving the above bottleneck
problems inspired by the distribution and parallelism characteristic of mem-
brane computing. In MPSO, membrane configuration is designed according to
the characteristic of PSO algorithm; In this structure, each membrane contains
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the objects and the operation rules, and each membrane evolves independently
which make this algorithm both inheriting independent-close and the advantages
of particle optimization thus making this algorithm searching toward an optimal
direction. Based on the above analysis, the paper introduces the main modules
of MPSO as follows: (1) membrane framework is designed in the first part; (2)
objects, evolution rules and termination conditions are illustrated in the second
part.

3.1 Membrane Configuration with MPSO

According to the advantages of computing synchronously of all velocities and
positions vectors in evolving and the orientation for producing a new spanning
tree, MPSO needs to design five membranes in order to ensure the successful
execution of the algorithm. In each membrane, it contains some objects and evo-
lution rules, where each rule is designed according to the properties of particles.
The objects consist of particles or the construction trees. The evolution rules,
which are responsible to evolve the system and select the best particle, include a
tree construction, and transformation/communication rules implemented by us-
ing local and global optimal particle update rules. More precisely the membrane
algorithm framework consist of:∏

= (O, σ1, σ2, σ3, σ4, syn, i0) (7)

where:
(1) O = {xij}, xij ∈ {0, 1};
(2) syn=(1,3), (1,4), (2,4), (4,2), (3,4);
(3) i0=0 is an output area;
(4) σi (i=1,2,3,4) represents a cell and is introduced in formula (8):

σi = (Qi, si,0, ωi,0, Ri) (8)

In formula (8),
(a) Qi = (si,0, si,1, ..., si,D), where si,j is a status of the ith membrane at j

iterations and D is the maximum iterations.
(b) si,0 is an initial state, ωi,0 is an object set of four membranes, at initial

moment, mem. 2, 3, 4 are an empty set.
(c) Ri is a limited rule set contained evolution rules and transformation rules.
In order to clearly show the configuration of membrane system, this configu-

ration is described as Figure 1, where mem. l represents a membrane labeled as
l(l = 0, 1, 2, 3, 4). In this graphs, mem. 0 is environment area, mem. 1 is used for
accepting the initialize objects from the external environment, mem. 2 is used
for computing a removable edge set T of an edge eij , mem. 3 is used for updating
velocity vectors of all particles, and mem. 4 is used for positions update of all
particles.

In Figure 1, the design of this framework is to make each object fully evolved
under the cooperation of all membranes. The design mechanism of this system
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Figure 1. The framework of MPSO algorithm

is as: firstly, initialize S objects and sent them to mem. 1, then mem. 1 execute
the corresponding rule and then records a local optimum; secondly, the objects
of mem. 1 are sent to mem. 3 and 4, where all velocity vectors in mem. 3 are
updated and then sent them to mem. 4; thirdly, the position vectors of mem. 4
begin to evolve and produce the positions of particles at next moment, where
the position update of particles is mainly decides Sigmoid function and random
number rt: if S(V t

i ) < rti , then xij = 0(where 0 represents that this edge is
in current tree); finally, a new spanning tree is produced by deleting an edge
eik (k! = j) computed according to the rule of mem. 2, continue until updating
the positions of all particles and then resend to mem. 1, finishing an iteration.

Compared with the designed framework of mMPSO in literature [20], the
number of membranes designed by the paper is the least which lacks of any
membrane will hinder the implementation of the membrane system and each
membrane plays a key role for the evolution of each object. More importantly,
the proposed framework in this paper can divide a very complexity computation
into some small distributed computations, that is, the update way of position
and velocity of particles is redesigned from traditional series calculation of all
models to the independent calculation of each module. According to analyze,
this designed method can modify the efficiency of the algorithm by changing
traditional computational model and can make all membrane got evolving fully
toward a better direction through the communication rules, which proves that
the design of this configuration is effective.

3.2 Introduction of Objects and Rules for MPSO

In tissue P system, it consists of membrane structure, objects and evolution
rules, where the material in natural cell is mapped as an object and evolution
operation is mapped as the rules of cells, these two factors control the whole
evolution of the algorithm, therefore they play a key role in the process of run-
ning. In the paper, the first part introduces the production process of objects
and the second elaborates the running mechanism of rules in each cell. Objects
and rules are introduced in details as follows.
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3.2.1 Coding Rules

Because MPSO is an optimization algorithm, it can be used for searching for
the shortest path of a radical traffic network. In MPSO, an object is mapped as
a particle; In this network, a particle represents a solution and this solution is
mapped as a spanning tree of graph theory. Therefore, the paper applies MPSO
to solve a minimum spanning tree with length constraints. In the paper, we
adopt binary form to express a spanning tree: if xij=0, then an edge eij is added
to the tree; else, xij=0, not in this tree. According to this coding rule, in N
dimensional space, a solution Xi = (xi1, xi2, ..., xiN ) is expressed as a solution,
which also stands for a spanning tree, where i = 0, 1, ..., S−1 and X1, X2, ..., XS

consist of S objects of mem. 1.
One such an expressed way of solutions is that the operation way of applying

binary encoding is aimed at the edges rather than the nodes, which can express
directly the situation of tree and the operation state after updating tree thus
proving the rationality of this form encoding.

3.2.2 Evolution Rules

The transition of situations in each membrane is controlled by the rules,
which shows that the rules in each cell play a key role in the process of mem-
brane evolution. Because the paper studies membrane algorithm with PSO evo-
lution mechanism, the rules of each membrane should be designed according to
the evolution characteristic of PSO. In MPSO, the rule of mem. 1 is used to
accept the initial population from the environment, the rule of mem. 2 is used
to compute a deleted edge set of circle, the rule of mem. 3 is used to compute
synchronously all velocity vectors of all particles, the rule of mem. 4 is used to
update the positions of all particles. The rules of four membranes are introduced
in detail as follows.

(1) The rule in membrane 1: Initialize S objects
Because the objects of the whole system comes from the external environ-

ment, the paper first introduce the producing method of the objects in external
environment, then describes the designed rule of membrane 1. The detailed pro-
cess is as follows.

(a) According to the rule of encoding, the form of solutions of each object is
a spanning tree. In order to produce a spanning tree, the prim algorithm is used
to execute this operation. Because prim algorithm needs to spend an exponential
time to generate a feasible solution when population size is very large, the paper
proposes an improved prim algorithm(PRA) that select randomly an edge to
produce a random spanning tree rather than a minimum tree. The steps of
algorithm PRA are described as follows.

Step 1: Set A = {v1}, T = V −A,Z = ∅, p1 = 0.
Step 2: Compute U0 = {eij |vi ∈ A ∧ vj ∈ T}.
Step 3: Compute W = {eij |pi + wij ≤ p0 ∧ eij ∈ U0}.
Step 4: If W = ∅, then no solutions; else, randomly select an edge eij ∈W
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and let pj = pi + wij .
Step 5: Compute Z = Z ∪ {eij}, A = A ∪ {vj}, T = T − {vj}.
Step 6: If T = ∅, then over; else, turn Step 2.

where set A stores some clients that have been added to current subtree, T stores
other clients not added to current subtree, Z records some edges that have been
added to current tree, pi is the total length of each branch in subtree from v0 to
vi, W records all weights of tree which satisfied constraint conditions of length.
p0 is the length constraint that the total length from root to any leaf is less than
this value.

(b) The rule of membrane 1
According to the above description, the rule of membrane 1 is designed as

follows.

R1 : []Xi → [Xi] (9)

where Xi represents an object, i = 1, 2, ..., S, S is population size.
Rule R1 shows that mem. 1 accepts S objects from the external environment,

then mem. 1 computes a local optimum and sends these objects to other mem-
branes by using the transportation rules between membranes, which shows that
the existence of this membrane supplies all objects for other membranes thus
ensuring that other membranes can finish a series of objects evolution under the
rules.

The above operation shows that algorithm PRA can directly generate a fea-
sible spanning tree in initial state, which replaces the traditional model of pro-
ducing a feasible solution that a solution is randomly produced and then adjusts
whether this solution is feasible. Comparing with traditional model, PRA can
quickly obtain a feasible tree in polynomial time thus improving the efficiency
of the algorithm, which proves the effectiveness of this algorithm.

(2) The rule in membrane 2: Exchange-tree operation
In this section, we first clarify an exchange-tree operation for the traffic net-

work layout problem. Literature [42] first used this operator to obtain quickly
a spanning tree for this problem. However. they did not describe the details of
computational complexity of this algorithm. We make an improvement for this
factor. Then we obtain a conclusion and analyze the complexity of this operator
in detail. The introduction of this operation is as follows.

For a tree existed a circle by adding an edge eij , an improved exchange-tree
factor is operated as: this operator first search these two client vi and vj of this
tree using depth-search algorithm, then starting from this client vi(vj), some
edges satisfied the length constraint are added to set U1(U2) using the same
method, finally, an edge owned the maximum weight in set U(U = U1 ∪ U2) is
deleted from this circle. A new spanning tree is produced.

According to the above operator, the paper obtains the following conclusions.

Lemma 1. Given an instance of the traffic network layout problem, the exchange-
tree operator can effectively promote the algorithm MPSO to return a produced
spanning tree with a length constraint TNEW .
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Proof. By the rule of membrane 1, Algorithm MPSO produces a tree Tk for
this problem. Next, add an edge eij to this tree Tk and form a ring in this tree;
for this tree owned a ring, starting from a root node, two clients vi and vj are
searched respectively: if they are detected, then continue to search down until
exploring the farthest leaf nodes labeled as vt1 and vt2 and record the length of
paths pvt1 from vi to vt1 and Pvt2

from vj to vt2 , where for vi, if pvi+ei(j+1) ≤ p0,
then compute U1 = U1 + {ei(j+1)}; for vj , if pvj + ej(i+1) ≤ p0, then compute
U2 = U2 + {ej(i+1)}; finally, compute set U = U1 ∪ U2, which set U records all
deleted edges of current circle, then randomly select an edge evi1 ,vi2 from set U
and delete this edge, obtaining a new tree TNEW . The above method shows that
this operator can directly compute a deleted edge of the circle thus avoiding a
random search.

Therefore, we have the following lemma.

Lemma 2. The network layout problem admits MPSO. For any tree Tξ, an
exchange-tree subalgorithm can compute a new feasible solution on the basis of
current solution in polynomial time.

Proof. By Lemma 1, subalgorithm ECTA returns a new feasible tree. Next,
we analyze the time complexity of Algorithm MPSO as follows. Time complex-
ity of producing a tree is O(M2). Let k be the number of iterations, since the
number of edges of the circle can be logN , the frequency of exchanging is logN
for each vector. For a particle to be updated, its computational complexity is
NlogN , which shows that the complexity of an improved algorithm can reduce
O(N2logN), compared with traditional algorithm. The total computational time
for each object is O(NlogN +M2) at the kth iteration. In current population,
the computational complexity is O(SNlogN + SM2)(where S represents pop-
ulation size). For the whole process of MPSO, the computational time of all
particles are O(T ) = O(D) ∗ O(SNlogN + SM2), which the deviation between
two algorithms is far less than 1, which proves that the introduction of this
exchange-tree operation is very effective through the computing efficiency of a
membrane algorithm gets greatly improving, compared with the complexity of
traditional algorithm.

For clarification, we describe the exchange-tree operator for the layout prob-
lem as follows Algorithm 1.

The lemma 1 and lemma 2 show that this operation can quickly compute a
better spanning tree in polynomial time, where for obtaining a better solution,
this is because membrane algorithm can directly delete an edge owned maxi-
mum weight of the circle instead of randomly deleting an edge of circle, and
for producing a new spanning in polynomial time, this is because this operator
can directly explore the circle of tree and then directly execute a break-circle
operation thus avoiding the blind search, which illustrates that it saves a plenty
of exponential time to judge the feasibility of solutions compared with tradi-
tional computing model thus improving greatly the efficiency of this algorithm
in solving the large scale problem. Proving again that the proposed operator is
effective for solving the above bottleneck problems.

(3) Evolution rules in membrane 3: Update way of velocity
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Algorithm 1: ECTO

Input: A spanning tree T = (V,E
′
) with a weight function on edges, an integer bound

B, and two clients vi and vj .
Output : A new spanning tree TNEW of G subject to WTBranch ≤ p0.

(1) Let vi2 and vj2 be two clients of an edge ei2j2 .
(2) For each edge ei2j2 in cotree, swap ei1j1 and ei2j2
(3) If pvi + ei(j+1) ≥ p0 or pvj + ej(i+1) ≥ p0, then return (1).

Else
Use algorithm ECTO to find a feasible set U according to the
following steps:

(3.1) Search for the positions of two clients vi and vj in current tree.
(3.2) Repeat the following steps until searching the leaves holds.

(3.2.1) Add these clients vik and vjt to current tree.
(3.2.2) Adjust whether the farthest distances dvik and dvjt ) are

both less than p0;
(3.2.3) If less than, Let this client vik (vjt) be U1 = U1 + vik (U2 =

U2 + vjt).
(3.3) Obtain U1 and U2, over.

(4) Obtain a feasible spanning tree TNEW by deleting an edge ei2j2 .

Because each velocity component vij of the particle in [10] is computed step
by step, this computational model causes a very lower efficiency in updating all
velocities. In order to modify the efficiency of the algorithm, a parallel compu-
tational model is proposed which firstly computes local optimum vector, global
optimum vector and all velocity vectors of the particles in last moment, then
all velocity vectors at next moment are computed simultaneously. The detailed
steps are described as follows.

(a) Randomly produce two arrays Rt1 and Rt2 as formula (10) and (11):

Rt1 = (r11, r12, ..., r1S); (10)

Rt2 = (r21, r22, ..., r2S); (11)

where r1i and r2i(i = 1, 2, ..., N) are random numbers between 0 and 1.
(b) Compute local Locali and global learning vector Globali through formula

(12) and (13).
Locali = Ii −Xi; (12)

Globali = Gi −Xi; (13)

where Ii expresses a local optimum vector, Gi is a global optimum vector, Xi is
a current particle, therefore Locali is the learning degree that current particle is
learning to the local best particle, Globali is that current particle is learning to
the best particle so far.

(c) Compute velocity vectors of the ith particle at the (t+ 1)th moment by
formula (14).

V t+1
i = Wt ∗ V t

i + C1 ∗Rt1 ∗ Locali + C2 ∗Rt2 ∗Globali (14)
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(d) Adjust whether each velocity of set V t+1
i is out of bounds: if vjk < vmin,

then vjk = vmin; if vjk > vmax, then vjk = vmax, where Vi = Vi + vjk.
The above steps show that the transformation, from traditional model that

a single velocity component is computed step by step to new model that all
velocity components of each particle are calculated one time by using these three
vectors respectively computed of velocity formula, ensures that the algorithm can
synchronously compute all velocity components of each particle thus initially
improving the efficiency of the algorithm and further proving the validity of this
improvement.

Because the update of velocities cannot obvious modify the efficiency of mem-
brane algorithm, in order to further modify the running efficiency of this algorith-
m, the paper introduces a new update method of the positions for each particle.
This detailed description for position updates is as follows.

(4) Evolution rules in membrane 4: Update way of positions
Because traditional algorithm is that randomly delete an edge from current

tree and then add an different edge from cotrees to current tree, finally adjust
whether this new coding satisfies the requirement of a tree with length constraint,
which cannot once ensure the production of a feasible tree in polynomial time
through a spanning tree decides cotrees. For above defects, the paper modifies
traditional computational model and proposes a parallelism computing model
for update of all locations. The detailed introduction for a new update way,
evolution rules and steps is described as follows.

a. Method for position update: Cotrees deciding a new spanning
tree

Set the ith particle Xi = {xi1, xi2, ..., xjk , ..., xiN}, where, for j(j ∈ [1, N ]),
xij = 0 or 1. For U = {xijt |xijt = 0}, firstly, compute set U1 = {xijk |xijk =
1}(jk! = jt) and then change the value of each velocity component xijk(k =
1, 2, ...l(l ≤ N)) from 0 to 1 by using sigmoid function and store in set U2; sec-
ondly, for an edge of xijk = 0(k = 1, 2, ...l), it is selected from U2 and then adds
to current tree Xi(Xi = Xi+xijk), then a corresponding variant xijk is changed
from 1 to 0 by using the rule of membrane 2 and Xi = {xi1, xi2, ..., x

′

ijk
, ..., xiN};

According to the above operation, there is a ring in this tree by adding an
edge. In order to ensure the feasibility of each tree, a circle needs to be bro-
ken. Firstly, compute all edges in this circle and store in set T (T ⊆ Xi), then
T = {xijq ∈ Xi&jq! = jk&jq ∈ E′}; secondly, for set T , a maximum edge from T
is computed by calling formula max{jq|jq ∈ Circle&jq! = jk} and then execute
X

′
= X − xjq (xjq=1), which X

′
satisfying |X ′ | = N −M + 1 is a feasible tree.

The above process shows that the update method is X
′
= X + jk − jq.

The above description shows that proposition update of mem. 3 are divided
into three steps: (1) set U1 is firstly computed which contains some edges that
they are not stored in tree; (2) the cotrees(xij = 1) to be added to current tree
are computed using function Sigmoid on the basis of setp(1) and store in set U2;
(3) All edges xijk of U2 are added to this tree one by one and set T is calculated
by calling the rules of mem. 2 and then delete an edge xijq (jk! = jq) owned a
maximum weight, obtaining a feasible solution. The above way illustrates that
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the update way of particle component position xij depends on these vectors that
xij varied from 1 to 0 in set U1.

b. Rule for position update

r0 : {xi0, xi1, ..., xik, ..., xij , ..., xiN} → {xi0, xi1, ..., x
′

ik, ..., x
′

ij , ..., xiN} (15)

where xik is equal to 0, xij is equal to 0, x
′

ik is equal to 1, x
′

ij is equal to 1;
{xi0, xi1, ..., xik, ..., xij , ..., xiN} represents a feasible binary code, {xi0, xi1, ..., x

′

ik,

..., x
′

ij , ..., xiN} is a new spanning tree.
In mem. 4, these are S objects before executing rule r0. In order to control

the use of objects, the paper sets a priority for this object according to the
fitness of each object. If the fitness value is larger, then the priority is smaller.
The priority of an object owned a minimum fitness is 1, the next is 2 and so on,
which ensures that each object can evolve thus avoiding the multiple use of an
object.

c. The steps for the rule of mem. 4
Step 1: Input the current population(all objects are firstly produced by Al-

gorithm PRA).
Step 2: Record all edges in tree and store in set U ; Record all edges not in

tree and put into set U1.
Step 3: Compute these edges to be added to this tree according to the fol-

lowing steps and store in set U2(U2 ⊆ U1).
Step 3.1: For each edge of U1, compute S(V

(t+1)
jk

) <= rk: if meet, then U2 =
U2 + {jk}.

Step 4: Update some position vectors of all particle according to the following
steps and obtain a new tree.

Step 4.1: For each edge of U2, respectively execute Xi = Xi + jk.
Step 4.2: Compute a deleted edge set H by using the rule of mem. 2 and

adjust whether is an empty set: if it is, then X = X − {jk}; else,
jp = rand()%Length(H) and execute X = X − {jp} (jp! = jk).

Step 4.3 Repeat until all edges in set U2 are visited, over.
Step 5: Repeat the above operation until updating the locations of all parti-

cles, over.
The methods from a.∼c. illustrate that this improvement offers a parallel

computing model to deal with each particle movement thus modifying the lower
efficiency of the blind random of traditional model. Because this method can
ensure that all position components compute simultaneously before updating
and then update the component of tree once, this model can quickly change the
movement of particle, especially in solving a large scale problem. Which proves
that this improvement is effective for modify the efficiency of the algorithm.

3.2.3 Communication rules between membranes

The section analyzes the communication behaviors of MPSO in the process
of evolution according to the properties of particles. Because for each particle,
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the position movement is decided by current velocity vectors, local optimum
vector and global vector, which shows that there must exist a communication
rule between mem. 3 and mem. 4; for a spanning tree(the form of the solution
of each particle is mapped as a spanning tree), the production of a new tree
needs to call an exchange-tree operator, which decides that there is a connection
between mem. 2 and mem. 3, other communications are the same. The detailed
design for the communication is introduced as (a)∼(d).

(a) Design for the rule between mem. 0 and mem. 1
The configuration shows that global optimal solution Xgbest is stored in mem.

0 and Xlbest is computed through the rule of mem. 1. Because Xgbest is updated
by accepting Xlbest sent from mem. 1, the rule is designed as formula (16).

r1 : Xlbest → (Xlbest, go) (16)

The rule r1 means that the transportation rule between mem. 0 and mem. 1 is
described as: Xlbest is sent to mem. 0, and then is compared with global optimum
Xgbest of mem. 0: if fit(Xlbest) < fit(Xgbest), then Xgbest = Xlbest; else, directly
send to the external environment by executing this rule: [Xlbest]0 → []0Xlbest,
which can update timely the global optimum thus improving the efficiency of
next evolution.

(b) Design for the rule between mem. 1 and mem. 3
According to the design of the structure, mem. 3 needs to receive all velocities

of the particles by formula (17), Xlbest is sent to mem. 3 by formula (16) and
Xgbest of mem. 0 is sent to mem. 3 by formula (18) because the velocity of each
particle at the next moment is decided by velocity at last moment, local optimum
Xlbest and global optimum Xgbest. Based on this, these transportatopm rules are
designed as follows.

r2 : Vi → (Vi, go) (17)

r3 : Xgbest → (Xgbest, go) (18)

Rules r2 ∼ r3 show that the velocity update of each particle at the next
moment needs to receive the objects from these membranes in order to ensure the
successful evolution of particles. Proving again the design for this communication
rule is necessary.

(c) Design for the rules between mem. 1 and mem. 4, mem. 3 and mem. 4
According to the demand of evolution rules of mem. 4, all computed velocities

in mem. 3 and current population in mem. 1 are synchronously sent to mem.
4 by using the following rules before the position update of each particle. Two
communication rules are designed as (19)∼(20).

r4 : Xi → (Xi, go) (19)

r5 : V
′

i → (V
′

i , go) (20)

Rules r4 and r5 describe that an object xi of mem. 4 is updated by using the
rules r4, r5 and r7, firstly the information from mem. 1 and mem. 3 is sent to
mem. 4 by using the rules r5 and r6; secondly, xi and eij are sent to mem. 2 by
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using r6 and compute set U by using r7; finally, complete an update operation,
which shows that these communications promote the successful evolution.

(d) Design for rules between mem. 2 and mem. 4
According to the exchange requirement of trees, a new tree is produced by

adding an edge and deleting a different edge. Therefore, a deleted edge set U
from mem. 2 needs to be sent to mem. 4 after sending object Xi and eij from
mem. 4 to this membrane, The corresponding rules are described as (21)∼(22).

r6 : (Xi, eij)→ (Xi, eij , go) (21)

r7 : U → (U, go) (22)

Known from rules r6 and r7 that this two-way communication between mem.
2 and mem. 4 ensures that all new solutions of mem. 4 meet the requirements
of tree and length constraint thus improving the efficiency of the algorithm in
solving large scale problem.

In the above eight rules, there are some certain priorities between rules. In
order to ensure the ordered evolution of membranes, the paper designs the order
of priority for communication rules as follows: (1) r1 > r3; (2) r2 > r5; (3)
r5 > r6; (4) r6 > r7. There is no priority between rules r1, r2 and between
rules r4, r6, where conditions (1)∼(4) express the rule owned high priority must
be performed and then execute the rule owned a low priority, and for these
rules without priorities, the executing order is not restricted. In the paper, the
priorities only represent the execution order of rules, which shows that it is in
this set of rules, membrane system can execute correctly the operation of each
membranes.

3.2.4 Termination condition and output optimum

The operations of all membranes can be continuously executed before reach-
ing maximum iterations, if reaches upper limit, then these rules will be termi-
nated;

The optimal object stored in mem. 0 is the final output results when reaching
termination conditions, which shows that it is a global optimum solution of this
algorithm after D iterations.

4 MPSO Applied in Traffic Network Layout Problem

In order to make MPSO applying to some practical problems, a traffic net-
work layout problem is used to verify the performance of this algorithm according
to the discrete characteristic of this problem. For this problem, the form of a
solution is the the permutation and combination of all clients with constraint
conditions. Because the paper solve a minimum spanning tree with length con-
straint, in MPSO, an object represents a particle, a particle stands for a solution,
and a solution is mapped as a spanning tree, which forms a series of connection
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between an object, a particle, a solution and a spanning tree. The steps of solving
traffic network layout problem using MPSO are described in detail as follows.

Step 1: Initialization. Construct membrane structure with transformation
rules; Initial population is sent to mem. 1 through this rule.

Step 2: Compute the fitness of all particles, local optimum Xlbest and update
global optimum Xgbest of mem. 0.

Step 3: Velocity vectors of all particles in mem. 1 and Xgbest of mem. 0 are
sent to mem. 3, and then all velocities are updated according to the rules of
mem. 3 and then are sent to mem. 4.

Step 4: All objects of mem. 1 are sent to mem. 4, and a new position com-
ponent xij is computed according to the velocities of particles sent from mem.
3: if xij changes from 1 to 0, then a removable set U computed by the rule of
mem. 2 is sent to mem. 4 after Xi and eij are synchronously sent to mem. 2 .

Step 5: An edge eik(k! = j) selected from set U is deleted and obtain a new
particle, continue until updating all particles, over.

Step 6: All objects are resented to mem. 1 and update Xgbest of mem. 0 by
accepting Xlbest of mem. 1.

Step 7: Continue until reaching termination condition and output Xgbest,
over.

5 Simulation Experiments

In order to assess the performance of the membrane algorithm with PSO
evolution mechanism to solve traffic network layout problem, three test problem
with respect to different sizes (small,medium, and large) have been done. We
compare the performance of MPSO with PSO and GA and analyze the solution
quality and efficiency of the proposed membrane. MPSO algorithm is imple-
mented by the C language, and the main configuration of the computer is an
Intel Core i3, 2.30GHz, 4.0GB RAM running windows 10.

5.1 Benchmark problems for the experiments

In order to verify the performance of the MPSO algorithm, we have selected
different scales problem as the test set. For the convenience of comparison, these
problems in this paper are exactly the same as the test problems in literature [42].
In these instances, each instance is an undirected graph where they owns different
sizes: small, medium, and large, and each client in each scale is connected to some
clients less than 10. and Pt-9∼Pt-99 belong to small scale problems, and each of
them can quickly search a better extremum, Pd-100∼Pd900 belong to medium
scale problems, and Ps-1000∼Ps-1500 belong to large scale problems, and each of
them is a very complex network; These instances can test the optimizing search
capability of the algorithm to test the performance of the algorithm well. In the
experiments, we select some typical data as the following tables.
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5.2 Setting parameters for MPSO

In order to decide the parameter values of our heuristic, preliminary experi-
ments were performed on some instances with different parameter configurations
to determine which configuration would be effective in solving traffic network lay-
out problem. In the experiment, The instance tested owns 30 clients(Pt-30). The
running environment for this experiment is set as: population size S is 500, the
number of iterations Iter_max is 1000, we run our heuristic 30 times, Wmax is
the maximum of inertia weight coefficient Wt, Wmin is its minimum, Vmax is 5.0
and Vmin is -5.0 decided by sigmoid function. Moreover, the length constraint B:
B = SumWeight ∗ 0.0464067, where SumWeight is the sum of the total cost in
this graph, and this values 0.0464067 is computed by testing constantly MPSO.
Because literature [9] has found a set of optimal parameter combination by PSO
of this article, according to the generality of heuristic algorithm, the selections
of parameter values are on the basis of these values of literature [9]. The tuning
process of parameters is as Table 1, where Wmax and Wmin are tuned at the left
of table, C1 and C2 are at the right.

In each instance, each edge is an integer, which decides the total cost Min is
also an integer, while, in Table 1, there are some decimals for Min, the reason
is that the value is the mean of running 7 times for this experiments in order to
obtain a better result under this parameter thus determining the best value of
these better results.

Table 1: Summary of the algorithm parameter settings for Wmax, Wmin and C1, C2.

Wmax Wmin Min Mean V ari CPU(s) C1 C2 Min Mean V ari CPU(s)

0.4 0.2 252 258.47 4.66 21.20 2.0 2.05 241.70 248.67 4.945 16.48
0.5 0.2 258 259.57 1.96 18.29 2.2 2.05 245.17 240.08 4.49 16.12
0.6 0.4 245 246.47 2.54 21.44 2.4 2.05 244.04 49.15 4.44 15.09
0.8 0.4 252 245.54 1.04 19.44 2.8 2.05 245 248.00 2.99 15.98
0.9 0.4 219 246.04 12.62 20.94 4.7 2.05 245.2 248.47 1.06 15.60
1.0 0.4 246 249.00 0.80 12.49 2.05 1.0 245 246.40 1.81 17.62
1.2 0.4 246 251.54 4.80 21.01 2.05 1.5 244.2 249.25 5.26 15.65
1.4 0.4 249 242.27 5.66 20.01 2.05 2.0 241.54 248.01 4.926 16.57
1.5 0.4 226 246.77 6.82 15.48 2.05 2.05 227.19 248.67 4.49 15.59
0.9 0.1 247 248.77 6.57 17.43 2.05 2.2 245 249.54 5.74 17.92
0.9 0.2 241 247.40 9.41 17.64 2.05 2.4 247 240.47 4.01 16.24
0.9 0.5 244 248.14 1.87 18.79 1.0 1.0 247 244.40 4.47 17.40
0.9 0.6 248 240.64 2.07 15.54 1.49445 1.49445 244.5 249.78 5.295 17.95
0.9 0.7 247.14 247.48 2.46 16.45 1.49618 1.49618 241 244.54 4.88 17.18
0.9 0.8 241 244.50 4.84 15.69 2.2 2.2 241 246.17 6.01 12.58

In Table 1, the paper tunes respectively parameters Wmax, Wmin, C1 and
C2. For Wmax and Wmin,
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Wmax=0.9 and Wmin = 0.4 make the performance of the algorithm reaching
the best state, which shows that when Wmin is set as 0.4, if Wmax is very small,
then the algorithm easily falls into local optimum thus limiting the search of a
large space; if Wmax is very large, then the algorithm can loss easily the best
solutions because the algorithm cannot execute finely local search of a better
space due to the longer steps. It is the same reason for changing Wmin under
fixing Wmax=0.9. For C1 and C2, two parameters represent different learning
degrees towards local optimal particle and global best particle. If C1(C2) gets
a larger values, then the algorithm mainly focus on local (global) search thus
leading to the lack of global search; if it is too small, then this algorithm mainly
executes global search while ignoring local search; Therefore, the performance
of the algorithm gets the best when C1 is equal to C2, the results is proved by
Table 1; The paper also tests respectively three groups data under C1 = C2:
1.0, 1.49445 and 1.49618, the results shows that the Min, Mean and Time gets
the optimum when C1 is equal to 2.05. The preliminary experiments showed
a satisfactory performance when the parameter values were set to Wmax=0.9,
Wmin = 0.4, C1 = 2.05, C2 = 2.05.

In summary, all parameters of the membrane algorithm are set to: S is 500,
D is 1000; Wmax is 0.9, Wmin is 0.4; C1 is 2.05, C2 is 2.05; B changes constantly
by different scales, where the formula is B = SumWeight ∗ 0.0464067; In the
following section, the parameters of the compared algorithms are set as: for PSO
[10], the static inertia weight coefficient Wt is set to 0.729, the length constraint
B is a fixed value provided in advance; for GA, population size and iterations
are the same as that of MPSO, others parameters are provided in literature [42].

5.3 Comparative analysis of the MPSO algorithm

In order to analyze the influence of the MPSO algorithm in solving traffic
network problem, some experiments are designed to verify the performance of
this algorithm. For the first experiment, the paper tests the scales of problems
and compares with PSO [10] under the action of membranes; for the second and
third, the computing efficiency of MPSO is compared with PSO; for the fourth
part, the precision of MPSO is compared with PSO. The detailed description
is as follows. In the following tables, Ratio(%) = (RMPSO − RPSO)/RMPSO,
where R represents respectively Mean, V ariance and Time.

(a) Scales range and the final comparison results for MPSO and PSO
In this section, the size of population is studied in the paper to verify that

membrane algorithm can solve some large-scale problems under membrane tech-
nologies. In order to prove the advantage of designing this rule in mem .2, the
paper makes a comparison with PSO which only uses random prim algorithm to
produce a spanning tree. The results obtained are listed as Table 2.

Table 2 shows that the running time of PSO is shorter than that of MPSO
in testing some small scales, this is because traditional algorithm has a strong
randomness for the search of space thus making this algorithm finding quickly
an optimal solution. However, the computing time of PSO has reached 21.98
hour in solving 300 clients, it is far beyond the consuming time of MPSO, this
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Table 2: A more practical testing of representing the different scales. Some comparison
results were analyzed for MPSO and PSO

Network Scales MPSO with ECTO PSO

Min Mean V ariance T ime(h) Min Mean V ariance T ime(h)

Pd− 15 107 115.73 6.54 0.10 101 111.21 5.73 0.09
Pd− 20 97 103.03 5.44 0.14 108 117.23 5.68 0.13
Pd− 30 244 244.13 2.61 0.23 247 254.90 1.39 0.44
Pd− 50 427 436.93 11.27 0.72 411 419.67 8.96 1.75
Pt− 100 885 936.87 13.91 3.12 860 875.93 9.57 4.59
Pt− 200 1864 1948.07 24.19 7.98 1945 1958.27 10.93 12.11
Pt− 249 2379 2475.23 27.97 9.31 2484 2488.06 10.31 13.57
Pt− 300 2946 2944.43 22.43 10.39 2975 2997.13 19.86 21.98
Pt− 350 3446 3467.03 27.97 13.65 - - - ∞
Pt− 450 4321 4457.43 38.54 17.31 - - - ∞
Pt− 530 5271 5315.47 22.83 23.17 - - - ∞
Pt− 635 6150 6296.03 46.96 27.10 - - - ∞
Pt− 700 6799 6904.83 43.83 30.02 - - - ∞
Pt− 750 7520 7651.70 43.05 34.94 - - - ∞
Pt− 800 8117 8127.60 44.23 40.56 - - - ∞
Pt− 900 9068 9174.50 45.40 57.60 - - - ∞
Pl − 1000 10082 10213.37 46.48 72.31 - - - ∞

is because the larger randomness lets the algorithm execute a blind search thus
not ensuring that the algorithm explores the feasible solutions in polynomial
time, especially in some super-large scales such as 450 clients,700,1000 and so
on. It can be seen from the results of Table 1 that the introduction of the rule
in mem. 2 makes MPSO computing some feasible solutions when testing these
scales. These results prove again that the design of the exchange-tree rule in
mem. 2 can make the algorithm producing a new spanning tree in polynomial
time, promptly, the conclusions of Lemma 1 and Lemma 2 in 3.2.2 section get
verified.

(b) Result comparisons of efficiency under the rule of mem. 3 for MPSO and
PSO.

In order to make two algorithms comparing at the different scales, the paper
also introduce the exchange-tree operator to PSO thus making PSO solving a
large-scale problem. In order to verify the advantage of the rule in mem. 3, the
paper makes some comparisons with PSO with PRA. The compared results of
running time are listed as Table 3.

Table 3 shows that the average of running time of 11 instances decreases
7.85% compared with PSO, which illustrates that the algorithm searches some
feasible solutions under the action of this rule in mem. 3 through the improve-
ment of the efficiency, promptly, the function of this rule in mem. 3 gets verified.
However, it can be seem from the results of Table 3 that the results of the only
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Table 3: Performance comparison of each instance: Proposed MPSO and PSO [10]
under the rule of mem. 3.

Network Scales Mean Ratio(%) V ar. Ratio(%) Time(h) Ratio(%)

MPSO PSO Mean MPSO PSO V ar. MPSO PSO Time(h)

Pd-10 94.10 79.47 15.54 1.28 0.64 50.10 0.03 0.048 −45.01
Pd-20 447.79 402.01 10.2 9.41 5.61 40.38 0.042 0.054 −26.41
Pd-40 244.67 201.42 17.8 5.48 16.15 -194.70 0.051 0.05 5.041
Pd-45 421.60 409.71 2.82 12.97 11.97 7.71 0.12 0.12 −7.63
Pd-55 491.41 507.83 3.34 5.97 1.28 78.56 0.17 0.16 6.10
Pd-60 451.91 474.24 -4.94 14.71 20.90 -36.57 1.17 2.37 14.8
Pd-75 641.71 617.86 3.71 21.81 15.08 30.85 1.79 2.18 −44.62
Pd-90 804.64 822.46 -2.21 17.91 20.04 -11.89 2.08 2.75 21.41
Pt-100 946.87 875.142 7.55 14.91 9.56 35.8 3.13 3.92 0.96
Pt-120 1041.41 1050.56 -0.87 5.47 6.68 -22.12 4.36 5.07 −4.90
Pt-200 1948.07 1962.50 -0.74 24.19 10.94 54.77 7.32 8.02 −15.43

Average −7.85

6 groups among 11 groups are better than traditional PSO, which shows that
this rule can not obvious promote the running of the algorithm. A new rule of
mem. 4 is introduced to modify the efficiency.

(b) Comparison for efficiency under the rule of mem. 4 with MPSO and PSO.
In order to verify the effectiveness of the design of this rule in mem. 4, the

paper designs a series experiments to test the performance of this algorithm and
makes a comparison with traditional algorithm. In this section, we adopt the
parallelism optimization strategy under the rule of mem. 4 where the cotrees de-
cided the spanning trees. Under different scales, the experiment results obtained
are listed as Table 4.

We can see from Table 4 that when we adopt the rule of mem. 4, the efficiency
of running time of MPSO is much better than PSO under traditional strategy
and this average of this deviation Ratio decrease by 14.49% compared with PSO.
In Table 4, for the better results, the time ratio Ratio of 15 groups among 18
groups are much less than PSO, where in these 18 groups, their ratios are almost
more than 10%, especially of which has has reached nearly 50% such as -49.4%
at 100 clients, -56.3% at 249 clients, -38.2% at 400 clients, this is because the
rule of mem. 4 can quickly compute the next position of current particle by
updating the corresponding particles component step by step under the action
of mem. 2 by applying the method that cotrees decide the spanning tree; for poor
results such as 2.69%, 24.6% and 2.29%, this is because the larger randomness of
heuristic algorithm might make the mechanism of the program searching directly
some feasible solutions thus improving the efficiency of the algorithm, but this
capability is very small, which shows that the existence of some worse solutions
are reasonable at small range. The above analysis shows that the rule of mem.
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Table 4: Algorithm performance summary for efficiency under consideration for the
proposed algorithm MPSO and PSO [10]under the rule of mem. 4.

Network Scales Mean Ratio(%) V ar. Ratio(%) Time(h) Ratio(%)

MPSO PSO Mean MPSO PSO V ar. MPSO PSO Time(h)

Pd− 10 79.81 94.16 -16.70 1.21 0.64 47.91 0.001 0.0017 −8.61
Pd− 20 447.14 402.47 7.91 5.67 8.16 -44.90 0.008 0.0091 −24.40
Pd− 44 264.64 281.57 -6.40 7.70 9.27 -20.41 0.141 0.145 −7.28
Pd− 45 414.11 409.73 0.81 11.97 14.17 -10.01 0.151 0.107 2.69
Pd− 51 425.70 444.77 -1.81 14.28 12.14 9.41 0.318 0.417 24.61
Pd− 60 467.44 474.24 -1.43 11.42 14.81 -20.91 0.571 1.372 −10.83
Pd− 75 640.87 617.86 2.10 14.80 15.08 -1.81 1.371 2.017 −11.81
Pd− 90 852.94 822.46 4.51 11.66 20.04 -71.70 2.391 4.378 −17.90
Pt− 100 946.87 875.61 6.50 14.91 19.567 -40.62 3.062 4.114 −49.41
Pt− 141 1244.67 1202.71 2.58 15.44 18.84 -22.80 4.271 6.178 2.29
Pt− 200 1948.12 1962.53 -0.73 14.19 24.2 -70.51 6.986 8.540 −6.82
Pt− 249 2475.24 3012.71 -21.71 57.97 67.91 -35.61 9.311 10.221 −56.30
Pt− 300 2944.43 2967.73 -0.79 22.43 22.34 0.40 12.64 14.78 −16.91
Pt− 400 2944.44 2897.41 1.60 122.44 115.2 42.40 16.717 23.071 −38.02
Pt− 450 4457.44 4403.13 1.21 248.54 241.71 211.68 18.75 26.31 −6.81
Pt− 500 4467.04 4731.26 -5.91 2627.97 3743.11 -54.3 23.75 31.31 −6.29
Pt− 750 7571.70 7981.31 -5.40 2944.0 2053.12 -20.61 49.71 62.25 −13.53
Pl − 1000 10214.47 10064.00 0.014 1046.48 2161.30 -31.80 67.96 81.03 −14.90

Average −14.49
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4 can reflect again the the power computing capabilities of membranes, which
proves the feasibility of the design for this rule and the necessity of introducing
this rule.

5.4 Result comparisons for Precision Problems

We can see from the Min and Mean of Table 2∼4 that the precision of the
algorithm are not better compared with PSO in many cases, where the best
values of Table 2 are not dominant in some small scales, for Table 3, the means
of 4 groups of 11 groups are better than PSO, and the data of Table 4 are the
same situation as the above tables, which shows that the precision needs really
to modify. In order to improve the precision of membrane algorithm, the paper
makes some improvements for exchange-tree operator where an edge owned the
maximum weight are deleted from this circle based on the limit of the number
of edges in circle. The results under different scales are listed as Table 5.

Table 5: Optimum comparison in various testing algorithms MPSO and PSO. Bold
data indicate better values for each instances.

Network Scales Min Ratio(%) Mean Ratio(%)

MPSO PSO Optimum MPSO PSO Mean

Pd− 15 96 96 0.00 96.71 101.17 −4.61
Pd− 18 62 104 −67.41 84.50 109.41 −29.6
Pd− 22 144 174 −20.83 147.01 174.00 −18.35
Pd− 25 149 164 −17.27 157.90 172.46 −9.15
Pd− 40 225 244 −4.41 244.61 251.67 −7.27
Pd− 50 411 417 −1.46 446.94 424.14 4.16
Pd− 71 549 554 −2.59 549.77 554.04 −0.59
Pt− 100 885 860 2.82 946.87 870.42 7.11
Pt− 200 1854 1945 −4.91 1948.07 1962.17 −0.72
Pt− 300 2878 2886 −0.28 2944.44 2897.44 1.59
Pt− 350 3368 3420 −1.54 3427.60 3474.31 −1.36
Pt− 400 3947 4026 −2.01 4031.17 4102.13 −1.76
Pt− 450 4421 4424 −0.03 4457.44 4448.05 0.44
Pt− 500 4905 4928 −0.47 4841.67 4962.41 −2.71
Pt− 530 5249 5319 −1.33 5315.47 5334.13 −1.33
Pt− 650 6126 6225 −1.61 6179.31 6397.14 −3.50
Pt− 700 6792 6965 −2.50 6812.65 7513.16 −10.21
Pt− 750 7506 7959 −6.31 7571.70 7601.24 −0.49
Pt− 800 8111 8010 1.21 8219.71 8069.81 1.81
Pt− 900 9068 9176 −1.19 9174.50 9192.53 −0.19
Pl − 1000 10082 10186 −29.79 10214.47 11279.57 −40.02
Pl − 1200 12215 12374 −1.31 12245.91 12736.96 −4.01

Average −7.42 −5.48



22 Y. DUAN AND K. ZHOU et al: MPSO SOVING LAYOUT PROBLEM

Table 5 shows that the ratio Min of between MPSO and PSO improves
7.42% and the ratio of Mean improves 5.48% by comparing with PSO, which
shows that most of Min and Mean of MPSO are better than these of PSO
expect for 100 clients and 800 at Min and 50 clients, 100, 450 and 800 at Mean.
In Table 5, for Min, the results of 19 groups among 22 groups are better than
that of PSO, contrary to other groups; for Mean, the results of 17 groups are
better than that of PSO, contrary to other groups; for the better results, this is
because the improved exchange-tree operator can ensure that the whole cost of
a new spanning tree is better than that of previous tree at the greater capability
by deleting a maximum weight component of the circle every time and these
results less than 0 of table 5 has proved the effectiveness of this operation; for
the worse results, this is because the randomness of an edge adding to current
tree might be that the weight of this edge eij is maximum in the whole circle,
which causes that this edge cannot be deleted and another edge eik(j! = k) needs
to be deleted which its cost is less then this edge thus causing that the cost of a
new tree is larger than old one, the above situation analyzes that the existence
of randomness can increase appropriately the diversity of solutions; In summary,
the precision and expected values of the algorithm really gets improving at a
certain extent under the action of this factor thus proving the feasibility of the
strategy.

In order to directly express these results in Table 4∼Table 5, two pictures are
displayed as Fig.2. In Fig.2., (a) the comparison results of precision of MPSO
and PSO; (b) describes the time-consuming comparison of two algorithms MPSO
and PSO.
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Fig. 2. Results comparison of the optimal solution value and the running time computed
using MPSO and PSO under different scales. Left: Comparison of the optimal solution
value; Right: Comparison of the running time.

Two graphs in Fig.2 reflect clearly the change trends of the experiment results
of Table 4∼5. In Fig.2.(left) shows the change trend of Table 5, we can see from
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this graph that the optimal solutions of MPSO are better than these of PSO,
which shows that membranes play an key role for improving the precision of
solutions; In Fig.2.(right) shows the change trend of Table 4, the time-consuming
of MPSO is obvious less than that of PSO, which shows that MPSO can quickly
find an optimal solution under the control of the rules of all membranes. The
above results proves that the rule of each membrane promotes the evolution of
the algorithm at a certain extent.

5.5 Comparison with MPSO and GA

In order to prove that MPSO is of the stronger advantages to solve a discrete
network layout problems, GA [42] is selected to do a comparison with MPSO in
terms of total computing power. The parameters of MPSO are set as Table 1
and the parameters of GA are set as this literature, where different scales have
different the population size and iterations. The detailed results are listed as
Table 6.

Table 6 shows that three averages -6.91%, -3.79% and -89.39% are explained
that the performance of MPSO is superior to that of GA, this is because the rule
of mem. 2 promotes the production of a new solution and improves the solutions,
the rule of mem. 3 initially improves the efficiency of MPSO, the rule of mem.
4 can thoroughly solve the efficiency problem and ensures the movement of all
particles, which shows that each membranes executes different evolution opera-
tions to make the algorithm evolving towards an optimum direction thus making
the algorithm finding quickly an optimum in polynomial time. In Table 6, for
Min, the optimal solutions of 19 instances are better than traditional algorithm,
where, for better solutions, this is because the successful execution of a series
of rules and the communications between membranes both promote the precise
search of the algorithm thus improving the precision of the algorithm, these da-
ta are more convincing, especially in -64.51%, -45.33% and -10.06; for poorer
ratios such as 2.55, 4.41, 0.43, 0.84 and 1.86, this is because there is not a better
solution in initial phrase due to the existence of randomly and some minimum
edges are deleted at the process of iterations, while this situation is a reasonable
because of the uncertainty of heuristic algorithm. More precisely the average of
ratio: -3.79% of Mean also verifies the conclusion; for Time, the running of all
instances are better than traditional one through these data such as -102.67%,
-294.44, -163.08%, -209.36 and so on, this is because mem. 3 computes all veloc-
ity components once and then the rule of mem. 4 promotes the production of
some new particles at the same, which shows that this high parallelism for all
components fully speeds up the evolution of particles thus greatly improving the
efficiency, the experiment data such as fully proves this conclusion. In summary,
the designs of the rules of membranes can greatly promote the evolution of the
algorithm, which proves that the effectiveness of membranes algorithm.

In order to directly express these results in Table 6, two pictures are displayed
as Fig.3. Fig.3.(left) illustrates the comparison results of optimal solutions be-
tween MPSO and GA; Fig.3.(right) describes the time-consuming results of two
algorithms MPSO and GA.
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Table 6: Comparison of experiment results with MPSO and GA [42].

Network Scales Min Min Mean Mean Time(h) T ime

MPSO GA Ratio(%) MPSO GA Ratio(%) MPSO GA Ratio(%)

Pd− 15 96 100 −4.16 109.48 134.07 -22.5 0.0112 0.0227 −102.67
Pd− 18 62 101 −64.51 106.07 113.73 -7.22 0.0144 0.0290 −101.39
Pd− 20 75 109 −45.33 97.90 113.21 -15.63 0.018 0.071 −294.44
Pd− 22 161 171 −6.21 163.41 173.90 -6.41 0.069 0.137 −98.55
Pd− 25 149 164 −10.06 157.90 165.17 -4.60 0.143 0.267 −86.71
Pd− 30 227 234 −3.08 230.50 234.57 -1.76 0.249 0.323 −29.71
Pd− 40 225 244 −8.40 244.27 251.37 -2.91 0.336 0.635 −88.98
Pd− 50 411 435 −5.84 416.94 435.23 -4.38 0.76 1.28 −68.42
Pd− 71 549 535 2.55 586.77 535.87 8.67 1.41 3.72 −163.08
Pt− 100 885 846 4.41 946.87 875.47 7.54 3.63 11.23 −209.36
Pt− 121 1040 1120 −7.69 1095.50 1131.07 -3.24 5.34 13.25 −148.12
Pt− 200 1854 1895 −2.21 1861.07 1915.20 -2.91 7.22 21.36 −130.71
Pt− 300 2886 2943 −1.97 2897.00 2954.40 -1.98 11.29 26.57 −135.34
Pt− 400 2878 2944 −2.29 2912.07 2957.32 -1.55 17.16 29.13 −69.75
Pt− 450 4421 4402 0.43 4457.44 4406.90 1.13 21.72 34.16 −57.27
Pt− 500 4947 4905 0.84 5042.67 4950.15 1.83 24.43 39.13 −60.17
Pt− 530 5249 5377 −2.43 5315.47 5526.13 -3.96 25.42 40.13 −57.86
Pt− 635 6150 6372 −3.61 6296.03 6431.78 -2.16 27.10 42.37 −56.34
Pt− 700 6799 6995 −2.88 6904.83 7123.17 -3.16 30.24 43.95 −45.35
Pt− 750 7520 7506 1.86 7524.70 7531.80 -0.09 34.97 47.27 −35.17
Pt− 800 7981 8138 −0.26 8123.31 8139.90 -0.21 38.54 57.84 −50.07
Pt− 900 9033 9293 −2.89 9192.53 9354.27 -1.76 51.01 62.37 −22.27
Pl − 1000 10064 10186 −1.21 10071.47 10198.31 -22.5 65.94 71.04 −7.73
Pl − 1200 11310 12215 −0.80 12075.31 12245.90 -1.41 73.98 93.27 −26.07

Average −6.91 −3.79 −89.39
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Fig. 3. Results comparison of the optimal solution value and the running time computed
using MPSO and GA under different scales. Left: Comparison of the optimal solution
value; Right: Comparison of the running time.

Fig.3 describes clearly the comparison graphs of MPSO and GA. In Fig.3.(left),
the optimal values of MPSO are better than GA [42], which shows that this al-
gorithm can explore some better solutions under the function of the rule of
each membrane, compared with genetic algorithm; In Fig.3.(right), the time-
consuming of MPSO is less than GA [42] on the basis of the rules of mem 3 and
mem. 4, which shows that this operation can obtain quickly the optimal solutions
by first computing all velocity components of mem. 3 and then computing the
next position of each particle of mem. 4 in polynomial time, compared with tra-
ditional GA, which illustrates that the combination about membrane computing
and heuristic algorithm can really optimize the performance of the algorithm.

We can see from Table 2∼6 and Fig.2 ∼3. that the efficiency and the precision
of MPSO get improved greatly at a certain extent under the control of membrane
configuration, where the executing order of each membrane in this framework
is decided by the corresponding rule of each membrane. In each membrane, it
evolves independently and then sends the corresponding information to other
membrane thus ensuring the successful evolution of each mechanism. The better
results of tables and the change trends of these graphs both prove the rationality
of this framework, which proves the validity of these improvements.

6 Conclusions and Future Work

Aiming at the above problems, membrane algorithm is proposed to evaluate
the computing capability and computing efficiency of the device. In order for
improving the efficiency and precision encountered by traditional algorithm, for
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the efficiency problemss, the rule of mem. 3 is designed as the computing struc-
ture of velocities and the rule of mem. 4 is as the update way of positions; for
precision problems, the rule of mem. 2 is designed as an improved exchange-tree
operation that an edge owned the maximum weight in a movable set T is delet-
ed, which offers a research direction for the optimization of the super-large scale
problem.

Analysis of experiment results from Tables 2∼6 suggests that the time-
consuming are respectively reduced by 7.85% and 14.89% after introducing the
evolution rules of mem. 3 and mem. 4, thus illustrating that membrane algorithm
can make computing efficiency improving. And the optimum ratio and average
ratio are respectively decreased by 7.42% and 5.48% obtained from the results
of Table 5 by deleting an maximum weight edge of set T instead of randomly
selecting an edge in traditional factor thus improving the precision of solutions;
Finally the comprehensive performance increases by 33.36% by comparing with
GA, which verifies that the combination about membrane computing filed and
optimization filed did break through the limit in solving these two bottleneck
problems, that is, the successful application in the optimization filed offers a
feasibility scheme for NP-hard problems.

Further research may include investigations into other types of optimization
problems. The traffic network layout problem in our paper has only considered
the length constraint of each branch in tree. Other types of network layout prob-
lem, such as the degree constraint, the edge constraint and so on, can be tested
by slightly improving our algorithm. On the other hand, other new membrane
structures should be considered to improve the performance of membrane algo-
rithm in the future by fully applying the characters of membrane system.
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Abstract. The ability to solve discrete optimization problems using
membrane algorithms is an important application of membrane comput-
ing. Due to the general lack of population diversity in applying heuristic
algorithms including tabu search algorithm to solve the problem, the
paper introduces membrane technologies on the basis of tabu search al-
gorithm to modify the performance of the algorithm. In the membrane
algorithm, the following rules are designed to increase the diversity of
population: a 2-opt evolution rule is used to promote the algorithm to
explore a large space; a 4-opt evolution rule is used to search a bet-
ter solution in current neighborhood; an uncertain tail operation rule is
used to avoid falling into local optimum. We also design a time clas-
sifier rule to further improve the executing efficiency of each rules; In
order to prove the feasibility of these rules, the paper makes a series of
experiments. Through the comparison and the analysis of experiments,
the results show that the solution quality and the time efficiency get
really improved under the application of these rules, which proves that
membrane algorithm with tabu mechanism is effective in solving vehicle
routing problem with time windows.

Keywords: Membrane computing; Tabu search algorithm; Time clas-
sifier; VRPTW

1 Introduction

The vehicle routing problem with time windows (VRPTW) is concerned with
the optimal routing of a fleet of vehicles between a depot and a number of cus-
tomers that must be visited within a specified time interval, which is applied to
many distribution systems, such as the rail distribution problem, the bus routing
problem, and the mail and newspaper. VRPTW is an NP-hard problem because
it needs to take an exponential time to compute some feasible solutions, which
⋆ Kang Zhou is corresponding author (phone: 0086-027-85504737; fax: 0086-027-

85504742; e-mail: zhoukang wh@163.com).
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shows that the research on this problem is meaningful. The high complexity of
this problem has aroused wide attentions among a lot of scholars. For exam-
ple, literature [1] researched the cutting and dispensing problem of VRPTW,
literature [2] studied VRP with hard time windows and random service time,
literature [3] studied VPRTW with minimization of route duration under the
premise of satisfying two constraints: minimization duration and optimization
route, and literatures [4, 5] researched VRP with multiple time windows and
multiple visits. These researches show that this problem has a certain practical
and economic significance.

An NP-hard problems has a large number of possible solutions and no effec-
tive deterministic algorithm to compute the optimum solution. As a consequence,
heuristic algorithms are selected for this problem. Such heuristic algorithms in
the following literatures are tractable in time complexity and obtain near optimal
solutions, for example, literature [6] proposed to use tabu algorithm to improve
time efficiency and the precision of the algorithm; In [7], an improved algorithm
is used to solve low efficiency and precision problem, which obtain some satisfac-
tory results in solving small scale problems. However, in these literatures, there
are some defects when solving large scale problems, such as the longer running
time, the poor accuracy, and so on. The main reasons are analyzed as follows.

(1) Higher complexity for producing feasible solutions. Because the
arrival time of each client is ordered in routes, that randomly selecting feasible
clients needs to take an exponential time to obtain some feasible solutions thus
causing that this time is too high to solve practice problem in a limited time.

(2) Lower precision for the solutions. Any local search algorithm often
falls into local optima thus not exploring better solutions by obtaining a new
solution using exchanging a segment of original solution.

With the advance of the research, a young and vigorous branch of natu-
ral computing, membrane computing, is proposed by Gheorghe Pǎun in 1998.
Membrane computing mainly focuses on abstracting biological computing mod-
el and membrane configuration from function of the living cell as well as from
the cooperation of cells in tissues. In order to verify the power of P system,
professor Pǎun studied respectively application of membrane [8], numerical P
system[9], the power of membrane division [10], P systems with carriers [11],
and external output research [12]. With the depth research for membrane com-
puting, some new models of P system are proposed correspondingly, for example,
literatures [13–17] studied respectively P system with active membrane and sep-
aration rules, active membrane and two polarizations, minimum parallelism, and
computational efficiency and universality of timed P system, and so on; Litera-
tures [18–21] studied tissue-like P system with different functions; Spiking neural
P system were studied in literatures [22–24]; literatures [25–28] studied respec-
tively spiking neural P with weight, thresholds, a generalized use of rules and so
on. Known that the above research has proved that membrane computing has a
stronger power to solve different filed problems.

The present paper contributes to the filed of this research by using some at-
tractive features of membrane computing, the primary reason is that their ability
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mainly focus on producing better solutions in significantly less time rather than
obtaining optimal solutions using other heuristic algorithms which are hard to
compute. Moreover, the P system can bring to the heuristic algorithms space
and time area. According to above analysis, the interaction between membrane
computing and other nature-inspired computing models have been considered
from the perspectives, where P systems provide a natural framework for heuris-
tic algorithms: a multiset of objects represents a set of solutions and transition
rules is to change and select mechanism. Based on the above properties, scholars
Nishida proposed a combination membrane computing with approximate algo-
rithm to solve TSP problems in literatures [29–31], a multi-objective membrane
algorithm guided by the skin membrane is studied in [32], literatures [33–35]
respectively studied different membrane algorithm and applied these algorithms
to solve some practice problems in life, bats algorithm and evolution algorithm
with different operations based on membranes are also proposed to solve some
practice problems in [36, 37], these literatures had obtained some very good re-
sults, which illustrates that this work is be efficient and effective ways to solve
various real world problems.

The above literatures have proved that membrane algorithms had the greater
potential of membrane computing as a similar-multiprocessor processing mech-
anism to solve discrete optimization problems. Inspired by literature [38], the
paper proposes a membrane algorithm with tabu search mechanism to solve
VRPTW. In MTabu, membrane configuration is designed according to the cor-
responding operations of tabu search mechanism, multi objects set is considered
as the set of candidate solutions, and transformation rules changes area of the
objects, which shows that P system can bring new ideas into the stage. Therefore
the strategies are designed as follows.

(1) Two strategies for reducing computational complexity. Introduc-
ing membranes can make the algorithm running over in a very short period of
time; time classifier is introduced to the cell in order to make all clients classing,
thus quickly selecting a feasible customer satisfied time windows of inserting
positions.

(2) Two strategies for expanding the diversity of population. Mul-
tiple membranes can make the membranes evolving closely and independently
in different domains to increase the diversity of population; an uncertain tail
insertion operation is added to the cell in order to disturb some solutions fell
into local optimum.

The performance of the proposed algorithm can get improved through the
analysis of theory, which illustrates that the integration between membrane com-
puting and tabu search approaches is a successful application for solving the
above bottleneck problems, thus proving the effectiveness of the algorithm.

This paper is organized as follows. Section 2 reviews the definition and math-
ematical model for VRPTW. Section 3 presents membrane configuration and the
rules for all membranes. Section 4 provides the application of MTabu in VPRTW.
The experiment results are obtained and analyzed in Section 5. Conclusions are
drawn in Section 6.
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2 Vehicle Routing Problem with Time Windows

The VRPTW can be described as a problem of an optimal set of routes
that services all customers. Each customer is visited only once by exactly one
vehicle within a given time interval; all routes start and end at the depot, and
the total demands of all customers on every route cannot exceed the capacity of
the vehicle. Mathematically, it can be described as follows: there are a complete
graph G = (V,E), where V = {v0, ..., vN} is the vertex set and E = {(vi, vj) |
vi, vj ∈ V, vi ̸= vj} is the arc set. For each customer vi, where i = 1, ..., N , there
is a demand qvi , a service time svi and a service time window [evi , lvi ], where
evi describes the earliest time to start servicing and lvi describes the latest time
to start servicing. The demand qi of customer vi is to be serviced by only one
vehicle within its time window. In addition, e0 describes the earliest time that
a vehicle depart from depot and l0 describes the latest time that this vehicle
arrives at the depot. The objective is to minimize the total travel cost Cij of the
solution.

min Z(x) =
M∑
k=1

N∑
i=0

N∑
j=0

Cijxijk . (1)

subject to:

N∑
j=1

x0jk ≤ 1, k = 1, ...,M (2)

N∑
i=0

M∑
k=1

xijk = 1, j = 1, 2, ..., N (3)

N∑
j=1

xijk −
N∑
j=1

xjik = 0, i = 1, ..., N ; k = 1, ...,M (4)

N∑
i=1

qi(
N∑
j=0

xijk) ≤ Q, i = 1, 2, ..., N (5)

∑
vi,vj∈S

xij ≤ |S| − 1, ∀ S ⊆ V \ {v0}, 2 ≤ |S| ≤ n− 2 (6)

ATki +WTki + si + tij ≤ ATkj , i = 1, 2, ..., N ; k = 1, 2, ...,M (7)

WTki = max{0, ei −ATki}, i = 1, 2, ..., N ; k = 1, 2, ...,M (8)
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ei

N∑
j=1

xijk ≤ ATki +WTki ≤ li

N∑
j=1

xijk, i = 1, ..., N ; k = 1, 2, ...M (9)

xijk ∈ {0, 1}, ∀ (vi, vj) ∈ E (10)

where Cij represents the transportation cost from customer vi to vj ; ATvi repre-
sents the time the vehicle arrives at customer vi; WTvi represents the time the
vehicle waits at customer vi; xijk represents whether this route evi,vj is serviced
by vehicle k: if xijk = 1, then eij is visited by vehicle k; else, eij is visited by
other vehicles; M is the number of vehicles.

The goal of the objective function (1) is to minimize the total cost; formula
(2) ensures that there is at most a vehicle from the depot v0 to a client vj ; formula
(3) makes certain that each customer is visited by exactly a vehicle; formula (4)
describes that a vehicle arriving to a customer is the same as that leaving it;
formula (5) ensures that the sum of customer demands assigned to a specific
vehicle does not exceed its maximum capacity; formula (6) ensures that each
routes cannot exist ring; formula (7) describes that the arrival time of the latter
is less than one of the former in the same route. formula (8) computes the wait
time of this vehicle in customer vi; formula (9) describes that the service time
of a client must be in its windows; formula (10) guarantees the nonnegativity of
variables xijk and define the formulation as a binary integer linear programming
model.

3 Membrane Algorithm with Tabu Search Mechanism

In this paper, we propose a membrane algorithm with tabu search mechanis-
m (MTabu), which is designed based on the concept of tissue P system and tabu
search mechanism. In MTabu, this algorithm is mainly specified by three ingredi-
ents: the membrane structure delimiting area, the multisets of objects produced
in membranes, and evolutionary rules deciding the evolving direction of objects.
where this configuration is designed based on the properties of tabu algorithm,
an object is represented by an integer string, and the rules contains evolutionary
rules and transport rules. In order to clearly and concisely describe the run-
ning mechanism of membrane algorithm, the detailed description for MTabu is
introduced as 3.1∼3.4.

3.1 Configuration for MTabu

In order to expand the diversity of population and ensure the balanced dis-
tribution of individualities, different evolving rules are designed according to
the characters of different membranes. According to the properties of tabu algo-
rithm, the paper proposes three rules to control the evolution of the objects in
membranes, which are respectively the improved bitwise mutation operation, the
single-point crossover operation and an uncertain tail insertion operation. Be-
cause that the arrival time of all customers is ordered in a same route limits the
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insertion position of each customer, time classifier is proposed in a cell to class
all customers according to its time windows. In order to record a global optimal
solution of the algorithm, the paper designs a special cell to store this solution.
In what follows a system of a membrane algorithm with tabu search mechanism
with an outset of objects and the evolution rules is designed as follows.∏

= {O, σ1, σ2, σ3, σ4, σ5, syn, i0} (11)

where
(1) O = {xij}, where xij ∈ [1, N ], N is the number of all clients;
(2) σ1 = ({s}, s, λ, λ), σ2 = ({λ}, xlbest, a, {x + a, a, y → x, a, y + a}), σ3 =

({λ}, xlbest, a, {x+a, a, b, y+b→ x+b, a, b, y+a}), σ4 = ({λ}, xlbest, a, {xiayi →
xiyia}), σ5 = ({Xgbest}, Xgbest, λ, {Xgbest → (Xgbest, go)});

(3) syn = {(0, 2), (0, 3), (0, 4), (1, 2), (1, 3), (1, 4), (0, 5)};
(4) i0 = 5 is the output membrane;

For above constraints, s represents the multiset of objects, x and y represent
respectively two different objects of the same membrane, a and b represent two
different nodes of two objects, xlbest is a local optimal solution, Xgbest) is a
global optimal solution x1 and y1 represent the two different segments of a same
membrane.

According to above description for the structure in Figure 1, the detailed
descriptions and the running mechanism of this system are described as follows:

Figure 1. The Framework of MTabu algorithm

In this configuration, there are five cells. For a single cell, cell 0 is a skin
membrane, cells 1∼5 are basic membranes. In these cells, cell 0 obtains an initial
object xbest0 from the environment, cell 1 executes the time classifier operation,
cell 2 executes 2-opt operation, cell 3 executes 4-opt operation, cell 4 is used to
carry out a tail-inserting operation with uncertain length, and cell 5 executes
the output operation. For communications between cells, there are bidirectional
communications between cell 0 and cell 2, between cell 0 and cell 3 as well as
between cell 0 and cell 4 and unidirectional ones between cells 0 and cell 2∼4 as
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well as between cell 5 and cells 2∼4, which constitutes the initial state of this
algorithm.

In what follows a membrane algorithm with tabu mechanism is formally
described as: firstly, an initial solution xbest0 is sent to cell 0 from the environment
and then sent xbest0 to cells 2∼4 using transportation rules between cell 0 and
cells 2∼4, then these cells begin to evolve by using their designed rules under
time classifier; secondly, compute xb = min{xbest1, xbest2, xbest3} and send xb

to cell 0 and cell 5; thirdly, for cell 0, adjust whether xb is taboo: if not, then
xbest0 is placed by xb, else, select the second optimal one to execute the same
operation, and for cell 5, adjust whether xb is less than Xgbest: if not, then not
replace; else, update Xgbest, complete a conversation for the configuration.

The design form of this configuration mainly solve the following aspects: (1)
each cell evolves independently and closely thus ensuring that the algorithm can
search different spaces and further increasing the diversity of populations; (2)
time classifier in cell 1 modifies the running efficiency of cell 2∼4 thus reducing
time of the whole system; (3) the communications between cells ensure that each
cell evolves towards an optimal direction; From this we can known, the form
of this configuration can make tabu algorithm using the evolving operation of
different heuristic algorithms thus both improving the precision of the algorithm
and modifying the effectively of this system, which proves that this design for
the structure is effective.

3.2 Initialize Object Set in Each Cell

In this paper, an object is mapped as a solution, a solution we use here is
an integer string, for example Xi = {xi1, xi2, ..., xiN}, where the length N is
the number of customers in a route, a node xij is an integer, the sequence of
these customers in Xi is the order of visiting these customers. Therefore object
sets are consisted of different objects, the number Candlist_Max of sets is the
length of neighborhood solution sets. In each cell, the length of neighborhood
set in cell 2 and 3 is ceil(Candlist_Max/3), and the one in cell 4 is Tail. The
process of producing an object and the expressed way of multi set are described
as a. and b.

(1) The process of producing an object Xi is as a.∼e.:
a. n(n ≤ N) vehicles are computed according to the required vehicles of

full-load of VRP.
b. These customers vi1 , ..., vin stored in the front of T are randomly inserted

to these vehicles through steps (a)∼(c).
(a) Randomly select a route Rt from Xi and adjust whether Rt is an empty

set: if not, turn (a); else, insert vi to Rt, turn (b).
(b) Update the remain of the vehicle and arrival time of each customer ac-

cording to formulas (12) and (13), turn (c).

car_client.remain− = node[vi].demand (12)

ai =
∑

a≤k<l−1

(tk,k−1 + wk+1 + sk+1) + ti−1,i (13)
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(c) If i < N , turn (a), continue; else, turn c.
c. Continue to select Rt, and adjust whether vi (n < i < N) satisfies the

requirement of inserting tail: if meet, then i++, turn (a); else, directly turn d;
d. If i < N , then add a vehicle to service this customer vi, i++, n++, turn

(a); else, obtain Xbest.
e. For Xbest, that computing jp = min{i1, i2, ..., ik} and executing ascend-

ing order can obtain X
′

best and Xbest = Xbest, over.
(2) The Multi objects sets of each cell is expressed as follows.

s1 = {Xi1 , Xi2 , ..., Xih1
, ..., Xip1

, ..., Xil1
}

s2 = {Xk1 , Xk2 , ..., Xkh2
, ..., Xkp2

, ..., Xkl2
}

s3 = {Xj1 , Xj2 , ..., Xjm , ..., Xjn , ..., Xjl3
}

where all cells are empty at the initial state; function ceil() takes an integer
upward, l1 = ceil(Candlist_Max/3) (l1 = l2), l3 = Candlist_Max − l1 − l2,
Mi (i = 1, 2, 3) expresses object set of each cell where s1 stores object set of cell
2, s2 stores object set of cell 3, s3 stores the set of cell 4, and each object in
si(i = 1, 2, 3) is produced randomly according to the rules of cells.

In initial state, an object X0 from the environment is sent to cell 0, oth-
er cells are empty. After initial iteration executes, cells 2∼4 own respectively
ceil (Candlist_Max/3), ceil (Candlist_Max/3), and tail objects, local opti-
mum Xlbest is stored in cell 0 and Xgbest is consistently stored in cell 5. As the
iterations execute, each cell produces a new object set, but the number of so-
lutions in three cells is equal to the number of initial cells. The expressed form
of solutions both avoids the complexity process of decoding and modifies the
operated efficiency of solutions thus improving the whole performance of this
algorithm.

3.3 Introduction for Operation Rules in Each Cell

In membrane algorithm, each cell designs some different rules to make ob-
jects evolving toward an optimal space. Therefore, in this paper, we also design
some operation membranes and evolution membranes, where, for the operation
rules, they promotes the evolution of the latter, such as time classifier in cell 1;
for the evolution rules, they control the evolving of objects of three cells 2∼4.
These rules are introduced in detail as follows.

(1) The rule in cell 1: Time classifier mechanism

In membrane system, an improved strategy is added to cell 1 in order to
speed up the evolving speed of each membrane in solving VRPTW. Because tra-
ditional algorithm is that a customer vi is randomly selected and inserted to a
position pi, which is selected from route Rk, using the inserted rules or exchange
rules, then adjust whether satisfies the max-load of vehicle and time windows of
each customer in this route: if not, then select again vi and adjust the feasibilities
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until satisfying these constraints, over; which shows that each time an inserted
customer is selected randomly from all customers thus reducing the efficiency
of obtaining a feasible solution. For the above defect, time classifier is proposed
to make all customers classing according to their time windows thus excluding
directly these infeasible clients for position pi. The detailed introduction for this
strategy is described as follows.

a. Definition for time classifier.

Definition 1. For the whole window [e0, l0], time span in each set is computed
by formula L(Ti) = (l0 − e0)/24, which its interval is [ti, ti+1] where t0 = 0 and
ti+1−ti = L(Ti) for every Ti after total length |l0−e0| is divided into twenty four
sections, and then searches the location of client vk in classifier Ti by adjusting
whether ek is greater than ti and ek is less than ti+1: if not, then continue search;
else, compute m = [(lk − ek)/L(Ti)] and then client vi is added to m sets from
Ti to Ti+m, continue to choose vk and repeat above operation until all clients are
assigned to the corresponding set Ti, obtain all sets Ti (i ∈ [0, 23]).

According to the definition, time classifier is mainly used to solve two prob-
lems: (a) for a client inserting to these locations, these clients can be directly
excluded by using this mechanism when its latest service time is less than de-
parture time of its previous node in current route; (b) for a location inserted
by these clients, it can directly locate the domain of these inserted clients in
classifier, which proves that it can avoid the adjustment of a large of infeasible
solutions. In order to fully express the property of time classifier, a proposition
is proposed as follows.

b. Proposition for time classifier

Proposition 1. For time classifier constructed, just as the selection of an insert
location pi for a client on current route is usually a key factor for feasibility
adjustment of interval clients in classifier: if pi is in initial location, vi is selected
in time interval [0, li+1]; if pi is in the middle, vi is obtained in time interval
[ei−1, li+1]; if pi is at the end of the path, then vi is chose between ei−1 and l0.

Proof. Suppose ( ˆdi−1, p̂i) is a constraint condition at current route, where di−1

is the department time of the vehicle at previous position pi−1 and pi is a position
to be inserted. In order to ensure the feasibility of windows for each client, if
pi(i = 0) is an initial position, then some clients must satisfy the following
condition: ei < li+1. In addition, all nodes should be removed, which proves
that these nodes should be selected in interval [0, li+1]; if pi is in the middle,
then these clients to be inserted into pi must satisfy these conditions: ei−1 < li
and ei < li+1, that is, all selected nodes should in interval [ei−1, li+1]; if pi is
in the tail, then all selected nodes must meet this condition: li > ei−1, which
shows that the selecting interval of pi is [ei−1, l0]. The above process proves that
for three situations, if some nodes do not satisfy the corresponding conditions,
then they can be directly removed from set F thus avoiding the adjustment for
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many infeasible clients beyond above range, which proves the effectiveness of
improving the efficiency of MTabu.

The proposition of time classifier illustrates that this mechanism can limit
the interval of selecting clients to be inserted position pi, which shows that the
introduction of this strategy can save a plenty of time in adjusting the feasibility
of solutions thus improving the efficiency of the algorithm.

(2) The rule in cell 2: Improved bitwise mutation Operation

The improved bitwise mutation operation is designed to generate a new object
on the basis of local solution xlbest in order to expand the search of neighborhood
space. This strategy is based on the insert algorithm. We first select a customer
vi. This node will be inserted in another route whose conditions satisfy the
constraints of this route. If not, there needs to choose a new suitable insertion
place for vi. The design of this rule and the steps of this operation is as a.∼ d.

a. Design for the evolutionary rule in cell 2
The 2-opt operator rule is specified as R2 according to the characteristic of

this operation:
R2 : (x+ vi, y)|vi → (z, w + vi)|vi (14)

The detailed introduction for the rule R2 is described as follows:
In this cell, l1 objects will be produced by executing this neighborhood search

for Xbest. The search process is as: firstly, An inserted position set E of a cus-
tomer vi is computed according to steps (a)∼(d); secondly, the position pi is is
randomly selected from E and vi is inserted to this position; finally, update the
remain of vehicle and arrival time of each customer in this route and obtain a
new object X

′

i ;
(a) For Xbest, select a route Rt(i = 1, 2, ...) from the object Xi and adjust

whether it satisfied the condition (15): if meet, then E1 = E1 + {Rt}; else, turn
(a);

node[vi].demand < car_client.remain (15)

(b) Compute all inserted location set E2 of vi according to the condition (16)
and record E2 = E2 + {pti|t ∈ E1}.

ai < node[vi].l_time,where ai = max(ai−1, ei−1) + si (16)

(c) According to formula (17) and (18), compute E = E + {ptjk |pjk ∈ E2}
under the premise of satisfying Tvi <= Fjk .

Tvi = lk − (Dj + ti,vi) (17)

Fjk = mini≤l<N{li − (Di +
∑

i≤p<l

tp,p+1)} (18)

where condition (15) expresses that the demand of a customer is less than the
remain of current vehicle; condition (16) expresses that arrival time in current
route is less than its latest service time; conditions (17) and (18) express that
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arrival time difference for vi+1 is less than the delay windows of vk(k = i +
2, ..., N).

b. The whole process of the improved bitwise mutation operation
(a) Initialize an object Xbest in cell 0 and send it to cell 2.
(b) Compute a classed set T using the rule of mem. 1 and sent it to cell 2.
(c) In cell 2, randomly select a client vi from Xbest and then compute the

position-inserted set P1 of vi by calling function Inseration_operation(Xi, vi)
under the constraint of the classed set T ;

(d) Cell 2 executes an inserted operation using the rule R2; a new object X
′

i

is produced under the control of set T ;
(e) Adjust whether the number of the objects reaches l1: if not, turn (b); else,

obtain l1 objects, end.
where function Inseration_operation(Xi, vi) is used to compute all inserted

positions of a client in current route. In executing this function, there needs to
adjust that, in time classifier T , the latest service time li of the client vi is in
the back of a client vj of a position pvj to be inserted: if it is, then execute
P1 = P1 + pvj ; else, continue to search a next position.

The executing process of improved bitwise mutation is an inserted operation,
which shows that it both executes quickly this rule R2 and ensures the feasibility
of a new solution at the greater probability. Again proving the effectiveness of
this operation.

(3) The rule in cell 3: Improved single-point crossover

We use a single-point crossover in this paper to promote the evolution of
an object to make the algorithm converging quickly because convergence is
very important for heuristic algorithms as it shows the speed of the method
in finding a satisfactory solution to an optimization problem. The object
Xlbest evolves by exchanging two different customers vi from route l1 and vj
from l2 under satisfying these conditions: dvi < car_client[l1].route.remain &
dvj < car_client[l2].route.remain, ai−1 < lvi & evi < ai+1 and aj−1 < lvj &
evj < aj+1. The design of the rule and the executing operation of this rules are
described as a. and b.

a. Design for the rule R3:

R3 : (x, y)|(vi,vj) → (z, w)|(vi,vj) (19)

where let x = x1vix2 and y = y1vjy2 and then adjust whether client u2 is stored
in set Uvi and client vi is in set Uvj , Uvi and Uvj express all inserted customers
for pvi and pvj .

This rule describes as: firstly, compute set U1 = U1 + {vi} of the customer
vi according to the condition (15) of cell 2; secondly, compute set U2 = U2 +
{vk|vk ∈ U1} (U2 ⊆ U1) according to the condition (16); finally, compute set
U = U+{cjk |vk ∈ U2} (U ⊆ U2) according to the constraint (17); If set U exists,
then this rule can be used; else, reselect vi and readjust;

b. The executing operation of the improved single-point crossover operation
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(a) Two paths R1, R2 are randomly selected from an object Xbest.
(b) Randomly selected two clients vi and vj from R1 and R2.
(c) The classed set T of cell 1 is sent to cell 3.
(d) In cell 3, these positions firstly are excluded which their arrival time is

more than the latest service time of vi according to the distribution of all clients
of time classifier, other clients are stored in set T .

(e) A feasible set P1(P1 ⊆ T ) is computed according to formulas (17) and
(18) of cell 2.

(f) Adjust whether vj is in set P1: if it is, then exchange vi and vj and update
current routes; else, turn (g), continue.

(h) Adjust whether the number of the objects is l2: if not, then turn (c),
continue; else, obtain l2 objects, end.

This operation shows that it can conduct more finely local search by com-
pleting local exploration and global exploration of membrane algorithm by co-
operating with these rules designed by cell 2 thus improving the precision of
solutions on the basis of expanding diversity of population.

(4) The rule in cell 4: Tail-inserting Operation

In order to accelerate the convergence speed and improve the solution quality,
the tail-inserting process is introduced to a membrane algorithm. The operation
is a key process in the membrane algorithm design because the main purpose
of the this operation is to extend the current solution search space, to reduce
the possibility of falling into the local optimal solution in the follow-solving
process, and to get the better solutions. Tail-inserting operation is the core of
the MTabu at the late stage of iterations. The operation is briefly described as:
it first selects a segment H1 (H1 = H1 + {vi}) from the current object Xi using
DNA detection technology; then this segment H1 is inserted to a feasible route
by applying tail-inserting method, generating a new solution X

′

1. Because DNA
exploration pointer needs to be used at the process of tail-inserting operation,
the paper will introduce DNA technology and tail-inserting method. Therefore,
the definition of this operation is described as follows.

a. Definitions for DNA Detecting Technology and Tail-inserting Operation
In some literatures, DNA technology is rarely applied to the discrete op-

timization problems. Therefore, the paper selects this technology to explore a
feasible segment used to be inserted into a selected route. The introduction for
this technology is as (a); In each neighborhood, the tail-inserting operator is ap-
plied with a probability with piterates to both routes in order to further increase
the extent of the perturbation. The introduction for this operator is as (b).

(a) Method for simulating DNA detection. Select randomly two paths
Qi and Qj from an object Xi, a tailed node vk selected from this route Qj needs
to be located using simulation DNA pointer, then adjust whether vk satisfies
constraints about the remain of current vehicle and the size of windows for
each client in route Qi when inserting into the end of route Qi: if meet, then
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H1 = H1 + vk, k = k − 1 and the pointer in Qj moves forward, and continue
to explore vm until not satisfying constraint conditions, sign the location m and
record the segment H1 from k to m, obtaining a tail-inserting segment H1.

(b) Definition for Tail-inserting Operator.

Definition 2. Segment H1 is computed according to method (a) before each
node vi of set H1 is stored in the stack, and then constantly insert client vi (i =
m, ..., k) to route Qi until the stack is an empty set, obtain a new solution X

′

i ,
over.

The definition shows that a segment H1 from the route Qj needs to be
added to a route Qi under satisfying the demand and time windows, where H1

is computed by using DNA technology. This operator also shows that the length
of the segment H1 is decided by the constraint conditions of Qi, that is, this
length will change as different routes are selected.

According to the above definition, the paper designs a corresponding rule for
this operation. It is describes as b.

b. Design of a rule for 4-opt operation

R4 : {x+H1, y, z} → {x, y +H1, z} (20)

where Xi = xyz, x, y, z records respectively all clients of each route serviced by
each vehicle; x + H1 expresses that a segment H1 is in the tail of this route;
y +H1 expresses a new path produced after executing this rule;

Due to the specificity of this rule R4, the paper further studies the charac-
teristic of the tail-inserting operation. The proposition is proposed and proved
as c.

c. Proposition for the uncertain tail insertion
To ensure the development and exploitation of this new technology, the func-

tion of this operator has carried on the thorough analysis and obtain a certain
conclusion for the definition of this evolution mechanism. It is introduced in the
form of proposition as follows.

Proposition 2. Given an object Xi, the routes Rp and Rk are randomly selected
from Xi, for fk ⊆ Rk which fk = fk+vj, if fk satisfies the conditions of inserting
into path Rp, then tail-insertion operation can improve the precision of solutions
at a greater probability under the premise of the above conditions.

Proof. Suppose (X̂i, p̂, f̂k) is a combined form of the best solution after it-
erations and R1, R2, ..., Rm are m paths from an object Xi in the process
of local search. For a route Ri, the probability that middle node executes
the evolving operation becomes a very small as the iterations increase which
changes from P{i|i < Lenght(Ri)} = Lenght(Ri) − 1 \ Lenght(Ri) to P (i =
Lenght(Ri) − 1) = 1/Lenght(Ri) when inserting (swapping) vi to other routes
Ri (i = 1, 2...,K). Especially in the midanaphase, any customers between
i = 1 and i = Lenght(Ri) − 1 cannot be inserted to the middle position
of this route. Therefore, an uncertain tail-inserting method is used to modify
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the efficiency of the operation. The the evolution frequency of the operation:
R{s|i = 0, 1, ...,m, s! = k} = R{s} + {f̂k} is continuously increased at a high
speed, and the frequency of this operation: R{k|k! = s} = R{k} − {f̂k} is de-
creased at the same speed, which improves the speed of changing local optimum
solutions thus improving the precision of solutions by avoiding falling into lo-
cal optimum from the aspect of probability. Proving the effectiveness for the
conclusion of Proposition2.

This new technology shows that it can increase the capability of global search
thus making the algorithm seeking a better global optimal solution because it
can avoid the algorithm falling into local optimum by changing uncertainly the
length of the segment according to the different of the selected route, which
shows that it can disturb the organization structures of some clients located at
the end of current routes for solving the stagnation phenomenon of current so-
lutions thus modifying the precision of the algorithm.

(5) The rule in cell 5: Record a global optimal solution

The last rule of the evolving rules concerns the global optimal solution. In
order to record global optimum solution Xgbest of this algorithm, cell 5 is used
to store the best solution computed so far. After optimal solutions of cells 2∼4
are computed, they will be sent to cell 5 and be compared with Xgbest: if less
than Xgbest, then update Xgbest; else, not update and sent this solution to the
external environment.

Analysis that this rule is to compute the best solution in every iteration and
then sent it to cells 2∼4 by transportation rules in order to make these cells
evolving for next generation, which illustrates the necessary of the existence of
this cell.

3.3.1 Transformation rules between cells

In this algorithm, each membrane always evolves in a region, which causes
that the algorithm is easy to fall into local optimum. In order to change the
search space of each cell, the paper also designs some communication rules to
promote the exchanging of the information among cells. In the design of the
rules, the bidirectional communications are designed between cell 0 and cells
2∼4, and the unidirectional ones are designed between cell 1 and cells 2∼4 as
well as between cell 5 and cells 2∼4. The process is introduced as (a)∼(c).
(a) A transformation rule between cell 0 and cells 2∼4

r0 : Xbest → (Xbest, go) (21)

(b) Three transformation rules for cells 2∼4

r1 : Xlbest2 → (Xlbest2, go) (22)

r2 : Xlbest3 → (Xlbest3, go) (23)
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r3 : Xlbest4 → (Xlbest4, go) (24)

(c) A transformation rule between cell 5 and cells 2∼4

r4 : Xgbest → (Xgbest, out) (25)

These formulas show that transformation rules contain one-way communi-
cation and two-way one, where the unidirection is that set T computed by the
rules of cell 1 is sent to cells 2∼4; and the optimal solutions of all membranes
are synchronously sent to cell 5. the two-way communications are that xlbest of
cell 0 is respectively sent to cells 2∼4 and makes these cells evolving using the
rule of each membranes; then the optimal solutions of the membranes are sent
to cell 0, which completes a two-way communication. The designs of these rules
fully verify that the whole system can execute successfully only in the case of
communications between each other, the lack of any rule will limit the process
of membrane system, which prove that the design for these rules is necessary.

3.3.2 Termination Condition

Many experimental theories illustrate that objects evolve continuously under
the rules of membranes, which this series of state transitions are named as com-
puting. If the objects of all cells are not evolving, then this situation is called halt
state. If this system reaches this condition, then it is named the halt computing
or successfully computing. At the moment, the result is in the output area i0.

In this paper, there are two situations to make this system halting:
(1) The program has achieved termination condition when the value of the

optimal solution is equal to the one of standard database;
(2) The algorithm also gets stopping when current solution fitcurrent re-

mains unchanged in a certain number of iterations and the smallest ra-
tio is also controlled within a certain range, where ratio = (fitcurrent −
optimum)/optimum%100.

The above conditions show that the number of reaching an optimum or the
maximal number of evolutionary generations that the deviation rate is controlled
within a small range could be utilized to terminate the running of the algorithm.
If the termination condition is satisfied, then the algorithm stops and output
an optimal solution, which illustrates that this termination method can both
reduce the running time of the algorithm and ensure the precision of solutions
thus proving the effectiveness of the conditions.

3.4 Core pseudo code for MTabu

In MTabu, the pseudo code of cells 1 and 4 are described as: in order to make
the algorithm expressing the whole evolution process, we give a brief description
for the main framework of the algorithm in Algorithm 1; because Algorithm 2
and Algorithm 3 need to execute some corresponding operations for the whole
execution of Algorithm 1, Algorithm 2 is given the code of time classifier of cell 1;
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Algorithm 1: Main Framework of MTabu

Input: Xi, M1, M2, M3 (evolution membranes), N1, N2, N3(candidate size of
M1,M2, M3), Xbest1, Xbest2, Xbest3,

1: T ← ∅
2: M1,M2,M3 ← ∅
3: Xbest1, Xbest2, Xbest3 ← 0
4: Xi ← Initialize(Xi)
5: while (not reach termination condition) do
6: T ← T imeC lassifier(V )
7: M1 ← Insertion_operation(Xi, N1, T )
8: M2 ← Swap_operation(Xi, N2, T )
9: M3 ← Tail_operation(Xi, N3,T )

10: Xbest1 = min{Xi1 , Xi2 , ..., Xil |Xil ∈M1}
11: Xbest2 = min{Xj1 , Xj2 , ..., XjlXjl ∈M2}
12: Xbest3 = min{Xk1 ,Xk2 , ..., XklXkl ∈M3}
13: Xi ← min{Xbest1, Xbest2,Xbest3}
14: end while
Output a global optimal object Xi

Algorithm 3 gives the code of a random tail insertion of cell 4. Three algorithms
are introduced in details as a.∼ c.

a. Main Framework of MTabu
Algorithm 1 describes the procedure of this algorithm: firstly, an object Xi is

produced randomly and is sent to cells 2∼4; secondly, execute different evolving
rules in M1,M2 and M3 and respectively produce N1, N2 and N3 objects; third-
ly, compute the minima of these cells according to different rules and copy to
Xbesti (i = 1, 2, 3); finally, these optimal solutions are sent to cell 5 and update
Xgbest if less than Xgbest, and are sent to cell 1 and directly update, generating
a new Xi and output. The pseudo code is described as Algorithm 1.

Analysis for three algorithms that algorithm 1 presents that send nodes to
different set Ti(Ti ∈ T ) according to its windows, algorithm 2 is that distribute
current solution Xi thus making it jumping local situation, algorithm 3 analyzes
comprehensively the process of membrane algorithm. Known from the above
analysis that these factors have a theoretical and practical significance for effec-
tively improving the precision of solutions.

b. The pseudo code for Time-Classifier
Algorithm 2 describes the core code of time classifier: (a) the whole time

span is divided into 24 segments; (b) all clients are classed to different interval
according to its windows; (c) output set T . This process is as Algorithm 2.

The pseudo code of time classifier describes that it can divide some clients
owned a very similar time window into a same set thus ensuring that the algo-
rithm can search a inserted clients in a very small range rather than searching
all of the clients. Through the theoretical analysis, it can limit a effective range
of inserting current position thus avoiding the production of a plenty of infea-
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Algorithm 2: The pseudo code for Time-Classifier

Input: T (time set), N(number of clients)ti (class interval), vi (client node),
ei, li(service windows), e0 = 0(open time), l0(close time)

1: T ← ∅
2: l, a_time← 0
3: T ← Initialize(T )
4: While (not reach termination condition) do
5: l← (l0 − e0)/24
6: While(i < 24)
7: ti+1 ← ti + l
8: a_time← a_time+ l
9: time[i].end_time← a_time

10: for i = 0→ N
11: for j = 0→ 24
12: if(ei < time[j].end_time & li > time[j].start_time)
13: Tj ← Tj + {vi}
14: T ← T + Tj

15: end if
16: end for
17: end for
18: End While
Output a classed set T

sible solutions, which proves that this operation is effective for improving time
efficiency.

c. Pseudo code for an uncertain tail insertion
Algorithm 3 describes the pseudo code of this operation: firstly, initialize an

object Xi; secondly, randomly select two different routes Rk and Rt from Xi;
thirdly, vj is recorded from the tail of Rk and pointer P1 is applied to explore an
inserted segment s1 that can insert into Rt; finally, store in set T (T = T + vj)
and this segment s1 from set T is added to the route Rk, obtaining a new feasible
Xi. This simple framework is introduced as follows.

Algorithm 3 describes clearly the operation process of the tail-insertion mech-
anism, which shows that this operation can make the algorithm jumping local
optimum and speeds the velocity of obtaining a better solutions thus modifying
the precision and efficiency of the algorithm. Proving clearly that the effective
of introducing this operation for the different evolution of membrane algorithm.

4 MTabu with Time Classifier Applied in VRPTW

In order to verify the feasibility of the algorithm for solving the practice prob-
lems, VPPTW is selected as the test model of optimization for this algorithm.
The method for solving this problem is described as follows.

Step 1: Initialize an object Xbest by applying to the method of cell 0.
Step 2: Xbest is sent to cells 2∼4 by using the rule r0;
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Step 3: In cell 2, Xbest is executed l1 times according to the rule R2 and
obtain l1 new objects;

Step 4: In cell 3, Xbest is executed l2 times according to the rule R3 and
obtain l2 new objects;

Step 5: After midanaphase, l3 objects are produced according to the rule R4.
Step 6: Compute optimal solutions of three cells and sent them to cells 0 and

5, where for cell 0, directly update; for cell 5, only if less than Xbest, then update
Xbest;

Step 7: If the termination condition is satisfied, then output the optimum
Xgbest, over.

Algorithm 3: The pseudo code for tail-insertion operation

Input: Xi (an object), P1 (explored pointer), H1 (store a segment contained
consecutive points from Rk(t) (k ̸= t))

1: H1 ← ∅
2: Rk ← Select_operation(Xi)
3: Rt ← Select_operation(Xi)
4: while(not reach infeasible condition) do
5: for i = 0→ car_client[Rk].size
6: if(li > Tail(Rk.arrival_time & qvi < Q))
7: H1 = H1 + vi
8: P1 ← P1 − 1
9: end if

10:: end for
11: for i = 0→ car_client[Rt].size
13: if(!H1)
13: Rk ← Rk −H1

14: Rt ← Rt +H1

15: end if
16: end for
17: end while
Output a new object Xi

5 Simulation Experiments

In this section, a vehicle routing problem with time windows and more ex-
periments are conduced to further verify the feasibility for membrane system.
We first describe the test problems used to compare the performance of MTabu
with Tabu and a set-based PSO[40](SPSO). For MTabu and Tabu, we make
some comparisons to find the best parameter setting. For SPSO, we have iden-
tical parameter settings are suggested in the original studies.
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5.1 The instances of testing data in experiments

We first describe the test problems used to compare different algorithms. Our
experiment investigates the 24 benchmark problem described by Solomon[19].
Six groups of problems(C1, C2, R1, R2, RC1 and RC2) are used to verify the
efficiency of the proposed MTabu. All problems have different distributions and
time windows. Problems in sets C1 and C2 have the clustered customers. Prob-
lems in set R1 and R2 have the customers’ locations generated randomly over a
square. Problems in set RC1 and RC2 have a combination of randomly placed
and clustered customers. Each problem selects respectively 25 and 50 customers
to test the performance. Problems in sets C1, R1 and RC1 have narrow time
windows and a small capacity of the vehicle, while problems in set C2, R2 and
RC2 have larger windows and a larger capacity of vehicle.

5.2 The instances of testing data in experiments

All approaches are run for the best parameter combinations. We use the the
single-point crossover and node-selected mutation to promote the evolution of
objects. For MTabu, we use a candidate list of size 200 and the iterations of size
1000. We design a tabu length equal to 13, so that overall algorithm can obtain
a good taboo. The detailed describes is as Table 1, where η25(η50) represents the
scales of current instances.

Table 1: Summary of the algorithm parameter settings for each membrane.

Test Parameter Parameter Optimal values Introduction

instance abbreviation η25 η50

C101 Membranes τ 6 6 Number of membranes of
Evolving times σ0 1500 1000 The iterations of populations
Hybrid level set cα 11 11 Number of objects of mem. 2

cβ 12 12 Number of objects of mem. 3
cγ 7 7 Number of objects of mem. 4

Tabu-list µ 17 13 The length of tabu list

For Tabu, we use the same conditions as well as membrane algorithm. For
SPSO [1000], the inertia weight ω is initialized as 0.9 and linearly decreased
form 0.9 to 0.4, acceleration coefficients C1, C2 are set respectively as 2.0, the
population size is set as M = 20 and the number of iterations is set 1000. For
MTabu, Tabu and SPSO, each test is conducted 30 times independently based
on the exist of random factors.

5.3 Comparison for MTabu for 25 customers with standard data

In the experiments, the paper firstly selects 25 customers to test the per-
formance of membrane system in order to initial verify the performance of
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MTabu. In addition, we make some comparisons with Tabu before improv-
ing and the optimum of database. Table 1 shows the best solutions, mean,
variance and running time obtained using three algorithms MTabu, Tabu and
the one of database. Where, in table 1, BestR stands for the best solution-
s obtained by the corresponding algorithm, Opti. expresses optimum of data
base, RE explains deviation ratio between MTabu and database and RE(%) =
((BestR−Opti.)/Opti) ∗ 100%.

The results of Table 2 shows that for three instances: the average of the
best known obtained by MTabu is 355.32 the deviation ratio between MTabu
and database is 5.94% which shows that membrane algorithm can almost search
many better solutions when testing small scales. The averages of the expected
values, variances and running time are respectively computed as 410.91, 34.80
and 49.93. The gap ratios between four indexes are respectively -15.4%, 1.32%,
63.8% and -68.1%. For -15.4%, it shows for the best solutions, MTabu can really
optimize better in all problems except in R102, this is because the introduc-
tion of membranes can really make the algorithm searching different space thus
increasing the diversity of populations and further improve the precision of so-
lutions; For 1.32%, means for MTabu are sightly larger than these of MTabu,
that is because the increase of diversity can both explore more types of solutions
than Tabu; for 63.8%, this data shows that the reason is the same as mean,
which proves again that the exist of membranes can increase the diversity of
solutions at a certain extent thus further improving the the performance; for
CPU, the introduction of time classifier deduce the running time of the algo-
rithm compared with tabu algorithm except in C201, C202 and R101, where,
for the better results, this is because this strategy can limit the select range of
customers thus improving the efficiency; while for the poor results, especially
for C101 and C102, the reason is because the existence of the random can make
tabu search algorithm searching directly some feasible solutions at a very small
probability thus improving the efficiency of the algorithm;

In order to directly demonstrate the working of these algorithm, we also
show typical simulation results of MTabu and Tabu in the form of pictures. In
Fig.2, 24 nodes of the abscissa are respectively different problems among which
eight come form the C1-type datasets, eight come from the R1-type datasets,
and eight come form the RC-type datasets. For the ordinate of Fig.2.(left), the
best solutions obtained by MTabu and Tabu are listed for 25 customers; for
Fig.2.(right), running time are listed for 25 scales. This figure is described as
follows.

Analysis from Fig.2.(left) and (right) that distribution of solutions and trend
of time-consuming vary according to the instance in which they change: For pre-
cision problem in Fig.2.(left): the algorithm can avoid trapping in local optimum
using distributed and parallel way of P system thus improving the precision; For
efficiency problem in Fig.2.(right): different categories of instances display a wide
range of solutions to each instance, which is mainly because the former evolves
by using the configuration of multiple membranes thus improving the efficiency
of the algorithm by parallel mechanism to expand search space. However, the
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Table 2: Performance comparisons for deterministic optimization using the membrane
algorithm(MTabu) and tabu search algorithm(Tabu) for 25 clients

Instances BestR Mean V ariance CPU Database[40]

MTabu Tabu MTabu Tabu MTabu Tabu MTabu Tabu Opti. RE(%)

C101 191.30 235.51 197.20 281.24 6.87 6.87 3.83 4.81 191.3 0
C102 197.60 242.76 201.31 249.88 1.61 1.61 4.49 4.61 190.3 3.80
C103 195.02 195.73 195.32 207.51 8.52 9.37 5.65 8.21 190.3 2.40
C104 193.27 206.05 195.58 221.41 21.28 18.52 7.08 10.31 186.9 3.41

Average 194.29 220.01 197.35 240.01 9.57 9.09 5.26 6.98 189.7 2.41
C201 231.78 264.37 263.61 267.99 28.78 1.12 6.69 5.61 214.7 7.90
C202 250.05 255.37 323.12 259.43 27.05 7.25 19.18 9.76 214.7 16.40
C203 233.37 268.58 241.37 314.78 1.136 22.98 17.16 21.89 214.7 8.69
C204 248.21 355.62 298.88 363.18 14.58 5.68 19.88 22.44 213.1 16.40

Average 240.85 285.98 281.74 301.34 17.89 9.25 15.71 14.93 214.3 12.34
R101 642.10 693.24 712.27 697.51 32.38 11.36 49.36 26.17 617.1 4.05
R102 613.71 581.82 688.45 583.81 40.0 41.13 68.28 137.21 547.1 12.10
R103 502.85 564.09 576.63 571.01 22.85 11.74 87.28 207.87 454.6 10.60
R104 458.03 461.96 544.08 522.21 26.86 28.11 142.29 172.71 416.9 9.80

Average 554.17 575.27 630.35 593.63 30.52 24.17 86.80 135.99 508.9 8.89
R201 516.27 537.02 610.28 541.12 40.03 3.41 8.54 14.34 463.3 11.40
R202 417.44 423.65 421.65 450.70 37.94 2.84 7.80 13.68 410.5 1.69
R203 395.26 421.11 401.26 463.59 1.71 48.34 17.19 33.80 391.4 0.98
R204 373.87 452.69 375.65 453.07 31.32 1.14 33.8 47.37 355.0 5.31

Average 425.71 458.62 452.21 477.12 27.25 13.93 16.83 27.29 405.0 4.84
RC101 469.79 491.81 505.82 481.96 46.89 12.90 34.72 76.41 461.1 1.88
RC102 355.67 373.23 373.72 414.74 83.86 51.84 50.12 200.36 351.8 1.10
RC103 339.68 429.21 397.19 432.58 71.71 2.02 93.88 133.42 332.8 2.06
RC104 329.83 358.41 521.09 359.02 64.67 0.003 171.22 408.74 306.6 5.61
Average 373.74 413.17 449.45 422.07 66.78 16.69 87.48 204.73 363.1 2.52
RC201 361.06 402.95 361.16 418.51 63.34 1.136 35.15 83.63 360.20 0.23
RC202 371.12 432.73 569.17 433.51 55.54 1.04 92.38 106.18 338.01 9.79
RC203 336.89 398.03 490.58 417.03 54.91 5.68 120.28 150.59 326.90 12.40
RC204 303.74 320.77 396.59 325.73 53.51 1.14 102.17 114.03 299.70 1.34
Average 343.21 388.62 454.37 398.69 56.83 2.29 87.49 113.60 331.20 5.94

Average 355.32 390.15 410.91 405.47 34.80 12.57 49.93 83.92 335.37 5.80



22 Y. DUAN AND K. ZHOU et al: MTABU FOR SOVING VRPTW

latter evolves by concentrating on a whole area leading to the lower of the per-
formance of traditional algorithm; All above situations for table 1 and figures
verified that the introduction of membranes and some improvement strategies
can both obtain effectively some best solutions and improve the efficiency of the
algorithm when solving the problems of some small scales.
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Fig. 2. Results comparison of the optimal solution value and running time computed
using MTabu and Tabu for 25 clients. Left: Comparison of the optimal solution value;
Right: Comparison of the running time.

5.4 Experiment results for MTabu for 50 customers with other
algorithms

Table 1 and Fig.2 prove that the algorithm has obtained some better results
in testing some small scales. In order to verify that this algorithm can still
get some better results, the paper selects a larger scale (50 customers) to test
again. The results of the experiments is as Table 2, where the explains of some
variants such as Optim., RE and so on are the same as these of chapter 5.2,
Nbest expresses a proportion of the optimal solutions obtained by this formula:
Nbest = lMTabu/lTabu ∗ 100%, NCPU represents the ratio of running time of this
algorithm and its formula is describes as: NCPU = lMTabu/lTabu ∗ 100%, which
evaluates the performance of membrane algorithm at different aspects.

Table 3 shows that for the best solutions, MTabu performs the best in all
all problems except in R103 and R201. The deviation ratio between MTabu and
database is 13.88% and is controlled within a certain range, which illustrates that
there is a relatively good ability to optimize because of the existence of mem-
brane diversities. The averages of best solutions compared with tabu, mean,
variance and running time are respectively -19.04%, 3.2%, 82.07% and 44.95%.
For the ratio -19.04%, the algorithm in obtaining a best solution is superior to
tabu and the data of table 2 describes that this ratio Nbest for the number of the
best solutions gets 91.6%, which show that this membrane is effective in solving
VRPTW; for ratios 3.2% and 82.07%, this set of data show that this algorithm
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Table 3: Performance comparisons for deterministic optimization using the membrane
algorithm(MTabu), tabu search algorithm(Tabu) for 50 clients

Instances BestR Mean V ariance CPU Database[40]

MTabu Tabu MTabu Tabu MTabu Tabu MTabu Tabu Opti. RE(%)

C101 379.62 515.40 414.33 598.47 25.45 39.6 68.32 78.93 362.40 4.75
C102 405.15 455.13 416.45 461.30 28.65 0.73 175.68 621.70 361.40 12.07
C103 385.30 477.33 389.08 599.31 38.34 6.51 413.31 536.50 361.40 6.61
C104 368.51 431.92 373.71 524.21 39.34 9.72 522.56 601.65 358.00 1.96

Average 384.64 469.95 398.28 545.82 32.94 14.14 294.96 459.69 360.8 6.60
C201 421.98 538.36 430.93 709.71 55.28 15.37 34.71 139.23 362.0 16.56
C202 420.92 503.35 541.49 513.03 44.30 3.41 221.75 214.84 362.0 16.27
C203 354.67 507.09 354.98 610.52 39.38 5.63 321.11 461.63 259.80 36.50
C204 413.42 551.81 597.65 579.07 25.45 5.68 441.22 551.86 350.10 18.08

Average 402.74 525.15 481.26 603.09 41.10 7.52 254.69 341.89 333.47 20.77
R101 1149.43 1198.85 1253.15 1201.24 51.41 4.16 91.93 165.42 1044.0 10.09
R102 1075.64 1382.46 1155.63 1389.44 32.10 33.57 246.10 158.91 909.0 18.26
R103 792.63 738.48 793.01 1014.87 39.96 7.72 175.02 358.48 772.90 2.55
R104 701.16 729.98 822.58 805.43 44.44 30.81 401.96 347.27 625.40 12.11

Average 929.71 1012.44 1006.09 1102.74 41.97 19.06 228.75 257.52 837.82 10.96
R201 843.39 803.27 969.33 901.27 67.32 4.54 72.73 103.51 791.90 6.51
R202 761.86 819.61 763.56 938.60 53.48 0.08 194.85 274.35 698.50 9.07
R203 697.23 879.12 790.99 879.24 40.69 0.23 103.21 299.95 605.30 15.18
R204 536.21 622.38 547.19 649.17 28.17 16.52 81.25 113.46 506.40 5.88

Average 709.67 781.09 767.76 842.07 47.41 5.34 113.01 190.12 655.56 8.25
RC101 1169.38 1662.47 1375.66 1666.79 93.77 7.98 75.48 326.57 944 23.80
RC102 1067.43 1205.83 1308.76 1213.34 90.45 6.82 265.78 293.89 822.50 29.78
RC103 756.42 837.82 1089.21 838.27 136.81 4.54 262.54 387.61 710.90 6.41
RC104 545.80 638.39 607.13 691.34 87.58 29.31 236.52 337.98 545.80 0
Average 884.75 1086.12 1095.19 1102.43 102.15 12.16 210.08 336.51 755.80 17.06
RC201 753.69 1021.61 963.69 1023.90 102.15 6.82 73.59 224.24 684.81 10.09
RC202 703.68 755.64 851.37 757.69 116.73 2.19 173.06 393.56 613.60 14.68
RC203 667.95 791.29 848.78 797.31 64.54 3.14 260.48 283.46 555.32 20.28
RC204 617.79 712.49 766.85 732.49 57.34 6.41 320.46 341.85 442.21 39.60
Average 685.77 820.25 857.67 827.84 85.19 4.64 206.89 310.78 573.97 19.65

Average 666.21 793.12 767.71 837.34 58.46 10.48 218.06 316.08 586.23 13.88
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with membranes is able to find better diversity of solutions than any other al-
gorithm, including tabu algorithm. for the ratio 44.95%, this value shows that
the introduction of time classifier can really improve the efficiency of the algo-
rithm, especially this ratio NCPU 87.5% more confirming this situation; while
for CPU, there are some poor values in table 2 such as C202, R102 and R104,
this phenomenon is normal based on the existence of randomness if the algo-
rithm appears this situation that the algorithm might obtain a feasible solution
selecting only once at a very small probability. Compared with data base: For C
instance, deviation ratio of average optimum reduced by 29.5 percentage points;
For R instance, reduced by 13.2 percentage points; For RC instance, reduced by
21.3 percentage points. Average for three deviation rates reduces 21.3% and it
is basic controlled in about 20% thus showing that computing probability and
solving precision of MTabu are still of a certain advantage in testing large-scale
problems for VRPTW compared with Tabu.

In order to directly demonstrate the changing trend of experiment results in
Table 3, two trend pictures of optimal solutions and time-consuming are showed
in Fig.3. In Fig.3, the sense of the abscissa is the same as the one of Fig.2; For
the ordinate of Fig.3.(left), the best solutions obtained by MTabu and Tabu
are listed for 50 customers; for Fig.3.(right), it describes running time of the
algorithm and the curves of the results are listed for 50 scales. This figure is
described as follows.

Fig.3 shows clearly that the results obtained by MTabu is superior to Tabu
and are closed to optimum solutions in the standard database in Fig.3.(left);
Curve of time-consuming in MTabu is superior to one of traditional algorithm
in Fig.3.(right). Analysis through Table 3 and Fig.3 that membrane optimization
mechanism can make the algorithm searching quickly the optimum area under
the premise of using a shorter time thus improving the precision and the efficiency
of membrane algorithm by searching synchronously different cells, which proving
that introducing membrane thought can solve greatly and efficiently bottleneck
problems not be solved by traditional one.

5.5 Comparison results with other algorithms

In order to better verify the performance of this membrane algorithm with
the improved strategies, MTabu is compared with SPSO [39]. The parameters
are given in part 5.1.

As shown in Table 1, for 25-customer instances, MTabu produces 22 out of
24 the best results, among which eight come from the C-type databasets, 7 come
from R-type datasets, and 7 come from RC-type datasets. Compared with SPSO
that provided the best known, the membrane algorithm has better performance
in exploring irregular search space. Moreover, the proposed algorithm obtains
quickly a feasible solution. Therefore, the proposed algorithm performs well in
optimizing 25-customer instances; for 50-customer instances, for optimal solu-
tions, MTabu produces some better results, which shows that MTabu is still a
certain advantage in solving the precision of the algorithm because the intro-
duce of membranes expand the diversity of populations; for running time CPU ,
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the algorithm can quickly find a better in polynomial time, compared with the
results of literature, which shows that the rational design of the rules of mem-
branes can promote the evolution of objects. The above results fully illustrate
that the introduction of membrane system can solve some bottleneck problem
based on the characters of membrane computing, which proves the effectiveness
of membrane algorithm.

Table 4: Performance comparisons for the optimization using the membrane algorith-
m(MTabu), a set-based PSO(SPSO) [39] under different scales.

Instances BestR(25) CPU BestR(50) CPU

MTabu SPSO MTabu SPSO MTabu SPSO MTabu SPSO

C101 191.3 333.86 0.06 1.32 379.62 363.25 1.14 1.96
C102 197.6 384.69 0.07 1.32 405.50 362.17 2.93 2.08
C103 195.02 287.68 0.09 1.24 385.30 362.17 6.88 2.41
C104 193.27 264.18 0.12 1.20 368.51 358.88 8.71 3.09
C201 231.78 426.18 0.11 1.23 421.98 444.96 0.58 1.93
C202 250.05 366.96 0.32 1.23 420.92 423.81 3.86 2.34
C203 233.37 308.95 0.28 1.26 354.67 402.52 5.35 2.49
C204 248.21 340.65 0.33 1.20 413.42 456.21 7.35 4.26
R101 642.10 695.38 0.44 1.20 1049.43 1100.72 1.53 2.36
R102 613.71 643.71 1.14 1.26 1075.64 923.71 4.26 2.63
R103 502.85 613.64 1.45 1.20 792.63 794.17 2.92 4.07
R104 458.03 522.61 2.24 1.23 701.16 631.58 6.69 4.48
R201 516.27 463.30 0.14 1.23 843.39 953.29 1.21 3.17
R202 417.44 608.50 0.14 1.20 761.86 815.23 3.25 4.17
R203 395.26 524.10 0.29 1.26 697.23 668.36 1.72 4.82
R204 373.87 433.15 0.56 1.17 536.21 538.27 1.36 5.33
RC101 469.79 592.37 0.58 1.23 1169.38 945.58 1.26 3.86
RC102 355.67 441.33 0.84 1.37 1067.43 823.97 4.34 4.45
RC103 339.68 437.80 1.564 1.14 756.42 712.91 4.38 3.52
RC104 329.83 327.49 2.853 1.14 545.80 546.51 3.94 3.44
RC201 361.06 657.93 0.59 1.29 753.69 838.76 1.23 2.65
RC202 371.12 492.20 1.54 1.23 703.68 867.26 2.88 4.17
RC203 336.89 433.97 2.01 1.23 667.95 674.44 4.34 4.73
RC204 303.74 390.28 1.70 1.14 617.79 479.22 5.34 3.20

These experiment results of Table 2 with Fig.2. and Table 3 with Fig.3 suggest
that all optimums of the scale of 25 and 50 are better than these of traditional
one. where the average optimum has reached 5.8% for 25 clients and it has
reached 13.88% for 50 clients thus proving the efficiency of the algorithm for
quickly searching optimum in testing small scale data and proving that deviation
ratio is controlled within a certain percentage of the range for 50 clients by
the analysis although there will be a certain percentage for the deviation of
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precision and there is a slight degree of difference with the increase of the scale.
Compared with tabu, which verifies fundamental theorem of membrane type: For
all m >= 1, there are NOPm(coo, tar) = NRE set up, promptly, MTabu can
recognize all feasible solutions satisfied constraint conditions of time windows in
the case of limited resources.

6 Conclusions and Future Work

Such distributed anastomosing in membrane optimization mechanism, uncer-
tainty of model, information interaction and multiple membranes, and the like
as has been applied to deal with disadvantage in solving discretization problems
using traditional tabu algorithm, which is called as membrane algorithm that
combines a membrane computing optimization method for a tuft of optimized
service clients that code of objects, and the way about input and output adopts
integer combination based on the distributed and parallel character, and tabu
search mechanism is introduced to this algorithm, and builds rules set accorded
with membrane properties in each cell according to the function of cell. Finally
deducting theory advantage of optimum quickly obtained possessed of the dis-
tributed optimizer under minimum variance by applying an unbiased method
approached optimal solutions. In MTabu, time classifier mechanism in cell 1 is
designed to improve the anti-degradation performance of a membrane efficiency
optimizer and deduce the uncertainty for locating clients according to properties
of the problem, an uncertain tail insertion is introduced to cell 4 according to
properties of factors and population search space is expanded by using trans-
formation rules between membranes, thus improving the computing precision of
membrane optimization algorithm.

Analysis by simulating experiments under equal conditions shows that the
optimization ratio of the precision of the algorithm increases by 15%, and time
efficiency increases by 51.3% under the premise of these parameters of mem-
brane algorithm and traditional one transferred to optimal situation, compared
with original algorithm, which expresses that this algorithm not only deduces
time-consuming, but also improves the precision by the advantage of membrane
computing. In summary, that this algorithm improves probability of global search
and convergence velocity can solve efficiently vehicle route problem with time
window, which proves that membrane algorithm applied to optimization domain
is feasible and effective.

Further research may include investigations into scalable methods for large
VRPTW or other types of optimization problems. The vehicle routing problem
considered in our paper has one depot and hard time windows, other types of
VRPTW can be studied by this algorithm with changes. On the other hand,
because the paper only considers that the factors of tabu search algorithm is
regarded as the rules of cells, in order to ensure that a configuration can use
the evolving mechanism of other heuristic algorithms, the influence of other
characters of membrane computing should be studied in the future, for example,
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choosing optimal subalgorithms to execute the evolutionary operation of this
system and designing dynamic rules in a nondeterministic method.
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Fig. 3. Results comparison of the optimal solution value and running time computed
using MTabu and Tabu for 50 clients. Left: Comparison of the optimal solution value;
Right: Comparison of the running time.
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Abstract. Membrane computing is a framework directly inspired by
concepts in cell biology that focused on membranes (or compartments)
and processes such as communication, distribution, localization and hier-
archization. Its original purpose was to create computing models (known
as P systems) that are as minimalistic, powerful (in comparison with Tur-
ing machines and their restricted variants), and efficient (that is, able to
solve computationally hard problems in feasible time).
Numerical P system (in short, NP system) is one of these computing
models, but unlike the other P system variants, it not only took inspi-
ration from the structure of living cells but also from economics. An NP
system has a cell-like membrane structure that has numerical variables,
instead of multisets of objects, placed inside the regions. Rules in NP
systems are in the form of programs composed of a production function
and a repartition function. In a recent study, it was introduced a variant
of numerical NP systems that makes use of a control, called threshold, in
the application of programs. This variant was also shown to be universal.
In this paper, we wish to explore the capability of numerical P systems
with threshold to solve NP-complete problems. Specifically, we give a
family of nondeterministic, non-confluent and uniform NP systems with
lower-threshold solving the Subset Sum problem in constant time and a
family of nondeterministic, non-confluent and non-uniform NP systems
with lower-threshold solving the Boolean Satisfiability problem in
constant time.

Key words: Membrane computing, Numerical P systems with threshold, Subset
Sum, SAT

1 Introduction

Membrane computing is a bio-inspired branch of natural computation that ab-
stracts computing models from the structure and functioning of living cells and
from the organization of cells in tissues or higher order structures. These mod-
els are known as P systems, with the following basic features: (1) the membrane

mailto:nshernandez@dcs.upd.edu.ph, fccabarle@up.edu.ph
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structure, (a) cell-like (hierarchical arrangement of membranes) or (b) tissue-like
(several one-membrane cells evolving in a common environment) or (c) neural-
like (cells, called neurons, are placed in the nodes of a general graph) (2) com-
partments or regions containing multisets of objects and (3) rules inspired by
the biochemistry of the cell which dictated how objects are processed. This com-
puting model is distributed, as evident in the compartmentalization defined by
membranes; and parallel, as rules are applied simultaneously in all regions to all
objects that can evolve. More details about membrane computing can be found
in [9] and more recently in [1] and [12].

Numerical P (NP) systems, a variant of P systems, was introduced in [8]
taking inspiration not only from the structure of living cells but also from eco-
nomics. It has a cell-like membrane structure but instead of multisets of objects,
numerical variables are placed in the regions. That is, each region of a numerical
P system contains variables that take on numerical values that evolve from their
initial values by means of programs. A program consists of a production function
and a repartition protocol. The production function computes an output value
from the variables in the region where the program is located. This output value
is then distributed by the repartition protocol among the variables in the same
region and in its neighbouring regions. An output variable is assigned which
gives the result of a computation.

NP systems are also shown to be Turing complete [8]. In [15], Enzymatic
Numerical P (ENP) Systems were presented as an extension of NP systems
wherein some variables called enzymes, control the application of programs such
that a program is applied only if the current value of the enzyme associated
to it (if any) is greater than or equal to the smallest value of the variables
involved in the production function of the program. Some known universality
results for ENP systems are presented in [5]. Similar to the concept of enzymes
in ENP systems, thresholds were introduced in [16] to control the application of
programs but using a different strategy. A constant threshold is associated with
the numerical P system such that a program is applied only when the values
of all the variables involved in its production function are (i) greater than or
equal to the threshold (for a numerical P system with lower-threshold, LTNP)
or (ii) less than or equal to the threshold (for a numerical P system with upper-
threshold, UTNP). This computational model was also shown to be universal
[16].

In this work we use numerical P systems with lower thresholds as recognizers
to provide families of solutions to the Subset Sum problem and the Boolean

Satisfiability problem. To the best of our knowledge, our work is the first
attempt on defining numerical P systems with lower thresholds as recognizers.

This paper is organized as follows: some preliminaries along with the syntax
and semantics of numerical P systems with threshold in Section 2. A uniform
family of solutions to the Subset Sum problem and a semi-uniform family of so-
lutions to the Boolean Satisfiability problem are given in Section 3. Lastly,
Section 4 provides some final remarks and future research directions.
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2 Numerical P system with threshold

Before we proceed, the readers are assumed to be familiar with the fundamentals
of formal language theory and membrane computing. A good introduction can
be found in [10,9,11,1,12]

In this section, we define numerical P systems with threshold. The formal
definition and some recent results can be found in [16].

A Numerical P system with threshold (NPT system) of degree m ≥ 1 is a
tuple of the form

Π = (m,H, µ, t, (V ar1, P r1, V ar1(0)), . . . , (V arm, P rm, V arm(0)), V arin, V arout),

where:

– m is the number of membranes;
– H is an alphabet with m symbols;
– µ is the membrane structure with m membranes labeled with the elements

in H;
– t is a constant, called threshold;
– V ari, 1 ≤ i ≤ m is the finite set of variables from region i;
– V ari(0), 1 ≤ i ≤ m is the set of initial values of the variables in region i;
– Pri, 1 ≤ i ≤ m, is the finite set of programs in region i;
– V arin, V arout are the sets of input and output variables, respectively.

Each program pj,i ∈ Pri is of the form

Fj,i(x1,i, . . . , xk,i)|T → cj,1|v1 + · · ·+ cj,ni
|vni

where cj,1, . . . , cj,ni are natural numbers, denoting the jth program in region i
with {x1,i, . . . , xk,i} ⊆ V ari and {v1, . . . , vni} ⊆ V ari∪V arpar(i)∪

⋃
ch∈Ch(i) V arch

where par(i) is the parent membrane of membrane i and Ch(i) is the set of child
membranes of membrane i.

Fj,i(x1,i, . . . , xk,i) is the production function and cj,1|v1 + · · · + cj,ni
|vni

is
the repartition protocol of the program. A program is said to be active at a
particular time step if and only if the values of each of the variables involved
in its production function at that time step are (i) greater than or equal to the
threshold (for the lower-threshold case) or (ii) less than or equal to the threshold
(for the upper-threshold case).

Details on the modes of application and how the repartition of the program
takes place are adapted from [15,8]. We identify the three possible modes of
application as follows: sequential (seq), at each step, only one active program is
chosen nondeterministically to be executed in every region; one-parallel (oneP),
for each region a maximal set of active programs is chosen nondeterministi-
cally to be executed such that no two programs have common variables in their
production functions; all-parallel (allP), all active programs are executed. Note
that the allP mode of application indicates the deterministic parallel execution
of programs in the system.
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A program pj,i in region i is executed at a given step t in the following man-
ner: We first compute for the value of the production function Fj,i from the
current values of the variables in region i, taking note that the variables used
in the production are reset to zero in the process. The production value is then
distributed to variables in the neighbouring regions of i according to the repar-
tition protocol cj,1|v1 + . . .+ cj,ni

|vni
where cj,1, . . . , cj,ni

are natural numbers.

If we denote by Cj,i =
ni∑
s=1

cj,s the sum of all coefficients of the repartition pro-

tocol, the value qj = Fj,i/Cj,i represents the “unitary portion” to be distributed
to the variables v1, . . . , vni

. That is, for 1 ≤ s ≤ ni, qj · cj,s is added to vs at
time step t+ 1. We assume that Fj,i is always divisible by Cj,i, a case which we
will denote by div (this is the case in this work). If this is not so, then there
are three possible decisions that the system can take: (i) the remainder is lost
(production not immediately distributed is lost), (ii) the remainder is added to
the production obtained at the next step (non-distributed production is carried
over to the next step), and (iii) the system stops and no result is associated
with that computation. These three cases are denoted by lost, carry and stop,
respectively. If after applying all the rules a variable receives contributions from
several programs, then all such contributions are summed to produce the next
value of the variable.

A computation of Π is described as follows: A configuration is a tuple repre-
senting the values of all the system’s variables at a given computation step. Ini-
tially, the variables in the system have the values specified by V ari(0), 1 ≤ i ≤ m.
A transition from a configuration at time t to a configuration at time t+1 is made
by (a) choosing program(s) nondeterministically from each region according to
a mode of application, (b) computing the value of the respective production
function from the values of local variables at time t, and then (c) computing the
values of variables at time t + 1 as directed by repartition protocols. The exe-
cution is synchronized, that is, each of the mentioned three steps is done for all
programs at the same time. A sequence of such transitions forms a computation.
If no program in the system can be applied, we say that the system reaches a
halting configuration.

In [16], it was mentioned that NPT systems can be used in generating or
accepting mode. The set of numbers generated or accepted by a system Π is de-
noted by Nα(Π), α ∈ {gen, acc}. NαTγPDm (polyn(r), β) denotes the sets Nα(Π)
of numbers computed by Π working in α mode with at most m membranes,
production functions which are polynomials of degree at most n, with integer
coefficients and at most r variables in each polynomial, applying the rules in the
mode β ∈ {seq, allP, oneP} and γ ∈ {l, u} where l indicates the lower-threshold
case and u indicates the upper-threshold case. D indicates the use of determin-
istic systems (D is removed when the system may also be nondeterministic). If
one of the parameters m,n, r is not bounded, then we replace it with ∗.

For each halting computation of a (nondeterministic) NPT system Π in gen-
erating mode, we associate a set of numbers consisting of the values of the
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variables in V arout in the halting configuration. Thus Ngen(Π) will be the set
of numbers generated by each halting computation of the system.

For NPT systems in accepting mode, not much has been written about them
in literature. As we will be focusing on such systems in this paper, we give a
formal definition of NPT systems (in accepting mode) as recognizers in the next
section.

3 Recognizer NPT systems

When solving problems in P systems, the notion of recognizer P systems is used.
For our definition of recognizer NPT systems, we slightly modify the definitions
in [13,14] to fit a system having numerical variables instead of a multiset of
objects.

Definition 1. A recognizer NPT system Π is a P system such that: (a) the
set of output variables contains a distinguished variable yes; (b) all computations
halt; and (c) if C is a computation of Π, then the value of yes is either a 1 or a 0
to signal acceptance or rejection, respectively, at the last step of the computation.
If all the computations of Π agree on the result, then Π is said to be confluent;
if this is not necessarily the case, then it is said to be non-confluent and the
global result is acceptance if and only if there exists an accepting computation.

From [13], we can formally represent a decision problem as a pair Y =
(IY , θY ) where IY is a language over a finite alphabet and θY is a total boolean
function over IY . A representation of an instance of a decision problem in P
systems is given by a pair (cod, s) where s ∈ N and cod refers to an encoding of
the instance which will be placed as initial values of the input variables in the
initial configuration.

Our notion of a P system solving a problem is also adapted from definitions
in both [13] and [14] where a problem is solved using a family of P systems. A
family Π = {Π(n) | n ∈ Z+}, of P systems (specifically NPT systems in our
context) is a set of P systems that takes a parameter n to construct each system.

Definition 2. A family Π = {Π(n) | n ∈ Z+}, of NPT systems, solves a
problem (IY , θY ) if there exists a pair (cod, s) over IY such that for each instance
u ∈ IY :

1. n = s(u) ∈ N and cod(u) gives the initial values for the input variables of
Π(n);

2. there exists an accepting computation of Π(n) with input cod(u) if and only
if θY (u) = 1.

Various P systems have been used to solve many NP-complete problems,
some examples are in [2,4,6,7,14]. These solutions are often categorized as either
non-uniform or uniform solutions. A problem Q is solved in a non-uniform way
if for each specified instance I of Q we build a P system ΠQ,I , whose structure
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and initial configuration depend on I. A non-uniform solution is said to be semi-
uniform if there exists a deterministic Turing machine that constructs each ΠQ,I

in polynomial time. A uniform solution to Q consists of a family {ΠQ(n)}n∈N
of P systems such that, given an instance I ∈ Q of size n, we build a P system
ΠQ(n) whose structure and initial configuration depend only on n. In most
recognizer P systems, when ΠQ(n) halts, we say that I is a positive instance if
and only if the system outputs a special object yes to the environment. In the
case of NPT systems, as the objects here are numerical variables, we instead
specify an output variable yes to have a value of 1 at the end of the computation
if I is a positive instance and 0 otherwise.

3.1 A uniform solution to Subset Sum using NP systems with
lower-threshold

We now consider a specific NP-complete problem, Subset Sum, defined as follows
(here presented in equivalent form with respect to [3]):

Definition 3. Subset Sum Problem (SSP) Given a (multi)set of positive in-
tegers S = {x1, x2, . . . , xn} and a positive integer t. Is there a sub(multi)set
V ⊆ S such that

∑
v∈V

v = t?

We now present a family ΠSSP of nondeterministic, non-confluent, uniform
LTNP systems operating in oneP mode solving SSP in constant time. The size
of each ΠSSP(n) ∈ ΠSSP is dependent only on the value of |S| = n. The number
of variables and rules in the system are functions of n. The elements of S and
the value of t are introduced into the system as initial values of n+ 1 variables
in V arin. The result of the computation is the value of the only variable yes in
V arout.

The construct of a LTNP system solving an instance I = ((ẋ1, ˙x2, · · · , ẋn), ṫ)
of SSP of size n is as follows:

ΠSSP(n) = (1, {1}, [1]1, 1, (V ar1, P r1, V ar1(0)), V arin, V arout)

– V ar1 = {x1, x2, · · · , xn, t, v1, v2, · · · , vn, g, b1, b2, · · · , bn,
td, tD, sd, sD, d,D, yes};

– Pr1 is composed of programs of the form p1,1, p2,1, p3,1, p4,1, p5,1, p6,1, p7,1
and p8,1 where
• p1,1 : xi|1 → 1|vi, 1 ≤ i ≤ n,
• p2,1 : xi|1 → 1|g, 1 ≤ i ≤ n,
• p3,1 : bi|1 → 1|vi, 1 ≤ i ≤ n,
• p4,1 : 2t|1 → 1|td + 1|tD,

• p5,1 : 2
n∑
i=1

(vi − 1)|1 → 1|sd + 1|sD,

• p6,1 : td − sd + 1|1 → 1|d,
• p7,1 : sD − tD + 1|1 → 1|D,
• p8,1 : d−D + 1|1 → 1|yes;
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– V ar1(0) = (ẋ1, ˙x2, · · · , ẋn, ṫ, 0,
n· · ·, 0, 0, 1, n· · ·, 1, 0, 0, 0, 0, 0, 0, 0);

– V arin = {x1, x2, · · · , xn, t};
– V arout = {yes}.

Note that the encoding of instance I is placed as the initial values of the
n + 1 input variables. As for the other variables in region 1, all will have an
initial value of 0 except for bi, 1 ≤ i ≤ n which have an initial value of 1.

Computation proceeds as follows: The first step involves nondeterministically
choosing which among the input variables x1, . . . , xn will pass on their values
to the respective vi’s or to variable g which serves as our “garbage collector”.
Computations that pass all values to g halt immediately since no further rules can
be applied, implying rejection. Note that only programs p1,1 to p4,1 are applicable
at this step. But for every i, only one of the programs p1,1 and p2,1 can be applied
at this step since both involves the same variable in their production. Those that
pass on their values to the vi’s represent the subset V of S nondeterministically
chosen in this computation. At the same time step, the input variable t gives the
same value to two variables td and tD equal to t’s current value through program
p4,1. Besides, the bi’s give 1 to each vi’s in program p3,1 to ensure that each vi
will have a value greater than or equal to the lower-threshold of 1 to allow the
computation to continue.

At the second step, program p5,1 solves for the sum of the values of the
subset chosen at the previous step and stores the same value to both sd and
sD. Note that 1 was subtracted to each variable in the production function to
compensate for the value added by the bi’s at the previous step. At the third
step, we compute for the difference between the desired total td (similarly, tD)
and the sum obtained at the previous step stored in sd (similarly, sD). Note that
value td − sd is just the negative of sD − tD such that they compute for pairs
of numbers that are in {{0, 0}, {−1, 1}, {−2, 2}, {−3, 3}, . . .}. With a constant 1
added to these values in programs p6,1 and p7,1, d and D will have values that
are in {{1, 1}, {0, 2}, {−1, 3}, {−2, 4}, . . .}.

Finally, p8,1 will only be active if and only if both d and D have values greater
than or equal to threshold 1 (that is, as seen at the previous step, {1, 1}). This
happens only when the difference between the desired total value and the actual
sum obtained from the nondeterministic choice of a subset V of the input S is
0. Thus, at the final step a constant 1 will be added to the output variable yes
if the decision for the choice at the first step is an acceptance. Otherwise, the
computation stops with no addition to yes keeping its initial value of 0 signifying
a rejection of the choice made at step 1.

If S contains a subset V whose elements sum up to t, there exists at least one
computation that results to an acceptance. Hence, this non-confluent uniform
LTNP system has a global result of acceptance. If S does not contain a subset
V whose elements sums up to t, all computations result to a rejection implying
a global result of rejection.

We give an example of a LTNP system solving SSP with S = {1, 2, 3, 7, 8}
and t = 10 in Figure 1.

We summarize the mentioned solution in the following theorem:
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1 x1[1], x2[2], x3[3], x4[7], x5[8], t[10],

v1[0], v2[0], v3[0], v4[0], v5[0], g[0],

b1[1], b2[1], b3[1], b4[1], b5[1],

td[0], tD[0], sd[0], sD[0], d[0], D[0], yes[0]

xi|1 → 1|vi, 1 ≤ i ≤ 5

xi|1 → 1|g, 1 ≤ i ≤ 5

2t|1 → 1|td + 1|tD
bi|1 → 1|vi, 1 ≤ i ≤ 5

2
5∑

i=1

(vi − 1)|1 → 1|sd + 1|sD

td − sd + 1|1 → 1|d
sD − tD + 1|1 → 1|D
d−D + 1|1 → 1|yes

Fig. 1. A uniform numerical P system with lower threshold solving Subset Sum.

Theorem 1. There exists a family of nondeterministic, non-confluent, uniform
LTNP systems solving SSP having 1 membrane, 3n+9 variables, 3n+5 programs
with polynomial production function of degree 1 and working in oneP application
mode, that runs in at most 4 steps where n is the size of the input set S.

The proof of this theorem is the construction done above.

3.2 A semi-uniform LTNP system solution to Boolean

Satisfiability

Another NP-complete problem that is often investigated in literature is the
Boolean Satisfiability problem [3]:

Definition 4. Boolean Satisfiability Problem (SAT) Given a boolean for-
mula φ in conjunctive normal form having n boolean variables and k clauses. Is
φ satisfiable? That is, can we assign truth values to the n boolean variables such
that φ evaluates to true?

In this subsection, we present a family of nondeterministic, non-confluent,
semi-uniform LTNP systems operating in oneP mode solving SAT in constant
time. For each specified instance I of SAT we build a P system ΠI , whose
structure and initial configuration depend on I. The number of variables and
programs in the system are functions of both n and k, respectively, the number of
boolean variables and clauses of the boolean formula in I. Some of the programs
are constructed depending on the specific instance of the problem. The initial
values of the variables in V arin are the negative of the number of literals present
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in each clause of the given instance. The result of the computation is the value
of the only variable yes in V arout.

The construct of the LTNP system solving an instance I = φ of SAT having
n boolean variables (x1, x2, · · · , xn) and k clauses is as follows:

ΠI = (1, {1}, [1]1, 1, (V ar1, P r1, V ar1(0)), V arin, V arout)
where

– V ar1 = {Tj , 1 ≤ j ≤ n} ∪ {vj , 1 ≤ j ≤ n} ∪ {wj , 1 ≤ j ≤ n}∪
{xji, 1 ≤ j ≤ n, 1 ≤ i ≤ k} ∪ {x̄ji, 1 ≤ j ≤ n, 1 ≤ i ≤ k}∪
{ci, 1 ≤ i ≤ k} ∪ {sum, count, yes};

– Pr1 is composed of programs of the form p1,1, p2,1, p3,1, p4,1, p5,1, p6,1 and
p7,1 where

• p1,1 : 2Tj |1 → 1|vj + 1|wj , 1 ≤ j ≤ n,
• p2,1 : 2(Tj − 1)|1 → 1|vj + 1|wj , 1 ≤ j ≤ n,

• p3,1 : k vj |1 →
k∑
i=1

1|xji, 1 ≤ j ≤ n,

• p4,1 : k(−wj + 3)|1 →
k∑
i=1

1|x̄ji, 1 ≤ j ≤ n,

• p5,1 : for each clause we include a program of the following form

∑
xji +

∑
x̄ji|1 → 1|ci

where xji (resp, x̄ji) is included in the sum if and only if
the literal xj (resp, x̄j) is in clause i;

• p6,1 : 2
k∑
i=1

ci|1 → 1|sum+ 1|count,
• p7,1 : sum− count+ 1|1 → 1|yes;

– V ar1(0) = (2,
n· · ·, 2, 0, n· · ·, 0, 0, n· · ·, 0, 0, nk· · ·, 0, 0, nk· · ·, 0,

−|S1|,−|S2|, · · · ,−|Sk|, 0, 0, 0)
where |Si| is the number of literals in clause i;

– V arin = {ci, 1 ≤ i ≤ k};
– V arout = {yes}.

Note that variables Tj have initial values of 2, 1 ≤ j ≤ n, while the ci
variables have initial values of −|Si| where |Si| is the number of literals in clause
i, 1 ≤ i,≤ k. The rest of the variables have initial values of 0. Computation
then proceeds as follows: Since only variables Tj have initial values greater than
or equal to the threshold 1, only programs of type p1,1 and p2,1 are applicable
at the start. But for every j, only one of these programs can be applied at this
step since both involves the same variable in their production. That is, if p1,1 is
applied then 2 is added to vj and wj , otherwise, only 1 is added. This represents
the nondeterministic choice of assigning truth values to the n boolean variables.
If p1,1 is chosen then the jth variable is assigned as TRUE (represented by
value 2), whereas if p2,1 is chosen then the jth variable is assigned as FALSE
(represented by value 1). In either case, the vj ’s and wj ’s will now have values
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greater than or equal to the threshold while the values of the Tj ’s are down to
0. Thus at the second step, only programs of type p3,1 and p4,1 are applicable.
The former program, on the one hand, represents copying the values of vj to
each xji (representative of the jth variable in clause i). Note that the value of
vj (which has the same value as wj) is either a 2 (TRUE) or a 1 (FALSE). p4,1,
on the other hand, flips these values (from 2 to 1, or from 1 to 2) and passes to
each x̄ji (representative of the negation of the jth variable in clause i). At the
end of this step, all vj ’s and wj ’s have value 0; all xji’s and x̄ji’s have values
greater than or equal to the threshold.

At the third step, programs of type p5,1 are applied. Each of these programs
correspond to a clause in φ. Taking note of the initial values of ci’s and the value
added from the production of p5,1, the value of the ci’s after this step is 0 if and
only if clause i evaluates to FALSE; otherwise ci has a positive value between 1
and |Si|, inclusive. Hence, if at least one of the clauses evaluate to FALSE given
the truth assignment nondeterministically chosen at the first step, all of the
programs will no longer be applicable. This signals the end of the computation.
The output variable yes keeps its initial value of 0 signifying a rejection. If all
clauses evaluate to TRUE, that is all ci’s have positive values, p6,1 can be applied
at the fourth step. Variables sum and count will have the same positive value.
At the fifth step, p7,1 is applied, adds 1 to yes and the computation halts with
an acceptance.

If φ has a satisfying assignment, then there exists at least one computation
that results to an acceptance. Hence, this non-confluent non-uniform LTNP sys-
tem has a global result of acceptance. If φ does not have a satisfying assignment,
all computations result to a rejection implying a global result of rejection.

To illustrate our solution, we give an example of a LTNP system solving a
specific instance of SAT with φ = (x̄1 ∨x2 ∨x4)∧ (x1 ∨x3)∧ (x2 ∨x3 ∨ x̄4 ∨x1)
in Figure 2.

Note that φ has 4 boolean variables and 3 clauses, hence Π contains 42
variables and 21 programs. Also, since the 3 clauses of φ contain 3, 2 and 4 literals
in order, then the input variables c1, c2 and c3 will have initial values −3,−2,−4
respectively. For the first clause (x̄1∨x2∨x4), we have the corresponding program
x̄11 +x21 +x41|1 → 1|c1. For the second clause (x1∨x3), we include the program
x12+x32|1 → 1|c2. Lastly, the third clause (x2∨x3∨ x̄4∨x1) has a corresponding
program x23 + x33 + x̄43 + x13|1 → 1|c3.

We end this section with the following theorem:

Theorem 2. There exists a family of nondeterministic, non-confluent, semi-
uniform LTNP systems solving SAT having 1 membrane, 3n + 2nk + k + 3
variables, 4n + k + 2 programs with polynomial production function of degree 1
and working in oneP application mode, that runs in at most 5 steps where n is
the number of boolean variables and k is the number of clauses in φ.

The construction done above serves as proof for this theorem.
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1 T1[2], T2[2], T3[2], T4[2], v1[0], v2[0], v3[0], v4[0], w1[0], w2[0], w3[0], w4[0],

x11[0], x21[0], x31[0], x41[0], x12[0], x22[0], x32[0], x42[0], x13[0], x23[0], x33[0], x43[0],

x̄11[0], x̄21[0], x̄31[0], x̄41[0], x̄12[0], x̄22[0], x̄32[0], x̄42[0], x̄13[0], x̄23[0], x̄33[0], x̄43[0],

c1[−3], c2[−2], c3[−4], sum[0], count[0], yes[0]

2Tj |1 → 1|vj + 1|wj , 1 ≤ j ≤ 4

2(Tj − 1)|1 → 1|vj + 1|wj , 1 ≤ j ≤ 4

3vj |1 → 1|xj1 + 1|xj2 + 1|xj3, 1 ≤ j ≤ 4

3(−wj + 3)|1 → 1|x̄j1 + 1|x̄j2 + 1|x̄j3, 1 ≤ j ≤ 4

x̄11 + x21 + x41|1 → 1|c1
x12 + x32|1 → 1|c2
x23 + x33 + x̄43 + x13|1 → 1|c3
2(c1 + c2 + c3)|1 → 1|sum + 1|count
sum− count + 1|1 → 1|yes

Fig. 2. A semi-uniform numerical P system with lower threshold Π solving an instance
of SAT where φ = (x̄1 ∨ x2 ∨ x4) ∧ (x1 ∨ x3) ∧ (x2 ∨ x3 ∨ x̄4 ∨ x1).

4 Final remarks

We constructed a family of numerical P systems with lower-threshold of 1, ΠSSP,
that uniformly solves the Subset Sum problem where |S| = n and contains the
following features: ΠSSP is a nondeterministic and nonconfluent family in oneP
mode; each ΠSSP(n) ∈ ΠSSP has one membrane, 3n+9 variables, 3n+5 programs
and halts in at most 4 steps. Also, a family of nondeterministic, non-confluent,
semi-uniform LTNP systems working in oneP application mode that solves SAT
was presented wherein each system has one membrane, 3n+2nk+k+3 variables,
4n+k+2 programs and runs in at most 5 steps where n is the number of boolean
variables and k is the number of clauses in the given instance of the problem

For future works, we can investigate solutions to other NP-complete prob-
lems. It would also be interesting to compare solutions to such problems if differ-
ent application modes are used. How about deterministic solutions, i.e. in allP
mode? Deterministic solutions also provide good frameworks for implementa-
tions in software or hardware.

What if upper-threshold is used? One result from [16] is that for any LTNP
there is a UTNP with the same variables such that the corresponding variables
have equal values but of opposite sign. Is it possible to find a better solution in
terms of resources (number of variables, number of programs, execution time)
taking note of this equivalence?
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Abstract

Spiking neural P systems with anti-spikes (shortly named ASN P systems) are
class of distributed and parallel computing systems. The neuron may contain
both spikes and anti-spikes, which will annihilate each other immediately, thus
having priority over neuron’s spiking. In this work, we introduce ASN P sys-
tems without annihilating priority. Specifically, it allows neurons to choose non-
deterministically between spiking and annihilating with respect to the amount of
spikes and anti-spikes inside. It is shown that such systems with at most two rules
per neuron can achieve Turing completeness as number generators. This result
provides a positive answer to an open problem formulated in [INT J COMPUT
COMMUN, 3, 273–282, 2009], on the power of ASN P systems when annihila-
tion rule has no priority over other rules. The obtained result is optimal in the
sense of having minimal number of rules in neurons of Turing universal ASN P
systems.

Key words: Membrane computing, Spiking neural P system, Turing
completeness, Register machine, Anti-spike

1. Introduction

Neural networks are known computational models inspired by animals’ the
central nervous systems (in particular the brain) of animals. These computational
models are capable of machine learning and pattern recognition. They are usually
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presented as systems of interconnected “neurons.” They can compute values from
inputs by feeding information through the network.

Many working have contributed to neural networks from aspects of both the-
ories and applications. Developments in neural networks ranges from theory to
applications. In the 1990s. For instance, Pollack demonstrated that second-order
recurrent neural networks can work as dynamical recognizer for formal languages
[1]; Giles proposed an approach by training recurrent neural networks with in-
serted rules to learn to recognize regular languages [2]; Siegelmann constructed
a Turing universal neural nets [3]; Hyoetyniemi proposed that Turing machines
can work as recurrent neural networks [4]; Moore describe methods of using frac-
tal sets to keep track of arbitrary stack computations in neural units [5]. Neural
networks have been used in many fields in engineering and modern industry, one
can refer to [6] for the state-of-the-art. The theoretical results always play an im-
portant role for the implementations of neural systems. For instance, if we use a
specific neural network to do pattern recognition it is crucial to know its theoreti-
cally inherent computing/recognizing power.

In [7], Maass proposed the third generation of neural network models – net-
works of spiking neurons. It was proved that networks of spiking neurons per-
forms well on doing computation. Network of spiking neurons with k adjustable
delays is able to compute a much richer class of functions than a threshold circuit
with k adjustable weights [8]; a network of spiking neurons cannot only perform
all computations that a certain subclass of finite state machines can perform, but
can also learn to do so [9]. Lots of works have been contributed to spiking neural
networks in both theories and applications (one can refer to [10] for details.

In the 2006, another model of spiking neural networks, called spiking neural
P systems (SN P systems for short) were proposed under the framework of mem-
brane computing. An SN P system consists of set of neurons, that sends signals
(spikes) along synapses. This model is represented by a directed graph whose ver-
tices are the neurons and the directed edges or arc are the synapses. A neuron may
contain a number of spikes (a multiset over a singleton set) and spiking or firing
rules (in form of productions in formal language theory). The information in a
neuron is encoded in form of spikes. The neurons use spiking rules to process the
information inside. A neuron can contain multiple spiking rules and each rule is
associated with a specific application context. In this way, a neuron can apply dif-
ferent rules to use according different information received, thus has information
“self-classifying” function.

In the past years, many results on SN P systems have been obtained. The sys-
tems can be used as computing devices mainly in three ways: generating (com-
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puting) sets of numbers [12, 13], generating/accepting languages [14, 15, 16] and
computing recursive functions [17, 18]. Moreover, SN P systems with neuron
budding and cell division can (theoretically) generate exponential working space
in linear time, thus can provide a way to solve computationally hard problems
in a feasible (polynomial or linear) time (see, e.g., [19, 22]). Taking ideas from
various neurobiological phenomena, there have been several variants of SN P pro-
posed, such as asynchronous SN P systems [23], asynchronous SN P systems with
local synchronization [24], SN P systems with anti-spikes [25, 27], sequential SN
P systems [30, 31, 32], SN P systems with rules on synapses in equal consump-
tion mode [33], maximum spiking mode [34] and maximum spike consumption
mode [35], SN P systems with plastic structure and self-organization [29], SN
P systems with request rules [28]. Most of these variants are Turing universal
as number generating/accepting devices, language generating devices or function
computing devices. There are some significant applications of SN P systems in
solving issues in practical engineering and science fields, such as fuzzy reason-
ing SN P systems for fault diagnosis [36, 39], fuzzy SN P systems for knowledge
representation [38, 37], SN P systems for approximately solving combinatorial
optimization problems [40], SN P systems based nuclear signal export identifying
method [26].

Inspired by the functioning of neurons processing information by inhibitory
impulses/spikes among biological neurons, SN P systems with anti-spikes (ASN
P systems for short) were proposed in [41]. Some open problems left in [41] have
been solved. In particular, it is proved that one type of neuron is sufficient for SN
P systems with anti-spikes or inhibitory synapse to achieve Turing universality
[42, 43, 48]; the categories of spiking rules can be reduced to two categories in
universal SN P systems with anti-spikes [44]; the number of neurons in universal
SN P systems computing functions can be decreased by using anti-spikes in the
neurons [45]. In ASN P systems, a neuron can contain a number of spikes or
anti-spikes (representing the information in the neuron), spiking and forgetting
rules (which are used to process the information and send the information to the
neighboring neurons In the systems, it is assumed that the annihilating rule has
priority over other rules, which means the annihilation happens and completes
instantaneously.

In this work, we consider a restricted variant of ASN P systems, called ASN
P systems without annihilating priority. In this variant model a neuron can choose
either spiking or annihilating according to the number of spikes and anti-spikes
contained. We prove that such ASN P systems can generate/compute any set of
Turing computable natural numbers, with all the neurons working in a “flip-flop”
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way and containing a unique spiking rule except for one neuron. This result gives
a positive answer to an open problem in [41] on the case when annihilation has
no priority over other rules. The obtained optimal result in the sense of having
minimal number of rules in neurons of Turing universal ASN P systems. The
result may also provide some instructions in theoretical level for the applications
of ASN P systems.

2. ASN P Systems without Annihilating Priority

It starts by recalling some basic prerequisites, such as formal language theory
from [46].

For an alphabet Σ, it is denoted by Σ∗ the set of all finite strings of symbols
from Σ; empty string is denoted by λ, and the set of all nonempty strings over Σ
is denoted by Σ+. When Σ = {a} is a singleton, it can be simplified as a∗ and a+

instead of {a}∗, {a}+.
An ASN P system without annihilating priority of degree m ≥ 1 is a construct:

Π = (O, σ1, σ2, . . . , σm, syn, in, out),

where

• O = {a, ā} is the alphabet, where a is called spike and ā is called anti-spike;

• σ1, σ2, . . . , σm are neurons of the form σi = (ni, ui, Ri) with 1 ≤ i ≤ m,
where

1. ni, ui ∈ N are the numbers of spikes and anti-spikes initially placed
in neuron σi;

2. Ri is a finite set of rules:
(a) E/bc → b′, where E is a regular expression over O, b, b′ ∈ {a, ā}

and c ≥ 1;
(b) bs → λ, b ∈ {a, ā}, for some s ≥ 1, with the restriction that

bs /∈ L(E) for any rule E/bc → b′ from Ri;
(c) aā→ λ;

• syn ⊆ {1, 2, . . . ,m}×{1, 2, . . . ,m}with (i, i) /∈ syn, is the set of synapses
connecting each pair of neurons;

• out ∈ {1, 2, . . . ,m} indicates the output neuron.
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Rules of the form E/bc → b′ are spiking rules. There are four categories
of spiking rules in all identified by (b, b′) ∈ {(a, a), (a, ā), (ā, a), (ā, ā)}. The
application of a spiking rule is controlled by checking the numbers of spikes and
anti-spikes against a regular expression associated with the rule. Specifically, if
neuron σi contains k spikes and l anti-spikes such that akāl ∈ L(E) and k, l ≥ c,
the rule E/bc → b′ can be applied. The application of the rule means c spikes or
anti-spikes (not both of them) are consumed (thus the remaining content of neuron
σi is a(k−c)āl or akā(l−c)), meanwhile sending one spike or anti-spike to neuron σj

such that (i, j) ∈ syn. For two spiking rules, it may hold L(E1) ∩ L(E2) ̸= ∅,
that is the two spiking rules are applicable at some moment, but only one of them
is non-deterministically chosen to use. For any spiking rule E/bc → b′, if it has
L(E) = bc, the rule is simply written as bc → b′, and called pure.

The forgetting rule is of the form bs → λ, b ∈ {a, ā} with s ≥ 1. If neuron σi

contains exactly s spikes or anti-spikes, then the forgetting rule bs → λ, b ∈ {a, ā}
from Ri can be applied, removing the spikes or anti-spikes out. For any regular
expression E associated with a spiking rule from Ri, it satisfies that bs /∈ L(E).
It means that if a spiking rule is applicable, then no forgetting rule is applicable,
and vice versa.

It is denoted by aā→ λ the annihilating rule, which has no priority over other
rules. The annihilation takes one time unit. A global clock is assumed to mark the
time of the whole system, and in each time unit, for each neuron with applicable
rules one of these rules is non-deterministically chosen, which are then applied
on the tick of the clock, for all neurons at the same time. At some moment, if
a neuron contains k spikes and l anti-spikes, it can use the annihilating rule in
a maximal manner (ending with (k − l) spikes or (l − k) anti-spikes) or one
spiking rule (non-deterministically choosing from the enable ones). Note that in
any neuron associated with both spikes and anti-spikes, the annihilating rule is
always applicable. The work of each neuron is sequential: only one rule can be
applied in each time unit, but for different neurons, their works are in a parallel
manner.

A neuron with only one spiking rule is said to be simple. An SN P system is
said to be simple if all neurons in the system are simple. An SN P system is said
to be almost simple if all neurons in the system are simple except for one neuron.

The configuration of the system at any moment consists of the number of
spikes and anti-spikes in each neuron, which is of the form

⟨(c1, d1), (c2, d2), . . . , (cm, dm)⟩
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with ci, di ∈ N. With the notion, the initial configuration is

⟨(n1, u1), (n2, u2), . . . , (nm, um)⟩.

By using spiking/forgetting and annihilating rules, one can define transitions a-
mong configurations. A series of transitions starting from the initial configuration
is called a computation. The computation halts if it proceeds to a configuration
with no rules can be applied in any neuron.

With any computation halting or not, the system is associated with a spike
train, a binary sequence, described the spiking behavior of neuron σout: at mo-
ment t, if the neuron σout sends out a spike, then writes 1 on the tth bit of the
binary sequence, otherwise, writes 0. The distance of the first two spikes emit-
ted to the environment by the output neuron contributes the computing result of
Π. The set of all numbers generated by Π is denoted by N2(Π). It is denot-
ed by N2ASNPnopri(catel, rulek, forg) the family of sets of numbers generat-
ed/computed by ASN P systems without annihilating priority, where at most l
categories of spiking rules are used, there are at most k spiking rules in any neu-
ron and forgetting rules are used. If the forgetting rules are not used, indication
forg will be removed from the notation.

3. Universality Result

In this section, it proves that ASN P systems without annihilating priority is
Turing universal as number generator, that is, they can compute any set of Turing
computable natural numbers. The proof is based on the simulation of register
machines. A register machine can compute a family of sets of Turing computable
nature numbers [47], hence can characterize NRE.

A register machine is a construct M = (m,H, l0, lh, I): m is the number of
registers; H is the set of instruction labels; l0 is the initial instruction (an ADD
instruction), lh is the halt label of instruction HALT; I is a set of instructions of the
following forms: li : (ADD(r), lj, lk) (add 1 to register r and non-deterministically
go to instruction lj or lk); li : (SUB(r), lj, lk) (if register r is non-empty, then
subtract 1 from it and go to the instruction lj , otherwise go to the instruction lk)
and lh : HALT (the halt instruction).

Theorem 3.1. NRE = N2ASNPnopri(cate2, rule2).

Proof It is sufficient to prove the inclusion relationship NRE ⊆ N2ASNPnopri

(cate2, rule2), since the converse inclusion is straightforward (we can invoke for
it from the Turing-Church thesis).
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In the following proof, an ASN P system Π is constructed to simulate register
machine M working in generative mode. For each register r in M , a neuron σr is
associated. Each instruction li of M is associated with a neuron σli . If the number
in register r > 1 is n, there are n spikes in neuron σr; if the number in register
1 is n, there are n + 1 spikes in neuron σ1. Without losing generality, in any
computation of M the number in register 1 is never decreased, so the number of
spikes in neuron σ1 cannot be decreased before the simulation reaches the halting
instruction lh. Moreover, at the beginning, neuron σl0 has one spike and becomes
active to simulate M starting to work by operating the initial instruction l0.

Module ADD indicted in Figure 1 – simulating ADD instruction li : (ADD
(r), lj, lk).

Figure 1: The ADD module of Π

It is assumed at certain step t neuron σli has to be simulated by receiving one
spike. It fires by rule a → ā, sending an anti-spike to each of neurons σ

l
(1)
i
, σ

l
(2)
i

and σ
l
(3)
i

. With an anti-spike inside, neurons σ
l
(1)
i

and σ
l
(2)
i

fire at step t+1, emitting
two spikes to neurons σ

l
(3)
i
, σ

l
(4)
i

and σ
l
(5)
i

. Meanwhile, one spike is emitted to
neuron σr from σ

l
(2)
i

such that the number of spikes in neuron σr is increased by
one, simulating the operation of adding one on register r of M . Having two spikes
and one anti-spike inside, neuron σ

l
(3)
i

is able to use both spiking rule a2ā/a2 →
ā and annihilating rule aā → λ, but only one of them is non-deterministically
chosen to use.

If neuron σ
l
(3)
i

uses rule a2ā/a2 → ā at step t + 2, it sends an anti-spike to
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neurons σ
l
(4)
i

and σ
l
(6)
i

. Neuron σ
l
(5)
i

sends one anti-spike to neurons σ
l
(4)
i

and σ
l
(6)
i

.
Neuron σ

l
(4)
i

can only do the annihilation, consuming the two spikes and two anti-
spikes inside. One step later, neuron σ

l
(4)
i

ends with neither spike nor anti-spike
inside. Having two anti-spikes, neuron σ

l
(6)
i

fires at step t + 3, sending one spike
to neuron σlj , indicating that system Π starting to simulate the instruction lj of M .

If neuron σ
l
(3)
i

chooses to use annihilating rule aā → λ at step t + 2, one
step later, it has one spike inside and keeps inactive. At that moment, neuron
σ
l
(3)
i

sends one anti-spike to each of neurons σ
l
(4)
i

and σ
l
(6)
i

. With one anti-spike
inside, neuron σ

l
(6)
i

beceoms inactive, and the anti-spike will be annihilated by
the spike from neuron σ

l
(7)
i

at step t + 4. In neuron σ
l
(4)
i

, it ends with one spike
after the annihilation and fires to send one anti-spike to neurons σ

l
(3)
i

and σ
l
(7)
i

.
Neuron σ

l
(3)
i

becomes empty (returns to no spike or anti-spike inside as in the
initial configuration and moves on to the simulation of the next instruction). In
this way, neuron σlk can be activated, which indicates system Π starts to simulate
instruction lk of M .

Therefore, from firing neuron σli , system Π adds one spike to neuron σr and
non-deterministically fires one of neurons σlj and σlk , which correctly simulates
the ADD instruction li : (ADD(r), lj, lk).

Module SUB shown in Figure 2 – simulating SUB instruction li : (SUB
(r), lj, lk).

Assume tt step t, system Π has to simulate a SUB instruction li. If neuron σr

has n (n > 0) spikes (corresponding to the fact that the number stored in register
r is n, and n > 0), annihilating rule can be used. One step later, the number of
spikes in neuron σr is decreased, which simulates subtracting one from register r
of M . Meanwhile, two spikes are sent to neurons σ

l
(3)
i

and σ
l
(4)
i

. One step later,
neuron σ

l
(3)
i

fires sending one anti-spike to neuron σ
l
(6)
i

. The two spikes in neuron
σ
l
(4)
i

will be annihilated by the two anti-spikes arriving at steps t + 2 and t + 4

from neurons σ
l
(3)
i

and σ
l
(8)
i

, respectively. At step t + 6, neuron σlj is activated,
which means that system Π starts to simulate instruction lj .

If neuron σr has no spike inside (corresponding to the fact that the number
stored in register r is 0), it fires by using spiking rule ā→ a at step t+1. Neurons
σ
l
(3)
i

and σ
l
(4)
i

receive three spikes, as well as neuron σ
l
(5)
i

receives one spike. With
three spikes inside, neuron σ

l
(4)
i

fires at step t+2 sending one anti-spike to neuron
σ
l
(7)
i

, and the three spikes in neuron σ
l
(3)
i

will be annihilated by three anti-spikes
from neurons σ

l
(4)
i
, σ

l
(5)
i

and σ
l
(9)
i

. At step t+ 2, neuron σ
l
(5)
i

emits an anti-spike to
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Figure 2: The SUB module of Π

neuron σ
l
(4)
i

, which will be annihilated by the spike from neuron σ
l
(7)
i

at step t+3.
At step t+ 6, neuron σlk is activated to simulate M reaching instruction lk.

The evolution of the numbers of spikes of SUB module during the SUB in-
struction simulation is shown in Tables 1 and 2, corresponding to the two cases in
which, at step t, the number stored in register r is n, n > 0 and the number stored
in register r is 0, respectively.

The simulation of SUB instruction is correct: system Π starts from σli and
ends in σlj (if the number stored in register r is greater than 0 and decreased by
one), or in σlk (if the number stored in register r is 0).

Note that there is no interference between two ADD modules. However, it is
possible to have interference between two SUB modules. Specifically, if there are
several SUB instructions lv acting on register r, neuron σr has synapse connection
to all neurons σ

l
(3)
v
, σ

l
(4)
v

and σ
l
(5)
v

. When a SUB instruction li : (SUB(r), lj, lk)
is simulated, neurons σ

l
(3)
v
, σ

l
(4)
v

and σ
l
(5)
v

in the SUB module associated with lv
(lv ̸= li) may receive one spike from neuron σr. By consuming the spike, neuron
σ
l
(5)
v

produces an anti-spike and sends it to neurons σ
l
(3)
v

and σ
l
(4)
v

to annihilate the
spike in them. In this way, the interference among SUB modules will not cause
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Table 1: The numbers of spikes in the neurons of SUB module during the SUB instruction simu-
lation with the case that neuron σr has n (n > 0) spikes

Neuron
Step

t t+ 1 t+ 2 t+ 3 t+ 4 t+ 5 t+ 6

li (1, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

r (n, 0) (n, 1) (n− 1, 0) (n− 1, 0) (n− 1, 0) (n− 1, 0) (n− 1, 0)

l
(1)
i (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(2)
i (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(3)
i (0, 0) (0, 0) (2, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(4)
i (0, 0) (0, 0) (2, 0) (1, 0) (1, 0) (0, 0) (0, 0)

l
(5)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(6)
i (0, 0) (0, 0) (0, 0) (0, 1) (0, 0) (0, 0) (0, 0)

l
(7)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(8)
i (0, 0) (0, 0) (0, 0) (0, 0) (1, 0) (0, 0) (0, 0)

l
(9)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(10)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(11)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

lj (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (1, 0)

lk (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

undesired steps in Π (i.e., steps that do not correspond to correct simulations of
instructions of M ).

Module FIN – outputting the result of computation.
The task of outputting the result is covered by the FIN module from Figure

3. Assume that the computation of M halts (that is, the halting instruction is
reached), At this moment, if the number stored in register 1 of M is n, there are
n+ 1 spikes in neuron σ1.

Let t be the moment when neuron σlh fires. It sends an anti-spike to neurons
σ
l
(1)
h
, σ

l
(2)
h

and σ
l
(8)
h

. By receiving the anti-spike from neuron σlh , neurons σ
l
(1)
h

and
σ
l
(8)
h

fire at step t + 1 sending two spikes to neuron σ
l
(10)
h

. At step t + 7, neuron
σout fires for the first time by using spiking rule ā → a, emitting one spike into
the environment.

At step t+2, by the rule a2/a→ ā, neuron σ
l
10)
h

sends an anti-spike to neurons
σ1 and σ

l
(9)
h

. At step t + 3, neurons σ
l
(9)
h

and σ
l
(10)
h

begin to exchange one spike
and anti-spike among them. In this way, from that moment on, neurons σ

l
(10)
h

continuously sends one anti-spike to neuron σ1. In each step, one of the spikes in
neuron σ1 is annihilated, and an anti-spike is sent to it. (Before the rule ā → a
can be used in neuron σ1, in all n+1 spikes need to annihilate, which costs n+1
steps from t + 3.) At step t + n + 5, neuron σ1 has an anti-spike and fires with
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Table 2: The numbers of spikes in the neurons of SUB module during the SUB instruction simu-
lation with the case that the number of spikes in neuron σr is 0

Neuron
Step

t t+ 1 t+ 2 t+ 3 t+ 4 t+ 5 t+ 6

li (1, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

r (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(1)
i (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(2)
i (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(3)
i (0, 0) (0, 0) (3, 0) (1, 0) (1, 0) (1, 1) (0, 0)

l
(4)
i (0, 0) (0, 0) (3, 0) (0, 1) (0, 0) (0, 0) (0, 0)

l
(5)
i (0, 0) (0, 0) (1, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(6)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(7)
i (0, 0) (0, 0) (0, 0) (0, 1) (0, 0) (0, 0) (0, 0)

l
(8)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(9)
i (0, 0) (0, 0) (0, 0) (0, 0) (1, 0) (0, 0) (0, 0)

l
(10)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(11)
i (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 1) (0, 0)

lj (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

lk (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 1)

Figure 3: The FIN module of Π
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sending a spike to neuron σ
l
(7)
h

. The output neuron σout fires again at step t+n+7

emitting out the second spike to the environment. The interval between the two
spikes emitted by the output neuron equals to (t+ n+ 7)− (t+ 7) = n, which is
exactly the number stored in register 1 of M at the moment when the computation
halts.

The evolution of the numbers of spikes in the neurons during the computation
of the FIN module is shown in Table 3.

From the above description of the modules and their works, it is clear that the
register machine M is correctly simulated by the ASN P system Π. We can check
that all neurons in system Π have one spiking rule inside, except for neuron σ

l
(10)
h

in the FIN module. All the rules are of categories (a, ā) and (ā, a), i.e., a neuron
can change spikes into anti-spikes or change anti-spikes into spikes, and forgetting
rules are not used. Hence, we obtain that NRE ⊆ N2ASNPnopri(cate2, rule2).
This concludes the proof. �

We can find that all the neurons in system Π contain only one spiking rule,
with the exception that neuron σ

l
(10)
h

in the FIN module of system Π contains two
spiking rules. Therefore, the following corollary holds.

Corollary 3.1. There are universal almost simple ASN P systems without annihi-
lating priority by using spiking rules of two categories (a, ā) and (ā, a) and using
no forgetting rules as number generating devices.

4. Final Remarks

The main contribution of our research is giving a positive answer to the open
problem formulated in [41]: ASN P systems without annihilating priority can
achieve Turing completeness. Specifically, when we only use spiking rules of cat-
egories (a, ā), (ā, a) (the neurons can only change spikes to anti-spikes or change
anti-spikes to spikes), almost simple systems without forgetting rules are proved
to be universal as number generators.

It remains open that by using spiking rules of categories (a, ā), (ā, a), is it
possible to obtain the universality with pure form of spiking rules, and if there are
simple universal such systems as number generators? Another interesting problem
is how to construct universal systems with using spiking rules of categories of
(a, a) and (a, ā) and without annihilating priority and forgetting rules as number
generators.
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Table 3: The numbers of spikes in neurons of HALT module during the process outputting the
computational result

Neuron

Step
t t + 1 t + 2 t + 3 t + 4 t + 5 t + 6 t + 7

lh (1, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

1 (n + 1, 0) (n + 1, 0) (n + 1, 0) (n + 1, 1) (n, 1) (n − 1, 1) (n − 2, 1) (n − 3, 1)

l
(1)
h

(0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(2)
h

(0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(3)
h

(0, 0) (0, 0) (1, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(4)
h

(0, 0) (0, 0) (0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0)

l
(5)
h

(0, 0) (0, 0) (0, 0) (0, 0) (1, 0) (0, 0) (0, 0) (0, 0)

l
(6)
h

(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 1) (0, 0) (0, 0)

l
(7)
h

(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (1, 0) (0, 0)

l
(8)
h

(0, 0) (0, 1) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(9)
h

(0, 0) (0, 0) (0, 0) (0, 1) (0, 1) (0, 1) (0, 1) (0, 1)

l
(10)
h

(0, 0) (0, 0) (2, 0) (1, 0) (1, 0) (1, 0) (1, 0) (1, 0)

l
(11)
h

(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(12)
h

(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

out (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (1, 0)

Neuron

Step
t + 8 . . . t + n + 5 t + n + 6 t + n + 7 t + n + 8 t + n + 9 t + n + 10

lh (0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

1 (n − 4, 0) . . . (0, 1) (0, 1) (0, 1) (0, 1) (0, 0) (0, 0)

l
(1)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(2)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(3)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(4)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(5)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(6)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(7)
h

(0, 0) . . . (0, 0) (1, 0) (1, 0) (1, 0) (1, 0) (0, 0)

l
(8)
h

(0, 0) . . . (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

l
(9)
h

(0, 1) . . . (0, 1) (0, 1) (0, 3) (0, 6) (0, 6) (0, 8)

l
(10)
h

(1, 0) . . . (1, 0) (1, 0) (1, 0) (1, 0) (1, 0) (0, 0)

l
(11)
h

(0, 0) . . . (0, 0) (1, 0) (1, 0) (1, 0) (1, 0) (0, 0)

l
(12)
h

(0, 0) . . . (0, 0) (1, 0) (1, 0) (1, 0) (1, 0) (0, 0)

out (0, 0) . . . (0, 0) (0, 0) (0, 1) (0, 1) (0, 1) (0, 1)
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Abstract. Several variants of spiking neural P systems (SNPS) were presented to
perform arithmetic operations. But each of them was designed only for a specific
arithmetic operation. In this paper, information fusion is computed by integrating
addition and subtraction SNPS reported in the literature, modified multiplication
and division SNPS, with the introduced storage SNPS. This is the first attempt to
apply arithmetic operation SNPS to fuse multiple information. The effectiveness
of the presented implementation approach is verified by several examples.

Keywords: Membrane computing, spiking neural P system, arithmetic opera-
tion, information fusion

1 Introduction

Membrane computing, which was introduced by Păun in [1], is an attractive research
field in computer science aiming at abstracting computing models from the structure
and functioning of living cells, as well as the way the cells are organized in tissues or
higher order structure, called membrane systems or P systems [2,3]. P systems include
three main classes investigated: cell-like P systems [1,4,5], tissue-like P systems [6,7,8]
and neural-like P systems [9,10,11,12,13,14,15]. Until now, there have been thousands
of publications on P systems, which include arithmetic operation models (addition, sub-
traction, multiplication and division) based on P systems [16,17,18,19,20,21,22,24,25]
and [26].

The arithmetic operation models can be divided into two categories: arithmetic op-
eration models which are based on cell-like P systems [16,17,18] and arithmetic op-
eration models are based on spiking neural P systems [19,20,21,22,24,25,26,23]. The
focus of this paper is on the arithmetic operation models with spiking neural P systems
(SN P systems). A spiking neural P system is a class of neural-like P systems which
are inspired by the neurophysiological behavior of neurons sending electrical impulses
(spikes) along axons from presynaptic neurons to postsynaptic neurons in a distributed
and parallel manner [9]. SN P systems have become a hot topic in membrane computing
since its introduction in 2006. The basic arithmetic operations models based on SN P
systems include two encoding methods. The first encoding method is that the number
is encoded as the interval of elapsed time between two spikes [19,20,21]. The second
encoding method uses a spike sequence to encode the binary number, which means
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that at each step, zero or one spike will be supplied to input neuron, depending upon
whether the corresponding bit of the binary number is 0 or 1 [24,25,26]. The arithmetic
operation models used in this paper is based on the second encoding method.

In [25], the operation models based on SN P system was designed for the addition
of N arbitrary natural numbers, the subtraction of two arbitrary natural numbers, and
the multiplication of an arbitrary natural number with a fixed arbitrary natural number,
respectively. In [25], an open problem was also suggested, that is, how to design a S-
N P system to solve the product of any two arbitrary natural numbers. In [20], an SN
P systems was designed to perform the multiplication operation of two natural num-
bers with specified length. But in [20], there is only one input neuron, while in [25]
there are multiple input neurons. In [19] and [21], an adder, subtracter, multiplier and
divider based on SN P system were designed, respectively. But it is to be noted that
the operation models based on SN P systems in [19] and [21] encode the interval of
elapsed time between two spikes, whereas the models in [25] use binary codes, that is,
the binary code “1” represents one spike and the binary code “0” represents no spike. In
[22], SN P systems were used to solve the operations of addition and multiplication, but
the multiplication could not output correct results for some numbers. An SN P system
for solving the division operation of two signed integers was presented in [26], but it
could not output correct results for some numbers. In [23], spiking neural P system-
s with astrocyte-like control were applied to design logical operators including AND,
OR, NOT, NOR, XOR and NAND gates.

Several variants of spiking neural P systems (SNPS) were discussed in literature
to perform arithmetic operations. But each of them was designed only for a specific
arithmetic operation. No integration of several arithmetic operations based on SN P
systems was used to perform a complex computation. Thus, this paper makes the first
attempt to implement information fusion by integrating several arithmetic operations
based on SN P systems, including addition and subtraction SN P systems reported in
[24], modified multiplication and division SN P systems [22,24,26], and the introduced
storage SN P systems. The five types of operations designed by SN P systems cooperate
to fulfill the computation of Dempster-Shafer (D-S) evidence information fusion.

The remainder of this paper is organized as follows. Section 2 will briefly introduce
spiking neural P systems. Section 3 presents four arithmetic units (addition, subtraction,
multiplication and division units), storage unit and their simulator. In section 4, the
information fusion SN P system is proposed to achieve two instances of D-S evidence
information fusion. Finally, conclusions are drawn in Section 5.

2 Spiking neural P systems

Definition 1: A spiking neural P system of degree m ≥ 1 is a construct of the form [9]:

Π = (O, σ1, ..., σm, syn, in, out)

where:

(1) O = {a} is a singleton alphabet (a is called spike);
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(2) σ1, ...σm are neurons, m represents the number of these neurons. σi=(ni,Ri), 1 ≤
i ≤ m, where:
(a) ni is the initial number of spikes contained in σi ;
(b) Ri is a finite set of rules of following form: , where E is a regular expression

over O, c ≥ 1, p ≥ 0, d ≥ 0. These rules operate as follows: If neuron σi
contains c spikes, then the rule E/ac → ap; d will be applied, σi will consume
c spikes and after d steps it will send out p spikes. And it is worth to point out
that if d ≥ 1, the neuron σi cannot receive new spikes during d steps. If p ≥ 1,
the rule is called firing rule, if p = 0, the rule is called forgetting rule.

(3) syn ⊆ {1, 2, ...,m} × {1, 2, ...,m} with i 6= j for all (i, j) ∈ syn, 1 ≤ i, j ≤ m;
that is, syn is a directed graph of synapses between the linked neurons;

(4) in, out ∈ {1, 2, . . . ,m} indicate the input neuron and the output neuron of Π ,
respectively.

If a rule E/ac → ap; d has E = ac, then it can be written in the simplified form
ac → ap; d. If a rule E/ac → ap; d has d = 0, then it can be written in the simplified
form E/ac → ap.

3 Four arithmetic operation units

In this section, the number of spikes is represented by binary codes. For the input and
output neurons, one spike is represented by the binary code “1” and no spike is denoted
by the binary code “0”. In what follows, four arithmetic operation units, addition, sub-
traction, multiplication and division, storage unit and their simulator will be described
one by one.

3.1 Add unit

The add unit used in this paper comes from [25], as shown in Fig. 1(a). Fig. 1(b) shows
the simplified model of the add unit. The definition of the add unit is described as
follows:

a a

a a

a a

a2/a

a3/a2 a

I1

I2

Output
1

2 3

(a)

ADD

I1

I2

Output

(b)

Fig. 1. Add unit.
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Table 1. Changes of the numbers of spikes in Add unit

No. of steps σ1 σ2 σ3 output

0 0 0 0 -

1 0 1 0 -

2 1 0 1 -

3 1 1 1 1

4 1 0 2 1

5 0 0 2 0

6 0 0 1 0

7 0 0 0 1

ΠAdd = (O, σ1, σ2, σ3, syn, in1, in2, out),

where:

(1) O = {a};
(2) σi = (0, Ri), Ri = {a→ a}, i = 1, 2;
(3) σ3 = (0, R3), R3 = {a→ a, a2/a→ λ, a2/a→ a};
(4) syn = {(σ1, σ3), (σ2, σ3)};
(5) in1 = σ1, in2 = σ2;
(6) out = σ3.

The Add unit can perform the addition operation of two arbitrary natural numbers
represented by binary sequences. When two binary sequences with m and n bits are
inputted into the input neurons from low to high bits at step t, respectively, the neuron
σ3 will start to output the sum of binary sequences from low to high bits at step t+3. In
order to illustrate the operation process of the Add unit, we take (1110)2 + (101)2 =
(10011)2 as an example. The binary sequence 0111 for representing (1110)2 is inputted
by σ1 and the binary sequence 101 for representing (101)2 is inputted by σ2 at step 1.
Table 1 shows the changes of the numbers of spikes for neurons σ1, σ2, σ3 and the
output.

3.2 Sub unit

The sub unit used in this paper is from [25], as shown in Fig. 2(a), where there are 10
neurons. Fig. 2(b) shows the simplified model of the sub unit. The sub unit is defined
as follows:

ΠSub = (O, σ1, ..., σ10, syn, in1, in2, out),

where:
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a a

a a

a a

a a

a a a a

a

a a

a a

a a

a

a2/a a

a
3
/a
2

a4 a

a
5

a6/a5 a

I1

I2

4

3

6

5

8

9

1

2
7

10

Output

(a)

SUB 

I1

I2

Output

(b)

Fig. 2. Sub unit.

(1) O = {a};
(2) σi = (0, Ri), Ri = {a→ a}, 1 ≤ i ≤ 9;
(3) σ10 = (0, R10), R10 = {a → λ, a2/a → a, a3/a2 → a, a4 → a, a5 →

λ, a6/a5 → a};
(4) syn = {(σ1, σ4), (σ1, σ5), (σ1, σ6), (σ2, σ7), (σ3, σ8), (σ3, σ9), (σ8, σ9),

(σ9, σ8), (σ4, σ10), (σ5, σ10), (σ6, σ10), (σ7, σ10), (σ8, σ10)};
(5) in1 = σ1, in2 = σ2;
(6) out = σ10.

The sub unit can perform the subtraction operations of two arbitrary natural num-
bers represented by binary codes under the condition that the minuend must be greater
than subtrahend. When two binary sequences with m and n bits are inputted into the
input neurons from low to high bits at step t, respectively, the neuron σ10 will start to
output the subtraction of binary sequences from low to high bits at step t+4. In order to
illustrate the operation process of the Sub unit, (1110)2 − (101)2 = (1001)2 is taken
as an example.The binary sequence 0111 for representing (1110)2 is inputted by σ1
and the binary sequence 101 for representing (101)2 is inputted by σ2 at step 1. Ta-
ble 2 shows the changes of the numbers of spikes for sub unit neurons and the output of
neuron σ10.

3.3 Mul unit

The mul unit used in this paper is a modified version of the one in [22] because the
correct results cannot be obtained for any two natural numbers. The modified mul unit
is as shown in Fig. 3(a), where we modify the rules of Mul neuron that is illustrated in



6 Y. He, G. Zhang, H. Rong, K. Huang, T. Wang

Table 2. Changes of the numbers of spikes in Sub unit

No. of steps σ1 σ2 σ4 σ5 σ6 σ7 σ8 σ10 output

0 0 0 0 0 0 0 0 0 -

1 0 1 0 0 0 0 1 0 -

2 1 0 0 0 0 1 1 1 -

3 1 1 1 1 1 0 1 2 0

4 1 0 1 1 1 1 1 5 1

5 0 0 1 1 1 0 1 5 0

6 0 0 0 0 0 0 1 4 0

7 0 0 0 0 0 0 1 1 1

Part 3 with the dashed frame of Fig. 3(a). Fig. 3(b) shows the simplified model of the
mul unit. The Multiplication calculation process details are described as follows:

If X =

m−1∑
i=0

xi2
i, Y =

n−1∑
j=0

yj2
j , Z = X · Y , then

Z =

m−1∑
i=0

y0xi2
i+0 +

m−1∑
i=0

y1xi2
i+1 + ...+

m−1∑
i=0

yn−1xi2
i+n−1 (1)

Eq. (1) shows that the product of Z = XY can be computed by performing n

addition operations. The jth addition operation
m−1∑
i=0

yjxi2
i+j expresses the product of

X and yj2j . If yj = 1, the result of the expression is the X · 2j , which means that
j bits of X are moved left. If yj = 0, the result of the expression is 0. As shown
in Fig. 3(a), the neurons, σa10, σa11 and σd1 can obtain the first addition operation
m−1∑
i=0

y0xi2
i+0. Similarly, the kth addition operation

m−1∑
i=0

ykxi2
i+k can be achieved by

neurons σak0, σak1, . . . , σakk, σdk. In Fig. 3(a), Part 1 with the dashed frame obtains the
input X for n addition operations and Part 2 with the dashed frame achieves yj from
input Y for n addition operations. The neuron σ3 computes the sum of n additions.

The mul unit is shown in Fig. 3(a), which is a general unit and only needs to be
adjusted according to the number of bits representing different natural numbers. For
example, the mul unit can be used to calculate Z = X · Y , where X is the binary
sequence with m bits and Y is the binary sequence with n bits, and n ≤ m. First of all,
we should adjust the mul unit according to the general unit which is shown in Fig. 3(a).
To simplify the mul unit, the Y with the smaller number of binary bits should be used
as the multiplier input through neuron σ2, thus, the mul unit includes 0.5(n2+15n+8)
neurons. Secondly, X and Y with binary sequences from low to high bits are inputted
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a a
I1

a a

a a

a a

a a

a a a a

a a

ai/ai/2 ,
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Table 3. Changes of the numbers of spikes in Mul unit

No. of steps σ1 σ2 σa11 σa22 σa33 σa44 σa55 σd1 σd2 σd3 σd4 σd5 σ3 output

0 0 0 0 0 0 0 0 0 0 0 0 0 0 -

1 1 1 0 0 0 0 0 0 0 0 0 0 0 -

2 0 0 0 0 0 0 0 0 0 0 0 0 0 -

3 1 1 1 0 0 0 0 0 0 0 0 0 0 -

4 0 1 0 1 0 0 0 2 0 0 0 0 0 -

5 1 1 1 0 1 0 0 1 1 0 0 0 1 -

6 1 0 0 1 0 1 0 2 0 2 0 0 0 1

7 1 0 1 0 1 0 1 1 1 1 2 0 2 0

8 0 0 1 1 0 1 0 2 0 2 1 2 2 0

9 0 0 1 1 1 0 1 2 1 1 2 1 4 0

10 0 0 0 1 1 1 0 2 1 2 1 2 4 0

11 0 0 0 0 1 1 1 0 1 2 2 1 5 0

12 0 0 0 0 0 1 1 0 0 2 2 2 4 1

13 0 0 0 0 0 0 1 0 0 0 2 2 5 0

14 0 0 0 0 0 0 0 0 0 0 0 2 4 1

15 0 0 0 0 0 0 0 0 0 0 0 0 3 0

16 0 0 0 0 0 0 0 0 0 0 0 0 1 1

17 0 0 0 0 0 0 0 0 0 0 0 0 0 1

into neurons σ1 and σ2 at step t, respectively. Finally, σ3 will start to output the product
through binary sequence from low to high bits at step t+6.

To clearly illustrate the operation process of the mul unit, (1110101)2× (11101)2=
(110101000001)2 is taken as an example. Table 3 shows the changes of the numbers of
spikes for the key neurons in mul unit and the output of neuron σ3.

3.4 Div unit

The div unit used in this paper is a modified version of the one in [26]. The div unit
in [26] has two drawbacks. On the one hand, the correct quotient of any two signed
non-zero integers cannot be obtained. On the other hand, the output is usually not clear
because the div unit outputs several sets of spikes as the output at different steps and
therefore it is necessary to identify the correct quotient from the multiple sets of spikes
according to the marked spike of neuron σs. The modified div unit is shown within the
dashed frame of Fig. 4, where the correct quotient ranks at the top of the sets output.
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Fig. 5. Simplified version of Div unit.

That is, when the output neurons have a firing rule to apply, the first output datum is the
quotient. Thus, the modified version avoids the identification process of several outputs.

The modified div unit is shown in Fig. 4. Fig. 5 shows the simplified model of the
div unit. This is a general model with 9n + 25 neurons for calculating the quotient of
two numbers x and y, namely x/y, with n bits, where x = xn−1xn−2...x0 and y =
yn−1yn−2...y0 are signed nonzero binary integers. xn−1, . . ., x0 and yn−1,. . . , y0 are
the inputs of neurons σxn−1, . . ., σx0 and σyn−1, . . ., σy0, respectively. The computing
result is collected through neurons σout0, . . ., σoutn−1 from low to high bits. It is worth
noting that xn−1, yn−1 and zn−1 are sign bits.
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Table 4. Changes of the numbers of spikes in Div unit

No. of steps σa0 σa1 σa2 σa3 σs1 σp0 σp1 σp2 σp3 σb4 σ8 out0 out1 out2 out3

1 0 0 0 0 0 0 0 0 0 0 0 - - - -

2 0 0 0 0 0 0 0 0 0 0 0 - - - -

3 0 0 0 0 0 0 0 0 0 0 0 - - - -

4 0 0 2 1 0 0 0 0 0 1 0 - - - -

5 2 1 0 2 0 0 0 0 0 1 0 - - - -

6 0 1 0 0 0 0 0 0 0 1 0 - - - -

7 0 1 0 0 0 0 0 0 0 1 0 - - - -

8 2 1 1 1 0 0 0 0 0 1 0 - - - -

9 0 2 1 1 0 0 0 0 0 1 0 - - - -

10 0 0 2 1 0 1 0 0 0 1 0 - - - -

11 0 0 0 2 0 1 0 0 0 1 0 - - - -

12 2 0 1 1 0 1 0 0 0 1 0 - - - -

13 0 1 1 1 0 1 0 0 0 1 0 - - - -

14 0 1 1 1 0 2 0 0 0 1 0 - - - -

15 0 1 1 1 0 0 1 0 0 1 0 - - - -

16 2 1 2 2 0 0 1 0 0 1 0 - - - -

17 0 2 0 1 1 0 1 0 0 1 1 - - - -

18 0 0 1 1 0 3 4 3 3 1 0 - - - -

19 0 0 1 1 0 0 3 3 2 1 0 - - - -

20 2 0 2 2 0 0 0 2 2 1 0 - - - -

21 0 0 0 1 0 0 0 0 1 1 0 0 1 0 0

To clearly illustrate the operation process of the div unit, (0100)2/(0010)2=(0010)2
is taken as an example. At the beginning, y = (0010)2 and x = (0100)2 are considered
as the inputs of neurons, which means that y0 = 0, y1 = 1, y2 = 0, y3 = 0, x0 = 0,
x1 = 0, x2 = 1 and x3 = 0. At the same time, input a spike by σop as a control signal
to make the Div unit to operate. Table 4 shows the changes of the numbers of spikes for
the key neurons in div unit and the output of neuron σout0, σout1, σout2 and σout3.

3.5 Storage unit

In the process of implementing the information fusion, the calculation of polynomials
often involves different arithmetic operations, so it is necessary to store the results of
intermediate calculations, which could be regarded as the inputs to subsequent calcu-
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lations. Thus, this subsection designs a storage unit based on SN P systems shown in
Fig. 6. Fig. 7 is the simplified model of the storage unit. The storage unit can keep
a certain number of binary codes consisting 0 or 1 and can update the stored values
according to the input and control neurons.

In the storage unit, n binary bits for a binary number are considered as the inputs
of neurons σ1, . . ., σn−1 from low to high bits, respectively. Then, three spikes are
inputted into the neurons σc as the control signal. After two steps, n binary bits will be
saved into neurons σs0, . . ., σsn−1, and the number is outputted at each step.

3.6 Simulator for SN P systems

As described in Section 3, mul, div and storage units contain dozens or even hundreds
of neurons, and even much more neurons are required to compute because each unit
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d=0

 d

step=step+1

d=0

d=d-1

step=step+1

d=d-1

step=step+1

Fig. 8. Flow chart for SN P system simulator.

has many steps. Thus, it is very difficult to obtain the results by manual calculation.
In this subsection, an SN P system simulator is developed to automatically accomplish
the computation of arithmetic units. The simulator is made by considering neurons’
behaviors such as receiving spikes, applying rules, firing and sending out spikes, saving
inner spikes and sending out spikes at every step. Furthermore, the simulator builds
the connection between neurons. Thus, the simulator can fulfill a computation of an
arithmetic unit. The flow chart for the simulator is shown in Fig. 8.

4 Information fusion implementation

In this section, D-S evidence theory is first described in brief. Then, the implementation
of information fusion is introduced by considering two examples.
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4.1 D-S evidence theory

D-S evidence theory, which was first proposed by Dempster [27] and popularized by his
student Shafer [28], is a very important method for information fusion. Nowadays, D-S
evidence theory is widely used in various fields, such as detection, pattern recognition,
classification and fault diagnosis. The definition of D-S evidence theory is described as
follows:

Definition 2: Given a decision problem, the results set is denoted asΘ. Every propo-
sition corresponds to a subset of Θ. The set Θ is the discernment frame [28]. 2Θ is the
power set of Θ, which is a collection of all subsets of Θ.

Definition 3: LetΘ is a discernment frame, a basic probability assignment is a func-
tion m: 2Θ → [0, 1], which is abbreviated to BPA and satisfies the formula (2) and (3).
m(A) is called basic probability number expressing belief measure of the proportion A
and if m(A) > 0, then A is a focal element.

∑
A⊆Θ

m(A) = 1 (2)

m(φ) = 0 (3)

Definition 4: Suppose m1 and m2 are BPA based on the same frame of discern-
ment Θ, A1, A2, . . . , An and B1, B2, . . . , Bn are focal elements. The rules of evidence
combination are described as follows:

m(A) =


∑

Ai∩Bj=A

m1(Ai)m2(Bj)

1−K
, A 6= φ

0, A = φ

(4)

∑
A⊆Θ

m(A) = 1 (5)

where m(A) is the BPA which fuses m1 and m2.
In this paper, the fusion of two evidences m1 and m2 is calculation by using SN P

systems. Each of m1 and m2 corresponds to two events X and Y . The BPA sum of two
events equals 1, i.e., m1(X) +m1(Y ) = 1, m2(X) +m2(Y ) = 1.

According to (4) and (5), the fused BPA of m1 and m2 is represented as (6).

m(x) =
m1(x)m2(x)

1 + 2m1(x)m2(x)− (m1(x) +m2(x))
(6)

Next, a system based on SN P systems is constructed to obtain the result of (6).
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Table 5. Outputs of neurons out0, . . . , out7

No. of steps out7 out6 out5 out4 out3 out2 out1 out0

1 - - - - - - - -

2 - - - - - - - -

... - - - - - - - -

S − 1 - - - - - - - -

S 0 0 1 1 1 1 0 1

S + 1 0 1 1 0 1 0 0 1

S + 2 1 0 1 1 0 0 0 0

4.2 Information fusion with SN P systems

In this subsection, the information fusion shown in (6) is realized by integrating add,
sub, mul and div units and three storage units. The integration system is shown in Fig. 9,
where m1(x) and m2(x) are the inputs to add and mul units through the inputx and
inputy at the same time, respectively.

As shown in Fig. 9, the system for implementing information fusion consists of five
parts designated by dashed frames. Part 1 is used to calculate the product of m1(x) and
m2(x), and also save the product by using storage unitMul out. Part 2 moves one bit to
the left of the calculated result of Part 1, that is, the computation of 2m1(x)m2(x) is per-
formed by shifting to the left the bits of m1(x)m2(x). The result of 1 + 2m1(x)m2(x)
is computed by Part 3 and further the result of 1 + 2m1(x)m2(x) is kept in storage
unit x1x2 one out. Part 4 executes two steps operations: the calculation of the sum of
m1(x) andm2(x) and the receipt of the result of 1+2m1(x)m2(x)−(m1(x)+m2(x)).
In addition, part 4 also saves the result in storage unit add out. Part 5 is a Div unit for
calculating the final division and outputting the final result of (6). It is worth pointing
out that the div unit in this paper can only calculate the quotient of any two signed
nonzero integer numbers, but Eq. (6) contains a decimal division. To make the system
shown in Fig. 9 fulfill decimal division, we magnify the dividend 128 times, that is, we
move 7 bits to the left of the dividend. At the same time, to reduce the calculations steps,
we discard the lowest bits of 1+2m1(x)m2(x)− (m1(x)+m2(x)) and m1(x)m2(x).
The 16-bits div unit is used in Part 5. The dividend x and divisor y are given as inputs
of σ7, σ8, . . ., σ15 and σ0, σ1, . . . , σ8.

In this study,m1(x) andm2(x) are represented by ten binary bits and are input from
low to high bits, respectively. For example, 0.75 can be represented as (0.11000000)2,
and the highest bit is sign bit. The result can be got from the output neurons out0, out1,
. . . , out7 at step S, that is, 0.75=out7 · 20+out6 · 2−1+out5 · 2−2+. . .+out0 · 2−7. It
is worth noting that S is the first step in which there are outputs of neurons out0, . . .,
out7. As shown in Table 5, the first output values of out0, . . ., out7 are correct.

It is quite clear that at Steps 1 to S − 1, the symbol “-” in Table 5 means the output
neurons do not have any firing rule to apply and therefore they have not any output. At
Step S, the output neurons output the number (0.0111100)2, as mentioned above, this
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Fig. 9. Information fusion implemented by SN P systems.
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Table 6. Three cases

Data m1(x) m2(x) m(x)

First set
Decimal 0.75 0.82 0.93

Binary 00.11000000 00.11010010 0.1110111

Second set
Decimal 0.3 0.91 0.81

Binary 00.01001101 00.11101001 0.1101000

Third set
Decimal 0.82 0.87 0.97

Binary 00.11010010 00.11011111 0.1111100

is the first output values, so it is the correct result of the information fusion. Although
at Steps S + 1 and S + 2 and so on, the output neurons output values, but they are not
the first output numbers of out0, . . ., out7, so they are not the fusion result.

Because there are many neurons in the system for computing information fusion
with SN P systems, this paper uses the simulator described in Section 3.6 to build the
model of information fusion with SN P systems to verify its correctness. Table 6 shows
three cases as examples. We can easily see that the information fusion results are cor-
rect. In what follows, the first example listed in the first row in Table 6 is taken as an
example to briefly introduce the calculation process.

First of all, the binary sequence 0000001100 for representingm1(x)= (00.11000000)2
is inputted by Input x and the binary sequence 0100101100 for representing m2(x) =
(00.11010010)2 is inputted by Input y. Then, from Steps 21 to 6, mul unit will out-
put binary sequence 1001110110000000, which represents the value of (1100000)2 ×
(11010010)2, because the mul unit can calculate only signed nonzero integer num-
bers, so in fact, the outputted binary sequence represents m1(x)m2(x) × 216. Con-
sidering the system size, the precision 2−8 is considered, so we save the sequence
0010011101 which represents m1(x)m2(x) to the storage unit Mul out. Add unit out-
puts the the binary sequence 0110010010 from Steps 12 to 3, which represents the
sum of m1(x) and m2(x). Part 2 moves one bit to left the value of m1(x)m2(x),
which produces the result of 2m1(x)m2(x) from the result of m1(x)m2(x). From
Steps 37 to 28, the neuron x1x2 2 outputs the binary sequence 0100111010, which
represents 2m1(x)m2(x) to add unit, and the add unit will calculate 1+2m1(x)m2(x)
and output the binary sequence 1000111010 from Steps 38 to 29. Then, the sub u-
nit receives binary sequences from neurons sub input1 and sub input2 representing
1 + 2m1(x)m2(x) and m1(x) + m2(x). Sub unit will output the binary sequence
0010101000 of 1 + 2m1(x)m2(x) −m1(x) +m2(x) from Steps 54 to 45 and save it
to storage unit add out. Finally, the div unit will calculate the quotient of m1(x)m2(x)
and 1+2m1(x)m2(x)−m1(x)+m2(x), and output the result 11101110 at Step 1986
by neurons out0, . . ., out7, which represents the binary number (0.1110111)2.
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5 Conclusion

This paper first modified the multiplier in [22] and divider in [26] and designed a storage
unit based on SN P systems. Based on the add and sub units in [24], the modified mul
and div units, and the designed storage unit, we implemented information fusion with
SN P systems that can obtain the fusion of two evidences by using D-S evidence theory.
We developed a simulator described in Section 3.6 to verify empirically the correctness
of information fusion with SN P systems. Two issues could be our future focuses. On
the one hand, it is better that mul and div units could change their sizes in response to
the input numbers. On the other hand, it seems that the div unit is a little bit complex
and might be simplified to a certain degree. In addition, the reset function for the div
unit is also an ongoing issue.
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Abstract. Designing membrane systems for problems is a very impor-
tant factor in the performance of designed membrane system. Previous
studies considered the number of executable rules per step as a criterion
for designing the membrane systems. A membrane system with more
applicable rules per step is a well-designed membrane system. Types of
rules are also important in designing the membrane systems. The perfor-
mances of two membrane systems with different types of rules for same
works are compared to show the effect of rule types on designing the
membrane systems. Note that realization of the communication rules is
a time consuming process than the evolutionary rules, because the evo-
lutionary rules are executed by same cores, while communication rules
are communications between the cores.

Keywords: Parallel processing; Designing Membrane systems; Commu-
nication rules; membrane computing.

1 Introduction

The membrane systems or P systems are distributed, parallel theoretical com-
puting devices inspired by the function of living cells [1]. Membrane systems show
high level of parallelism [2–4] and are used for solving optimization and com-
bination problems [5–9]. Similar problems may have different designs of mem-
brane systems. Thus, some criteria are needed to distinguish the well-designed
membrane systems. The first study that described the complexity of membrane
systems was done by Ciobanu et al. [10]. Most of the works discussed how mem-
brane systems models can solve problems theoretically [11]. In this study, the
number of applied rules in each time step was used to measure complexity of the
membrane system. This information can be demonstrated in a table with two
dimensions; one dimension is the time step and the other is the name of rules
[12, 13]. The tool is called the Sevilla carpet. Considering the number of evolving
rules in each time step, it is possible to measure the complexity of membrane
systems which perform same works [14]. Between two membrane systems that
perform same work, the one with more evolved objects in each time step is the
better model [14].

In the previous approaches [10, 12–14], only the number of evolving rules
in each step was considered as the criterion for parallelism of membrane sys-
tems. Among the membrane systems that perform same works, the one with



2 Authors Suppressed Due to Excessive Length

more number of evolving rules per step is the well-designed membrane system.
However, from the empirical perspective, costs of implementing different types
of rules are different. Membranes delimit inner reactions from outside. Usually,
rate of reactions within each membrane (evolutionary rules) is more than the
reactions between each membrane and other membranes (communication rules).
In another words, inside membrane applied rules happen with higher rate than
between membranes applied rules. Therefore, for simulation of the membrane
systems on the parallel platforms, each membrane is assigned to one core or
thread block in the cluster of computers [15], and the GPU [16–18]. Thus, evo-
lutionary rules within each membrane are performed on the same core or thread
block, and communications among membranes can be considered as interactions
among different cores and thread blocks. Communications among the cores in a
cluster of computer and among the thread blocks in the GPU are time consum-
ing. Furthermore, interactions among the objects in the non-adjacent membranes
need more steps to exchange objects. As discussed earlier, not only the number
of executed rules per step but also the type of rules are important factors for
better design of the membrane systems. Therefore, from the membrane systems
in which perform same works, the one with higher execution rules per step and
lower communication rules is the best design.

2 New criteria for designing membrane systems

As discussed in previous section, some efforts have been made to introduce crite-
ria for designing the membrane systems with sufficient parallelism. Sevilla carpet
uses the number of rules applied in each time step as a criterion [12, 13] to com-
pare the complexity of membrane systems that perform same task [14]. A study
concluded that from the two membrane systems performing similar task, the one
with more number of applied rules in the same steps in all the membranes is the
better design [14]. However, from the empirical aspects, not only the number of
evolving rules per step can be considered as a criterion of parallelism of mem-
brane systems, but also the rule type that evolves in each step is important. Cost
of realization for different types of rules is different. The rate of communication
between the membranes is usually lower than the reactions happening inside the
membranes. Low dependencies between the membranes allow processing of each
membrane in a different core. Therefore, communications between the mem-
branes can be considered as communications between different cores, which is
time consuming. It can be concluded that lower number of communication rules
indicates higher parallelism in the membrane systems; not only the number of
rules executed in each step is a criterion for designing the membrane system,
but also the type of rule is important. In this aspect, from the two membrane
systems doing the same tasks, the one with lower number of applied communica-
tion rules per step is the better design. Therefore, one should avoid unnecessary
membranes and communication rules as much as possible.
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Two defined membrane systems π1 and π2 are described by (1) to (16) as
shown in Fig. 1. These membrane systems do similar works but have different
number of applied communication rules.

Fig. 1. Two equal membrane systems with different rates of communication rules.

The first membrane system was defined as π1 = (O,H, µ, ω0, , ωm, R) with m
elementary membranes inside the skin and a set of evolution rules (R) as follows:

µ = [[]1, []2, ..., []m]0; (1)

ω0 = φ, ωh = a;h = 1, ...,m; (2)

[a→ ab1]h;h = 1, ...,m; (3)

[bi → bi+1]h; i = 1, ..., D − 1;h = 1, ...,m; (4)

[bD → c]h;h = 1, ...,m; (5)
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[c→ d]h;h = 1, ...,m; (6)

[dL → e]h;h = 1, ...,m; (7)

[e]h → []he;h = 1, ...,m; (8)

The second membrane system was defined as π2 = (O,H, µ, ω0, , ωm, R) with
m elementary membranes inside the skin and a set of evolution rules (R) as
follows:

µ = [[]1, []2, ..., []m]0; (9)

ω0 = φ, ωh = a;h = 1, ...,m; (10)

[a→ ab1]h;h = 1, ...,m; (11)

[bi → bi+1]h; i = 1, ..., D − 1;h = 1, ...,m; (12)

[bD → c]h;h = 1, ...,m; (13)

[c]h → []hd;h = 1, ...,m; (14)

[dL → e]0; (15)

[e→ e]0; (16)

These two membrane systems generate object into the skin membrane. The
rates of applying the relevant rules are similar, i.e. the rate of rules (3) and
(11) are the same. Although types of rule (6) ([c → d]h ) and rule (14) ([c]h →
[]hd ) are different, the application rates are similar. This is also true for other
relevant rules. Thus, according to the criteria introduced by [10, 12, 13] that
considered the number of applied rules per step as well as the criterion introduced
by [14] that considered the maximum possible applicable rules per step, the
two membrane systems π1 and π2 are the same. However, according to the
proposed criteria other than the number of applicable rules per step, the type of
applied rules is also important in the design of membrane systems. As such, the
membrane system π1 is better than π2 , because the rate of communication rules
in π1 is less than π2 and as discussed before, realization of the communication
rules is a time-consuming process. This makes π1 more suitable for the parallel
simulation. In the membrane system π1 , each L time step the communication
rule [e]h → []he is applied (rate of application is 1/L per step), because the
object e is generated by the rule [dL → e]h in each L time step. But in the
membrane system π2 , the communication rule [c]h → []hd is applied in each
step and the rate of applying is one, because the object (required to apply this
rule) is provided by [bD → c]h in each step.
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3 Simulation and results

Simulations for the membrane systems π1 and π2 was conducted on a computer
with two cores, Intel Core-i5-2450 and 2.5-GHz CPU with 4 GB RAM. The sim-
ulation results for both membrane systems π1 and π2 in the sequential approach
and the parallel approach on the multi-cores processors showed performance of
π1 in comparison to the π2 . The simulation for systems π1 and π2 was done
for 10000 iterations. The number of objects was equal to 1000 (D=1000 ) and
the number of elementary membranes was m = 4 (managed with four cores in
parallel). The parameter changes from 1 to 5000 in the simulation that shows the
rate (1/L ) of applying the rule dL → e in both systems due to the change rate
of communication rule [e]h → []he in the π1 and the evolutionary rule [e → e]0
in the π2 . As shown in Table 1, the sequential time for both π1 and π2 are the
same. However, as described earlier, the well-designed membrane system (π1 )
has better parallelism and could achieve speed up with respect to the sequential
approach when number of communications between the membranes is low. For
example, speed up for parallel simulation of π1 with respect to the sequential
approach when L = 5000 , is 2, for π2 it is slower even than the sequential
approach and the speed up is . The effects of low communication rules and high
parallelism inside the membranes on the performance of membrane systems are
elaborated.

Table 1. The comparison between the speed up of the parallel simulation for a well-
designed and a poorly-designed membrane system for the same problem.

Applying rate Sequential parallel simulation
1/L of Rules for two designs usual designed π1 well-designed π2

(7) and (15) Time(s) Time(s) Speedup Time(s) Speedup

1 0.453 54.4 0.008 54.2 0.008
1/10 0.433 54.2 0.008 4.89 0.08
1/100 0.42 53.8 0.007 0.42 1
1/1000 0.32 53.3 0.006 0.17 1.8
1/5000 0.31 53 0.005 0.15 2

4 Conclusions

This study introduced new criteria for designing membrane system. In the previ-
ous studies the number of executable rules per step was considered as a criterion
for designing the membrane systems. This study showed types of rules are also
important factor for designing membrane systems. This study showed that two
membrane systems doing the same tasks, the one with lower number of applied
communication rules per step is the better design. Thus beside number of applied
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rules type of applied rules are also important for better designing of membrane
systems.
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tive complexity of P systems, in Membrane Computing. 2005, Springer. p. 320-330.
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Abstract. Membrane computing is a theoretical model of computation that inspired from the structure and 

functioning of cells. Membrane computing models naturally have parallel structure and this fact is general for all 

variants of membrane computing like Kernel P System. Most of the simulations of membrane computing have been 

done in a serial way on a machine with a central processing unit (CPU). This has neglected the advantage of 

parallelism in membrane computing. This paper uses Multiple Cores processing tool in Matlab as a parallel tool to 

implement proposed feature selection method based on kernel P system-Multi objective binary particle swarm 

optimization to identify marker genes for cancer classification. Through this implementation the proposed feature 

selection model will involve all the features of P system include communication rule, division rule, parallelism, 

and non-determinism. 

 

1 Introduction 

 

Membrane Computing (MC) is a bio-inspired computing model based on the processes taking place in the 

compartmental structure of a living cell [1]. The devices of this model are generically called P Systems. P systems 

evolve by repeatedly applying rules and mimicking chemical reactions, such as transportation across membranes, 

cellular division, or death processes, and halt when no more rules can be applied. The most important features of P 

system include communication rule, parallelism, and non-determinism. The origins of P systems make it highly 

suitable as a formalism [2] for representing biological systems, especially multicellular systems and molecular 

interactions taking place in different locations of living cells. 

        Recently, new models of P systems have been explored. A kernel P system (kP system) based on the tissue P 

system (graph-based) has been defined. This consists of a low-level specification language that uses established 

features of existing P-system variants and also includes some new elements. Importantly, kP systems offer a coherent 

way of integrating these elements into the same formalism [3]. Artificial Intelligence (AI) refers to a machine or 

algorithm when tries to mimic a cognitive function that human uses for learning or problem solving. Inspired by AI 

algorithms- the intelligence that a machine or program demonstrates to solve a problem- for feature selection of cancer 

microarray data, here, we propose a membrane-inspired feature-selection method to use potentials of membrane 

computing, such as decentralization, nondeterminism, and maximal parallel computing, to address the limitations of 

AI-feature selection. A kP system was used to model the MObPSO model in parallel execution.  

        Particle swarm optimization has been using to develop feature selection methods in microarray gene expression 

studies [4-6]. Graph-based MObPSO [7] was modelled through kernel p system for the following reasons: 1) its ability 

to model genes (nodes) and define relationships between them (edges); 2) it has a higher accuracy as compared with 

flat (filter and wrapper) methods, Sequential Backward Elimination (SBE), Correlation-based Feature Selection 

(CFS), minimum Redundancy Maximum Relevance (mRMR), and Sequential Forward Search (SFS). 
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2 Previous Approaches 

 

The proposed models in this study are based on the preliminary concepts and algorithms in multi objective binary 

particle swarm optimization, and kernel p system. MObPSO already updated and improved through the rules of kernel 

p system so called KP-MObPSO.  

2.1  The kernel P system 

 

According to [3], A kP system of degree n is a tuple, kΠ = (O, µ,C1, . . . ,Cn, i0), where O is a finite set of objects, 

called an alphabet; µ defines the membrane structure, which is a graph, (V,E), where V represents vertices indicating 

compartments, and E represents edges; Ci= (ti,wi), 1 ≤ i ≤ n, is a compartment of the system consisting of a 

compartment type from T and an initial multiset, wi, over O; i0 is the output compartment, where the result is obtained 

(this will not be used in this study). kP systems use a graph-like structure (similar to that of tissue P systems) and two 

types of rules: 

1) Rules to process objects: these rules used to transform object or to move objects inside compartments or between 

compartments. These types of rules categorize to rewriting, communication and input-output rules: 

(a) Rewriting and communication rule: x → y {g}, where x ∈ A+, y ∈ A∗, g ∈ FE(A ∪Ᾱ); y at the right side defines 

as y = (a1, t1) . . . (ah, th), where aj ∈ A and tj ∈ L, 1 ≤ j ≤ h, aj is an object and tj is a target, respectively.  

(b) The input-output rule: (x/y) {g}, where x, y ∈ A∗, g ∈ FE (A ∪Ᾱ); means that x can be sent from current 

compartment to the environment or y can be brought from environment to the target compartment.   

2) System structure rules: these rules make a fundamental change in the topology of the membranes for example with 

division rule on a compartment, dissolution rule on a specific compartment, make a link between compartments or 

dissolve the link between them. These rules are described as follow: 

 (c1) Division rule: []li→ []li1
... []lih

 {g}, where g ∈ FE(A ∪ Ᾱ); means compartment li can be replaced with h number 

of compartments. All newly created compartments inherit objects and links of li; 

 (c2) Dissolution rule: []li→ λ {g}; means compartment li is not exist anymore as well as all its links with other 

compartments.  

(c3) Link-creation rule: []li  ; []lj → []li − []lj  {cg}; means a link will be created between compartment li with 

compartment lj. If there is more than one compartment with the label lj, one of them will have a link with lj non-

deterministically.  

(c4) Link-destruction rule: []li − []lj→ []li[]lj{cg}; means the existence link between li and lj will eliminate and there 

will not be any link between them anymore. The same as link creation, if there are more than one compartment which 

have a link with li then one of them will be selected non-deterministically to apply this rule.   

2.2 The MObPSO Approaches   

 

Optimization problems with multiple goals or objectives are referred to as multi-objective optimization (MOO) 

problems. Therefore, the objectives may estimate different aspects of solutions, which are partially or wholly in 

conflict. MOO can be defined as follows: optimize Z = (f1(x), f2(x), …, fm(x)), where x = (x1, x2, ..., xm) ∈ X. A multi-

objective searching concept is clearly described in [8]. 

          Graph Structure is one of the models of feature selection for classification. For example, a graph-based 

MObPSO algorithm [7] proposed to optimize average of node weights and edge weights at the same time through 

making different subgraphs. This algorithm is a feature selection model to highlight relevant and non-redundant genes 

in microarray datasets. The results of microarray datasets indicated that graph-based MObPSO produce better 

performance in compared to SBE, CFS, mRMR, and SFS methods from classification accuracy point of view. Multi-

objective optimization has been vastly used in evolutionary algorithms [11]. Although execution time in such a 

technique which are known as optimization techniques, is not efficient, their time complexity is not much higher 

relative to other comparable methods [7]. MObPSO is designed for maximizing the dissimilarity (negative correlation) 

and signal-to-noise ratio (SNR), Eqs. 1 and 2, respectively, which are represented as edge weight and node weight, 

respectively. The population is initialized by arbitrarily selected features from the data matrix, and population-fitness 

values are calculated using dissimilarity and SNR average values. The archive, A, is initialized by the population value 



 
 

 
 
 

after non-dominated sorting of the primary population. Velocity and position are updated using Eqs. 3 and 4. The local 

best P is updated after comparing the current and previous fitness values of a particle, and the global best G is updated 

according to randomly picking a particle from the archive. 

 

𝐷𝑖𝑠𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 = (1 −
𝑐𝑜𝑣(𝑥, 𝑦)

√𝑣𝑎𝑟(𝑥)𝑣𝑎𝑟(𝑦)
)                                                                                          (1) 

𝑆𝑁𝑅 = |
𝑚𝑒𝑎𝑛 (𝐶1) − 𝑚𝑒𝑎𝑛 (𝐶2)

𝑠. 𝑑 (𝐶1) − 𝑠. 𝑑 (𝐶2)
|                                                                                                     (2) 

𝑉(𝑡 + 1) = 𝑤 ∗ 𝑣(𝑡) + 𝑐1 ∗ 𝑟1 ∗ (𝑝𝑏𝑒𝑠𝑡(𝑡) − 𝑥(𝑡)) + 𝑐2 ∗ 𝑟2 ∗ (𝑔𝑏𝑒𝑠𝑡 (𝑡) − 𝑥(𝑡)),            (3) 

              𝑥(𝑡 + 1) = 𝑥(𝑡) + 𝑣(𝑡 + 1)                                                                                                                         (4) 

 

3 Proposed KP-MObPSO feature selection method 

 

The entire process of the proposed KP-MObPSO model is summerized as Table 1. It consists of three main phase 

including (i) initialization, (ii) division, (iii) select the minimum gBestScore, and (iv) return back the process to 

division part again.  Each phase built based on defined objects and rules. Objects are defined as: P: number of particles, 

Max_c: maximum number of genes inside particles, position1 …. positionn: n number of positions inside each particle, 

Reserve, a: a1…a100: data source of all genes, Max_c:maximum number of genes inside particles, NGENES, 

NewNGENES,Q,c, C , sum_diss, sum_snr, FIT, Q:selected gene IDs, pBestScore. Rules are defines based on Table 

2. 

 

Table 1. The entire process of the proposed KP-MObPSO model  

  

Begin 

(i) Initialize  

             Run r1>r2>r3>r4>r5>r6>r7 once to initialize pBestScore 

    it =1    

(ii) Evolution 

 Run the rules r1>r2>r3>r4>r5>r6>r7>r8>r9>r10>r11>r12>r14>r15>r16 by priority to get 

fitness value and replace with pBestScore in the case fitness< pBestScore 

 Converge curve=min(fitness) 

 w= pBestScore/ Converge curve 

 if it=>3 and Converge curve is repeated the same amount at least three times, vise-verse the 

binary position of genes from 0 to 1 and from 1 to 0 

     till it=100 

(iii) gBestScore=min (Converge curve) 

(iv) collect marker genes 

 



 
 

 
 
 

 

 

Table 2. Rules KP-MObPSO 

r1: Rewriting 

𝑟1 ≡ [[p,max_c]position]0

pos 
→  [[(position1 ….positionn)1 ….(position1 ….positionn)p] position]0 

[[]1[]position]0 

r2: Communication 

𝑟2 ≡[[(position1….positionn)1…(position1...positionn)p]position]0⟶[[(position1….positionn)1…(position1…positionn)p]

1]0 

r3: Communication  

𝑟3 ≡ [(position1….positionn)1…(position1…positionn)p]1⟶[[(position1...positionn)1]p1…[(position 
1 …positionn)p]pn]1 

Rules inside each p: []P1…[]Pn:r4>r5>r6>r7 

 

r4: Rewriting 

𝑟4 ≡ [position, a,max_c, p]𝑝1
𝑝𝑛 subgraph1
→       [NGENES]𝑝1

𝑝𝑛
, [NGENES]𝑝1

𝑝𝑛 subgraph1
→       [NewNGENES, Q, c]𝑝1

𝑝𝑛
 

 

r5: Communication/rewriting  

𝑟5 ≡ [NewNGENES, c, p, a]𝑝1
𝑝𝑛 MyCost
→    [C]𝑝1

𝑝𝑛
, [C]𝑝1

𝑝𝑛 MyCost
→    [sum_diss]𝑝1

𝑝𝑛
, [𝑎]𝑝1

𝑝𝑛 MyCost
→    [𝑠𝑛𝑟]𝑝1

𝑝𝑛
 

[𝑠𝑛𝑟]𝑝1
𝑝𝑛 MyCost
→    [sum_snr]𝑝1

𝑝𝑛
,[sum_diss, sum_snr]𝑝1

𝑝𝑛 MyCost
→    [FIT]𝑝1

𝑝𝑛
 

 

r6: Link creation 

𝑟6 ≡   []
𝑝𝑛
𝑝1 ---- []master 

 

r7: Communication/rewriting 

𝑟7 ≡   [𝐹𝐼𝑇𝑛]
𝑝𝑛
𝑝1⟶ [pBestScoren]master, [𝑄𝑛]

𝑝𝑛
𝑝1⟶[Qn]master 

 

r8: Division 

𝑟8 ≡   [[[]P1…[]Pn [pBestScoren, Qn]master]1]0⟶[[[]P1…[P]n [pBestScoren, Qn, gBestScore]master]11[[]P1…[P]n[fitness, 

pBest, gBest, Velocity,c1,c2,w,Vmax,s]master]12]0 

 

r9: Membrane dissolution 

[[[]P1…[]Pn []master]1]0⟶λ 

 

R10: Link creation 

𝑟10 ≡  [[[]P1…[]Pn [pBestScoren]master]11]0 , [[[]P1…[]Pn [fitnessn]master]12]0⟶[[[]P1…[]Pn [pBestScoren]master]11]0-----

[[[]P1…[]Pn [fitnessn]master]12]0 

 

r11: Communication/rewriting 

 r11 ≡  [[[pBestScoren]master]11]0⟶[[[fitnessn]master]11]0, [[[pBestn]master] 12]0⟶1  

{[[[fitnessn]master]12]0<[[[pBestScoren]master]11]0, 1≤n≤p } 

& 

[[[gBestScore]master]11]0⟶[[[pBestScoren]master]11]0,  [[[gBestn]master] 12]0⟶1  

{[[[pBestScoren]master]11]0<[[[gBestScore]master]11]0, 1≤n≤p } 

& 

[[[𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 ]master]11]0  ⟶min [[[[pBestScore]𝑝1
𝑝𝑛
 ]master]11]0    

 

r12: Communication 

𝑟12 ≡   [[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]
𝑝𝑛
𝑝1]12]0⟶[[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]

𝑝𝑛
𝑝1]master]12]0 



 
 

 
 
 

 

r13: Communication/rewriting:  

[[[positionn,c1,c2,c,w,pBest,gBest,p,max_c,rand]master]12]0⟶[[[Velocity]master]12]0  

 

[[[Velocity]master]12]0⟶[[Vmax]master]12 {Velocity>Vmax } 

[[[Velocity]master]12]0 ⟶[[-Vmax]master]12 {Velocity<- Vmax } 

 

[[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]
𝑝𝑛
𝑝1]master]12]0⟶1 {rand<=1/(1+exp(-2*Velocity)} 

 

[[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]
𝑝𝑛
𝑝1]master]12]0⟶0 {rand>1/(1+exp(-2*Velocity)} 

 

r14: Output/link creation/communication& rewrite 

[[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]
𝑝𝑛
𝑝1]master]12]0⟶[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]

𝑝𝑛
𝑝1]12]0 

 

[[]12]0, [[]position]0⟶[[]12]0---- [[]position]0 

 

[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]
𝑝𝑛
𝑝1]12]0⟶[[[𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛]

𝑝𝑛
𝑝1]position ]0 

 

r15: Division rule 

[[]p1…[]pn[]master]12[[]p1…[]pn[]master]121[[]p1…[]pn[]master]122 

 

r16: Membrane dissolution 

[[]p1…[]pn[]master]12⟶λ  

 

 

 

 

4 Proposed multiple core KP-MObPSO feature selection method 

 
To implement the exact proposed sequential KP-MObPSO feature selection method on multiple cores, we have 

defined 4 stages of initialization, evolution, interaction with client, and collect final result. Based on the assumption 

for entire model, there is 25 number of particles (p=25) that divides to 4 compartments (compartment1, compartment2, 

compartment3, compartment4) having 6 particles in compartment 1 to 3 and 7 particles in compartment 4. The number 

of compartments are chosen based on the number of logical cores in the machine have used for execution of model. 

Total number of iterations is 100 times in evolution step.    

Step1: initialization  

         Rules from the proposed sequential KP-MObPSO translate to jobs in the proposed multiple core KP-MObPSO 

feature selection method. As figure 1, first; binary positions of genes should be randomly initialized in client. Thus, 

rules number r1, r2, and r3 in sequential KP-MObPSO define as function Fn=Pos. To execute Fn=Pos on four 

compartments in multiple core KP-MObPSO, it divides to four tasks including Pos1, Pos2, Pos3, and Pos4. Pos1 

initialize random position of genes inside 6 particles of compartment1, Pos2 initialize random position of genes inside 

6 particles of compartment2, Pos3 initialize random position of genes inside 6 particles of compartment3, and finally 

Pos4 initialize random position of genes inside 7 particles of compartment4. Second, 4 workers are configured to 

execute 3 jobs on the initialized particles of 4 compartments. These 3 jobs are the rules number r4 for function 

subgraph, rule number r5, r6, r7 for functions Mycost1, and Mycost2 which are translated from sequential KP-

MObPSO to multiple core KP-MObPSO. The outputs of job1 (Fun=subgraph) will be used as input arguments for 

job2 (Fun=Mycost1) and so on till the out puts of job3 (Fun=Mycost2) initialize the value of pBestScore in the client 

to be use in the second step named evolution step.  

 

 



 
 

 
 
 

Step2: evolution 

         As figure 1, in this step function Pos produce new binary positions of genes again randomly. New position of 

genes and generated value of pBestScore in the previous step initialize 4 compartments of particles on 4 workers. Like 

previous step, jobs number 1, 2, and 3 will execute on 4 compartments to produce fitness value for each particle. Then, 

rules number r8, r9, r10, and r11 in sequential KP-MObPSO translate to job4 as Fn=compare. This job4 applies for 

all particles inside compartment 1 as task compare1, all particles of compartment 2 as task compare2, all particles of 

compartment 3 as task compare3, and all particles of compartment 4 as task compare4 which generally compares the 

fitness value of each particle with its previously produced pBestScore and update the pBestScore value for each 

particle with the fitness value if fitness value of particle is less than its pBestScore value.  The outputs of this job will 

enter to job5 to update the velocity of gene positons. This job defines based on the rules number r12, r13, and r14 in 

sequential KP-MObPSO. The result of updating gene position will transfer to client section through next step.  
 
Step 3: interaction with client 

        Totally evolution step will execute 100 times. But after each iteration, results of workers should combine together 

in client section to initialize next iteration. To do so, according to the figure 3, in client section all the results of updated 

positions in 4 compartments combine as yy, all the results of updated pBestScores in 4 compartments combine as 

pBestScore, all the results of random number of genes inside each particles combine as C. By these combinations 

second and third iterations will launch. For iteration number 3 and above, client checks whether the production of 

pBestScores are fallen in local trap or not. If the value of convergence curve variable which is the minimum of 

pBestScores in all 25 particles after each iteration repeatedly is the same value for three times, then all the positions 

of genes will reverse in client and new positions will launch new iteration continuously.   

 

Step 4: collect final result 

        After 100 times iteration value of convergence curve variable gathers minimum of pBestScores in all 25 particles 

after each iteration. Minimum value in the convergence curve matrix that is the record of 100 minimum pBestScores 

calls gBestScore. The set of the gene numbers have already produced such a minimum value of gBestScore are marker 

genes. These marker genes are the final result of KP-MObPSO feature selection method.  

 

 



 
 

 
 
 

 e.g., Pos1>subgraph1>Mycost11>Mycost21 as well 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Particle 1 Particle 2 Particle 3 

Particle 4 Particle 5 

Compartment 1 

Particle 6 

Particle 7 Particle 8 Particle 9 

Particle 10 Particle 11 

Compartment 2 

Particle 12 

Particle 13 Particle 14 Particle 15 

Particle16 Particle 17 

Compartment 3 

Particle 18 

Compartment 4 

Particle 19 Particle 21 Particle 20 

Particle 22 Particle 23 Particle 24 

Particle 25 

    
Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

 

Jobs=Rules=inside p1: p6 Jobs=Rules=inside p7: p12 Jobs=Rules=inside p13: p18 

Function (Mycost2) result of job3: fit1, fit2, fit3, fit4 initialize pBestScore1, pBestScore2, pBestScore3, pBestScore4 in client 

Jobs=Rules=inside p19: p25 

Function (subgraph) result of job1: op1, op2, op3, op4 & c1, c2, c3, c4, c5 as input for job2 

 

 

 job1= task1= subgraph 1=on particles of compartment1 

        =task2= subgraph 2=on particles of compartment2 

        =task3= subgraph 3=on particles of compartment3 

        =task4= subgraph 4=on particles of compartment4 

 

Function (Mycost1) result of job2: SUM1, SUM2, SUM3, SUM4 as input for job3 

job3= task1= Mycost 2,1=on particles of compartment1 

        =task2= Mycost 2,2=on particles of compartment2 

        =task3= Mycost 2,3=on particles of compartment3 

        =task4= Mycost 2,4=on particles of compartment4 

 

job2= task1= Mycost 1,1=on particles of compartment1 

        =task2= Mycost 1,2=on particles of compartment2 

        =task3= Mycost 1,3=on particles of compartment3 

        =task4= Mycost 1,4=on particles of compartment4 

 

yy1=Pos1(p, max_c), yy2=Pos2(p, max_c), yy3=Pos3(p, max_c), yy4=Pos4(p, max_c) 

 

Function (Pos) sends result of: yy1, yy2, yy3, yy4 as input for job1 in workers: Compartment1, Compartment 2, Compartment 3, Compartment 4 

pBestScore1= fit1, pBestScore2= fit2, pBestScore3= fit3, pBestScore4= fit4 

Client 

Workers 



 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

yy1=Pos1, yy2=Pos2, yy3=Pos3, yy4=Pos4 & pBestScore1= fit1, pBestScore2= fit2, pBestScore3= fit3, pBestScore4= fit4 

 

 

Function (Pos) sends result of: yy1, yy2, yy3, yy4 & pBestScore1, pBestScore2, pBestScore3, pBestScore4 as input for job1 in workers: Compartment1, 

Compartment 2, Compartment 3, Compartment 4 
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Particle 4 Particle 5 

Compartment 1 

Particle 6 

Particle 7 Particle 8 Particle 9 

Particle 10 Particle 11 
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Particle 12 

Particle 13 Particle 14 Particle 15 

Particle16 Particle 17 

Compartment 3 

Particle 18 

Compartment 4 

Particle 19 Particle 21 Particle 20 

Particle 22 Particle 23 Particle 24 

Particle 25 

    Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

Rule4=job4=compare 

Rule5=job5=velocity 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

Rule4=job4=compare 

Rule5=job5=velocity 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

Rule4=job4=compare 

Rule5=job5=velocity 

Rule1=job1=subgraph 

Rule2=job2=Mycost1 

Rule3=job3=Mycost2 

Rule4=job4=compare 

Rule5=job5=velocity 

Jobs=Rules=inside p1: p6 Jobs=Rules=inside p7: p12 Jobs=Rules=inside p13: p18 

Function (Mycost2) result of job3: fit1, fit2, fit3, fit4 as input for job4 

Jobs=Rules=inside p19: p25 

Function (subgraph) result of job1: op1, op2, op3, op4 & c1, c2, c3, c4, c5 as input for job2 

 

 

 job1= task1= subgraph 1=on particles of compartment1 

        =task2= subgraph 2=on particles of compartment2 

        =task3= subgraph 3=on particles of compartment3 

        =task4= subgraph 4=on particles of compartment4 

 

Function (Mycost1) result of job2: SUM1, SUM2, SUM3, SUM4 as input for job3 

job3= task1= Mycost 2,1=on particles of compartment1 

        =task2= Mycost 2,2=on particles of compartment2 

        =task3= Mycost 2,3=on particles of compartment3 

        =task4= Mycost 2,4=on particles of compartment4 

 

job2= task1= Mycost 1,1=on particles of compartment1 

        =task2= Mycost 1,2=on particles of compartment2 

        =task3= Mycost 1,3=on particles of compartment3 

        =task4= Mycost 1,4=on particles of compartment4 

 

Workers 

 job4= task1= compare 1=on particles of compartment1 

        =task2= compare 2=on particles of compartment2 

        =task3= compare 3=on particles of compartment3 

        =task4= compare 4=on particles of compartment4 

 

 

 

Rule4=job4=Mycost2 

 
 job5= task1= velocity 1=on particles of compartment1 

        =task2= velocity 2=on particles of compartment2 

        =task3= velocity 3=on particles of compartment3 

        =task4= velocity 4=on particles of compartment4 

 

 

 

Rule4=job4=Mycost2 

Function (compare) result of job4: pBest1, pBest2, pBest3, pBest4 & gBest1, gBest2, gBest3, gBest4 as input for job5 



 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. KP-MObPSO on Multicore processing 

 

5 Execution of KP-MObPSO on Multicore processing  

 

To implement multiple core processing of KP-MObPSO we integrate two types of parallel programming. First, 

all the functions are defined in sequential MObPSO are reviewed and re-wrote based on Parfor independent loops. 

All the functions including Pos, subgraph, Mycost1 and Mycost2 re-wrote based on 25 independent Parfor loop. 

Second, each function defined as a job based on createJob method to be executable on the particles. Particles are 

assumed to be located inside four compartments and each job consist of four tasks each running on one 

compartment.  

5.1   Parallel Computing 

 
Parallel Computing solves computationally and data-intensive problems using multicore processors, GPUs, and 

computer clusters. The goal of parallel computing is to speed up computations by using multiple processors and 

to utilize more memory than available on single machine. Reality is that parallel programming using 

C/C++/FORTRAN and MPI (Message Passing Interface) is hard and also creating parallel code in C/FORTRAN 

and MPI takes a long time. But MATLAB is widely used for developing/prototyping algorithms due to its high 

level language and integrated feature that leads to productive code development. Moreover, by parallelizing 

MATLAB code, algorithm can be run with larger parameter sweeps and compute times may be reduced. 

Multiprocessing in MATLAB supports implicit and explicit multi-processing. Implicit multi-processing is 

including of built-in multithreading, speeds up many linear algebra routines, matrix operations, leverages multiple 

cores on processor.  Explicit multi-processing gives the opportunity to do parallel computing using the Parallel 

Computing Toolbox and MATLAB Distributed Computing Server leverages multiple processors on clusters. In 

this paper we use explicit multi-processing. Based on the Figure 2, Parfor and createJob are chosen to take 

advantages of greater control at the same time of having ease of use.  

 

 

 

 

W1(1:6, 1) = pBestScore1/convergence curve (1, l), W2(7: 12, 1) = pBestScore2/convergence curve (1, l), W3(13:18, 1) = pBestScore3/convergence curve (1, l), 

W4(19:25, 1) = pBestScore4/convergence curve (1, l) 

yy (1:6, :)=yy1(1:6, :), yy (7: 12, :)=yy2(7: 12, :), yy (13:18, :)=yy3(13:18, :), yy (19:25, :)=yy4(19:25, :) 

pBestScore (1, 1:6) = pBestScore1 (1, 1:6), pBestScore (1, 7: 12) = pBestScore2 (1, 7: 12), pBestScore (1, 13:18) = pBestScore3 (1, 13:18), pBestScore (1, 19:25) = 

pBestScore (1, 19:25) 

C (1:6, 1) = c1(1:6, 1), C (7: 12, 1) = c2(7: 12, 1), C (13:18, 1) = c3(13:18, 1), C (19:25, 1) = c4(19:25, 1) 

If trapped in local optimization 

Change all the binary position of genes from 1 to 0 and from 0 to 1 and update yy1, …, yy4 with new positions 

End 

yy1 (1:6, :)=yy (1:6, :), yy2 (7: 12, :)=yy (7: 12, :), yy3 (13:18, :)=yy (13:18, :), yy4 (19:25, :)=yy (19:25, :) 

 

 Built-in support with toolboxes 

 Simple programming constructs: Parfor, bath, distributed  

 Advanced programming constructs: createJob, labSend, spmd 

 Ease of Use Greater Control 

Client 



 
 

 
 
 

 

Parfor: A Parallel FOR Loop 

          Parfor, Figure 2, replaces the for command in cases where a loop can be parallelized. The loop iterations 

are divided up among diff erent “workers”, executed in an unknown order, and the results gathered back to the 

main copy of MATLAB. The simplest path to parallelism is the Parfor statement, which indicates that a given for 

loop can be executed in parallel. When the client MATLAB reaches such a loop, the iterations of the loop are 

automatically divided up among the workers, and the results gathered back onto the client. Using Parfor requires 

that the iterations are completely independent; there are also some restrictions on data access. Parallel for-loops 

let you distribute a set of independent tasks over a set of workers. The Parfor construct uses the familiar for-loop 

syntax and is ideal for parameter sweeps and similar tasks. The Parfor construct has mechanisms for detecting and 

exchanging the necessary data and code between the client MATLAB session and workers. It also detects the 

presence of workers automatically.  

 

Fig. 2. The Mechanics of Parfor Loops 

 

CreateJob: life cycle of a job  

        The figure 3, illustrates the stages in the life cycle of a job. When we create and run a job, it progresses 

through a number of stages. Pending: we create a job on the scheduler with the createJob function in your client 

session of Parallel Computing Toolbox software. The job’s first state is pending. This is when we define the job 

by adding tasks to it. Queued: When we execute the submit function on a job, scheduler places the job in the 

queue, and the job’s state is queued. The scheduler executes jobs in the queue in the sequence in which they are 

submitted, all jobs moving up the queue as the jobs before them are finished. Running: When a job reaches the 

top of the queue, the scheduler distributes the job’s tasks to worker sessions for evaluation. The job’s state is now 

running. If more workers are available than are required for a job’s tasks, the scheduler begins executing the next 

job. In this way, there can be more than one job running at a time. Finished: When all of a job’s tasks have been 

evaluated, the job is moved to the finished state. At this time, you can retrieve the results from all the tasks in the 

job with the function fetchOutputs. Failed: When using a third-party scheduler, a job might fail if the scheduler 

encounters an error when attempting to execute its commands or access necessary files. Deleted: When a job’s 

data has been removed from its data location, the state of the job in the client is deleted. This state is available 

only as long as the job object remains in the client. 

Fig. 3. life cycle of a job 



 
 

 
 
 

 

 

Configuration 

We use parcluster to define certain properties for our cluster, and then have these properties applied when we 

create cluster, job, and task objects in the MATLAB client. By default, the maximum number of workers 

MATLABPOOL will start is equal to the number of physical cores we have on our machine. We have 4 logical 

cores in our machine so we can edit the profile as: 

Parallel > Manage Cluster Profiles > local > Edit and change the value of "Number of workers to start on your 

local machine" to 4.  

       The proposed KP-MObPSO feature selection methods assume to have 25 particles. To configure 25 particles 

on 4 cores of system, we assume to have 4 compartments including 6 particles, 6 particles, 6 particles and 7 

particles respectively.  Each particle consists of random number of gene objects from 1 to 100 and sets of rules 

will be executed on objects. Since then, we will assign each rule to a specific job and each job will assign to each 

compartment through a set of 4 tasks repeating execution of rules on each object inside a particle. Thus, the 

multicore KP-MObPSO model will be initialize by:  

 4 compartments including 6, 6, 6 and 7 particles 

 4 jobs/rules inside each particles  

 4 tasks assign to each rules/jobs to be executed on each particles inside the 4 compartments 

 Priority of rules Pos>subgraph>Mycost1>Mycost2>compare>velocity is effective on the 

priority of tasks 

 

5.2 Experimental result 

 

In this paper, cell line dataset of colorectal cancer and breast cancer are downloaded from publicly available 

datasets in Gene Expression Omnibus (GEO) repository (http://www.ncbi.nlm.nih.gov/gds). 

Methods and data 
         Totally, six samples of colorectal cancer are used according to Table 2 and 3 respectively that explains the 

specification of samples. When samples of a microarray dataset represent normal (benign) and cancer (malignant) 

tissue, classifying such samples is referred to as binary classification. Otherwise, when samples represent various 

subtypes of cancer, classification is referred to as multiclass cancer classification. In both cases, genes with 

significantly different expression in the two different classes (normal and tumour or two different subtypes of 

cancer) are labelled as differentially expressed genes. In this paper our aim was to find these indicator genes, or 

marker genes, in order to distinguish normal and tumour genes (binary classification) in colorectal dataset through 

multicore KP-MObPSO method faster than its counterpart sequential KP-MObPSO method.  

Colorectal data 
         According to Table 3, samples were provided from two sub types including subtype 1.1 and 2.1 with 

platform IDs: GPL570 (Affymetrix U133 Plus 2.0) and series GSE35896 in order to compare between 62 

colorectal cancers. First three samples, including GSM877130, GSM877141, and GSM877142, were from the 

sub type 1.1, and the latter three samples, GSM877127, GSM877138, and GSM877140, were from subtype 2.1. 

Before evaluating the model, we preprocessed the data. The number of genes in the raw data was 54676. A list of 

significant genes, including normal and tumour genes, were highlighted according to the results of a study [31] 

where the clinical, pathological, and biological features of different sub types of colorectal tumours were 

compared. As a result, 382 tumour genes selected according to the subtypes 1.1 and 2.1 in the initial cell-line 

dataset. The SNR was calculated according to the Eq. 5 for both normal and tumour genes. For each individual 

gene, the first three sets of samples were categorized as C1 (subtype 1.1), and the rest were classified as C2 

(subtypes 2.1). The SNR values were sorted in descending order, and 100 maximum SNR values (50 maximum 

SNR values for normal genes and 50 maximum SNR values for tumour genes) were selected for further analysis. 

Then the Signal-to-Noise Ratio (SNR) value (node weight) corresponding to each feature is calculated using mean 

and standard deviation (s.d.) of class l (cl) and class 2 (c2). 

http://www.ncbi.nlm.nih.gov/gds
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877130
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877141
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877142
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877127
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877138
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877140


 
 

 
 
 

 

Table 3. Specification of colorectal cancer dataset 

Data Set Record GDS4379 

Title: Colorectal cancer tumors 

Summary: Analysis of primary colorectal cancer (CRC) tumors. CRC is a heterogeneous disease. Results provide 

insight into stratifying CRC tumor samples into subtypes and tailoring treatments for the CRC subtypes. 

Organism: Homo sapiens 

Platform: GPL570: [HG-U133_Plus_2] Affymetrix Human Genome U133 Plus 2.0 Array 

Citation: Schlicker A, Beran G, Chresta CM, McWalter G et al. Subtypes of primary colorectal tumors correlate 

with response to targeted treatment in colorectal cell lines. BMC Med Genomics 2012 Dec 31; 5:66. 

PMID: 23272949 

Platform ID: GPL570 

Series: GSE35896, Gene expression data from 62 colorectal cancer 

Samples Cell line Tissue Disease state genotype/variation 

 Subtype: 1.1 

GSM877130 CRC_42 Large Intestine Adenocarcinoma microsatellite.status: MSS 

GSM877141 CRC_45 Large Intestine Adenocarcinoma microsatellite.status: MSS 

GSM877142 CRC_61 Large Intestine Adenocarcinoma microsatellite.status: MSS 

 Subtype: 2.1 

GSM877127 CRC_01 Large Intestine Adenocarcinoma microsatellite.status: MSI 

GSM877138 CRC_02 Large Intestine Adenocarcinoma microsatellite.status: MSI 

GSM877140 CRC_19 Large Intestine Adenocarcinoma microsatellite.status: MSI 

 

 

During the final stage of preprocessing, the 100 genes were normalized according to Eq. 6. For normalization 

minimum and maximum value of each gene (column) are calculated first. Then normalization is done. Where g ij 

presents gene expression value of the i -th sample of the j -th gene and j presents gene expression values of j -g th 

gene. Therefore, all the values of the dataset (100 rows of genes times six sets of samples) were transformed to a 

value between 0 and 1 [0,1]. 

 

|𝑆𝑁𝑅| = |
𝑚𝑒𝑎𝑛(𝑐1) − 𝑚𝑒𝑎𝑛(𝑐2)

𝑠. 𝑑. (𝑐1) + 𝑠. 𝑑. (𝑐2)
|                                                             (5) 

 

𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒(𝑔𝑖𝑗) =
𝑔𝑖𝑗 −𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑔𝑖𝑗)

𝑚𝑎𝑥𝑖𝑚𝑢𝑚(𝑔𝑖𝑗) − 𝑚𝑖𝑛𝑖𝑚𝑢𝑚(𝑔𝑖𝑗)
                         (6) 

 

6 Discussion and future work 

 

In general, main memory in parallel computer hardware can be classified into two kinds: shared memory, 

distributed memory. Shared memory is all processors interconnections with big logical memory. Distributed 

memory refers to each processor has own local memory. Indeed, accesses to local memory are typically faster 

than accesses to non-local memory [9, 10]. Figure 4 illustrates architectural differences between distributed and 

shared memory.    
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http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877130
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877141
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http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877127
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877138
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSM877140


 
 

 
 
 

 

 

 

 

 

 

 

 

Fig. 4. architectural differences between distributed and shared memory 

 

           Multi-core chips do more work per clock cycle, are able to run at a lower frequency, and may enhance 

performance of computation time. MATLAB includes the tic and toc functions which set a starting time and then 

return the time elapsed time. The same command can be used in parallel. The matlabpool command itself can take 

some time. Typically, we want to ignore that, and focus on the parallel computation. In the proposed multicore 

KP-MObPSO method, after launching workers through “yy”, output of jobs like “op, c, SUM, fit, gBest, pBest, 

and yy” need to save in client to send to next jobs as input arguments. This frequent interaction between clients 

and workers takes time and does not lead to improvement in time execution of multicore KP-MObPSO.  

          Due to the inherent large-scale parallelism feature of membrane computing, any membrane computing 

inspired model can fully represent this computation model only in the case of using parallel platform. From the 

beginning of introducing this model it was a big concern in all membrane related studies. For instance, to fully 

implement parallelism of such membrane computing model and to support an efficient execution [12] used a 

platform based on reconfigurable hardware. Without parallelism all sequential studies face a challenge of how to 

make rules available in all steps of computation. In [13] a sequential computing of membrane computing, they 

just had an option of using one membrane and make the rules periodically available based on time-varying 

sequential P system. Even by using minimal parallelism of using rule; at least a rule from a set of rules in a 

membrane e.g., [14] with active membrane; solving NP-complete problems in polynomial time through trading 

space for time leads to make more efficient model of membrane computing.   

         Recently, several studies attempted to utilize membrane computing to improve intelligent algorithms. For 

instance, multi-core processing used in the study of [15] utilized a membrane computing inspired genetic 

algorithm and in [16] to exploit the parallelism of membrane computing for solving N-queens problem. 

          Executing KP-MObPSO on multi core GPU will be considered as a solution for time improvement in future 

work. The architectural differences between CPUs and GPUs cause CPUs to perform better on latency-sensitive, 

partially sequential, single sets of tasks. In contrast, GPUs perform better with latency-tolerant, highly parallel 

and independent tasks.  
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Abstracts 

 

In this paper, we present a parallel implementation of a new clustering algorithm 

by using membrane computing from natural computing. A new density-grid based 

algorithm is proposed. The implementation has been designed via weighted spiking 

neural P systems with antispikes and astrocyte on the framework of membrane com-

puting. The algorithm uses a network membrane structure, firing and forgetting rules 

in a spiking neural P system to specify three sub systems respectively put inside neu-

rons of the P system. The new algorithm applies the channels of connecting neurons 

to implement communication in the process of evolution of any two neurons to do 

cluster analysis. The algorithm is applied on some real world data sets and its perfor-

mance is assessed through accuracy and time complexity. 

Keywords 

 SN P system, density-grid based algorithm, parallelism  

1. Introduction 

Spiking neural P systems (SN P in short) have been widely investigated both in the 

generative mode and in the accepting mode. SN P systems have been used to solve 

decision problems [1][2]. When solving a problem in the semi-uniform setting, there 

exists a deterministic Turing machine. SN P systems are viewed as components of a 



restricted Arithmetic Logic Unit in [3]. Several families of SN P systems were con-

structed for dealing with some basic arithmetic operations, namely addition, subtrac-

tion, comparison and multiplication by a fixed factor. Until now, many variants of SN 

P systems, including especially their computational properties have been investigated. 

Some variants of SN P systems have been proposed and proved to be Turing universal 

as number accepting or generating devices, such as sequential SN P systems [4], 

asynchronous SN P systems [5], asynchronous SN P systems with local-

synchronization [6], SN P systems with astrocyte-like control [7], SN P systems with 

anti- spikes [8], time-free SN P systems [9] and homogenous SN P systems [10]; spik-

ing neural P systems with weights [11]; SN P systems with cell division or neuron 

[12-16]. 

Pa ̆un who initiated the P systems pointed out that solving real problem by mem-

brane computing need to be addressed. Until now, it is shown that hybrid algorithms 

designed by applying evolutionary computation and membrane systems outperform 

their counterpart approaches in terms of the quality of solutions [17][18]. The com-

parative analysis of dynamic behaviors of a hybrid algorithm in [19] indicates that the 

combination of evolutionary computation with membrane systems can produce a 

better algorithm for balancing exploration and exploitation. These algorithms put 

membranes as computing environment, through the parallelism of membrane, compu-

ting performance was improved. However, these algorithms do not use objects and 

real rules defined by P system. Algorithms are not implemented through changes of 

objects by real rules. On account of P system is still in the phase of solving addition, 

subtraction, multiplication, and division [20]. How can these algorithms deal with 

complex functions? Different from researches above, the whole process of clustering 

algorithm proposed in this paper is implemented by changes of objects by real rules in 

membranes. Objects encode data. Membrane rules working on objects achieve the 

clustering goal.  

Clustering algorithms partition data into a certain number of clusters. Most re-

searchers describe a cluster by considering the internal homogeneity and the external 

separation [21][22] patterns in the same cluster should be similar to each other, while 



patterns in different clusters should not. Different starting points and criteria usually 

lead to different taxonomies of clustering algorithms [23][24]. A rough but widely 

agreed frame is to classify clustering techniques as hierarchical clustering and parti-

tion clustering, based on the properties of clusters generated [23][24].  

Grid-based clustering techniques are usually used for the more complex and high-

dimension data. The grid-based clustering algorithm [25] partitions the data space into 

a certain number of cells and performs clustering operations on the cells. OPTIGRID 

[22] is designed to obtain an optimal grid partitioning. CLIQUE is probably the most 

intuitive and comprehensive clustering technique [27]. The shifting grid approach 

(SHIFT) has been reported to be somehow similar to the sliding window technique. 

AGRID combines density based and grid-based approaches to cluster large high-

dimensional data [26] [28]. To successfully migrate from the traditional centralized 

power delivery infrastructures to the distributed nature required by Smart Grids, sev-

eral disciplines must be integrated [29][30].  

Based on the above considerations, this paper develops a hybrid optimization me-

thod, called DGP (density-grid based algorithm by weighted SN P systems with anti-

spike and astrocyte), by combining density-grid based clustering algorithms with SN 

P system in a proper way. DGP uses a network membrane structure, firing and forget-

ting rules in a spiking neural P system to specify three sub systems respectively put 

inside cells of the P system. In the feature selection subsystem, each dimension of 

data independently evolves in the group of neurons. Comparison between selected 

attributes implements in effectiveness computation system by rules. Clustering sub-

system does the analysis according to its data contained and relationships with the 

connected neurons (grids). DGP applies the channels connecting neurons to imple-

ment communication in the process of evolution of any two neurons to do cluster 

analysis. To the best of our knowledge, this is the first attempt to use SN P systems to 

properly design density-grids based clustering approach and also the first investiga-

tions regarding the use of P system-based technique to grid. DGP is applied on some 

real world data sets and its performance is assessed through accuracy and time com-

plexity. 



The rest of this paper is organized as follows. Section 2 describes weighted SN p 

systems with antispike and astrocyte. The proposed density-grid based algorithm is 

presented in Sect. 3.  In Section 4, the hybrid approach, DGP, is explained in detail. 

The experimental results are discussed in Sect. 5. Section 6 concludes the paper.  

2. Weighted Spiking Neural P Systems with Antispikes and Astrocytes 

Spiking neural P systems with antispikes were introduced in [7]. Spiking neural P 

systems with astrocytes were introduced in [8]. Spiking neural P systems with weights  

were introduced in [11]. In this section, antispike and astrocytes are added in spiking 

neural P system. Weighted spiking neural P systems with antispikes and astrocytes 

(called WSNPA2) ofdegree m ≥ 1 is a construct of the form 

1 1( , , ..., , , , , ..., , , )m k in outO syn R ast ast s      

Where, O is the set of spikes, { , }O a a , a is spike, a  is antispkie. The empty 

string is denoted by  

1 2, ,..., m   are neurons, m is the degree (number) of neurons, of the form 

( , ) 1i i in R i m      

Where, {0,1, 2,...}in   is the initial number of spikes contained in i ; 

Ri is a finite set of rules of the following two forms: 

(1) / 'cE s s , , ' { , }s s a a  

c is the number of spikes in the rule, 1c , E is either a regular expression over 

a or a ; A regular expression over O is defined as follows:(1)  and each ,a a  is a 

regular expression,(2)if 1 2,E E areregular expressions over O, then, 1 2( )( )E E , 

1 2( ) ( )E E , and 1( )E   are regular expressions over O, 1( )E  is the set of all nonemp-

ty strings over regular expressions 1E .Besides, nothing else is a regular expression 

over O. 

(2) eb   

e is the number of spikes in the rule, 1e , with the restriction that ( )eb L E for 

any rule of type (1) from Ri . a language ( )L E associates with each regular expres-



sion E, defined in the following way:(1) ( )L   , for all a O  , ( )L a a , for all 

regular expression 1E , 2E  over O, 1 2 1 2(( ) ( )) ( ) ( )L E E L E L E   , 

1 2 1 2(( )( )) ( ) ( )L E E L E L E , 
1 1(( ) ) ( ( ))L E L E   

A rule / 'cE s s is applied as follows. If neuron i  contains r spikes/ anti-

spikes, and ( )rs L E , r c³ ,then the rule can fire, c numbers of spikes/antispikes 

are consumed, thus, c-r numbers of spikes/antispikes remain in i  and a 

spikes/antispikes is released, which will immediately exit the neuron. The spike/anti-

spike emitted by neuron i will gain into   and pass immediately to all neurons 

j such that ( , , )i j syn  .Each of these neurons j receives a quantity of spikes/ 

antispikes equal to  , which is added to the existing spikes/antispikes in j  Note 

that w can be positive or negative, hence the spikes/antispikes of the receiving neuron 

is increased or decreased depending on  . If a rule / 'cE s s  has ( ) cL E s ,then

/ 'cE s s is written into 'cs s  for simplicity. 

For spike a and antispike a , they can not stay together, they annihilate each oth-

er.If a neuron has either objects a or objects a , and further objects of either type 

(maybe both) arrive from other neurons, such that we end with qa  and pa inside, 

then immediately an annihilation rule aa   (which is implicit in each neuron), is 

applied in a maximal manner, so that either . q pa   or ( )p qa 
 remain for the next step, 

provided that q p  or p q , respectively. This mutual annihilation of spikes and 

anti-spikes takes no waiting time and the annihilation rule has priority over spiking 

and forgetting rules, so each neuron always contains either only spikes or anti-spikes. 

The rules of the form eb  , are forgetting rules. If neuron contains exactly s 

spikes/anti-spikes, then forgetting rule eb   can be applied removing s 

spikes/anti-spikes from the neuron immediately. 

{1, 2,..., } {1, 2,..., } csyn m mÍ ´ ´ are synapses between neurons, c is the 



set of computable real numbers, where i≠ j,  is the weight on synapse ( , )i j ,for 

each ( , ) {1,2,..., } {1,2,..., }i j m mÎ ´ there is at most one synapse ( , , )i j   in syn  

1 , ..., kast ast are astrocytes, of the form ( , )
ii ast iast syn t ,where 1 i k  ,k is the 

number of astrocytes.
iastsyn synÍ  is the set of synapses controlled by the astrocyte 

ia s t , it Î  , it is the threshold of the astrocyte ia s t ,  is the set of natural num-

bers. An astrocyte can sense at the same time the spike traffic along several neighbor-

ing synapses. Suppose that an astrocyte ia s t is given a threshold it  and there are k 

spikes passing along the neighboring synapses in 
ia s ts y n 1 i k  . If ik t  , then 

astrocyte ia s t  has an inhibitory influence on the neighboring synapses, and the k 

spikes are transformed into one spike by ka a . a  will be sent out by c and go into 

the only one neuron ia s t directed to . If ik t , then astrocyte ia s t  has an excitatory 

influence on the neighboring synapses, all spikes survive and reach their destination 

neurons.  

, {1, 2,..., }in out m   indicate the input and output neurons, respectively. The 

WSNPA2 is allowed to produce d outputs. A d-ouput WSNPAA   has d output 

neurons, 
1
,...,

nout out    generate a d-tuple 1( ,..., )dl l Î  if, starting from the in-

itialization, there is a sequence of steps such that each output neuron i  generates 

exactly two spikes a a (the times the pair a a are generated may be different for differ-

ent output neurons) and the time interval between the first a and the second a is li. 

Moreover, after all the output neurons have generated their pair of spikes, the system 

eventually halts, in the following sense:   halts if it reaches a configuration where 

no neurons are fireable. 

3. Grid-Density based Clustering for High Dimensional Data 

Grid-based algorithm uses a multi-resolution grid structure containing the data 

objects which is limited space to quantify the number of units and acts as operands of 

clustering performance. The advantage of this method is its fast processing speed. 

Time of this algorithm is independent of data object's number, only depends on the 



quantitative dimension of space in each unit number. Traditional approaches include 

STING, which uses the information stored in grids; Wave Cluster , which clusters 

data by wave change; CLIQUE, an algorithm who combines density clustering with 

Grid-based algorithm. In this paper, feature selection is used for dimension reduction 

and density-grid based clustering algorithm is proposed. 

3.1 Identify the two well-informed features 

Generally, in grid-based methods, the computations will grow exponentially with 

the problem dimensions because the evaluations should be done over all grid points . 

In this paper, the algorithm project the data objects in actual feature space into a 2D 

space of the two well-informed features identified firstly. For instance, a clustering 

problem with n variables or features and L grid partitions in each dimension, would 

result in Ln grid points. To avoid this curse of dimensionality problem, GACH tries to 

discover the initial locations of potential clusters in a plane. In this regard, it needs to 

identify the two well-informed features which will reveal the clusters well. In other 

words, the data patterns in actual feature space should be projected into a 2D space of 

these two features. 

The plane comprised by these two features will then be covered by a 

K L L  lattice of grids with M data patterns ( , 1,...,pX p M ). At first, each di-

mension of objects is partitioned into M  bins. Each volume of a bin is 

max min( ) /X X M  

Objects partitioned in bin is as 

' ' '( ) | { : 1... | | | | } |i l pi l pi l l l lc b Xp p M and X b X b for b B and b b     = = - < - Î ¹ (1)   

where piX  is the value of feature ix in data pattern pX and|.| is the cardinali-

ty operator representing the number of elements in a set 

the number of peaks  in the remained M  bins are considered as the centroid of 

data collections and are accounted as the effectiveness measure, e , of feature ix  

1

1

( ) |{ ( ) : 1... ' 1 ( ) ( )

( ) ( )}|
i i l i l i l

i l i l

x c b l L and c b c b

and c b c b

 
 

e -

+

= = - >

>                                     (2) 

Figure 3.1 depicts this histogram for the 13 features of the known Wine data set. 
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Fig.3.1 histogram for the 13 features of Wine data set 

3.2 Clustering by Grid-Density based Algorithm 

By projecting the data patterns of the problem into two dimensions of this features 

pair, it obtains a plane of data points. This plane is then partitioned with a H I I   

lattice of grids, H  is denoted by G= 1 2{g,g ,..,g }H , the capabilityof each grid point 

Hg  is specified as the set of data patterns which lie around Hg  and are nearest to it 

among other grid. Formally, this capability is defined as: 

 p p p H'

H ' H '

(g ) #{X : p 1... M and (X , g ) (X , g )

for g g g }

H H

H

C

G and

    

    
 (3) 

Next, it deletes those grids who are not dense by definition 3.1 

Definition 3.1 Dense grid  

a grid , 1...qg q m is a dense grid iff, ( )qC g   ,is a threshold defined before com-

putation by users. 

After getting the initial members of grid graph G, G is refined by finding out dense 

grid. Those sparse girds are discarded. The refined grid graph is computed as: 



 { | ( ) , 1... }r q q rG G and g C g q m G       

Dense grids are merged into clusters at last by definition 3.2. 

Definition 3.2 neighbors of cells 

N is the number of objects (or points or instances) and d is the dimensionality of 

dataset. X is an object with coordinates of ( )1 2 dx , x , ..., x . 1 2... di i ig stands for the cell 

whose ID is 1 2  ... di i i , where  ji is the ID of the interval in which the cell is located in 

the jth dimension. Each cell has 2 1d +  neighbors as shown in Fig.3.2. 

 

 

Fig.3.2 neighbors of cells in 2D space 

A cluster CS is a set of neighbors of dense grids. The process of clustering algo-

rithm is shown in Table. 3.1 

Table.3.1 Density-Grid based clustering algorithm 

Algorithm: Density-Grid based clustering algorithm 

Inputs: 1 2{ , ,.., }Nx x x  , I :interval of grid graph, :density threshold value 

Outputs: 1 2{ , ,..., }tCS CS CS CS :set of clusters, t :number of clusters, 

0 :outliers 

Begin 

for all features , 1,...,ix i N  

use [ ]L M bins to partition the feature ix  



obtain the number of data in each bin 1{ ,..., }LB b b by (1) 

compute the effectiveness measure ( )ix  for ix by (2) 

rank ( )ix  by descending order 

get the two top-ranked features 

use the two well-informed features as a plane, project the data patterns into 

2D space 

partition the plane into H I I  grids 

obtain the capability (g )HC of each grid by (3) 

Select dense grid ( )qC g  by (4) 

Form cluster set CS by combing neighbor dense grids 

Return the t clusters, 1 2, ,..., tCS CS CS  and outliers 0  

End

 

4 Multi-WSNPA2 Design for Density-Grid based Clus-

tering 

4.1 Density-Grid based Clustering by Multi-WSNPA2 

In this section, the weighted spiking neural P system with antispkies and astro-

cytes is designed for solving clustering problems by using the network membrane 

structure of a SN P system with three subsystems. To be specific, three subsystems 

for feature selection algorithms, effectiveness comparison and clustering algorithm 

are placed inside three SN P subsystems in a common environment. The channels link 

each pair of neurons communicated. The algorithm evolves inside one neuron accord-

ing to its own rules and at the same time communicates with other neurons through 

channels. The objects in each neuron are organized as spikes and antispikes with real-

valued numbers corresponding to data points. The rules, which are responsible to 

evolve the system, come from the use of firing and forgetting rules of SN P systems 

and evolutionary operators of the density-grid based clustering algorithm. The frame-

work of the WSNPA2 is shown inFig. 4.1, where ovals represent the neurons, rhom-

bic stand for astrocytes and arrows indicate the channels. The WSNPA2 that intro-



duced for defining the density-grid based clustering algorithm can be described as the 

following construct 

...

...

...

...

...

...

...

 

Fig.4.1 The framework of the WSNPA2 in density-grid based clustering algorithm 

1 2 3 1 2 1 1
( , , , , , , , , , ..., , , ..., )

D xS S S S S in in out outO syn R ast ast         

Where, { }O a  , initial objects are { } { },1 ,1ij ijx x

inputo a a i D j N       , 

dimo a  . The number of neurons 
1 ' ''{ , , }S iz iz izDM F FS  , 1 i D  , 

1 ' [ ]z z N   , 1 '' 2[ ] / 3z N   in the feature selection system is

2[ ] 2[ ] / 3N N . The number of neurons 
2

{ , , },1S i iE EC ECS i D     in the 

effectiveness system 1 is 2*D. The effectiveness system 2 has the same membrane 

structure 
2 ' { ', ', '} ,1S i iE EC EC S i D    . The number of neurons 

3 'j gg'{ , , G }, i' {1, 2},1 ,1 ,1 'S iC CS j N g I g I          in the clustering system is 

*I I . There are several different clustering system work in parallel for different grid 

number I  and density threshold   . The system contains several clustering system 

3S at the same time. Which means whole system can output variant clustering re-



sults simultaneously.  The number of astrocytes 
1S

ast  in the feature selection system 

is *D N . The number of astrocytes 
2Sast  in the clustering system is * *2 1I I  . 

Input neurons 
1
,...,

Din in   are in the feature selection system 1...D .  Output neu-

rons 
1
,...,

xout out   are in the clustering system. x is determined by spike a finally. 

syn represents synapse among neurons: 

1
( , ),1 ,1 [ ]iz Ssyn DM ast i D z N     

1'( , ),1 ,1 ' [ ]iz Ssyn F ast i D z N     

' ''( , ),1 ,1 ' [ ],1 '' 2[ ] / 3iz izsyn F FS i D z N z N       

''( , ),1 ,1 '' 2[ ] / 3iz isyn FS E i D z N     

( , ),1i isyn E EC i D   

( , ),1isyn EC ECS i D   

1 1( , ),1i isyn DM C i D   

2'j( , ), i' {1, 2},1i Ssyn C ast j N    

' '( , ), ' {1, 2},1 1i j i gsyn C G i j N g I    ，  

3'( , ), ' {1, 2},1i g ssyn G ast i g I    

3
( , )ssyn ast CS  

There are same synapses in other subsystem. Besides, 

R is the following set of firing and forgetting rules:([]x means the rule works in 

neuron x,otherwise, the rule executes through all neurons  ) 

1.[ , ]ij ij

iz

x x

ij DMa a x t  2. ,ijx

ija a x t  3.
'

[ ]
iz

f f
Fa a  

4. 2 1

'' 2 1[ ] , 0
iz

f f
FSa a f f    5. 2 2 2[ ]

i

m m
Ea a   

6. 2 2[ / ]
i

m m m
Ea a a  7.[ ]

i

mm
ECa a 8. [ ]

iEa a  

9. [ ]
iECa a 10.

2
[ ]m

ECSa a 11.
2

'[ ]
i

m
Ea a   



12.
2

[ ]ij ij

iz

x x

DMa a a 13. ' '

'
[ ]i j i j

i j

x x

CSa a  

14.
'

' ',i jx

i j ia a x    15. 
' ''

[ ]
I IGa a  

16. 
' ''

24 3[ / ]
I IGa a a 17.

' ''
[ , ]

I I

n
Ga n    

18.
' ''

[ , ]
I I

n
Ga a n   19.

' ''
[ ]

I IGa a  

4.2 Overview of Computations 

The input spikes of the WSNPA2 is an input data set of N  observations. This 

data set is codified by spikes of the type i jxa where a O  and 

1 ,1i D j N    .The computation of the P system is split in three subsystems. 

When the input spikes arrive to the neuron 1iDM , the computation begins in parallel.  

The first system is the feature selection subsystem. Threshold t  in each astro-

cytes 
1

,1 ,1 [ ]
ihSast i D h N     is 

m ax m in[ * ( ) / [ ]]ih i it h X X N   . If ijx t , it 

is said that ijx  belongs to the current neuron izDM . Rule 2 add a spike in 

izDM .Otherwise, i jxa pass through izDM  to find its neuron (bin) by rule 1. After all 

i jxa execute with rule 1 and rule 2., the peak of each dimension is chosen by rule 3 

and rule 4.  

All peaks of dimension i  gain by spike a in neuron iE  . Then, the second sys-

tem (effectiveness computation) starts. The maximum number of peaks of each di-

mension is selected by rule 5-9. Rule 5 and 6 copy peaks ma  into 2 2ma   and sends 

ma  into neuron iEC  for preparation. Then, different number of ma  is descended one 

by one by rule 8. Rule 9 helps ECS  collect all dimensions without the one with 

maximum number of peaks. The serial number of the neuron who sends out 
2

a  by 

rule 10 is chosen as the first dimension for clustering. The second subsystem of effec-

tiveness computation will work in the same way except that the chosen dimension is 

deleted by rule 11. 



Rule 12 activates the input neurons of the two selected features. The clustering 

system begins. Rule 13-14 put observations into suitable bins in their own dimen-

sions. (
' max min[ ' ) / I]j i ij X X  （ ). Then, rule 15 select the grid who has two spike 

a. It is chosen as initial grid for cluster . Rule 16 activates the input neurons of the 

two selected features again. Rule 17-19 finds dense grids (with density threshold   ). 

Rule 12-17 will continue to work until there are no spike inputted. The clustering 

result is obtained by the serial number of neurons with a  outputs by rule 19.  

4.3 Example 

In this section, we use a simple instance ED with twelve patterns and three 

attributes as Fig. 4.2 and Table.4.1 to show the detailed process of the algorithm with 

1, 2.3, 4,8; 1, 2, 3, 4I    .The two well informed feature is shown in Fig.4.3.To 

do the computation in WSNPA2, all data are magnified 100 times. Clustering results 

are shown in Fig.4.4. 
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Fig.4.2 a simple instance ED 

Table.4.1 a simple instance ED 

(0.51,1.17,3) (0.68,2.83,3) (2.75,0.51,1) 

(0.51,1.51,3) (1.25,2.5,3) (3.17,2.83,1) 

(0.68,1.51,3) (1.51,2.5,3) (3.51,2.17,1) 

(0.34,2.17,3) (2.5,0.17,1) (3.83,3.83,1) 



 

WSNPA2 design for ED is a construct: 

1 2 3 1 2 1 2 3 1
( , , , , , , , , , , , , ..., )

xS S S S S in in in out outO syn R ast ast          

{ }O a ,

51 68 275 51 125 317 68 151 351 34 250 383

117 238 51 151 250 283 151 250 217 217 17 383

300 300 100 300 300 100 300 300 100 300 100 100

, , , , , , , , , , ,

, , , , , , , , , , ,

, , , , , , , , , , ,
input

a a a a a a a a a a a a

o a a a a a a a a a a a a

a a a a a a a a a a a a

 
 

  
 
 

 

1

1,150,266,382

1,39,261,382

1,166,232,299
Sast t

 
    
 
 

2

191,127,95,47;1,2,3,4

{ , } 133,88,66,33,1,2,3,4

100,66,50,25;1,2,3,4
Sast  

 
    
 
 

 

Partsofrules in the system is shown in Table.4.2. The computation of 4, 1I  

is shown below. Other situation of 1,2.3,8; 1,2,3,4I    work in parallel in cluster-

ing system.The table does not show them in detail. 

Table.4.2 rules execution of example ED 

Step 1 Step 2 Step 3 Step 4 Step 5 

1 1

5 1 5 1[ ] D Ma a  
1 1

6 8 6 8[ ]D Ma a

1 2

5 1 5 1[ ]D Ma a  

2 7 5 2 7 5[ ] Da a

1

68 6 8[ ]D Ma a

 

1

5 1 5 1[ ]D Ma a

 

51a a  

1 3

6 8 6 8[ ]D Ma a

1 1

5 1 5 1[ ] D Ma a  

275a a  

11

125 125[ ]DMa a
68a a  

1 2

5 1 5 1[ ]D Ma a

 

21

117 117[ ]DMa a  
2 1

2 8 3 2 8 3[ ] D Ma a

22

117 117[ ]DMa a  
2

5 1 5 1[ ]D Ma a

 

283a a  
117 117[ ]DMa a

 

21

151 151[ ]D Ma a

2 2

5 1 5 1[ ]D Ma a  

117a a  

2

2 5 0 2 5 0[ ]D Ma a

22

151 151[ ]D Ma a

2 3

5 1 5 1[ ]D Ma a

 

300a a   100 100[ ]DMa a

 

300a a
32

100 100[ ]DMa a  

300a a  

33

100 100[ ]DMa a

 

Step 6 Step 7 Step 8 Step 9 Step 10 

11

317 317[ ]DMa a

12

125 125[ ]DMa a
11

68 68[ ]DMa a
317a a  

151 151[ ]DMa a

1

68 68[ ]DMa a
11

351 351[ ]DMa a

12

151 151[ ]DMa a
11

34 34[ ]DMa a
351a a  



13

51 51[ ]DMa a  
13

125 125[ ]DMa a
51a a  

 

125a a  
13

68 68[ ]DMa a  
151a a  

68a a  

21

283 283[ ]DMa a

22

250 250[ ]DMa a
151a a  

51a a  

21

151 151[ ]DMa a
283a a  

250a a  

250 250[ ]Da a

2

151 151[ ]DMa a
 

21

217 217[ ]DMa a

22

250 250[ ]DMa a
151a a  

2

217 217[ ]DMa a

2

217 217[ ]DMa a
250a a  

31

100 100[ ]DMa a
100a a  

300a a  

32

100 100[ ]DMa a  

300a a  
100 100[ ]Da a

 

31

100 100[ ]DMa a
100a a  

 

31

100 100[ ]DMa a

3

100 100[ ]DMa a
 

(Steps 11-50 are omitted ) 

Step 51 Step 52 Step 53 Step 54 Step 55 

351a a  
11

34 34[ ]CSa a  
12

34 34[ ]CSa a
 

13

34 34[ ]CSa a 34a a  

217a a  217a a     

24 3/a a a  

a a  

 
13

34 34[ ]CSa a  24 3/a a a  

a a  

Step 56 Step 57 Step 58 Step 59 Step 60 

11

250 250[ ]CSa a  
250a a    383a a  

21

17 17[ ]CSa a  
22

17 17[ ]CSa a  
23

17 17[ ]CSa a
 

17a a  383a a  

   24 3/a a a  

a a  

24 3/a a a
a a  

Step 61 
11G[ ]a a 42

2
G[ ]a a

32

2
G[ ]a a

12

2
G[ ]a a

43

3
G[ ]a a

24

2
G[ ]a a  
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Fig.4.3 The two well informed feature selected by WSNPA2 
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Fig.4.4 Clustering results of ED with 1, 2.3, 4,8; 1, 2, 3, 4I    

 



5.Experiments and Analysis 

In this section, the performance of GDP with parameter t  and nexploring the 

clusters in the data is evaluated in Fig.5.1 and Fig.5.2. GDP is applied on some real 

world data setsand its performance is assessed through accuracy of clusters. At last, 

the parallelism of GDP is performed. It is compared with some other clustering algo-

rithms through time consuming. 

 

 

Fig.5.1 the effect of threshold t  on clustering results of GDP in multi-class data. 

 

 

 

Fig.5.1 the effect membrane number n on clustering results of GDM in multi-class 

data. 

10 15 20 25 30 35
0

20

40

60

80

100

120

140

grid number

nu
m

be
r 

of
 w

ro
ng

 o
bj

ec
ts

t=1

 

 

wine

wine

thyroid

thyroid

iris
iris

10 15 20 25
0

50

100

150

grid number

nu
m

be
r 

of
 w

ro
ng

 o
bj

ec
ts

 

 

wine

wine

thyroid

thyroid

iris
iris



To justify the ability of GDP in exploring the natural clusters in real data, ten 

classification data sets with numerical attributes are chosen from the UCI ML reposi-

tory. Table 5.1 summarizes these data sets, ordered in their number of attributes. 

Table 5.1 ten classification data sets with numerical attributes are chosen from 

the UCI ML repository 

Data set Number of 

attributes 

Number of 

classes 

Number of 

objects 

Haberman 3 2 306 

Iris 4 3 150 

Thyroid 5 4 215 

Ecoli 7 8 336 

Diabetes 8 3 768 

Breast 9 3 684 

Glass 9 6 214 

Wine 13 3 178 

Vehicle 18 4 846 

Ionosphere 33 2 351 

 

The amount of necessary resources to define the P systems of GDP and the com-

plexity of the solutions can be observed in the Table 5.2 and Table.5.3. 

Table 5.2. The amount of necessary resources of GDP  

Sources 

Date set Number of pa-

rallel steps of 

computation 

Initial num-

ber of cells 

Initial number 

of objects 

Number 

of rules 

Haberman 314 52 36517 929 

Iris 155 49 2.0782e+03 617 

Thyroid 223 73 2.7634e+04 1097 

Ecoli 344 128 1.1750e+03 2389 

Diabetes 778 222 2.7639e+05 6170 



Breast 694 235 19331 6183 

Glass 222 132 2.1698e+04 1958 

Wine 190 173 1.5998e+05 2340 

Vehicle 866 524 1581507 15268 

Ionosphere 359 618 2.6438e+03 11628 

 

Table.5.3 complexity of the solutions in GDP 

                     Complexity 

Number of parallel steps of 

computation 

Best  5n  

Worst [ ] / 3 6n n   

Size of alphabet 2( )O n  

Initial number of cells 2 [ ] 2I d n d   

Initial number of objects ( )sum N  

Number of rules dn  

 

To compare GDP with k-means and AHC (agglomerative hierarchical clustering) 

in more precise notion, their clustering performance in terms of accuracy is depicted 

in Table 5.4. This AHC uses the ward linkage [27] which is appropriate for Euclidean 

distance. The accuracy of clusters evaluates the right objects of clusters in each class.  

Table.5.4 clustering performance in terms of accuracy of GDP , k-means and AHC 

Acurracy(%) 

 GDP K-means AHC 

Haberman 47.82 48.64  50.06 

Iris 93.33 89.79  91.54 

Breast 93.99 96.06  95.83 

Wine 97.75 95.20  97.73 

Ionosphere 72.93 70.20  70.54 

Average 81.16 79.97 81.14 

 



Clearly, the performance of GDP is comparable to k-means and AHC and even bet-

ter as its averages (in bold- face) show.  

The intrinsic maximal parallelism of P systems can be exploited to produce aspeed-

up for solutions. In order to achieve this, themodel needs several ingredients, among 

them the ability to generate an exponentialworkspace in polynomial time. 

The computational cost of GDP is more than k-means as the last stage of its algo-

rithm is repetitive. Table 5.5compares the time consuming of GDP against k-means 

and AHC where the fastest (in average) is shown in boldface. 

Table 5.5 time consuming of GDP, k-means and AHC 

Time(s) 

Data set GDM k-means AHC 

Haberman 0.07 0.08 0.07 

Iris 0.03 0.05 0.08 

Thyroid 0.05 0.04 0.06 

Ecoli 0.07 0.04 0.09 

Breast 0.15 0.05 2.48 

Glass 0.05 0.07 0.07 

Wine 0.04 0.07 0.05 

Vehicle 0.19 0.14 0.46 

Ionosphere 0.08 0.06 0.14 

Average 0.08 0.07 0.38 

 

6. Conclusion 

This paper discusses the use of weighted spiking neural P system with antispike 

and astrocyte to appropriately develop a novel hybrid method with density-grid based 

algorithm for solving clustering problems. A density-grid based algorithm is pro-

posed. Clustering is down through traversing on a graph with dense grid. A simple 

instance with 12 observations shows the process of the algorithm in detail. The per-

formance of the instance also verifies the effectiveness of GDP. Also by changing the 

corresponding threshold and grid number we can get various clusters. A number of 

experiments are conducted by applying 10 real world data. Experimental results show 



that GDP has a competitive performance on accuracy and time consuming to k-means 

and AHC algorithms. We should reduce the number of neurons that are consumed in 

our future work. 
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The Computational Power of Array P System
with Mate Operation
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Abstract. In the field of DNA computing, splicing system was pro-
posed by Tom Head in which the splicing operation is used. Various
models have been studied with mate operation working on strings. The
operations mate and drip considered in membrane computing resemble
the operation cut and recombination well known from DNA computing.
Here we introduce a new generative device called APm(mate) system. A
P system with mate operation working on array is focused. The power
of P system with mate operation as a unique evolution rule is examined.

Keywords: P system, splicing operation, Mate operation, Mate array
operation.

1 Introduction

DNA computing was introduced by Tom Head in [10] more than twenty years
ago, when he formalized the operation of splicing, well-known from biology as
an operation on DNA stands. In [7], the range of Turing machines was encoded
using iterated splicing on multisets. The splicing operation then mainly was used
as a basic tool for building a generative mechanism called a splicing system or
H system as formalized by Gheorghe Paun.

A new kind of generative mechanism was proposed in [13] with mate and drip
operations working on strings. In P systems and tissue P systems the objects are
placed inside the membranes. In the variant of membrane systems introduced by
Luca Cardelli [3], the objects are placed on the membranes. The computations
in these models also called brane calculus are based on specific ways to divide
and fuse membranes and to redistribute the objects on the membranes (e.g., see
[2, 1, 6]) the rules usually being applied in a sequential way in contrast to the
(maximal) parallel way of applying rules in P systems. Various attempts have
already been made to combine different models from the area of P systems and
of brane calculi (e.g., see [4, 12]). Following this research line by investigating
tissue P systems with the brane operations mate and drip in [8] computational
completeness results were obtained both for symbol objects as well as for string
objects. It is of interest to note that systems using mate operation are Turing
complete and they can compute all Turing computable sets of numbers.

In this paper we deal with the mate operation on arrays in terms of mem-
brane computing formalism. We investigate the power of P systems with mate
operation as a unique evolution rule.



2 Preliminaries

For an alphabet V , we denote the set of all strings over V , by V ∗, the empty
string λ included; the set of non-empty strings over V , that is V ∗ − λ is denoted
by V +. The length of a string x ∈ V ∗ is denoted by | x | and | x |a for a ∈ V is
the number of occurrences of the symbol a in x. The set of all arrays over V is
denoted by V ∗∗.

2.1 Array P system [5]

The array-rewriting P system (of degree m ≥ 1) is a construct

Π = (V, T,#, µ, F1, . . . , Fm, R1, . . . , Rm, io)

where V is the total alphabet, T ⊆ V is the terminal alphabet, # is the blank
symbol, µ is a membrane structure with m membranes labeled in a one-to-one
way with 1, 2, · · · ,m, F1, · · · , Fm are finite sets of arrays over V associated with
the m regions of µ,R1, . . . , Rm are finite sets of array rewriting rules over V
associated with the m regions of µ; the rules have attached targets here, out, in
(in general, here is omitted), hence they are of the form A → B(tar); finally, io is
the label of an elementary membrane of µ (the output membrane). The general
case, when a set T is distinguished, we speak about an extended P system, when
V = T we have a non-extended system. According to the form of its rules, an
array P system can be monotonic, context-free(CF ), # - context-free (#CF )
or regular (REG). In the extended case, a rule is called regular if it is of one of
the following forms:

a b # b
a #→ b c, # a→ b c, → , → , a→ b

# c a c

where all a, b, c are non-blank symbols. In the non-extended case, we use the
notion of a regular rule in the restricted sense; such a rule is of one of the forms:

a a # b
a #→ a b , # a→ b a , → , →

# b a a

where all a, b are non-blank symbols.

The set of all arrays generated by a system Π is denoted by AL(Π). The
family of all array languages AL(Π) generated by systems Π as above, with at
most m membranes, with rules of type α ∈ {REG,CF,#CF} is denoted by
EAPm(α). If non-extended systems are considered, then we write APm(α).



2.2 Mate Operation [13]

The operation mate is defined as Mate:(u | a, b | v;x). This operation has the
following meaning: (u | a, b | v;x) fuses a membrane carrying the multiset sua
and the membrane carrying the multiset bvw into one cell which then has the
multiset suxvw, (i.e.) ab is replaced by x and the remaining multisets are taken
as they are. A sequence of transitions constitutes a computation. A computation
which starts from the initial configuration is successful if (i) it halts, that is, it
reaches a configuration where no rule can be applied and (ii) in the halting
configuration there are only two membranes, the skin (marked with λ) and an
inner one. The result of a successful computation is given by the multiset which
marks the inner membrane in the halting configuration. Here we consider as the
result the vector describing the multiplicity of proteins in this multiset. Note that
the computations which do not halt or halt with more than one inner membrane
provide no output. The family of all sets of vectors P (Π) computed by P systems
Π using at any moment during halting computation with at most m membranes
and mate rules is denoted by POPm(mate).

3 Array P system with Mate operation

A P system with mate operation working on array is introduced here.

3.1 Definition

An Array P system with Mate operation is a construct

Π = (V, VT ,#, µ,A,R, i0)

where

◦ V is a finite set of symbols,
◦ VT is a set of terminal symbols, VT ⊆ V,
◦ # is the blank symbol, # /∈ V ,
◦ µ is a membrane structure with m membranes injectively labeled by 1, 2, . . . ,m,
◦ A = (A1, A2, . . . , Am) is a sequence of sets of axioms where Ai ⊆ V ∗∗,

1 ≤ i ≤ m, describing the initial contents of the membranes,
◦ R is a finite set of tables Ri, i = 1, 2, . . . ,m containing mate rules associated

with the regions of µ,
◦ i0 is the output membrane.

A computation in Π starts with the initial configuration described by A; a
computation is performed by applying suitable mate rules from R in a non-
deterministic, maximally parallel way, thereby passing from one configuration of
the system to the next one. A sequence of transitions constitutes a computation.

The mate column operation on a membrane is defined on two arrays X, Y of
order m×n and the rule Ri from the finite set of mate rule R = (R1, R2, . . . Rm)



as follows:

{{(P | A,B | Q;Z), tar}, {p 6 c a $c b 6 c q; z}}

where X = SΦPΦA and Y = BΦQΦW ;X,Y, Z ⊆ V ∗∗. Column mate operation
will be done to the elements of arrays X and Y, taking the sub arrays starting
from the first row towards the end of the row. The sub arrays s, p, a, b, q, w and
z of S, P,A,B,Q,W and Z respectively will be of order p × q, 1 ≤ p ≤ m and
1 ≤ q ≤ n such that the number of rows will be equal and the number of columns
may differ. {p 6 c a $c b 6 c q ; z } fuses the two arrays carrying (s Φ p Φ a ) and
( b Φ q Φ w ) into an array which has the form (s Φ p Φ z Φ q Φ w ) where (a, b)
is replaced by (z). The remaining sub arrays are taken as they are.

The mate row operation on a membrane is defined on two arrays X, Y of
order m×n and the rule Ri from the finite set of mate rule R = (R1, R2, . . . Rm)
as follows:

{{(P | A,B | Q;Z), tar}, {p 6 c a $r b 6 c q; z}}

where X = SΘPΘA and Y = BΘQΘW ;X,Y, Z ⊆ V ∗∗. Row mate operation
will be done to the elements of arrays X and Y, taking the sub arrays starting
from the first column towards the end of the column. The sub arrays s, p, a, b, q, w
and z of S, P,A,B,Q,W and Z respectively will be of order p × q, 1 ≤ p ≤ m
and 1 ≤ q ≤ n such that the number of columns will be equal and the number of
rows may differ. {p 6 c a $r b 6 c q ; z } fuses the two arrays carrying (s Θ p Θ a )
and ( b Θ q Θ w ) into an array which has the form (s Θ p Θ z Θ q Θ w ) where
(a, b) is replaced by (z). The remaining sub arrays are taken as they are.

The generated array is sent to the region indicated by tar. If tar = here,
then the generated array remains in the same membrane where it is generated.
If tar = out, then the generated array is moved to the region immediately out-
side the membrane. If tar = in, then the generated array is sent to the region
immediately inside the membrane.

A computation is successful only if (i) it halts (which is the case no rule can
be applied any more) and (ii) the output array in the halting configuration is
the required array. The set of all such arrays computed by a system Π is denoted
by MAL(Π). The family of all array languages generated by systems MAL(Π),
with at most m membranes with mate operation is denoted by APm(mate).

3.2 Example

Consider the Array P system with mate operation

Π1 =

{x, b}, {x, b},#, [1[2[3]3]2]1,

x x x
x b x
x x x

 , φ, φ, (R1, R2, R3), 3

 where



R1 =




x
x
...
x

x . . . x x
b . . . b x
...

...
...

...
x . . . x x

,

x
x
...
x

x . . . x x
b . . . b x
...

...
...

...
x . . . x x

;

x
b
...
x

, (in)

 ,

{
x 6 c x $c x 6 c x; (x . . . x x x )→ (x ),
x 6 c b $c x 6 c b; ( b . . . b x x )→ ( b )

}


,

R2 =





x x . . . x x
x b . . . b x
...

...
...

...
...

x b . . . b x
x x . . . x x

,

x x . . . x x
x b . . . b x
...

...
...

...
...

x b . . . b x
x x . . . x x

; x b . . . x , (in, out)


,



x 6 c x $r x 6 c x;


x
...
x
x
x

→ (x ),

x 6 c b $r x 6 c b;


b
...
b
x
x

→ ( b )





,

R3 = {φ}.

Intially, the axiom array
x x x
x b x
x x x

is in the skin region and the other regions do not

have objects. If the mate rule R1 is applied with the object to itself in region 1,
the generated array is moved to region 2. In region 2, the mate rule R2 is applied
and the generated array is sent to outer region 1 or inner region 3. When the
generated array is sent to region 3, there is no rule to apply and hence the sys-
tem halts. As a result, the array of solid square shape is obtained. The process
is repeated, when the generated array in region 2 is sent out to region 1. The
picture language generated by Π1 consists of all solid squares of bps surrounded
by xps as in Fig. 1.

x x x x x
x b b b x
x b b b x
x b b b x
x x x x x

Fig. 1. Square of bp s surrounded by xp s



A vertical bar ′ |′ and a horizontal bar ′−′ are used to indicate the place where
cutting is done.

3.3 Theorem

The set of all chessboards with even side-length [9] is generated by AP3(mate).
Proof : Consider the Array P system with mate operation

Π2 =

{a, b}, {a, b},#, [1[2[3]3]2]1,


# # # #
# a b #
# b a #
# # # #

 , φ, φ, (R1, R2, R3), 3

 where

R1 =





# # # . . . # #
# a b . . . a b
# b a . . . b a
...

...
...

...
...

...
# a b . . . a b
# b a . . . b a
# # # . . . # #

#
#
#
...
#
#
#

,

#
#
#
...

#
#
#

# # . . . # # #
a b . . . a b #
b a . . . b a #
...

...
...

...
...

...
a b . . . a b #
b a . . . b a #
# # . . . # # #

;

# #
a b
b a
...

...
a b
b a
# #

, (in)


,


# 6 c # $c # 6 c #; ( # # )→ ( # # ),(
b
a

)
6 c
(

#
#

)
$c

(
#
#

)
6 c
(
a
b

)
;

(
# #
# #

)
→
(
a b
b a

)




,

R2 =





# # # . . . #
# a b . . . #
# b a . . . #
...

...
...

...
...

# a b . . . #
# b a . . . #
# # # . . . #

,

# # # . . . #
# a b . . . #
# b a . . . #
...

...
...

...
...

# a b . . . #
# b a . . . #
# # # . . . #

;
# a b . . . #
# b a . . . #

, (in, out)


,


# 6 c # $r # 6 c #;

(
#
#

)
→
(

#
#

)
,

(
b a
)
6 c
(

# #
)

$r
(

# #
)
6 c
(
a b
)

;

(
# #
# #

)
→
(
a b
b a

)




,

R3 = {φ}.



The picture language generated by Π2 consisting of ′′chessboards′′ with even
side-length as in Fig. 3 where ′a′ stands for black and ′b′ stands for white. The
corresponding picture pattern is shown in Fig. 2.

Fig. 2. Chess board

a b a b a b a b
b a b a b a b a
a b a b a b a b
b a b a b a b a
a b a b a b a b
b a b a b a b a

Fig. 3. Pattern of Chess board

4 Closure Properties

4.1 Theorem

The class APm(mate) is not closed under union and concatenation.
Proof :
Let L1 be the set of solid squares of bps surrounded by x′s [Example 3.2] and L2

be the set of solid squares of aps surrounded by x′s as in Fig. 4.

x x x x x
x a a a x
x a a a x
x a a a x
x x x x x

Fig. 4. A Member of L2

Perform column mate operation on two initial arrays of the form

x x x
x a x
x x x

,
x x x
x b x
x x x



by ′cutting′ inside the array and then ′fusing′ the resulting array according to
the rules we will obtain arrays which will not be elements of L1 ∪ L2.

Let L1 be a language consisting of arrays with at least three rows and any
number of columns with left border made of x′s, right border of y′s and inner
part of a′s. A member of L1 is shown in Fig. 4a. Similarly, let L2 be another
language of arrays as in L1 but left border made of p′s, right border of q′s and
inner part made of a′s. A member of L2 is shown in Fig. 4b. In order to obtain
arrays of L1ΦL2 (a member of which is shown in Fig. 4c), the column mate
operation of two arrays should maintain the inner part of x′s and q′s and two
successive innermost column of y′s and p′s. But this is not possible due to the
mate rules. An analogous argument applies to row concatenation.

x a a a y
x a a a y
x a a a y

Fig. 4a Member of L1

p a a a q
p a a a q
p a a a q

Fig. 4b Member of L2

,
x a y p a q
x a y p a q
x a y p a q

Fig. 4c Member of L1ΦL2

4.2 Theorem

The class APm(mate) is closed under reflections on the base and right leg and
rotations by 90◦, 180◦ and 270◦.
Proof:
Let Π = (V, VT ,#, µ,A,R, i0) be a system APm(mate) generating a language
L.
Let P be a member array in L. Consider the mate column/row operation
(P | A,B | Q;Z).
Let the finite set of tables Ri containing column/row mate rules of the form be
given by

(p 6 c a $c b 6 c q ; z) and

(p 6 c a $r b 6 c q ; z)



The language Lb consisting of reflections of pictures of L on the base are
obtained by modifying mate rules:

(p⊥ 6 c a⊥ $c b⊥ 6 c q⊥ ; z⊥) and

(q⊥ 6 c b⊥ $r a⊥ 6 c p⊥ ; z⊥)

′ ⊥′ represents the reflection on the base

Similarly, the language Lrl consisting of reflections of pictures of L on the right
leg can be obtained by modifying mate rules :

(qR 6 c bR $c a
R 6 c pR ; zR) and

(pR 6 c aR $r b
R 6 c qR ; zR)

where ′R′ stands for the reversal.

The language L1, by rotating the pictures of L by 90◦ is obtained by
modifying mate rules:

((pT )R 6 c (aT )R $r (bT )R 6 c (qT )R ; (zT )R) and

((qT )R 6 c (bT )R $c (aT )R 6 c (pT )R ; (zT )R)

where ′T ′ stands for the transpose.

The language L2, by rotating the pictures of L by 180◦ is obtained by
modifying mate rules:

((q⊥)R 6 c (b⊥)R $c (a⊥)R 6 c (p⊥)R ; (z⊥)R) and

((q⊥)R 6 c (b⊥)R $r (a⊥)R 6 c (p⊥)R ; (z⊥)R)

The language L3, by rotating the pictures of L by 270◦ is obtained by
modifying mate rules:

((qT )⊥ 6 c (bT )⊥ $r (aT )⊥ 6 c (pT )⊥ ; (zT )⊥) and

((pT )⊥ 6 c (aT )⊥ $c (bT )⊥ 6 c (qT )⊥ ; (zT )⊥).



5 Generative Power

We now compare the generative power of Array P system with mate operation
with other description models.

5.1 Theorem

The family AP3(mate) intersects with the family HAP3 [11].
Proof :
Consider the Array P system with mate operation

Π3 =

{x, a}, {a},#, [1[2[3]3]2]1,

 a a a
x a x
x a x

 , φ, φ, (R1, R2, R3), 3

 where

R1 =




a . . . a
x . . . x
...

...
...

x . . . x

a . . . a
a . . . x
...

...
...

a . . . x

,

a . . . a
x . . . a
...

...
...

x . . . a

a . . . a
x . . . x
...

...
...

x . . . x

;

a a a
x a x
...

...
...

x a x

, (in)

 ,

{
a 6 c a $c a 6 c a; (a a . . . a . . . a a )→ (a a a ),
x 6 c a $c a 6 c x; (a x . . . x . . . x a )→ (x a x )

}


,

R2 =





a . . . a a . . . a
x . . . a x . . . x
x . . . a x . . . x
...

...
...

...
...

...
x . . . a x . . . x

,

a . . . a a . . . a
x . . . a x . . . x
x . . . a x . . . x
...

...
...

...
...

...
x . . . a x . . . x

;
x . . . a x . . . x
x . . . a x . . . x
x . . . a x . . . x

, (in, out)


,



a 6 c x $r a 6 c x;


x
...
x
a

→
x
x
x

 ,

a 6 c a $r a 6 c a;


a
...
a
a

→
a
a
a







,

R3 = {φ}.
The picture language generated by Π3 consists of T shapes as in Fig. 5. where



′x′ stands for empty.
a a a a a
x x a x x
x x a x x
x x a x x
x x a x x

Fig. 5. Array describing pattern T

This language also can be generated by HAP3[11].
Consider the Array P System Hybrid teams of degree 3 .
Π = ({S,A,B, a}, {a},#, [1[2[3]3]2]1, S, φ, φ,R1, R2, R3, 3) where

R1 = {(Q1, t)in}, R2 = {(Q2, ∗)here, (Q2, ∗)in}, R3 = {(Q3, t)here} ,

Q1 = {P1}, Q2 = {P2, P3, P4}, Q3 = {P5, P6},

P1 =

# S #

#
→

A a A

B

 , P2 = {# A → A a}, P3 = {A # → a A},

P4 =

{
B
#
→ a

B

}
, P5 = {A → a}, P6 = {B → a}.

This Array P systems with hybrid teams Π generates a language consisting of
arrays in the shape of token T as shown in Fig. 5.

5.2 Theorem

The family AP3(mate) intersects with the family EAP5(REG) [14].
Proof : Let the Array P system AP3(mate) for all m ≥ 3 be a construct

Π4 =

{x, y}, {�},#, [1[2[3]3]2]1,

 y x y
x x x
y x y

 , φ, φ, (R1, R2, R3), 3

 where

R1 =





y . . . y
...

...
...

x . . . x
y . . . y
...

...
...

y . . . y

x y . . . y
...

...
...

...
x x . . . x
x y . . . y
...

...
...

...
x y . . . y

,

y . . . y x
...

...
...

...
x . . . x x
y . . . y x
...

...
...

...
y . . . y x

y . . . y
...

...
...

x . . . x
y . . . y
...

...
...

y . . . y

;

y x y
...

...
...

x x x
y x y
...

...
...

y x y

, (in)


,

 y 6 c x $r x 6 c y; (x y . . . y . . . y x )→ (y x y ),

x 6 c x $r x 6 c x; (x x . . . x . . . x x )→ (x x x )





,



R2 =





y . . . x y . . . y
...

...
...

...
...

...
y . . . x y . . . y
x . . . x x . . . x
y . . . x y . . . y
...

...
...

...
...

...
y . . . x y . . . y

,

y . . . x y . . . y
...

...
...

...
...

...
y . . . x y . . . y
x . . . x x . . . x
y . . . x y . . . y
...

...
...

...
...

...
y . . . x y . . . y

;
y . . . xy . . . y
x . . . xx . . . x
y . . . xy . . . y

, (in, out)


,



y 6 c x $r x 6 c y;



x
y
...
y
...
y
x


→

 y
x
y

 ,

x 6 c x $r x 6 c x;



x
x
...
x
...
x
x


→

x
x
x







,

R3 = {φ}.

The picture language generated by Π4 consists of plus shapes as in Fig. 6a.
where ′x′ stands for � and ′y′ stands for empty. The corresponding picture pat-
tern is shown in Fig. 6b.

�
�
�

� � � � � � �
�
�
�

Fig. 6a. Array Plus



y y y x y y y
y y y x y y y
y y y x y y y
x x x x x x x
y y y x y y y
y y y x y y y
y y y x y y y

Fig. 6b. Array describing pattern Plus

This language also can be generated by EAP5(REG) [14].

Consider the array P system generating the star-shaped arrays of Lstar.

Πs = {V, {�},#, µ, F1, F2, F3, F4, F5, R1, R2, R3, R4, R5, 5}, where

V = {A,B,C,D,Bp, C p, Dp, X1, X2, X3, X4, a}, µ = [1[2[3][4]4]3]2]1,

F1 = {M1,M2},M1 =
A

D � B
C

,M2 =
X1

X4 � X2

X3

, F2 = F3 = F4 = F5 = φ.

The sets of rules are given by

R1 = {r1,1 :
#
A
→ A

a
(in), r1,2 : X1 → � (in)},

R2 = {r2,1 : B # → � Bp(in), r2,2 : Bp → B(out), r2,3 : X2 → � (in)},

R3 = {r3,1 :
C
#
→ �

C p (in), r3,2 : C p → C(out), r3,3 : X3 → � (in)},

R4 = {r4,1 : # D → D �(out), r4,2 : # D → Dp �(in), r4,3 : X4 → � (in)},
R5 = {r5,1 : A→ �, r5,2 : Bp → �, r5,3 : C p → �, r5,4 : Dp → �, }

Intuitively a computation in Πs, that starts with array A1 moves the array from
region 1 to region 4 through regions 2, 3 with each arm of the star-shaped array
growing by the symbol {�} for each step. The array either comes back to region
1 from region 4 through regions 2, 3 or is sent to region 4. In the farmer case,
the process repeats; while in the latter case, the desired array is formed over {�}
and is collected in the language.

5.3 Theorem

(i) The class APm(mate) of Array P system with mate operation and L(2RLG)
of picture languages generated by two-dimensional are incomparable but not
disjoint.

(ii) The class LOC of local array languages and the class of APm(mate) are
incomparable but not disjoint.



5.4 Definition

Notations:
| T |c is the number of columns in array T .
| T |r is the number of rows in array T .
A language L ⊆ V ∗∗ has the Bounded Step property if there is a constant k
such that for each T ∈ L with | T |c > k or | T |r > k either of the following
properties (i), (ii) holds:
(i) there are U, V ∈ L where U = SΦPΦA and V = BΦQΦW such that T =
SPZQW and | Z |c ≤ k. (Column Bounded Step Property).
(ii) there are U, V ∈ L where U = SΘPΘA and V = BΘQΘW such that
T = SPZQW and | Z |r ≤ k. (Row Bounded Step Property).

5.5 Theorem

Every APm(mate) language has the Bounded Step Property.
Proof :
Let L ∈ APm(mate) and Π = (V, VT ,#, µ,A,R, i0) be an Array P system with
mate operation generating L.
Let k1 = max{| T |c: T ∈ A},
k2 = max{| T |r: T ∈ A},
k3 = max{| zi |c},
k4 = max{| zj |r}.

Note that | Z |c=| zi |c if Z =

z1
z2
...
zl

for some l and | Z |r=| zj |r if Z = z1 z2 . . . zm

for some m.
Let k = max {k1, k2, k3, k4}. If E ∈ L is such that either | E |c > k or | E |r
> k then E /∈ A. Hence either E = SΦPΦZΦQΦW for some Z obtained by the
mate column rule (P | A,B | Q;Z), F = SΦPΦA, G = BΦQΦW , F,G ∈ L or
E = SΘPΘZΘQΘW for some Z obtained by the mate row rule, (P | A,B |
Q;Z), F p = SΘPΘA, Gp = BΘQΘW , F p, Gp ∈ L. Hence there is a constant k
such that for each E ∈ L either for | E |c> k there exist F,G ∈ L such that
E = SΦPΦZΦQΦW and 0 <| Z |c≤ k or for | E |r> k there exist F p, Gp ∈ L
such that E = SΘPΘZΘQΘW and 0 <| Z |r≤ k. Hence L has the Bounded
step property.

6 Conclusion

In this paper, we have introduced a new model called Array P system with mate
operation. We have studied bounded step property and some closure properties
such as union, concatenation and rotation on family of languages generated by
Array P system with mate operation. The generative power is compared with
other models of picture description. It is worth examining further properties of
the system.
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Abstract. Numerical P systems (NP systems) are a class of computing models
inspired both from the structure of living cells and the economic reality. Enzy-
matic numerical P systems (ENP systems) are a variant of NP systems, which
were successfully applied in autonomous robot control. In this work, we investi-
gate the computational power of ENP systems working in the sequential mode:
both non-deterministic sequential and deterministic sequential systems are con-
sidered. For non-deterministic sequential ENP systems, we improve a known u-
niversality result by reducing the number of membranes and programs used in the
universal system from 7, 19 to 2, 8, respectively. For deterministic sequential EN-
P systems, we prove that they are Turing universal even when linear production
functions are used and each function has at most two variables. As a byproduc-
t, we obtain a small deterministic universal enzymatic numerical P system with
23 membranes and 118 programs by simulating a specific universal register ma-
chine. These results give a positive answer to an open problem formulated by Gh.
Păun in [LNCS, 8340, 33-39, (2014)].

Keywords: Membrane computing, Numerical P systems, Universality, Sequen-
tial.

1 Introduction

Membrane computing is a branch of natural computing which aims to abstract comput-
ing models from the architecture and the functioning of living cells, as well as from
the organization of cells in tissues, organs (brain included) or other higher order struc-
tures such as colonies of cells (e.g., bacteria). The computing models in membrane
computing are called membrane systems or P systems. According to the membrane
structure, there are two main families of P systems: cell-like P systems which have
a hierarchy arrangement of membranes as in a cell [24]; and tissue-like P systems or
neural-like P systems (spiking neural P systems, SN P systems) as in a tissue inspired

⋆ Corresponding author. Email: lqpan@mail.hust.edu.cn
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by cell intercommunication in tissue [14] or in a neural net inspired by the way neu-
rons communicate with each other by means of electrical impulses of identical shape
[9]. Inspired by biological features and mathematical motivations, many variants of P
systems are proposed, such as axon P systems [46], SN P systems with anti-spikes [18,
35], SN P systems with astrocytes [2, 17, 22], SN P systems with weights [39, 43], SN
P systems with rules on synapses [32, 47], cell-like SN P systems [42]. Many strategies
of using rules are considered in membrane computing, including minimal parallel [5],
time-freeness [20, 31], asynchronous [33], flat maximal parallel [21], sequential [34].
Most of these variants of P systems working in different modes are proved to be Turing
universal [25]. P systems have been applied in many fields [6, 44], such as biology, lin-
guistics, theoretical and applied computer science [7, 8, 13, 45]. The recent applications
in engineering can be found in [30, 38, 40]. For the most up-to-date news and results,
one can consult the P systems web page http://ppage.psystems.eu.

Most of the models mentioned above work in a symbolic framework, and deal with
multisets of abstract objects. Numerical P systems are a class of P systems, which deal
with numerical variables [26]. In such systems, values of numerical variables (placed
in each membrane) evolve by means of programs. Each program is composed of a pro-
duction function and a repartition protocol. The production function, taking the local
variables, computes a number which is then distributed among the variables involved
in the repartition protocol (the local variables, the variables from the immediately up-
per compartment, and those from the immediately lower compartments). The values
assumed by a distinguished variable during a computation is the set of numbers com-
puted by the system.

Enzymatic numerical P systems are a variant of numerical P systems introduced in
the framework of autonomous robot control [27]. In such systems, a program attached
with an enzymatic variable can be used only when the value of enzymatic variable is
strictly greater than the smallest value of variables involved in the production func-
tion. Enzymatic numerical P systems have been used to design membrane controllers to
control autonomous mobile robots. Membrane controllers designed in [4] can generate
various desired behaviors and cognitive abilities, such as obstacle avoidance, localiza-
tion, moving to a given position, wall following, following another robot. A trajectory
tracking control approach for nonholonomic wheeled mobile robots is reported in [41].
Simulators for numerical P system have been developed such as SNUPS [1, 3].

Three ways of using the evolution programs have been considered: all-parallel mod-
e (at each step, in each membrane, all the applicable programs are applied, allowing that
more than one program shares the same variable), one-parallel mode (apply programs
in the all-parallel mode with the restriction that one variable can appear in only one of
the applied programs; in the case of multiple choices, the programs to be applied are
chosen in the non-deterministic way) or sequential mode (at each step, only one pro-
gram is applied in each membrane; if more than one program in a membrane can be
used, then one of them is non-deterministically chosen).

For enzymatic numerical P systems, the most investigated computing modes are
all-parallel and one-parallel: both computational power ([12, 36, 37]) and computation-
al efficiency ([11]) of ENP systems working in these two parallel modes have been
investigated. The latest result in [37] shows that parallel ENP systems with one mem-
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brane and linear production functions, each depending upon at most one variable, are
universal.

The computational power of numerical P systems working in the sequential mode
has also been investigated. Both numerical P systems [26] and the enzymatic variant
[37] working in the non-deterministically sequential mode are universal. However for
the deterministically sequential systems, we only know that the computational power
of numerical P systems is more than semilinear sets of natural numbers [26]. It is still
an open problem whether the deterministic systems can also reach universality. For
enzymatic numerical P systems working in the deterministically sequential mode, no
result has been reported yet. These open problems were formulated by Gh. Păun in
[23].

In this work, we further investigate the computational power of enzymatic numerical
P systems working in the sequential mode. At first, we improve the previously known
universality result concerning the non-deterministically sequential systems by reducing
the number of membranes and programs used in the universal system from 7, 19 to 2,
8, respectively. Then we prove that the computational power of deterministic sequential
ENP systems is equivalent to the power of deterministically universal register machines.
By simulating a specific deterministic universal register machine, we obtain a small
universal ENP system with 23 membranes and 118 programs.

2 Enzymatic Numerical P Systems

Enzymatic numerical P systems were introduced in [27]. To make the present paper
self-contained, we recall the definition of enzymatic numerical P systems given in [37].
An enzymatic numerical P system (in short, an ENP system) is a construct

Π = (m,H, µ, (V ar1, P r1, V ar1(0)), . . . , (V arm, P rm, V arm(0)), vj0,i0),

where

• m > 1 is the number of membranes (also called the degree of Π);
• H is an alphabet with m symbols;
• µ is a membrane structure with m membranes, labeled in an injective manner with

the elements of H;
• V ari is the set of variables from compartment i, 1 ≤ i ≤ m;
• V ari(0) is the set of initial values of the variables in region i, 1 ≤ i ≤ m;
• Pri is the set of programs from compartment i, 1 ≤ i ≤ m. Each program has one

of the two following forms:
i) non-enzymatic:

Prj,i = Fj,i(x1,i, . . . , xki,i)→ cj,1|v1 + · · ·+ cj,ni |vni

where Fj,i(x1,i, . . . , xki,i) is the production function, and cj,1|v1 + · · ·+ cj,ni |vni

is the repartition protocol of the program.
ii) enzymatic:

Prj,i = Fj,i(x1,i, . . . , xki,i)|ej → cj,1|v1 + · · ·+ cj,ni |vni
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where ej is an enzymatic variable from V ari different from x1,i, . . . , xki,i and
from v1, . . . , vni .
• vj0,i0 is a special variable from a compartment i0, the values of which are taken as

the result of the computation.

The membrane structure considered here is the cell-like one, which mathematically
corresponds to a tree, and can be represented by an expression of correctly matching
labeled square brackets. In the compartments of the membrane structure, the variables
from region i are written in the form xj,i, j ≥ 1. The value of xj,i at time t ∈ N is
denoted by xj,i(t) (the time is supposed to be marked by a universal clock, the same for
all membranes). These values of variables can also be real numbers, but here we only
work with integers, positive or negative.

The values of variables evolve by means of programs. There are two kinds of pro-
grams: non-enzymatic and enzymatic. A non-enzymatic program is composed of two
components, a production function and a repartition protocol, which are separated by an
arrow. A production function can be any function with variables from the region where
the program resides – here we consider only polynomials with integer coefficients. We
use Prj,i(x1,i, . . . , xki,i) to denote the jth production function from compartment i.

At time t, taking the values of variables x1,i, . . . , xki,i, the system computes a
production value Prj,i(x1,i(t), . . . , xki,i(t)) . This value is distributed to variables
v1, . . . , vni , which appear in the repartition protocol RPj,i = cj,1|v1 + · · ·+ cj,ni |vni .
Variables v1, . . . , vni come from the membrane i where the program resides, the parent
membrane and the children membranes. Formally, {v1, . . . , vni} ⊆ V ari∪V arpar(i)∪
(
∪

ch∈Ch(i) V arch), where par(i) is the parent of membrane i and Ch(i) is the set of
children of membrane i. The coefficients cj,1, . . . , cj,ni are natural numbers (they may
be also 0), which specify the proportion of the current production value distributed to
each variable v1,. . . ,vni . If we denote by Cj,i =

∑ni

l=1 cj,l the sum of all coefficients
of the repartition protocol, and denote by

qj,i(t) =
Fj,i(x1,i(t), . . . , xki,i(t))

Cj,i

the “unitary portion”, then the value adj,i(t) = qj,i(t) · cj,s, 1 ≤ s ≤ ni represents
the value which is added to variable vj according to production Pri. If variable vj
appears in several repartition protocols, for example, RPj,i1 , . . . , RPj,ik , all these val-
ues adj,i1 , . . . , adj,ik are added to variable vj . After computing the production val-
ue, the variables involved in the production are reset to zero. So, if at time t vj is
involved in at least one production function, then vj(t+1) =

∑ik
l=i1

adj,l(t); otherwise,
vj(t+ 1)=vj(t) +

∑ik
l=i1

adj,l(t).
Besides the non-enzymatic programs, ENP systems also have enzymatic programs:

Prj,i = Fj,i(x1,i, . . . , xki,i)|ej,i → cj,1|v1 + · · · + cj,ni |vni , where ej,i is a variable
from V ari different from x1,i, . . . , xki,i, and from v1, . . . , vni . Such a program can be
applied at time t only if ej,i(t) > min(x1,i(t), . . . , xki,i(t)). Note that in this program,
the role of enzymatic variable ej,i(t) is similar to catalyst in symbol object P systems:
remaining unchanged during the computation. In other programs, ej,i can act as a usual
variable appearing in the production or repartition protocols, and it can be consumed or
receive “contributions”.
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The programs can be applied in the all-parallel mode, one-parallel mode or se-
quential mode. In this work, we only consider the systems working in the sequen-
tial mode. If several programs can be applied in a compartment, the system non-
deterministically selects one to apply. This leads to computation branching, which is
the non-deterministically sequential case. If at each step, in each membrane, only one
program can be applied, thus the system works in a deterministic way, this is called the
deterministically sequential mode.

The values of all the variables of Π at time t ∈ N form a configuration of Π , which
is denoted as the sequence (V ar1(t), . . . , V arm(t)). The configuration at time 0, name-
ly (V ar1(0), . . . , V arm(0)), is called the initial configuration. By means of executing
the programs, the system evolves from the initial configuration to other configurations.
Such a step is called a transition. A sequence of transitions forms a computation.

ENP systems can be used in the computing mode [12, 28, 29]: an input is introduced
in the form of the values of some variables and an output is produced, as the values
of other variables. By neglecting input variables, ENP systems can also be used in the
generating mode [26, 36, 37]: the set of values assumed by the special variable vj0,i0
as the results generated by the computation [37]. Whereas neglecting output variables,
ENP systems can be used in the accepting mode: an input is introduced in the form of
the value of one variable, if the computation halts (when no applicable set of programs
produces a change in the current configuration [12]), then the input number is accepted
by the system. The set of all the numbers accepted is the result accepted by the system.
In this paper, for the non-deterministically sequential case, we consider ENP systems
working in the generating mode; for the deterministically sequential case, we consider
ENP systems working in the accepting mode.

3 Universality of ENP Systems Working in the Non-
deterministically Sequential Mode

Before discussing the computational power of ENP systems, we fix some notations to
be used in what follows.

EN(Π) represents the set of values generated/accepted by the system Π .
ENPm(polyn(r), seq, p) denotes the family of sets of numbers EN(Π) generat-
ed/accepted by ENP systems with at most m membranes, production functions which
are polynomials of degree at most n, with integer coefficients, with at most r variables
in each polynomial; seq indicates that the programs are applied in the sequential mode;
p is the number of all the programs used in the system. To highlight that the execution
mode is deterministic, the letter D is added in front of ENP . The absence of letter D
implies that the systems may also be non-deterministic. If one of the parameters m, n,
r is not bounded, then it is replaced by ∗.

The universality of ENP systems working in the non-deterministically sequential
mode was proved in [37], which can be expressed as follows:

ENP7(poly
5(5), seq, 19) = NRE,

where NRE denotes the recursively enumerable sets of numbers. This result can be
improved to the following theorem:
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Theorem 1. ENP2(poly
5(5), seq, 8) = NRE.

Proof. The proof is based on the characterization of recursively enumerable sets of
numbers as positive values of polynomials with integer coefficients [15]: for every
NRE set Q there exists a multivariate polynomial fQ with integer coefficients such
that the set of positive values of fQ, corresponding to tuples of natural numbers, is Q.
In formula,

∀Q ⊆ N+RE, ∃fQ ∈ Zn[X] s.t. Q = {fQ(X)|X ∈ Nn, fQ(X) > 0}.

It is shown that polynomials of degree at most 5 with 5 variables are sufficient to gen-
erate the elements of NRE sets [37].

For an arbitrary set Q ∈ N+RE and fQ(x1, . . . , x5) as above, we construct the
following ENP system to generate the set Q:

Π1 = (2,H, µ, (V ar0, P r0, V ar0(0)), (V ar1, P r1, V ar1(0)), x2,1)

– H = {0, 1};
– µ = [ [ ]1 ]0;
– V ar0 = {x1,0, . . . , x5,0};
– Pr0 = {1→ 1|xi,0, 1 ≤ i ≤ 5,

−fQ(x1,0, . . . , x5,0)→ 1|x1,1};
– V ar0(0) = {0, . . . , 0};
– V ar1 = {x1,1, x2,1, e1,1, g1,1};
– Pr1 = {0 · x2,1 − x1,1|e1,1 → 1|x2,1,

x1,1 → 1|g1,1};
– V ar1(0) = {0, . . . , 0}.

The ENP system Π ′ is also shown in Figure 1 (The initial values of variables are
given in square brackets).

'

&

$

%

'

&

$

%

0 1
x1,0[0], . . . , x5,0[0],

1→ 1|x1,0

. . .

1→ 1|x5,0

−fQ(x1,0, . . . , x5,0)→ 1|x1,1

x1,1[0], x2,1[0], e1,1[0], g1,1[0]

0 · x2,1 − x1,1|e1,1 → 1|x2,1

x1,1 → 1|g1,1

Fig. 1. ENP system Π1 working in the non-deterministically sequential mode from Theorem 1

System Π1 is modified from the system Π of Theorem 2 in [37]. The initial values
of all variables are 0. There are 6 programs in compartment 0. The 5 programs 1 →
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xi,0, 1 ≤ i ≤ 5, are used to increase the values of xi,0 by 1. At each time, the system
non-deterministically chooses one of the five programs to apply. After time t, if program
−fQ(x1,0, . . . , x5,0) → 1|x1,1 is used, the value of variables xi,0, 1 ≤ i ≤ 5, will be
cleared, and the value of the function−fQ(x1,0, . . . , x5,0) is stored in the variable x1,1.
At the next step, if the value of x1,1 is strictly smaller than 0, program 0 · x2,1 −
x1,1|e1,1 → 1|x2,1 is active. If this program is chosen to apply, variable x2,1 stores the
output. Otherwise, the program x1,1 → 1|g1,1 will pass the value of x1,1 to the garbage
variable g1,1.

The number of membranes can be decreased to 1, at the price of increasing the
number of variables by 1.

Theorem 2. ENP1(poly
5(6), seq, 7) = NRE.

Proof. For an arbitrary set Q ∈ N+RE and fQ(x1, . . . , x5), we construct the follow-
ing enzymatic numerical P systems to generate the set Q:

Π2 = (1,H, µ, (V ar0, P r0, V ar0(0)), v2,0)

– H = {0};
– µ = [ ]0;
– V ar0 = {x1, . . . , x5, x1,0, x2,0};
– Pr0 = {1→ 1|xi, 1 ≤ i ≤ 5,

0 · x1,0 − fQ(x1, . . . , x5)→ 1|x1,0,

0 · x2,0 − x1,0|e1,0 → 1|x2,0};

which is also shown in Figure 2.

'

&

$

%

0

x1[0], . . . , x5[0],

1→ 1|x1

. . .

1→ 1|x5

x1,1[0], x2,1[0], e1,1[0], g1,1[0]

0 · x1,0 − fQ(x1, . . . , x5)→ 1|x1,0

0 · x2,0 − x1,0|e1,0 → 1|x2,0

Fig. 2. ENP system Π2 working in non-deterministically sequential mode from Theorem 2

In system Π2, the value of the function fQ(x1, . . . , x5) is stored in variable x1,0,
which is either passed to the variable x2,0, or just lost. System Π2 works similarly to
Π1 in the proof of Theorem 1.



8 Zhiqiang Zhang, Yansen Su, Linqiang Pan

4 Universality of ENP Systems Working in the Deterministically
Sequential Mode

The ENP systems shown in section 3 have more than one program in a compartment,
which leads to a non-deterministic behavior, and the output is defined as the values a
special variable takes during the entire computation. The ENP systems we considered
in the present section have several differences: (1) the number of applicable programs
at every step in each compartment is not more than one; (2) the system works in the
accepting mode; (3) the proof of the computation universality is by simulating deter-
ministic register machines.

Theorem 3. DENP∗(poly
1(2), seq, ∗) = NRE.

Proof. Here we only prove DENP∗(poly
1(2), seq, ∗) ⊇ NRE, since the converse

inclusion can be induced from Church-Turing thesis.
The theorem is proved by simulating register machine. A register machine is a con-

struct M = (m,H, l1, ln, I), where m is the number of registers, H is the set of in-
struction labels, l1 is the start label, ln is the halt label, and I is the set of instructions;
each element of H labels only one instruction from I , thus precisely identifying it. The
instructions are of the following forms:

– li : (ADD(r), lj , lk) (add 1 to register r and then go to one of the instructions with
labels lj , lk, non-deterministically chosen),

– li : (SUB(r), lj , lk) (if register r is non-zero, then subtract 1 from it and go to the
instruction with label lj ; otherwise, go to the instruction with label lk),

– ln : HALT (the halt instruction).

A register machine is deterministic if the ADD instructions have the form li :
(ADD(r), lk, lk); we write these instructions simply as li : (ADD(r), lk).

A register machine M generates a number in the following way. The machine starts
with all registers empty (i.e., storing the number zero). It applies the instruction with
label l1 and proceeds to apply instructions as indicated by labels (and, in the case of
SUB instructions, by the contents of registers). If the register machine reaches the halt
instruction, then the number x stored at that time in the first register is said to be com-
puted/generated by M . The set of all numbers computed by M is denoted by N(M).
It is known that register machines compute all sets of numbers which are Turing com-
putable, hence they characterize NRE [16].

A register machine can also be used as an accepter: the machine starts with all
registers empty, except for one specified register, the input one, where a number x is
introduced; the computation starts (with instruction with label l1) and, if it halts, then
the number x is accepted. In this way, again all sets of numbers from NRE are charac-
terized (even by deterministic register machines).

Let M = (m,H, l1, ln, I) be a deterministic register machine working in the ac-
cepting mode. The number z is introduced in the first register. The computation starts
(with instruction labeled l1) and, if it halts, then the number z is accepted.

A specific enzymatic numerical P system ΠM working in the deterministically se-
quential mode is constructed to simulate the register machine M as follows:

ΠM = (n+ 1,H, µ, (V ar0, P r0, V ar0(0)), . . . , (V arn, P rn, V arn(0)))
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where

• H = {0, 1, . . . , n};
• µ = [ [ ]1 [ ]2 . . . [ ]n ]0;
• V ar0 = {x(t,i),0, p(i,j),0, p

′
(i,j),0, p

′′
(i,j),0, g | 1 ≤ t ≤ m, 1 ≤ i, j ≤ n};

• V ar0(0) = (0, 0, . . . , 0);
• V ari = {x(t,i), x

′
(t,i), pi, xi, gi | 1 ≤ t ≤ m}, 0 ≤ i ≤ n;

• V ari(0) is the vector of initial values of the variables of V ari, obtained by putting:
– x(1,i) = x′

(1,i) = z, 1 ≤ i ≤ n;
– x(t,i) = x′

(t,i) = 0, 2 ≤ t ≤ m, 1 ≤ i ≤ n;
– p1 = 1;
– pi = 0, 2 ≤ i ≤ n;
– gi = 0, 1 ≤ i ≤ n;

• Pr0 = {−2nx(r,i),0|g →
∑n

t=1 1|x(r,t) +
∑n

t=1 1|x′
(r,t),

−p(k,i),0|x(r,i),0
→ 1|pk | li : (ADD(r), lk) ∈ I}

∪{2nx(r,i),0|g →
∑n

t=1 1|x(r,t) +
∑n

t=1 1|x′
(r,t),

−p(j,i),0|x(r,i),0
→ 1|pj ,

3p′′(k,i),0|g → 2|xi + 1|x′
(r,i),

−p′(k,i),0|p′′
(k,i),0

→ 1|pk | li : (SUB(r), lj , lk) ∈ I}
• Pri = {−2pi → 1|x(r,i),0 + 1|p(k,i),0 | li : (ADD(r), lk) ∈ I}, or
Pri = {gi − 2pi|x(r,i)

→ 1|p(j,i),0 + 1|x(r,i),0,
3(1 + x′

(r,i))|pi → 2|xi + 1|x′
(r,i),

−2pi|xi → 1|p′(k,i),0 + 1|p′′(k,i),0 | li : (SUB(r), lj , lk) ∈ I}

Corresponding to each label li ∈ H , there is a membrane i in system ΠM to sim-
ulate li, which is placed in the skin membrane 0, 1 ≤ i ≤ n. In each membrane i,
there are a couple of variables x(j,i) and x′

(j,i), which save the negative value stored in
register j of M , for 1 ≤ j ≤ m. In each membrane i, there is a variable pi, whose value
is 0 or 1. When the value of variable pi equals 1, the programs in membrane i that pi
belongs to is active, and the programs there start to simulate the instruction li of reg-
ister machine M . In the skin membrane 0, there are variables x(t,i),0, p(i,j),0, p′(i,j),0,
and p′′(i,j),0, 1 ≤ t ≤ m, 1 ≤ i, j ≤ n. Variable x(t,i),0 corresponds to the variables
x(t,i) and x′

(t,i) in membrane i; all the variables p(i,j),0, p′(i,j),0, and p′′(i,j),0 in the skin
membrane correspond to pi in membrane i. The variables in skin membrane are used to
change the value of corresponding variables in membrane i.

The ADD instruction li : (ADD(r), lk) of M is simulated by the following three
programs:

− 2pi → 1|x(r,i),0 + 1|p(k,i),0, (1)

− 2nx(r,i),0|g →
n∑

t=1

1|x(r,t) +

n∑
t=1

1|x′
(r,t), (2)

− p(k,i),0|x(r,i),0
→ 1|pk. (3)

Program (1) is in compartment i, while programs (2) and (3) are in the skin membrane
0. Program (1) has no enzymatic variable, so it is applied at every computation step.



10 Zhiqiang Zhang, Yansen Su, Linqiang Pan

Program (2) can be applied only when the value of enzyme g is greater than that of
x(r,i),0. Because the value of g is always zero, enzyme g is greater than that of x(r,i),0

is equivalent to that x(r,i),0 is negative.
When pi = 0, program (1) is applied but has no effect: pi is once again set to

zero, and a contribution of zero is distributed among variables x(r,i),0 and p(k,i),0. All
variables are thus unaffected, and programs (2) and (3) are not active at the next step.

When pi = 1, program (1) zeros the value of pi (thus making the program having
no effect at the next step), and decreases the values of x(r,i),0 and p(k,i),0 to −1. At the
next step, the value of variable x(r,i),0 equals−1, smaller than the value 0 of enzymatic
variable g, thus activating program (2) of membrane 0. Program (2) resets the value of
variable x(r,i),0 to zero (thus disabling this program at the next step), and increases the
values of variables x(r,t) and x′

(r,t) (1 ≤ t ≤ n) to 1 (thus correctly simulating the
instruction of decreasing the value of register r by 1 in membrane 1 to n). At the third
step, the value of enzymatic variable x(r,i),0 equals 0, greater than that of p(k,i),0, thus
activating program (3). Program (3) resets the value of variable p(k,i),0 to zero (thus
disabling this program at the next step), and increases the value of pk to 1 (correctly
pointing to the next instruction of lk to be simulated at the next step).

The SUB instruction li : (SUB(r), lj , lk) of M is simulated by the following seven
programs:

gi − 2pi|x(r,i)
→ 1|p(j,i),0 + 1|x(r,i),0, (4)

2nx(r,i),0|g →
n∑

t=1

1|x(r,t) +

n∑
t=1

1|x′
(r,t), (5)

− p(j,i),0|x(r,i),0
→ 1|pj , (6)

3(1 + x′
(r,i))|pi → 2|xi + 1|x′

(r,i), (7)

− 2pi|xi → 1|p′(k,i),0 + 1|p′′(k,i),0, (8)

3p′′(k,i),0|g → 2|xi + 1|x′
(r,i), (9)

− p′(k,i),0|p′′
(k,i),0

→ 1|pk. (10)

Programs (4), (7) and (8) are in membrane i, and programs (5), (6), (9) and (10)
are in membrane 0. Programs (4) – (6) are active when the number stored in register
r is greater than zero, while programs (7) – (10) are active when the number stored in
register r equals zero. In the both cases, the programs in membrane i are applied at first,
which activate the programs in membrane 0.

When the number stored in register r is positive, programs (7) – (10) cannot be
applied, and programs (4) – (6) are active, which are also shown in Figure 3. In this
case, correspondingly, the variable x(r,i) > 0, greater than variable gi, program (4) in
membrane i is applied. When pi = 0, this program has no effect (the function value
is zero, then the contribution of zero is sent to variables p(j,i),0 and x(r,i),0, thus all
variables being unaffected). Suppose that at time t, the value of pi equals 1. Program
(4) zeros the value of pi (thus making the program having no effect at the next step)
and sends each of the variables p(j,i),0 and x(r,i),0 a contribution of −1. At time t+ 1,
the value of x(r,i),0 equals −1, smaller than the value 0 of enzymatic variable g, thus
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2nx(r,i),0|g →

n∑
t=1

1|x(r,t) +
n∑

t=1

1|x′
(r,t)

−p(k,i),0|x(r,i),0
→ 1|pk

gi − 2pi|x(r,i)
→ 1|p(k,i),0 + 1|x(r,i),0

Fig. 3. The active programs simulating the instruction li : (SUB(r), lj , lk) when the number
stored in register r is positive

activating program (5). Program (5) decreases the values of variables x(r,t) and x′
(r,t)

(1 ≤ t ≤ n) by 1 (thus correctly simulating the instruction of decreasing the value
stored in register r by 1 in membrane 1 to n), and zeros variable x(r,i),0 (thus disabling
the program at the next step). At time t + 2, the value of enzymatic variable x(r,i),0

equals 0, greater than the value −1 of variable p(j,i),0, thus activating program (6).
Program (6) zeros the value of variable p(j,i),0 (thus disabling the program at the next
step), and increases the value of variable pj to 1 (thus correctly indicating the next
instruction lj of register machine M to be simulated).

When x(r,i) = x′
(r,i) = 0 (corresponding to the fact that the number stored in

register r is zero), programs (4) – (6) cannot be applied, and programs (7) – (10) are
active, which are also shown in Figure 4.
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3p′′(k,i),0|g → 2|xi + 1|x′
(r,i)

−p′(k,i),0|p′′(k,i),0
→ 1|pk

3(1 + x′
(r,i))|pi → 2|xi + 1|x′

(r,i)

−2pi|xi → 1|p′(k,i),0 + 1|p′′(k,i),0

Fig. 4. The active programs simulating the instruction li : (SUB(r), lj , lk) when the number
stored in register r is zero

When x′
(r,i) = 0 and pi = 1, program (7) is active, which assigns a contribution

of 1 to x′
(r,i) and 2 to xi. At the next step, the value of variable x′

(r,i) is equal to that
of variable pi, hence program (7) cannot be applied. The value of enzymatic variable
xi equals 2, greater than the value 1 of pi, thus activating program (8). Program (8)
zeros the value of variable pi (thus making the program having no effect at the next
step), and decreases the variables p′′(k,i),0 and p′(k,i),0 to −1. At the next step, the value
of variable p′′(k,i),0 equals −1, smaller than the value 0 of enzymatic variable g, thus
activating program (9). Program (9) zeros the value of variable p′′(k,i),0 (thus disabling
the program at the next step), simultaneously sends a contribution of −2 to variable xi

and−1 to variable x′
(r,i) (for the initial values of variables xi and x′

(r,i) are 2 and 1, their
final values are zero). At the last step, the value of enzymatic variable p′′(k,i),0 equals 0,
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greater than the value −1 of p′(k,i),0, thus activating program (10). Program (10) zeros
the value of p′(k,i),0 (thus disabling the program at the next step), and increases the value
of pk to 1 (thus correctly pointing to the next instruction of M to be simulated).

After the simulation of each instruction of M , the values of variables x(r,i) and
x′
(r,i) equal the negative number stored in register r, while the only variable among

p1, . . . , pn equal to 1 indicates the next instruction of M to be simulated. When it
reaches the instruction ln, the register machine M halts. The corresponding variable pn
assumes value 1. Since no program contains the variable pn either in the production
function or among the enzymes that enable or disable the execution of the program,
thus the applicable set of programs produces no change in the current configuration
ΠM , hence the system reaches a final configuration and the initial number z stored in
variable x(1,i) is accepted.

1 : (SUB(3), 2, 3), 2 : (ADD(9), 1),

3 : (ADD(8), 4), 4 : (SUB(7), 3, 5),

5 : (SUB(8), 6, 4), 6 : (ADD(7), 7),

7 : (SUB(9), 8, 9), 8 : (ADD(3), 5),

9 : (SUB(8), 10, 1), 10 : (ADD(8), 11),

11 : (SUB(6), 1, 12), 12 : (SUB(7), 13, 14),

13 : (SUB(7), 15, 16), 14 : (SUB(4), 19, 20),

15 : (SUB(7), 17, 21), 16 : (SUB(5), 19, 21),

17 : (ADD(6), 12), 18 : (ADD(4), 22),

19 : (SUB(6), 1, 23), 20 : (SUB(2), 1, 19),

21 : (ADD(2), 1), 22 : (ADD(5), 19).

Fig. 5. A universal register machine Mu from Korec [10]

In the proof of Theorem 3, the number of membranes and the programs used in
the universal system are unbounded. If we choose a specific universal register machine
to simulate, we can obtain a universal system with limited number of membranes and
programs, namely the small universal ENP system.

Theorem 4. DENP23(poly
1(2), seq, 118) = NRE.

Proof. The small universal deterministic register machine Mu to be simulated by an
ENP system is described in [10] and illustrated in Figure 5, which has m = 8 registers
and n = 22 instructions.
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By following the arguments given in the proof of Theorem 3 we construct a deter-
ministic sequential ENP system ΠMu to simulate it. It is easy to check that ΠMu has
23 membranes: 22 membranes for instructions adding one skin membrane. Each AD-
D instruction is translated to 3 programs of ΠMu while each SUB instruction needs 7
programs to simulate it, thus in total 118 programs.

5 Conclusions and Discussions

In this work we have studied the computational power of enzymatic numerical P sys-
tems working in the sequential mode: both the non-deterministically and the determin-
istically sequential cases have been considered.

For ENP systems working in deterministically sequential mode, we have improved
a known universality result, in terms of the number of membranes and the number of
programs used in the systems. It remains open whether other parameters, for example,
the degree of the polynomials, can be improved.

We have proved that ENP systems working in the deterministically sequential mode
are universal. It is a natural question whether the number of variables can be decreased.
By simulating a specific universal register machine, we get a small universal determin-
istically ENP system with 23 membranes and 118 programs. It is of interest to construct
a smaller universal deterministically ENP system.

It is an interesting topic to investigate the computational power of other variants
working in the sequential, such as numerical P systems with thresholds [19, 48], nu-
merical P systems with migrating variables [51].

Numerical P systems and the enzymatic variants have also been used as language
generators [49, 50]. Finding small universal numerical P systems as language generators
working in the sequential mode deserves further efforts.
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Abstract. Tissue P systems with promoters are distributed parallel
computing models inspired by the structure of tissues and the way of
communicating substances regulated by promoters. In this work, we con-
sider tissue P systems with promoters working in a flat maximal parallel
way, where in each step, in each membrane, a maximal set of applica-
ble rules is chosen and each rule in the set is applied exactly once. It is
proved that tissue P systems with at most two promoters associated with
any rule and using only symport rules of length 1 are Turing universal.
Moreover, a uniform solution to the SAT problem is provided by tissue P
systems with at most two promoters associated with any rule and using
cell division rules and symport rules of length 1.

Keywords: Tissue P system, Promoter, Flat maximal parallelism, SAT
problem, Universality

1 Introduction

Membrane computing, initiated by Gh. Păun, is a branch of natural computing,
which is focused on abstracting computing concepts from the structure and the
functioning of living cells, and the ways in which cells are organized in tissues
and higher order biological structures [18]. All computing devices considered in
membrane computing are usually called P systems. Since the seminal definition
of P systems, it has developed rapidly on both theoretical results [1, 13, 30, 34,
35] and application of solving real problems [24, 25, 36, 38]. According to the
membrane structure of P systems, there exist two main families: cell-like P sys-
tems, which have a hierarchical arrangement of membranes [18]; and tissue-like
P systems [14] or neural-like P systems [11], which have a net of membranes.
For general information about membrane computing, one may consult [19, 23].

Tissue P systems are inspired by the structure of tissues and the way of com-
municating substances between two cells or between a cell and the environment.

⋆ Corresponding author. Email: lqpan@mail.hust.edu.cn
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In a tissue P system, cells are placed in the nodes of a graph and the environment
is considered as a distinguished node, an arc between two nodes corresponds to
a communication channel between two regions (two cells or a cell and the envi-
ronment). If a communication channel between two regions exists, then they can
communicate by means of communication (symport/antiport) rules [20]. Sym-
port rules move objects across a membrane together in one direction, whereas
antiport rules move objects across a membrane in opposite directions.

The computational power of tissue P systems has been investigated widely.
Many variants of tissue P systems are proved to be computationally complete [2,
3, 8, 9, 12, 21]. Tissue P systems are also proved to be computationally efficient.
In particular, by introducing cell division rules or cell separation rules into tissue
P systems, an exponential workspace can be generated in polynomial time, which
is successfully used for designing solutions to NP-complete problems [5–7, 17,
22, 32, 37].

An interesting variant of tissue P systems, called tissue P systems with pro-
moters, was proposed in [4, 27, 29]. In [4], a set of techniques for the problem of
counting cells inspired from the treatment of digital images via tissue P systems
with promoters was presented; while in [27], tissue P systems with promoters
were used to implement a cell complex based algorithm for thinning images.
In [29], the computational power of tissue P systems with promoters has been
investigated, where rules of such systems are used in a maximally parallel way
(at each step, we apply a multiset of rules which is maximal, no further rule can
be added being applicable).

Flat maximal parallelism was investigated for cell-like P systems, where in
each step, in each membrane, a maximal set of applicable rules is chosen and
each rule in the set is applied exactly once [16]. In this work, the flat maximal
parallelism of using rules is investigated for tissue P systems with promoter-
s. Specifically, it is proved that tissue P systems with at most two promoters
associated with any rule and using only symport rules of length 1 are Turing
universal. Moreover, a uniform solution to the SAT problem is provided by tissue
P systems with at most two promoters associated with any rule and using cell
division rules and symport rules of length 1.

It is known that tissue P systems with promoters using only symport rules
of length 1, working in the maximally parallel way, are able to compute only
finite sets of non-negative integers [29]. The comparison with the result about
universality obtained in this work shows that the flat maximally parallel way of
applying rules can increase the computational power of tissue P systems with
promoters.

2 Computational Power of Tissue P Systems with

Promoters Working in the Flat Maximally Parallel

Way

In this section, we investigate the computational power of tissue P systems with
promoters working in the flat maximally parallel way. The notions of (recog-
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nizer) tissue P systems with promoters and cell division are given in [29] (see
also the Appendix of this paper). Note that tissue P systems with promoters
constructed in this work are working in the flat maximally parallel way, that is,
in each step, in each cell, a maximal set of concurrently applicable rules is chosen
and each rule in the set is applied exactly once. This way of applying rules has
only one restriction: when a cell is divided, the division rule is the only one which
is applied for that cell at that step, the objects inside that cell do not evolve by
means of communication rules. If the new cells resulting from division do not
divide at the next step, then these cells could participate in the interaction with
other cells or with the environment by means of communication rules.

We remark that symport rules of the form (pro | 0, a/λ, i) or (pro | i, λ/a, 0)
(a ∈ E , i is a cell) are not allowed when a tissue P system with promoters working
in the maximally parallel way, because its application (in the maximally parallel
way) would lead to an infinite iteration of introducing object a into a cell.

The set of natural numbers computed by system Π is denoted by N(Π).
By NOtPm(prok, symt1 , antit2 , f lat) we denote the family of all sets of numbers
computed by systems with at most m cells, using symport/antiport rules (sym-
port rules of length at most t1, antiport rules of length at most t2) with at most
k promoters associated with each rule working in the flat maximal parallel way.
If one of the parameters m, k, t1, t2 is not bounded, then it is replaced with ∗.

We denote byPMC
f

TPk1
DC(k2)

(resp.,PMC
f

TPk1
DA(k2)

orPMC
f

TPk1
DS(k2)

)

the set of all decision problems which can be solved in a uniform way and poly-
nomial time by means of recognizer tissue P systems with promoters and cell
division, and using communication rules (resp., only antiport rules or only sym-
port rules) of length at most k2 with at most k1 promoters associated with each
rule working in the flat maximal parallel way.

Theorem 1. NOtP4(pro2, sym1, f lat) = NRE, where NRE is the family of
sets of numbers which are Turing computable.

Proof. We only need to prove the inclusion NOtP4(pro2, sym1, f lat) ⊇ NRE,
as the reverse inclusion follows from the Turing-Church thesis.

Since we will use the characterization of NRE by register machines, we here
introduce the notion of register machines. A register machine is a tuple M =
(m,H, l0, lh, I), where:m is the number of registers,H is a set of labels, l0, lh ∈ H
are distinguished labels (l0 is the label of the initial instruction and lh is the label
of the halting instruction), and I is a set of instructions labeled in a one-to-one
way with the elements of H , of the following forms: (a) li : (ADD(r), lj , lk) (add
1 to register r and then go to one of the instructions with labels lj , lk, non-
deterministically chosen); (b) li : (SUB(r), lj , lk) (if register r is non-zero, then
subtract 1 from it, and go to the instruction with label lj; otherwise, go to the
instruction with label lk); (c) lh : HALT (the halt instruction). A configuration
of a register machine is described by the contents (i.e., by the number stored in
the register) of each register and by the current label, which indicates the next
instruction to be executed. Computations start by executing the instruction l0 of
I, and terminate with reaching the HALT instruction lh. It is known that register
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machines generate all sets of numbers which are Turing computable, hence they
characterize NRE [15].

Let M = (m,H, l0, lh, I) be a register machine. We construct the tissue P
system Π to simulate register machine M .

Π = (Γ, E , w1, w2, w3, w4,R, 1),

where

– Γ = {ai | 1 ≤ i ≤ m} ∪ {l, l′, l′′, l′′′, liv | l ∈ H} ∪ {b},
– E = {ai | 1 ≤ i ≤ m} ∪ {l, l′, l′′, l′′′, liv | l ∈ H},
– w1 = {b, l0}, w2 = w3 = w4 = ∅,

and the set R of rules is as follows:

– For each ADD instruction li : (ADD(r), lj , lk) ofM , we introduce the following
rules in R:

r1 ≡ (li | 1, λ/l
′

i, 0),
r2 ≡ (1, li/λ, 0),
r3 ≡ (l′i | 1, λ/ar, 0),
r4 ≡ (1, l′i/λ, 3),
r5 ≡ (1, l′i/λ, 4),
r6 ≡ (l′i | 3, λ/lj, 0),
r7 ≡ (3, l′i/λ, 0),
r8 ≡ (l′i | 4, λ/lk, 0),
r9 ≡ (4, l′i/λ, 0),
r10 ≡ (1, λ/lj, 3),
r11 ≡ (1, λ/lk, 4).

An ADD instruction li : (ADD(r), lj , lk) is simulated in four steps. At step
1, rules r1, r2 are enabled. By using rule r1, one copy of object l′i is sent into
cell 1 (by the flat maximal parallelism, this rule is used only once). Note that
we assume that lj 6= li and lk 6= li. By applying rule r2, object li is sent to
the environment. At the next step, with the presence of object l′i in cell 1, rule
r3 is used, one copy of object ar is sent into cell 1 due to the flat maximally
parallel use of rules (the number of copies of object ar is increased by one, which
simulates the fact that the number stored in register r is increased by one).
Simultaneously, one of rules r4 and r5 is non-deterministically chosen and used.
By using rule r4 (resp., r5), object l′i is sent into cell 3 (resp., cell 4). At step
3, one of sets of rules {r6, r7} and {r8, r9} is non-deterministically chosen and
used. By using rules r6, r7 (resp., r8, r9), one copy of object lj is sent into cell 3
(resp., cell 4) due to the flat maximally parallel use of rules and object l′i is sent
to the environment from cell 3 (resp., cell 4). At step 4, one of rules r10 and r11
is non-deterministically chosen and used. By using rule r10 (resp., r11), object lj
(resp., lk) is sent into cell 1 from cell 3 (resp., cell 4). Hence, the system starts to
simulate an instruction with label lj or lk. So the instruction li of M is correctly
simulated by Π .
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– For each SUB instruction li : (SUB(r), lj , lk) of M , we introduce the following
rules in R:

r12 ≡ (bli | 1, λ/l
′

i, 0),
r13 ≡ (b | 1, li/λ, 0),
r14 ≡ (l′i | 1, ar/λ, 2),
r15 ≡ (l′i | 1, λ/l

′′

i , 0),
r16 ≡ (1, l′i/λ, 0),
r17 ≡ (l′′i | 1, λ/lk, 0),
r18 ≡ (l′′i | 1, b/λ, 0),
r19 ≡ (1, l′′i /λ, 0),
r20 ≡ (ar | 2, λ/l′′′i , 0),
r21 ≡ (ar | 2, λ/lj, 0),
r22 ≡ (2, ar/λ, 0),
r23 ≡ (l′′′i | 2, lj/λ, 1),
r24 ≡ (l′′′i | 2, λ/lk, 1),
r25 ≡ (1, λ/b, 0),
r26 ≡ (l′′′i | 2, λ/livi , 0),
r27 ≡ (2, l′′′i /λ, 0),
r28 ≡ (livi | 2, lk/λ, 0),
r29 ≡ (2, livi /λ, 0).

A SUB instruction li : (SUB(r), lj , lk) is simulated in the following way. At
step 1, by applying rule r12, one copy of object l′i is sent into cell 1 due to the
flat maximal parallelism, simultaneously object li is sent to the environment by
using rule r13. In what follows, there are two cases.

– There is at least one copy of object ar in cell 1 (corresponding to the fact
that the number stored in register r is greater than 0). In this case, at step
2, rules r14, r15 and r16 are enabled (we assume that lk 6= li). By applying
rule r14, object ar is sent into cell 2. By applying rule r15, one copy of object
l′′i is sent into cell 1. Object l′i is sent to the environment by using rule r16.
At step 3, with the presence of object l′′i in cell 1, object b is sent to the
environment and one copy of object lk is sent into cell 1 by using rules r18
and r17, respectively. By using rule r19, object l′′i in cell 1 is sent to the
environment. With the presence of object ar in cell 2, one copy of object l′′′i
and one copy of object lj are sent into cell 2 by applying rules r20 and r21,
respectively. Simultaneously, object ar in cell 2 is sent to the environment
(the number of copies of object ar is decreased by one, which simulates the
fact that the number stored in register r is decreased by one). At step 4, by
using rules r23, r24, object lj in cell 2 is sent to cell 1 and object lk in cell 1
is sent to cell 2, respectively. One copy of object livi from the environment
is sent into cell 2 by using rule r26. Simultaneously, object b is sent into cell
1 by using rule r25. At step 5, with the presence of object livi in cell 2, rule
r28 is enabled and used, object lk in cell 2 is sent to the environment, and
by applying rule r29, object l

iv
i is also sent to the environment at this step.

Note that at the last step of the simulation of a SUB instruction li, the next
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instruction lj is simulated in cell 1, and there is no influence that the objects
lk, l

iv
i in cell 2 are sent to the environment. In this case, one copy of object

ar is consumed in cell 1, and the system starts to simulate the instruction
lj .

– There is no object ar in cell 1 (corresponding to the fact that the number
stored in register r is 0). In this case, at step 2, only rules r15, r16 are enabled
and applied, one copy of object l′′i is sent into cell 1 and object l′i is sent to
the environment (we assume that lk 6= li). At step 3, with the appearance of
object l′′i in cell 1, object b is sent to the environment and one copy of object
lk is sent into cell 1 by using rules r18 and r17; simultaneously, object l′′i is
sent to the environment by using rule r19. At step 4, only rule r25 is used,
object b in the environment is sent back to the cell 1. Hence, the system
starts to simulate the instruction lk.

When object lh appears in cell 1, the computation will halt at that step or
at the next step (in the case of the simulation of a SUB instruction that there
is at least one copy of object ar in cell 1). The number of copies of object a1 in
cell 1 corresponds to the result of the computation, hence N(M) = N(Π).

3 Solving SAT Problem by Tissue P Systems with

Promoters and Cell Division

Let us start by recalling the well-known NP-complete: SAT problem [10]. Given
a Boolean formula in conjunctive normal form (CNF), determine whether or not
there exists an assignment to its variables such that the formula is evaluated to
be true.

The following theorem shows that the SAT problem can be solved in linear
time by a uniform family of tissue P systems with promoters and cell division,
using non-cooperative symport rules and at most 2 promoters associated with
each rule, working in the flat maximally parallel manner.

Theorem 2. SAT ∈ PMC
f

TP2DS(1).

Proof. Let us consider a propositional formula ϕ = C1 ∧ C2 ∧ . . . ∧ Cm, with
Ci = yi,1 ∨ . . . ∨ yi,pi

, for some m ≥ 1, pi ≥ 1, and yi,j ∈ {xk,¬xk | 1 ≤ k ≤ n},
for each 1 ≤ i ≤ m, 1 ≤ j ≤ pi, where ¬xk is the negation of a propositional
variable xk, the two connections ∨,∧ are or, and, respectively.

For the given propositional formula ϕ, we construct the tissue P system with
promoters and cell division

Π(〈n,m〉) = (Γ,Σ, E , w1, w2,R, iin, iout),

where:

– Γ = Σ ∪ {ai, ti, fi | 1 ≤ i ≤ n} ∪ {bj , cj | 1 ≤ j ≤ m} ∪ {zi | 0 ≤ i ≤

2n+m+ 3} ∪ {an+1, bm+1, p, yes, no} is the alphabet,
– Σ = {xi,j , x̄i,j | 1 ≤ i ≤ n, 1 ≤ j ≤ m} is the input alphabet,
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– E = {ai | 2 ≤ i ≤ n+ 1} ∪ {bj, cj | 1 ≤ j ≤ m} ∪ {zi | 1 ≤ i ≤ 2n+m+ 1} ∪
{bm+1},

– w1 = {a1} is the initial multiset contained in cell 1,
– w2 = {z0, p, yes, no} is the initial multiset contained in cell 2,
– iin = 1 is the input cell,
– iout = 0,
– the set R consists of the following rules:

r1,i : [ ai ]1 → [ ti ]1[ fi ]1, 1 ≤ i ≤ n,
r2,i,j : (tixi,j | 1, λ/cj, 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
r3,i,j : (ti | 1, xi,j/λ, 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
r4,i : (ti | 1, λ/ai+1, 0), 1 ≤ i ≤ n,
r5,i : (1, ti/λ, 0), 1 ≤ i ≤ n,
r6,i,j : (fix̄i,j | 1, λ/cj, 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
r7,i,j : (fi | 1, x̄i,j/λ, 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
r8,i : (fi | 1, λ/ai+1, 0), 1 ≤ i ≤ n,
r9,i : (1, fi/λ, 0), 1 ≤ i ≤ n,
r10 : (an+1 | 1, λ/b1, 0),
r11 : (1, an+1/λ, 0),
r12,j : (bjcj | 1, λ/bj+1, 0), 1 ≤ j ≤ m,
r13,j : (1, bj/λ, 0), 1 ≤ j ≤ m,
r14 : (1, bm+1/λ, 2),
r15 : (bm+1 | 2, yes/λ, 0),
r16 : (bm+1 | 2, p/λ, 0),
r17,i : (zi | 2, λ/zi+1, 0), 0 ≤ i ≤ 2n+m+ 2,
r18,i : (2, zi/λ, 0), 0 ≤ i ≤ 2n+m+ 2,
r19 : (pz2n+m+3 | 2, no/λ, 0).

An Overview of the Computation

We consider the polynomial encoding (cod, s) of instances from SAT in Π
defined as follows: s(ϕ) = 〈n,m〉 and cod(ϕ) = {xi,j | xi ∈ Cj}∪{x̄i,j | ¬xi ∈ Cj}

for each instance. Hence, the Boolean formula ϕ will be processed by the system
Π(s(ϕ)) with the input multiset cod(ϕ).

In what follows, we give the overview of a computation to show how an
instance of the SAT problem is solved by the system defined above. Generally,
the computation process can be separated into three phases: generation phase,
checking phase and output phase.

Generation phase. All truth assignments for the variables associated with
the Boolean formula ϕ(x1, . . . , xn) will be generated by applying division rules
in cells with label 1. Moreover, the system checks the clauses which are satisfiable
by the corresponding truth assignment in a cell 1. In this way, after completing
the phase, there exist 2n cells with label 1 such that each of them contains some
objects from the set {c1, . . . , cm}, whose elements denote the clauses satisfied by
the truth assignments of the variables.

In the initial configuration of the system, we have objects a1, cod(ϕ) in cell
1, objects z0, p, yes, no in cell 2.
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The generation phase consists of a loop with n iterations, each iteration
taking two steps. Thus this phase takes 2n steps. Specifically, this phase has two
parallel processes. On the one hand, in cells with label 1, n loops of division and
checking satisfied clauses are executed; on the other hand, in cell with label 2,
the counter z evolves from z0 to z2n by using the rules r17,i, r18,i.

At the first step of the i-th loop (1 ≤ i ≤ n), the division rule r1,i is applied,
cell 1 is divided into two copies of cell 1, which contain the objects ti and fi,
respectively. In cell 2, the counter object z increases its subscript by one.

At the second step of the i-th loop (1 ≤ i ≤ n), with the appearance of object
ti, xi,j (resp., fi, x̄i,j) in a cell 1, all the rules r2,i,j (resp., r6,i,j) (1 ≤ j ≤ m)
are enabled and applied, and the corresponding objects cj are produced in that
cell 1. Simultaneously, by using the rules r3,i,j , r4,i (resp., r7,i,j , r8,i), objects xi,j

(1 ≤ j ≤ m) are sent to the environment and one copy of object ai+1 is sent into
cell 1 due to the flat maximal parallelism (resp., objects x̄i,j (1 ≤ j ≤ m) are
sent to the environment and one copy of object ai+1 is sent into cell 1). By using
rule r5,i (resp., r6,i), object ti (resp., fi) is sent to the environment. In addition,
the subscript of the counter object z in cell 2 increases by one.

Checking phase. In this phase, the system checks whether or not the formula
is satisfied by some truth assignment.

When the generation phase completes, each cell with label 1 contains some
objects from the set {c1, . . . , cm}. If there is at least one cell with label 1 that
contains all the objects c1, . . . , cm, this means that the corresponding truth as-
signment in that cell satisfies all clauses, hence formula ϕ is satisfiable; if there
is no cell with label 1 that contains all the objects c1, . . . , cm, the formula ϕ is
not satisfiable. The checking phase begins at step 2n + 1, and it takes m + 1
steps.

At step 2n+1, with the appearance of object an+1 in cell 1, by using rule r10,
one copy of object b1 is sent into each cell 1 due to the flat maximal parallelism.
Simultaneously, object an+1 is sent to the environment by using rule r11. In cell
2, the counter object z increases its subscript.

At step 2n+1+j (1 ≤ j ≤ m), the object cj is checked in cell 1. If the objects
bj , cj appear in a cell 1, rules r12,j and r13,j are applied at the same step, one
copy of object bj+1 is sent into cell 1 and object bj is sent to the environment,
respectively. Note that the fact that the object bj appears in a cell 1 means that
the truth-assignment encoded in that cell 1 makes clauses C1, . . . , Cj−1 true. In
cell 2, the counter object z increases its subscript.

Output phase. In this phase, the system sends the right answer into the
environment according to the result of the previous phase.

If the input formula ϕ is satisfiable, then object bm+1 appears in cell 1 at
step 2n+m+1. With the appearance of object bm+1 in cell 1, rule r14 is enabled
and applied, object bm+1 is sent to cell 2. At step 2n+m+3, when object bm+1

appears in cell 2, objects yes and p are sent to the environment. Simultaneously,
at step 2n+m+3, object z2n+m+3 appears in cell 2 and the computation halts.
Thus, the answer of the system is affirmative.
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If the input formula ϕ is not satisfiable, then there is no object bm+1 in cell
1 at step 2n + m + 1. At the next two steps, only rules r17,i, r18,i are enabled
and used, and object z2n+m+3 will appear in cell 2. At step 2n + m + 4, with
the appearance of objects p, z2n+m+3, rule r19 is used, object no is sent to the
environment, and the computation halts. Thus, the answer of the system is
negative.

Formal Verification

According to the analysis above, we can check that the P system Π(〈m,n〉)
with input multiset cod(ϕ) always halts and sends to the environment one of
the object yes or no in the last step, that is, at step 2n + m + 3, object yes

is sent to the environment and the system halts, while object no is sent to the
environment at step 2n+m+ 4 and the system halts. Therefore, there exists a
polynomial bound for the number of steps of the computation.

There exists a deterministic Turing machine that builds the systemΠ(〈m,n〉)
in a polynomial time with respect to m and n. The necessary resources for
defining each system are of polynomial order.

– Size of the alphabet: 2nm+ 5n+ 3m+ 9.
– Initial number of cells: 2.
– Initial number of objects: 5.
– Number of rules: 4nm+ 9n+ 4m+ 12.
– Maximal length of a rule (the promoters evolved in a rule are included): 3.

Therefore, the family Π = {Π(〈m,n〉) | m,n ∈ N} defined above is polyno-
mially uniform by Turing machines, and this concludes the proof.

Since the complexity class PMC
f

TP2DS(1) is closed under polynomial time

reductions, we have the following corollary.

Corollary 1. NP ∪ co−NP ⊆ PMC
f

TP2DS(1).

4 Conclusions and Remarks

In this work, we investigated the computational efficiency and universality of
tissue P systems with promoters working in the flat maximally parallel way.
Specifically, we proved that tissue P systems with at most two promoters associ-
ated with any rule and using only symport rules of length 1 are Turing universal.
Moreover, a uniform solution to the SAT problem has been provided by tissue
P systems with at most two promoters associated with any rule and using cell
division rules and symport rules of length 1.

The universality and computational efficiency given in section 2 and section
3 were obtained by tissue P systems with at most two promoters associated
with any rule. It is of interest to investigate the computational power of tissue
P systems with at most one promoter associated with any rule. In this way, it
is expected to obtain a characterization of the borderline of P and NP by the
the number of promoters.
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Inspired by the fact that the execution time of different biochemical reactions
is hard to know precisely, in [28, 31–33], time-free solutions to NP-complete
problems by various P systems have been investigated. It remains open how we
construct tissue P systems with promoters and cell division to solveNP-complete
problems in the context of time-freeness.

Acknowledgments

The work was supported by National Natural Science Foundation of China
(61033003, 61320106005, 61472372, 61472371, 61572446, and 61602192), Ph.D.
Programs Foundation of Ministry of Education of China (20120142130008), the
Innovation Scientists and Technicians Troop Construction Projects of Henan
Province (154200510012).

References

1. Alhazov, A., Freund, R.: Variants of Small Universal P Systems with Catalysts.
Fundam. Inform. 138(1-2), 227–250 (2015)

2. Alhazov, A., Freund, R., Leporati, A., Oswald, M., Zandron, C.: (Tissue) P Systems
with Unit Rules and Energy Assigned to Membranes. Fund. Informa. 74(4), 391–
408 (2006)

3. Alhazov, A., Freund, R., Oswald, M.: Tissue P Systems with Antiport Rules and
Small Numbers of Symbols and Cells. In: Felice, C.D., Restivo, A. (eds.) LNCS,
vol. 3572, pp. 100–111. Springer, Heidelberg (2005)

4. Ardelean, I., Dı́az-Pernil, D., Gutiérrez-Naranjo, M.A., Peña-Cantillana, F., Reina-
Molina, R., Sarchizian, I.: Counting Cells with Tissue-like P Systems. In: Proceed-
ings of the Tenth Brainstorming Week on Membrane Computing, pp. 69–78. Fénix
Editora, Sevilla (2012)

5. Dı́az-Pernil, D., Gutiérrez-Naranjo, M.A., Pérez-Jiménez, M.J., Riscos-Núñez, A.:
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Appendix

In the appendix, we recall the notions of (recognizer) tissue P systems with
promoters and cell division introduced in [29].

Definition 1. A tissue P system with promoters and cell division, of degree
q ≥ 1, is a tuple

Π = (Γ, E , w1, . . . , wq,R, iout),

where

– Γ is a finite non-empty set of objects;
– E ⊆ Γ is a set of objects initially located in the environment;
– wi, 1 ≤ i ≤ q, are finite multisets over Γ ;
– R is a finite set of rules of the following forms:

– Communication rules:
– Symport rules: (pro | i, u/λ, j) or (pro | i, λ/u, j), where 0 ≤ i 6= j ≤
q, pro, u ∈ Mf (Γ ), |u| > 0;

– Antiport rules: (pro | i, u/v, j), where 0 ≤ i 6= j ≤ q, pro, u, v ∈

Mf (Γ ), |u| > 0, |v| > 0;
– Division rules:

– [ a ]
i
→ [ b ]

i
[ c ]

i
, where i ∈ {1, . . . , q}, i 6= iout, a, b, c ∈ Γ ;

– iout ∈ {0, 1, . . . , q}.

A tissue P system with promoters and cell division of degree q ≥ 1 can be
viewed as a set of q cells labelled by 1, . . . , q, arranged in the nodes of a directed
graph, such that: (a) w1, . . . , wq represent the finite multisets of objects initially
placed in the q cells of the system; (b) E is the set of objects initially located in
the environment of the system, all of them are available in an arbitrary number
of copies; (c) R is a finite set of rules; (d) iout is a distinguished region which
will encode the output of the system. We use the term region i (0 ≤ i ≤ q) to
refer to cell i in case 1 ≤ i ≤ q and to refer to the environment in case i = 0. The
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length of a symport rule (pro | i, u/λ, j) or (pro | i, λ/u, j) (resp., an antiport
rule (pro | i, u/v, j)) is defined as |u| (resp., |u|+ |v|) (the number of occurrences
of symbols it contains).

For an alphabet Γ , a multiset over Γ is a pair (Γ, f) where f : Γ → N is a
mapping; N is the set of natural numbers.

A configuration of a tissue P system with promoters and cell division at any
instant is described by all multisets of objects over Γ associated with all cells in
the system, and the multiset of objects over Γ \E associated with the environment
at that moment. Note that the objects from E have an arbitrary large number of
copies, hence they are not properly changed along the computation. The initial
configuration is (w1, . . . , wq; ∅).

A symport rule (pro | i, u/λ, j) ∈ R (resp., (pro | i, λ/u, j) ∈ R) is applicable
to a configuration if region i (resp., j) contains multiset u, and the objects of
the promoter pro are present in region i (resp., j). When such a rule is applied,
multiset u is sent from region i to region j (resp., from region j to region i).

An antiport rule (pro | i, u/v, j) ∈ R is applicable to a configuration if the
following conditions hold: (1) region i contains multiset u; (2) region j contains
multiset v; (3) the objects of the promoter pro are present in cell i. When such
a rule is applied, the objects of the multiset u are sent from region i to region j,
and simultaneously, the objects of multiset v are sent from region j to region i.

A division rule [ a ]
i
→ [ b ]

i
[ c ]

i
is applicable to a configuration if cell i

contains object a, and cell i is not the output cell. When such a rule is applied,
cell i is divided into two cells with the same label: in one cell, object a is replaced
by object b, in the other cell, object a is replaced by object c, and all the objects
in the original cell, different from the object triggering the rule, are replicated
in the two new cells.

We remark that in a tissue P system with promoters and cell division, the
presence of the promoter objects makes it possible to use the associated rule
as many times as possible, without any restriction, that is, a promoter is valid
for any number of rules (if these rules are associated with this promoter) in one
step. Moreover, the promoter objects do not directly participate in the rules,
hence the promoters only guide the computation process. We also note that
the promoters are not modified by the application of the rule. If the promoters
are empty, then we simply write a rule (i, u/λ, j) (resp., (i, u/v, j)) instead of
(∅ | i, u/λ, j) (resp., (∅ | i, u/v, j)).

The rules of a tissue P system with promoters and cell division considered
in this work are applied in a flat maximal parallel way: in each step, in each
membrane, a maximal set of concurrently applicable rules is chosen and each
rule in the set is applied exactly once. This way of applying rules has only one
restriction: when a cell is divided, the division rule is the only one which is
applied for that cell at that step, the objects inside that cell do not evolve by
means of communication rules. If the new cells resulting from division do not
divide once again, then these cells could participate in the interaction with other
cells or with the environment by means of communication rules at the next step.
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Starting from the initial configuration and applying the rules as described
above, one obtains a sequence of consecutive configurations. Each passage from
a configuration to a next configuration is called a transition. A configuration is a
halting one if no rule of the system is applicable to it. A sequence of transitions
starting in the initial configuration is a computation. Only a computation reach-
ing a halting configuration gives a result, encoded by the multiset of objects
present in the output region iout.

Definition 2. A recognizer tissue P system with promoters and cell division, of
degree q ≥ 1, is a tuple

Π = (Γ,Σ, E , w1, . . . , wq,R, iin, iout),

where

– (Γ, E , w1, . . . , wq,R, iout) is a tissue P system with promoters and cell divi-
sion of degree q ≥ 1;

– Γ has two distinguished objects yes and no;

– Σ is an (input) alphabet strictly contained in Γ ;

– w1, . . . , wq are finite multisets over Γ \Σ;

– iin ∈ {1, . . . , q} is the input cell, and iout = 0;

– all computations halt;

– if C is a computation of Π, then either object yes or object no (but not both)
must have been released into the environment (here we assume that the envi-
ronment is the output region), and only at the last step of the computation.

For a recognizer tissue P system with promoters and cell division, a compu-
tation C is said to be an accepting computation (resp., rejecting computation)
if object yes (resp., object no) appears in the environment associated with the
corresponding halting configuration of C, and neither object yes nor no appears
in the environment associated with any non-halting configuration of C.

In what follows, we define a family of recognizer tissue P systems with pro-
moters and cell division, which is used to solve a decision problem [26].

Definition 3. A decision problem X = (IX , θX) is solvable in polynomial time
by a family Π = {Π(n) | n ∈ N} of recognizer tissue P systems with promoters
and cell division in a uniform way, if the following conditions hold:

– the family Π is polynomially uniform by Turing machines, that is, there
exists a deterministic Turing machine working in polynomial time which
constructs the system Π(n) from n ∈ N;

– there exists a pair (cod, s) of polynomial-time computable functions over IX
such that:

• for each instance u ∈ IX , s(u) is a natural number and cod(u) is an
input multiset of the system Π(s(u));

• for each n ∈ N, s−1(n) is a finite set;
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• the family Π is polynomially bounded with regard to (X, cod, s), that is,
there exists a polynomial function p, such that for each u ∈ IX every
computation of Π(s(u)) with input cod(u) is halting and it performs at
most p(|u|) steps;

• the family Π is sound with regard to (X, cod, s), that is, for each u ∈ IX ,
if there exists an accepting computation of Π(s(u)) with input cod(u),
then θX(u) = 1;

• the family Π is complete with regard to (X, cod, s), that is, for each
u ∈ IX , if θX(u) = 1, then every computation of Π(s(u)) with input
cod(u) is an accepting one.
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Abstract. A Watson-Crick finite automaton is one of DNA computa-
tional models using the Watson-Crick complementarity feature of de-
oxyribonucleic acid (DNA). We are interested in investigating a gram-
mar counterpart of Watson-Crick automata. In this paper, we present
results concerning the generative power of Watson-Crick (regular, lin-
ear, context-free) grammars. We show that the family of Watson-Crick
context-free languages is included in the family of matrix languages.

1 Introduction

Discoveries in bio-molecular science and related fields bring forth advancement
in computing world, such as the birth of membrane computing and DNA com-
puting. Both membrane computing and DNA computing stem from molecular
biology although from different substances in living nature, where membrane
computing get its insight from how membrane works in a cell, and DNA com-
puting from how the deoxyribonucleic acid works.

In membrane computing, or P systems, introduced by Gh. Pǎun (see [1, 2, 3]),
the most important part is the membrane structure which consists of several
membranes or regions. The objects in the membranes can be interpreted as
strings, which evolve according to the given rules. The computational properties
of several variants of P systems such as tissue-like P systems in generating con-
trol languages [4], and neural-like or spiking neural P systems, with additional
features such as weights and self-organization [5, 6]. In this paper, we focus on
the sister field of membrane computing - DNA computing. Paper [7] investigated
the relationship between membrane computing and DNA computing, and how
their results can be intertwined with each other.

Our focus lies on one of the DNA computing models, called a Watson-Crick
finite automaton [8], which utilises a feature unique to DNA, namely the Watson-
Crick complementarity. DNA can be recognized as a double-stranded string with
four bases (symbols): adenine (A), guanine (G), thymine (T), and cytosine (C).
The upper strand and lower strand can only be attached with the Watson-Crick
complementarity, where base A can only be paired with base T, and base C with
base G.



AWatson-Crick finite automaton works on a double-stranded tape of symbols
with two reading heads, instead of a single-stranded tape and one head in a finite
automaton. The tapes are attached with relation similar to Watson-Crick com-
plementarity in DNA. The symbols in each of the tapes are scanned separately
usually from left to right, by their corresponding heads controlled by a common
state. It is shown that a Watson-Crick automaton can recognize languages more
powerful than what a finite automaton is able to. There are several types of
Watson-Crick automata proposed, such as initial stateless Watson-Crick finite
automata, Watson-Crick automata with a Watson-Crick memory, Watson-Crick
transducers [9], and weighted Watson-Crick automata [10]. Compact information
on Watson-Crick automata are given in the survey [11].

Interesting computational models do not materialise from automata part
only, but also the formal grammars – their analytical counterparts. Earlier re-
searches signify that the usage of context-free grammars also provide beneficial
methods in analysing DNA strings [12, 13]. The computational relations among
context-free grammars and Watson-Crick automata are examined in [14, 15]. Us-
ing Watson-Crick complementarity feature, (static) Watson-Crick regular gram-
mars are introduced in [16]. Further variants of Watson-Crick grammars, i.e
Watson-Crick regular, linear, and context-free grammars, as well as their gener-
ative power and closure properties are investigated in [17, 18, 19, 20].

In this paper, we present the latest results on the computational power and
closure properties of Watson-Crick grammars. Necessary notions and definitions
from formal language and automata theory are given in Section 2. Section 3
mentions the definitions of Watson-Crick grammars. Normal forms for Watson-
Crick linear and context-free grammars are shown in Section 4. Following this,
we present the results regarding generative power, including the classifications
between families of languages generated by Watson-Crick grammars, and also
the upper bound of Watson-Crick context-free grammars in Section 5. After
that, further results on the closure properties are exhibited in Section 6. Finally,
we conclude the paper with some open problems in Section 7.

2 Preliminaries

Let us recall necessary information on formal languages theory and automata.
More details can be found in [11, 21, 9, 22].

Let Σ be an alphabet, a finite set of symbols, then Σ∗ denotes the set of all
strings, finite sequences of symbols of Σ. The notion Σ+ means Σ∗

−{λ}, where
λ is an empty string. For x ∈ Σ∗, |x| is the length of a string x, and a set L ⊆ Σ∗

is a language.

A Chomsky grammar is defined by G = (N, T, S, P ) where N is a set of
nonterminal symbols, T is a set of terminal symbols, N ∩ T = ∅, S ∈ N is the
start symbol, and P ⊆ (N ∪ T )∗N(N ∪ T )∗ × (N ∪ T )∗ is the set of production
rules. A pair (α, β) ∈ P is is also written as α → β. We say x ∈ (N ∪T )∗ directly
derives y ∈ (N ∪ T )∗, denoted by x ⇒ y, iff x = a1αa2 and y = a1βa2 for some



production rules α → β ∈ P. A language generated by a grammar G is defined
by L(G) = {w ∈ T ∗

| S ⇒
∗ w}.

A grammar G = (N, T, S, P ) is said to be

– context-sensitive if each production has the form u1Au2 → u1uu2 where
A ∈ N , u1, u2,∈ (N ∪ T )∗, and u ∈ (N ∪ T )+,

– context-free if each production has the form A → u where A ∈ N and
u ∈ (N ∪ T )∗,

– linear if each production has the form A → u1Bu2 or A → u where A,B ∈ N
and u1, u2, u ∈ T ∗,

– right-linear if each production has the form A → uB or A → u where
A,B ∈ N and u ∈ T ∗,

– left-linear if each production has the formA → Bu orA → u whereA,B ∈ N
and u ∈ T ∗,

– regular if it is either right-linear or left-linear.

Theorem 1 (Chomsky Hierarchy[22]).

FIN ⊂ REG ⊂ LIN ⊂ CF ⊂ CS ⊂ RE.

where FIN,REG,LIN,CF,CS,RE denote the families of finite, regular, lin-
ear, context-free, context-sensitive, and recursively enumerated languages, re-
spectively.

A finite automaton (FA) is a quintuple M = (Q, V, q0, F, δ), where Q is a set
of states, V is an alphabet, q0 ∈ Q is the initial state, F ⊆ Q is a set of final
states, and δ : Q×V → 2Q is the transition function. The language accepted by
M is noted by L(M), and the family of languages accepted by finite automata
by FA. It is known that FA = REG ([22]).

Let for an alphabet V , ρ ⊆ V × V be a symmetric relation. Then [V/V ] =
{[a/b] | a, b ∈ V and (a, b) ∈ ρ}. We denote an element of V ∗

×V ∗ by 〈u/v〉. We
also use the form 〈V ∗/V ∗

〉 instead of V ∗
×V ∗. The set WKρ(V ) = [V/V ]∗ρ of all

well-formed double-stranded strings is called the Watson-Crick domain, while
WK+

ρ (V ) = WKρ(V ) − {[λ/λ]}. Let the upper strand be u = a1a2 · · · an and
the lower strand be v = b1b2 · · · bn. Then, we denote [a1/b1][a2/b2] · · · [an/bn] ∈
WKρ as [u/v]. Note that when the elements in the upper strand is complement
and has the same length with the lower strand, 〈u/v〉 = [u/v].

AWatson-Crick finite automaton (WKFA) is a 6-tuple M = (Q, V, q0, F, δ, ρ)
where Q, V , q0 and F are defined as for a FA, and δ : Q×〈V ∗/V ∗

〉 → 2Q is the
transition function where δ(q, 〈u/v〉) is not an empty set only for finitely many
triples (q, u, v) ∈ Q×V ∗

×V ∗. The relation in transition function q2 ∈ δ(q1, 〈u/v〉)
can be written as a rewriting rule in grammars, i.e., q1 〈u/v〉 → 〈u/v〉 q2. The
reflexive and transitive closure of → is described as →∗. The language accepted
by a WKFA M is

L(M) = {u : [u/v] ∈ WKρ(V ) and q0[u/v] →
∗ [u/v]q where q ∈ F}.

The family of languages accepted is denoted by WKFA. By [14, 9], we have
REG ⊂ WKFA ⊂ CS.



A matrix grammar is a quadruple G = (V , Σ, S, M) where V,Σ, S are
defined as for a context-free grammar, M is a finite set of matrices which are
finite strings over a set of context-free rules (or finite sequences of context-free

rules). The language generated by G is L(G) = {w ∈ Σ∗
| S

π
==⇒ w and π ∈

M∗
}. The families of languages generated by matrix grammars without erasing

rules and by matrix grammars with erasing rules are denoted by MAT and
MATλ, respectively. By [23], CF ⊂ MAT ⊂ CS and MAT ⊆ MATλ

⊂ RE.
We recall the definitions of Watson-Crick (regular, linear, context-free) gram-

mars (for details, see [16, 17, 18, 19, 20])

Definition 1. A Watson-Crick (WK) grammar G = (N, T, S, P, ρ) is

– regular if each production has the form A → 〈u/v〉B or A → 〈u/v〉 where
A,B ∈ N and 〈u/v〉 ∈ 〈T ∗/T ∗

〉.
– linear if each production has the form A → 〈u1/v1〉B 〈u2/v2〉 or A → 〈u/v〉

where A,B ∈ N and 〈u1/v1〉 , 〈u2/v2〉 , 〈u/v〉 ∈ 〈T ∗/T ∗
〉.

– context-free if each production has the form A → α where A ∈ N and α ∈

(N ∪ (〈T ∗/T ∗
〉))∗.

Definition 2. Let G = (N, T, ρ, S, P ) be a WK context-free grammar. We say
that x ∈ (N ∪〈T ∗/T ∗

〉)∗ directly derives y ∈ (N ∪〈T ∗/T ∗
〉)∗, denoted by x ⇒ y,

if and only if x = 〈u1/v1〉A 〈u2/v2〉 and y = 〈u1/v1〉α 〈u2/v2〉 where A,B ∈ N ,
ui, vi ∈ 〈T ∗/T ∗

〉, i = 1, 2, 3, 4, and A → α ∈ P . The language generated by a
WK grammar is a quintuple G is defined as

L(G) = {u : [u/v] ∈ WKρ(T ) and S ⇒
∗ [u/v]}.

3 The computational power

In this section, we would see interesting results on how the complementarity
concept embedded in Chomsky grammars increases their computational power.
Here, we mention several results regarding to the generative power of WK gram-
mars. For further details on the omitted proofs, readers are referred to [17, 20].

3.1 The upper bound

We first consider the relations of the families of WK languages. Then, we estab-
lish the upper bound for these families.

Theorem 2 ([17, 20]).

WKREG ⊆ WKLIN, LIN ⊂ WKLIN, and CF ⊂ WKCF.

Theorem 3 ([17, 20]).

LIN−WKREG 6= ∅, WKREG−CF 6= ∅ and WKLIN−CF 6= ∅.



We further investigate the upper bound of the family of WK context-free
languages. Since the family of matrix languages MATλ is closed under homo-
morphism (see [23, 24]), the next lemma holds.

Lemma 1. Let L ∈ T ∗ and L′ = {ww′
∈ T ∗

| w ∈ L,w′ = h(w)} ∈ MATλ

where h : T ∗
→ T ′∗ is a homomorphism. Then, L ∈ MATλ.

Theorem 4. WKCF ⊆ MATλ.

Proof. Let G = (N, T, S, P, ρ) be a WK context-free grammar. Define a matrix
grammar G′ = (N ′′, T ′, S′′,M) where N ′ = N ∪ {A′

| A ∈ N}∪ {S′, S′′, X} and
T ′ = T ∪ {a′ | a ∈ T }, and the matrices of M are defined as follows.

First, we define the start matrixm1 = (S′′
→ SXS′) where from S and S′, we

generate the upper and lower strands, respectively. Then, for every production
of P in the form

A → 〈u1/v1〉B1 〈u2/v2〉 · · · 〈us/vs〉Bs 〈us+1/vs+1〉 ,

where 〈ui/vi〉 ∈ 〈T ∗/T ∗
〉, 1 ≤ i ≤ s+ 1, and Bj ∈ N , 1 ≤ j ≤ s, we introduce a

matrix:

(A → u1B1u2B2 . . . Bsus+1, X → Zu1
Zu2

. . . Zus+1
X,

A′
→ v′1B

′

1v
′

2B
′

2 . . . Bsv
′

s+1, Zv1 → λ, Zv2 → λ, . . . , Zvs+1
→ λ)

where Zui
and Zvi , 1 ≤ i ≤ s + 1, are new nonterminals introduced to count

the numbers of the complements of ui based on ρ which need to be generated in
the lower strand of the derived string, and v′ = h(v), where h : T ∗

→ T ′∗ is the
homomorphism defined by for all a ∈ T , h(a) = a′, a′ ∈ T ′, and h(λ) = λ.

For each production of P in the form A → 〈x/y〉 where 〈x/y〉 ∈ 〈T ∗/T ∗
〉, we

introduce a matrix

(A → x,A′
→ y′, X → ZxX,Zy → λ)

where Zx and Zy are new nonterminals. Thus, N ′′ consists of all nonterminals
of N ′ and all “Z”-nonterminals defined above.

Lastly we introduce the erasing matrix (X → λ). Then, we can easily see
that L(G′) = {ww′

| w ∈ L(G), w′ = h(w)}. By Lemma 1, L(G′) = L(G). ⊓⊔

A construct of balanced parentheses is a string over opening and closing paren-
theses where each opening parenthesis has a corresponding closing symbol and
the pairs of parentheses are properly nested. The ability to differentiate be-
tween parentheses that are correctly balanced and those that are unbalanced is
an important part of recognising many programming language structures. The
parsing algorithms of compilers and interpreters have to check the correctness of
balanced parentheses in the blocks of codes including algebraic and arithmetic
expressions.

In the following examples, we will show how different types of WK grammars
generate strings with different levels of balanced parentheses. To avoid confusion,
we denote ”(” as the open bracket terminal symbol and ”)” as the closed bracket
terminal symbol, in bold font.



Example 1. Let G5 = ({S,A,B}, {(, )}, {((, ))}{((, ))}, S, P5) be a WK regular
grammar. P5 consists of the rules:

S → 〈(/λ〉S, S → 〈(/λ〉A,

A → 〈)/(〉A, A → 〈)/(〉B,

B → 〈λ/)〉B, B → 〈λ/λ〉 |S.

From this, we obtain the derivation:

S ⇒ 〈(/λ〉S ⇒
∗
〈(

n
/λ〉A

⇒ 〈(
n
)/(〉A ⇒

∗
〈(

n
)
n
/(

n
〉B

⇒ 〈(n)n/(n)〉B ⇒
∗
〈(n)n/(n)n〉S

⇒ 〈(
n
)
n
(/(

n
)
n
〉S ⇒

∗
〈(

n
)
n
(
m
/(

n
)
n
〉A ⇒ · · · .

Hence, the language obtained is:

L5 = {

j
∏

i=1

(
ni)

ni
| j ≥ 1}.

WK regular grammar can store the information of how much the opening
parentheses “(” it has produced while generating the same amount of the closing
brackets “)”. However, WK regular grammars can’t store the additional informa-
tion if the string in L5 are to be accompanied by additional opening parentheses
before the string and the same amount of additional closing parentheses in the
end of the string.

Lemma 2. L6 = {(
k
(
n
)
n
(
m
)
m
)
k
: n,m, k ≥ 1} ∈ WKLIN−WKREG.

Proof. The language L6 can be generated by the following WK linear grammar
G6 = ({S,A,B}, {(, )}, {((, ))}, S, P6), built from G5 where

P6 = P5 ∪ {S → 〈(/(〉S 〈)/)〉}.



The derivation is:
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We show that L6 /∈ WKREG by contradiction. Suppose that L6 can be
generated by the WK regular grammar G5. The derivation is:

S ⇒ 〈(/λ〉S ⇒
∗

〈

(
k
/λ

〉

S

⇒
∗

〈
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(/λ
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B.

In the above derivation, we can see that the generation of the first closing
parentheses, “)”, whose total numbers are supposed to be n, are affected by

the opening parentheses “(
k
”. Thus, the string generated will be (

k
(
n
)
k
)
n
,

instead of (
k
(
n
)
n
)
k
. Another example which show the same phenomenon is

L = {anbmcndm | n,m ≥ 1} (see Example 2 in [17]).
This applies to any other WK regular grammars as well, because until all

the amount of closing parentheses for the first opening parentheses, in this case
“(

k
”, the closing parentheses for the second batch of opening parentheses “(

n
”

cannot be generated; we do not have any means to do the following by WK
regular grammars:

– generate the n numbers of closing parentheses first for the n number second
opening parentheses instead of the k number of the first opening parentheses,

– then generate m numbers of the next opening parentheses,



– closing parentheses them, and
– finally generate the k number of the closing parentheses for the first k number

of the opening parentheses.
⊓⊔

Lemma 3.

L7 = {(k1(n1)n1(m1)m1)k1(k2(n2)n2(m2)m2)k2

| n1,m1, k1, n2,m2, k2 ≥ 1} ∈ WKCF−WKLIN.

Proof. The language L7 can be generated by the WK context-free grammar
G7 = ({S,A,B}, {(, )}, {((, ))}, S, P7) where P7 = P6 ∪ {S → SS}.

Then, we have the following derivation:
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In the above derivation, we can see that the first non-terminal B is accom-
panied by non-terminal symbols on both left and right sides. Thus, there is no
way to generate the extra terminal symbols “(

k2(
n2)

n2(
m2)

m2)
k2” from the said

B, other than putting an extra non-terminal symbol besides B - in this case the
second S in the rule {S → SS} ∈ P7. ⊓⊔

Combining the results above, we obtain the following theorem.

Theorem 5. The relations in Figure 1 hold; the dotted lines denote incompa-
rability of the language families and the arrows denote proper inclusions of the
lower families into the upper families, while the dotted arrows denote inclusions.



Fig. 1. The hierarchy of Watson-Crick, matrix, and Chomsky language families

4 Conclusions

In this paper, we include further results on the generative power of Watson-Crick
context-free grammars, classification between Watson-Crick languages, and clo-
sure properties, which are summarized below:

– WK linear grammars can generate some context-sensitive languages;
– the families of linear languages and WK regular languages are strictly in-

cluded in the family of WK linear grammars;
– the family of WK linear languages is strictly included in the family of WK

context-free languages;
– the families of WK regular languages and linear languages are not compa-

rable;
– the family of WK regular languages is not comparable with the family of

linear languages;
– the family of WK linear languages is not comparable with the family of

context-free languages;
– the family of WK context free languages is included in the family of matrix

languages (without appearance checking);
– WK regular grammars preserves the closure properties similar to the ones

of regular languages;

The following problems related to the topic remain open:

1. Is the family of Watson-Crick context-free languages properly included in
the family of matrix languages (without appearance checking)?



2. Is the family of Watson-Crick context-free languages (without erasing rules)
included in the family of matrix languages (without appearance checking
and without erasing rules)?

3. What are the remaining closure properties of Watson-Crick (regular, linear
and context-free) grammars?

Acknowledgements

This work has been supported through International Islamic University Endow-
ment B research grant EDW B14-136-1021 and Fundamental Research Grant
Scheme FRGS13-066-0307, Ministry of Education, Malaysia.



Bibliography

[1] Paun, G.: Computing with membranes. Journal of Computer and System
Sciences 61(1) (2000) 108–143

[2] Paun, G., Rozenberg, G.: A guide to membrane computing. Theoretical
Computer Science 287(1) (2002) 73–100

[3] Paun, G.: Introduction to membrane computing. In: Applications of Mem-
brane Computing. Springer (2006) 1–42

[4] Zhang, X., Liu, Y., Luo, B., Pan, L.: Computational power of tissue p
systems for generating control languages. Information Sciences 278 (2014)
285–297

[5] Zeng, X., Xu, L., Liu, X., Pan, L.: On languages generated by spiking neural
p systems with weights. Information Sciences 278 (2014) 423–433

[6] Wang, X., Song, T., Gong, F., Zheng, P.: On the computational power of
spiking neural p systems with self-organization. Scientific reports 6 (2016)
27624

[7] Freund, R.: An integrating view on dna computing and membrane com-
puting. In: Proceedings of the 9th WSEAS International Conference on
Evolutionary Computing, Sofia, Bulgaria (2008) 15–20

[8] Freund, R., Paun, G., Rozernberg, G., Salomaa, A.: Watson-crick finite
automata. DIMACS Series in Discrete Mathematics and Theoretical Com-
puter Science 48 (1999) 297–327
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Abstract. Several activities take place within a network environment which 
include (but not restricted to) movement of traffics (packets) among the nodes. 
An Intrusion Detection system (IDS) which is primarily concerned with the 
monitoring of an information system with the sole aim of reporting activities 
which are symptomatic of an attack, needs constant review and upgrade to 
enhance its operations. In this work, we argue that two of the variants of 
Membrane computing (MC); spiking neural P (SNP) system and tissue-like P 
system could best be used as tools to enhance the activities and security 
properties of any computer network system. Therefore, this paper proposes an 
alternative but dependable integrated modeling framework which applies 
membrane computing paradigms to intrusion detection systems. This 
framework combines the membrane system’s model for rule-based intrusion 
detection systems as well as attack detection model implemented on GPU for 
high throughput and detection speedup for checkmating packet loss/drop. MC is 
a newly introduced but yet to be fully explored technology in the area of 
network/information system security. It is a versatile, non-deterministic and 
maximally parallel computing model. 

1   Introduction 

Membrane Computing (MC), otherwise called P systems was introduced by Gheorghe 
Păun over a decade ago [1], [2]. Since then, application of MC has cut across several 
fields because of its great parallelism which leads to reduction in computational time 
complexity. Basically, a MC is made up of three distinct features which mimic the 
structure and functionality of the biological living cell. These are; membrane structure, 
objects found within the membranes and the operational rules which guide the 
activities within the membranes. Although presently, there are so many variants of P 



systems, but the well-known P systems’ types are; Cell-like P systems, Neural-like P 
systems and Tissue-like P systems. Whereas a cell-like P System has hierarchically 
arranged set of membranes which could be described by a tree, a tissue-like has its 
membranes placed in the nodes of arbitrary graph. A neural-like P system has neurons 
(cells) which are linked by a specific set of synapses [1].  However, as part of this 
research work, we focus on the use of Tissue-like P system with the application of an 
embedded recognizer P system defined as having a total Boolean function over a 
halting computation ∏ [3]. 

On the other hand, Intrusion or Attack Detection System (IDS, ADS) is a security 
measure usually deployed on a network or host based system to checkmate the 
activities symptomatic of attack. IDS may also be said to be a system which 
frequently oversees a networked environment for the sole purposes of flagging and 
reporting events which are capable of (i) compromising the system’s integrity, (ii) 
denying its availability and (iii) rendering it inefficient in its performance [4], [5], [6]. 

From literature, it has been observed that most of these detection systems were 
implemented using the conventional CPUs which were characterized by their inability 
to handle increasingly large data found within extremely high speed networks[7], [8], 
[9].This main deficiency leads to the problem of packet dropping and eventual 
defective detection and false alarm rates.  

However, with the myriad of detection methods available, while relatively very few 
have explored the parallelization offered by GPU, not a single one has delved into 
investigating how MC’s inherent advantages coupled with that of GPU could be 
deployed in this regards. Consequently, this research work presents a novel approach 
in the use of MC for attack detection on GPU.  

In the literature, many approaches abound as regards the provision of solutions to 
various intrusion detection systems’ concerns. These challenges which often result in 
poor quality (high false alarm and low detection rates) and inefficiency (low 
processing speed and throughput) are primarily caused by ‘curse of dimensionality’, 
boundary problem and huge real-time traffics. Constantly therefore, there is the need 
to improve these existing approaches with a view to fortifying them.   So, in this 
paper we are proposing an integrated framework of Membrane computing (MC) 
approaches to further improve the existing Intrusion Detection systems (IDS). 

Therefore, this integrated framework for modeling intrusion detection systems 
using membrane computing is considered highly desirable in order to assist 
researchers and especially other network security administrators who may wish to 
consider MC’s paradigms as alternative tool. 

The following sections of the paper are arranged thus: Section 2 presents the 
modeling framework of signature-based IDS with the application of trapezoidal Fuzzy 
Reasoning Spiking Neural P (tFRSN P) System to Denial of Service Attack (DoS). 
While Section 3 gives a detailed overview of our attack detection P system’s model 
implemented on GPU, the fourth section evaluates the models. Section five however 
presents the integrated framework for enhancing IDS using MC’s paradigms. Section 
6 concludes the work. 



2   Membrane Computing and Signature-based IDS 

A variant of MC called trapezoidal fuzzy reasoning spiking neural P (tFRSN P) 
system proposed by Peng et al. [10] was employed to model a denial-of-service (DoS) 
attack. tFRSN P system is a decision fusion model between fuzzy system and spiking 
neural P (SN P) system. With this combination, the system is capable of overcoming 
the boundary problem of intrusion detection as well as detecting attacks quickly. Also, 
because of the inherent parallelism advantage in SN P system it could as well be well 
suited for real time detection. The option of using trapezoidal fuzzy set in this model 
was to considerably reduce the false positives by enhancing the computation scenario 
with large range of fuzzy membership which is not possible with triangular fuzzy set 
and others [11]. 

2.1   tFRSN P System Model for Denial-of-Service Attack 

In configuring tFRSN P system model for the detection of Denial-of-Service (DoS) 
attack, it is important to identify significantly useful features (which Lee & Salvatore 
2000 called cheap but “necessary” conditions). However, from literature, there are no 
agreed features for detecting DoS attack. For example, while Mukkamala & Andrew 
(2003) [12] opined that eleven features {1, 5, 6, 23, 24, 25, 26, 32, 36, 38, 39} are 
those that are important for flagging a DoS attack, Lee & Salvatore 2000 submitted 
that only three features; count, srv_count and service are essential to determine a 
smurf (DoS) attack. So, as explained in chapter three, four features of duration, 
src_byte, dst_byte and count were used for defining the fuzzy production rules which 
were subsequently applied for the modeling. 

2.2   Defining the Fuzzy Production rules for DoS 

For adapting tFRSN P system to model DoS attack, rules of the type below were 
generated using the four identified features and the nine trapezoidal fuzzy 

membership set. Given that , these rules include: 

(i) If duration = , src_bytes = , dst_bytes = and count = , 

Then DoS is highly likely .  

(ii) If duration = , src_bytes = , dst_bytes =  and count = , 

Then DoS is not suspected . 

(iii) If duration = , src_bytes = , dst_bytes = and count =  

Then DoS is probable .  

(iv) If duration = , src_bytes =  , dst_bytes =  and count = , 

Then DoS is indisputably confirmed .  
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(v) If duration = , src_bytes = , dst_bytes = and count = , 

Then DoS is very unsuspected   

 

2.3   The Modeling of DoS Attack 

As depicted in Fig.1, the tFRSN P system’s model for DoS attack is a construct: 
(1) 

Where 
(1)   

(2) are proposition neurons having fuzzy truth values  

respectively. 
(3)   are “AND” –type rule neurons associated with production 

rules    respectively. 

(4) syn =  {(1,19), (2,20), (2,23), (3,21), (4,22), (5,19), (5,23), (6,20), (6,21), 
(7,22), (8,19), (8,23), (9,20), (9,21), (10,22), (11,19), (11,22), (12,20), 
(13,21), (13,23), (19,14), (20,15), (21,16), (22,17), (23,18)}. 

(5)  

. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. tFRSN P model for DoS attack 
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3   Attack Detection P Systems Model on GPU 

3.1   The ∏AD_P model  

This computational model was configured along a recognizer tissue P systems 
because it is a decision making model (which distinguishes normal connection records 
from anomalous types) and has only the accepting computational halting modes of 
releasing anomalous traffics to the environment. In this work, network connection 
information was modeled as multiset of objects and the parameters of P system were 
defined in this respect. Objects were placed in different compartments using two types 
of rules namely communication and classification rules. While the execution of the 
communication rules were premised on symport rules application [13], the 
classification rules which were generated using the 41 features of the KDD cup 
dataset, were conditioned by guards [14]. 

The Attack Detection P system (∏AD_P) is formally defined as a system of degree 
1m of the form: 

),,,,( 1_ lrYYO mPAD   (2) 

Where:    
 O  is set of objects. An object represents a connection record in O ,whereby

O | ϵ [0, 4898430]. So, OO a   where aO  denotes arbitrarily many 

copies of anomalous connection record found in  . 

 mYY 1   are membranes (cells) representing the zones of a network. 

 r  is a finite set of rules which is made up of types; 1r and 2r and defined 

thus: 

(i) 1r are classification rules with guard and are of the type: 
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1;)45.0

5.405.76(;

27

623127623     (3)  

Where )45.05.405.76( 27623  iii aandaanda  represents 

the conditional guard derived from the classification tree and 

denotes the status of the connection record which may either be intrusive 

(0) or non-intrusive (1) determined by the features 23, 6 and 27. 
(ii) 2r are symport communication rules of the type: 

);,( anomalyO i  (4) 
This rule is applied to release anomaly traffics to the environment through the 
individual membranes. It implies that if anomalous connection record is 

}0,1{is

ia



detected, the rule would be used to transport affected object O  within 

mYY 1
 to the environment,  . 

Rules were used in non-deterministic and maximally parallel manner as tradition 
with computation in membrane systems. In each step, all objects and all cells which 
can evolve must evolve. 
 }{ AnomalyO  ; is the environment/zone. This external membrane 

environment is where the results of computation are obtained and so, it is 
called the output region. It does not hold any rule. Since the working packets 
are either normal or anomaly, hence the computation of ∏AD_P system halts in 
the accepting mode if only anomalous packets aO  (and strictly excluding 

normal connection records )( nO ) are sent to the environment, otherwise, it is a 

rejecting computation. This stage signifies the end of computation (i.e final 
configuration). Please note that ),( OOO an  . 

 }{},,2,1{ xml  which is a link (also known as channel or synapse)  

between the membranes and the environment, β. 

3.2   Membrane Structure, Membrane/Object Representation in the ∏AD_P 
model 

The structure of the membranes and how the objects are represented in the ∏AD_P 
model are depicted in Fig. 2. Several one-membrane cells (ovals) are considered as 
evolving in a common external environment )(   where results are obtained. No 

direct communication exists in between the cells, but all the cells communicate with 
the environment since channels for transportation of such were specified in advance 
as }{},,2,1{ xml  . These ovals were labelled with  m,,2,1   and objects 

with distinctive embedded 41 elements (features) and applicable set of rules were 
equally specified. However, the arrows indicate that the decided instances of 
‘anomaly’ obtained by the application of the classification rules, leave the cells in 
maximal mode through the channels ),(,),,2(),,1(  m to the external 

environment using symport rules. The dimension of the cells in the ∏AD_P model is 
determined based on the number of thread blocks available on the GPU. 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Membrane/object representation in ∏AD_P model 

 



(a) The rules with guards for classification:  

Referred to as classification rules conditioned with guards are applied at the 
classification stage and they include: 
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represent some of the conditional guards derived from a classification tree and 

}0,1{is denotes the status of the connection record iO , which may either be 

intrusive (0) or non-intrusive (1) determined by the features 23, 6, 27, 5, 34, 37, 13 
and 40. 

 
(b) The symport (transportation) rule  

Basically, symport rules move objects across membranes together in one direction, 
and in this case, they move the objects toward the external environment. So, the rules 
are formulated in such a way that intrusive connections enjoy permeability through 
the membranes.  

);,( anomalyOi              (7)   

Where: 
i denotes the membranes which release only anomalous connection record 
into the environment (β) after the invocation and execution of the 
classification rules.  

Succinctly therefore, the rules were stated using the format: 
anomaly

ii
anomaly

isymp OORule []][:)(   (8) 
 

4 Evaluation of the tFRSNP system and the ∏AD-P Model 

To establish the effectiveness of the two models, the KDD Cup dataset was used. 
While almost all the 5 million connection records in the dataset were used for 
evaluating the throughput of the ∏AD-P model, 10% of the dataset was used for 
evaluating the tFRSN P System in detecting DoS attacks.  

4.1 Improving Throughput with ∏AD-P model  

Since one of the key performance metrics for a network intrusion detection system is 
a sustainable throughput [20]. the ∏AD-P model achieved very good results in that 



regard. As presented in Table 1, by initially using 314572 as tested packets, columns 
1 shows all the randomly applied membranes. Similarly, columns 4 and 5 show the 
throughputs for both the GPU and CPU respectively which were obtained by dividing 
the packet size with the processing time.  

Table 1. Throughput of CPU and GPU using ∏AD_P model 

Membrane 
Number 

used 

Time 
(s) 

GPU 

Time 
(s)  
CPU 

Throughput 
(GPU) 

Pac/Sec 

Throughput 
(CPU) 

Pac/Sec 
128 9.3 34.7 33696.3 9039.7 
256 7.5 34.7 41853.9 9039.7 
512 6.6 34.7 47580.1 9039.7 

1024 6.1 34.7 50944.9 9039.7 
2048 5.9 34.7 53102.6 9039.7 

 
It could be observed the highest throughput was recorded when membranes used 

were 2048. This is closely related to the increase in multiprocessor occupancy of the 
GPU which ultimately improves the system’s efficiency by checkmating packet 
drop/loss. 

4.2     Evaluating the tFRSN P System Model  

The efficiency of trapezoidal fuzzy reasoning spiking neural P system model for 
detecting DoS attack was also evaluated using the KDD Cup dataset. The results 
obtained are here-under presented: 

For the DoS attacks, the results obtained after implementation (as shown in the 
confusion matrix below), establish that the tFRSN P system performed well in the 
detection process. The 10% of the almost 5 million connection records in KDD cup 
dataset gives 494021 in which 97278 constitutes the non-intrusive event and 396743 
are the attacks with DoS having the highest percentage.  

   Table 2. Confusion Matrix 

 
 

Predicted 
Normal 

Predicted 
Attack 

Actual   
Normal 
 

TP (19.35%) 
77400 

 

FP (0.25%) 
1000 

 
Actual 
Attack 

FN (0.02%) 
80 

TN (80.38%) 
321520 

 
As shown in Table 2 above, while 0.02% and 0.25% were flagged as false negatives 
and positives respectively, 19.35% and 80.38% were returned as true positives and 
negatives respectively. Our experiments which were done by applying decision fusion 
of SN P systems combined with fuzzy logic, captured many real attacks in the dataset 
used (as TN returns the highest value). Furthermore, the percentage of most 



dangerous, i.e FN, which managed to escape undetected by this system was just 
0.02%.  

5 The Integrated Framework for Enhancing IDS using MC’s 
Paradigms 

From the literature, several issues may be responsible for the poor performance of an 
intrusion detection system depending on whether the detection technique is anomaly-
based or signature-based. Researches have shown that majority of IDSs suffer from 
three main problems which are: (i) curse of dimensionality, (ii) blurriness of mid-
point between intrusive and non-intrusive connection records and (iii) packet drop. 
These three identified problems usually lead to the challenges of low detection rate, 
high false positives/negatives, low classification accuracy rate, and above all, increase 
in computational cost.   

The problem of curse of dimensionality has been recognized to be the bane of 
unsupervised learning in IDS because a linear increase in the number of dimensions 
leads to exponential increase in the number of training dataset (examples) [15], [16]. 
Therefore, in order to reduce the adverse impact of this problem on IDS, the thesis 
harnessed the communication benefit of membrane system (combined with Bee 
algorithm) in selecting relevant and effective features. So, when the features selected 
through this approach were evaluated in an anomaly-based IDS, it was discovered that 
high efficiency with remarkably low false alarm rate was achieved. 

Another issue the thesis focused at is the boundary problem in IDS. Blurriness of 
the mid-point between normal and anomaly behaviours has been a source of major 
concern to network security experts over the years. This problem has been said to be 
responsible for high false positives/negatives in IDSs [17], [18]. This concern was 
handled through a means called decision fusion approach which enabled the synthesis 
of the method of fuzzy logic in the detection process with that of SN P system. In 
using this technique, a fuzzy space of nine sets was deployed. So, trapezoidal fuzzy 
reasoning spiking neural P (tFRSN P) system was applied in a signature-based IDS 
for the detection of denial-of-service and brute force attacks.  

More importantly however, as network traffics grow heavy, IDSs are constantly 
faced with the challenge of loss of attack information because the peak processing 
throughput may be incapable to support it. This implies that with high volume of 
traffics, it becomes greatly expedient to design a detection system which would be 
able to cope with the capturing and processing of these large traffic volumes so as to 
prevent the problem of packet dropping [19], [20], [21]. Also, Fig. 3. further depicts 
how membrane system was utilized through the introduction of the ∏AD_P model and 
implemented on a GPU. With this approach, the parallelism architecture of P system 
and GPU were explored to achieve high throughput and speedup, and were ultimately 
utilized to remarkably decrease the computational cost.    

 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Integrated Framework Architecture. 
 
Please note: The MS-B Algorithm which is one of the identified methods of using 

membrane system for intrusion detection is not discussed here because it is not within 
the scope of the paper. 

6 Conclusion & Future Works 

This framework is a conglomerate of three distinct projects. Since each project within 
this framework implements a unique strategy and solves a particular problem then, a 
(modular) disjointed/peculiar method of evaluation is proposed. Consequent upon this, 
a testing framework which is project dependent is recommended which would be able 
to show a clear benefit of each project and how it could be achieved. However, two of 
the models were evaluated using KDD Cup dataset. 

So, the future works would consider evaluating the other model of the framework 
using case studies and simulating it with the real-world problems. Also, it is 
envisioned for future research to investigate the application of the framework to other 
attacks in a rule-based environment. 
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Abstract. Spiking neural P systems are a class of distributed parallel
computing devices inspired from the way neurons communicate by means
of spikes. The necessary number of neurons to construct universal spiking
neural P systems is a current research hotspot. In this work, we design
the system by using the parallelism of the membrane system, and put all
the instructions of the register machine in the same neuron. In this way,
we can use less neurons to construct the system and make the simulation
of instruction more concisely. With anti-spike, in instructions execution
module, we only use standard rules. A universal systems without delay
having 24 neurons is constructed.

Keywords: Spiking neural P systems, Anti-spike, Small universal

1 Introduction

Spiking neural P systems (SN P systems, for short) have been introduced
in [1,2] as a new class of distributed and parallel computing devices. They were
inspired by membrane systems (also known as P systems) [3,4,5,6,7] and are
based on the neurophysiological behavior of neurons sending electrical impuls-
es to other neurons.Since the model was put forward, for various SN P system,
computation complete and the necessary number of neurons to construct univer-
sal P systems became a hotspot of research[8,9,10]. In this work, we investigate
the necessary number of neurons to construct universal P systems with anti-
spike. Andrei Păun put forward the problem for the first time in [11]. There
is a universal computing SN P system with standard rules having 84 neurons
and there is a universal number generating SN P system with standard rules
having 76 neurons. Since then, Pan. L, see, e.g. [12,13,14] research separately
the instruction of relationship, without delay rules, and weighted SN P system
with rules on synapses. Small general research for SN P system, not only has the
⋆ Zhou Kang is corresponding author (phone: 0086-027-85504737; fax: 0086-027-

85504742; e-mail: zhoukang wh@163.com).
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traditional computer science significance to require fewer resources, but also has
its significance of life science to seek the minimum general "brain".Basic idea
mainly comes from the [11], simulating the general register machine by SN P
system, one neuron is associated with each instruction of register machine. For
the general register machine, each registry and each instruction have at least a
corresponding neurons(It usually need auxiliary neurons to complete the corre-
sponding instruction). Notice the membrane system parallelism, in the simula-
tion, the advantage in parallel did not play completely. Because the instructions
of register machine are serialized. For step t, the ith instruction is executed.
At this point, only the neurons corresponding the ith instruction is fire, most
other neurons are not fire. Considering the parallelism of membrane system, we
can put all instructions in the same neuron, so the all instructions neurons and
their corresponding auxiliary neurons was reduced to one. During the execution
of the ith instruction, through the rules, only the neurons corresponding the
ith instruction can take fire. In this way, we can greatly reduce the number of
neurons. Compared with computer science, in the process of general simulation,
registry is used to store data, corresponding hardware. And instruction is used
to deal with the data according to certain rules, corresponding to the software.
L. Pan , X. Zhang put forward in literature[15], a neuron is used to store all of
the instructions, and the corresponding small universal system is constructed.
Through simulating the general register machine in literature [16,17], based on
extended rules the small universal SN P system can be made up of 12 neuron-
s without delay rule. In 2009 L. Pan proposes a SN P system with anti-spike
and proves that under the pure rules, the system has the calculation completely.
Readers can refer to [18]for more information. And then, in the literature [19] to
study the ability to produce language. In the literature [20], the homogeneous SN
P system with anti-spikes has proved its generality. There are many other works
about anti-spikes you can refer to[21,22,23] and SN p you can refer to[24-30].

In this paper, based on the above work, according to [15], by constructing
a neuron store all instructions, we construct a small general SN P system. The
remainder of this paper is organized as follows: we first introduce related work
in Sect.2 and then elaborate the proposed small universal SN P Systems with
anti-Spikes in Sect.3. Comprehensive study and proof are discussed in Sect.4.
And finally, Sect.5 give conclusion and acknowledgement.

2 Prerequisites

The reader must have some familiarity with language and automata theory,
as well as with membrane computing, so that we recall here only a few important
definitions. For more details you can refer to [13] and [14]. For an alphabet V, V ∗

is the free generated by V with respect to the concatenation operation and the
identity λ (the empty string); the set of all nonempty strings over V , that is
V ∗ − λ, is denoted by V +.

A regular expression over an alphabet V is defined as follows:
(1) λ and each a ∈ V are regular expressions over V ;
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(2) if E1, E2 are regular expressions, then (E1)∪(E2), (E1)(E2) and (E1)
+

are regular expressions over V;
(3) nothing else is a regular expressions over V .
In this work, the regular expression is mainly used as a judge in which neurons

are fire.
Regular languages are defined by means of regular expressions, which will

be essentially used also in our main definition in the next section. With each
regular expression E there associate a language L(E), defined as follow:

(1) L(λ)=λ and L(a) = a, for all a ∈V ;
(2) L((E1)∪(E2)) =L(E1)∪ L(E2); L((E1)(E2)) = L(E1)L(E2);
L((E1)

+) = L(E1)
+ for all regular expressions E1, E2∈V .

2.1 Universal Register Machine

The register machine has the form:

M = (m,H, l0, lh, I)

where m is the number of registers, H is the set of instruction labels, l0 is the
start label, lh is the halt label, and I is the set of instructions.

The instructions are of the following forms:
(1) li : (ADD(r), lj , lk)): add 1 to register r and then go to one the instruc-

tions with labels lj and lk, non-deterministically chosen.
(2) li : (SUB(r), lj , lk)): if register r is non-empty, then subtract 1 from it

and go to the instruction with label lj , otherwise go to the instruction with label
lk.

(3) HALT: the halt instruction.
A register machine is a construct Mu = (8,H, l0, lh, I), which is of the fol-

lowing forms:

Table 1. The Universal Register Machine

l0 : (SUB(1), l1, l2) l1 : (ADD(7), l0)
l2 : (ADD(6), l3) l3 : (SUB(5), l2, l4)
l4 : (SUB(6), l5, l3) l5 : (ADD(5), l6)
l6 : (SUB(7), l7, l8) l7 : (ADD(1), l4)
l8 : (SUB(6), l9, l0) l9 : (ADD(6), l10)
l10 : (SUB(4), l0, l11) l11 : (SUB(5), l12, l13)
l12 : (SUB(5), l14, l15) l13 : (SUB(2), l18, l19)
l14 : (SUB(5), l16, l17) l15 : (SUB(3), l18, l20)
l16 : (ADD(4), l11) l17 : (ADD(2), l21)
l18 : (SUB(4), l0, lh) l19 : (SUB(0), l0, l18)
l20 : (ADD(0), l0) l21 : (ADD(3), l18)
lh : HALT
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2.2 Spiking Neural P Systems with Anti-Spikes

A computing SN P system of degree m ≥ 1, is a construct of the form:

Π = (O, σ1, σ2, · · · , σm, syn, in, out)

where:
1. O = {a, a} is the alphabet, a is called spike, a is called anti-spike;
2. σi are neurons of the form: σi = (ni, Ri), 1 ≤ i ≤ m, ni is the initial

number of spikes contained in σi; Ri is a finite set of rules, they have the two
forms:

(1)E�ac → ap; d, where E is a regular expression over a, and c ≥ 1, d ≥ 0,
p ≥ 1, with the restriction c ≥ p;

(2)as → λ, for s ≥ 1, with the restriction that for each rule E�ac → ap; d of
type(1) from Ri, we have as /∈ L(E);

3. syn ⊆ {1, 2, · · · ,m} × {1, 2, · · · ,m},1 ≤ i ≤ m, (i, i) /∈ syn.
4. in, out ∈ {1, 2, · · · ,m} indicate the input and output neurons, respectively.
Note that the rules are used as in a usual SN P system, with the fact that

a, a cannot stay together, a rule of the form: aa → λ is applied immediately in
a maximal manner, and it takes no time.

The initial configuration is described by the numbers n1, n2, · · · , nm of spikes
present in any neuron, with all being open. During the process, a configuration
of the system is presented by both the number of spikes exit in any neuron and
by the state of the neuron, that is, by the number of steps to count down until
it becomes open. Thus, ⟨r1/t1, · · · , rm/tm⟩ is the configuration where neuron σi

contains ri ≥ 0 spikes and it will be open after ti ≥ 0 step, i = 1, 2, · · · ,m; with
this notation, the initial configuration is C0 = ⟨n1/0, · · · , nm/0⟩ .

3 A Small Universal SN P system with Anti-spike

We are still using the idea of simulated universal register machine to construct
the small universal system in this work.

A SN P system with anti-spike consists of four modules: state instruction
module, cycle trigger module, register module (simulation instruction in the
registry operation) and output module (decoding output and an end to the
system). Through to the corresponding part of the structure features and rules,
the final system as shown in the figure below:

Among them, the rounded part of the corresponding neurons for instruction
selection module; the rectangular part of the corresponding neurons for instruc-
tion execution module. The dashed part is the registry neurons feedback signal,
mainly is the instructions of subtraction and halt. In the instruction execution
module, all rules are standard rules.

First of all, there have a problem. The construction does not allow subtraction
operation on the neuron where we place the result. Register 0 is subject of such
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Fig. 1. The Structure of System

operations, l19 : (SUB(0), l0, l18). So A.Păun deal with it in this way: add a
register-label it with 8- and place the halt instruction with the following:

l22 : (SUB(0), l23, l24) l23 : (ADD(8), l22) l24 : HALT

Considering the instruction of register machine are serialized, and parallel
computing is one of the biggest advantige of the membrane system. For exam-
ple, at time t, the ith instructions is executed. At this point, only the neurons
corresponding the ith instruction is in the excited state, most other neurons are
not excited state. Considering the parallelism of membrane system, we can put
all instructions in the same neuron, so the all instructions neurons and their cor-
responding auxiliary neurons was reduced to one. During the execution of the ith
instruction, through the rules, only the neurons corresponding the ith instruc-
tion can take fire. In this way, we can greatly reduce the number of neurons.
we design the system is divided into two main modules. The first is instruction
choice module, main task is to select the corresponding instruction, and go to
next instruction; The second is the instruction execution module, main task is
to do the calculation in the corresponding register.

There are two tasks we must to solve: (1) for the neurons storing instruction,
need to choose the next instruction and choose which register is operation at the
same time. (2)for each neurons corresponding register, need to choose the type
of instructions (addition or subtraction), and do the corresponding operation;
For addition, the calculation results has no effect to choice the next instruction,
easy to implement. But subtraction, we need to determine whether the number
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Table 2. The Rules Associated with Neurons

neurons The rules

σai(0 ≤ i ≤ 8) a→ λ, a2i+2 → a, a2i+3 → a; a2j+3 → λ, a2j+2 → λ(j ̸= i)
σa9 a→ a, a→ a
σa10 a→ λ, a→ a

σi(0 ≤ i ≤ 7) a(a2)
+/

a→ a, a→ a

σ8
a(a2)

+/
a2 → a, a→ a

σout a→ a, a2 → a, a→ λ
σb1 , σb2 aT → aT

σstate Rm =

{
aP (m)(a20)

+/
aP (m) → a19

}
σstate Rli =

{
ap(i)(aT )

+/
ap(i)+T−p(j) → a2r+3, a

p(i)(aT )
+/

ap(i)+T−p(k) → a2r+3

}
σstate Rli =

 ap(i)(aT )
+/

aT+2 → a2r+2

ap(i)−1(aT )
+/

ap(i)−1+T−p(j) → a, a
p(i)−3(aT )

+/
ap(i)−2+T−p(k) → a


in the registry is 0, and need to return information to the neurons corresponding
store instruction.

3.1 The Structure of Neuron σstate

As mentioned earlier, at time t, the ith instructions is executed. At this point,
only the neurons corresponding the ith instruction is in the excited state, most
other neurons are not excited state. Considering the parallelism of membrane
system, we can put all instructions in the same neuron, so the all instruction
neurons and their corresponding auxiliary neurons was reduced to one. During
the execution of the ith instruction, through the rules, only the neurons corre-
sponding the ith instruction can take fire. Now we put the 25 instructions in one
neuron, refer to [8], called σstate. The form as following:

Rstate = l0 ∪ l1 ∪ · · · ∪ l25

For neuron σstate, need to solve at the same time: choose the next instruction
and choose which register. we can use a forgetting rule to achieve it.

For add instruction, li : (ADD(r), lj , lk), the forgetting rule as the following:

Rli =

{
ap(i)(aT )

+/
ap(i)+T−p(j) → a2r+3, a

p(i)(aT )
+/

ap(i)+T−p(k) → a2r+3

}
For sub instruction, li : (SUB(r), lj , lk) , the forgetting rule as the following:

Rli =


ap(i)(aT )

+/
aT+2 → a2r+2

ap(i)−1(aT )
+/

ap(i)−1+T−p(j) → a

ap(i)−3(aT )
+/

ap(i)−2+T−p(k) → a
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Among them, the first step is only selected the corresponding register; After
the feedback of the corresponding register, if the corresponding information and
regular expression match, and then select the next instruction.

Remark: we assume that T = 20;P (i) = 4(i+1). The value of the T is differ-
ence from number corresponding instruction. As long as meet: T > max(P (i)) ,
and P (i) = 4(i+ 1) is mainly used in the subtraction instructions to different.

3.2 The Structure of Auxiliary neurons σa

There are two kind auxiliary neurons. The first kind auxiliary neurons aim is
to determine which neuron operate and do what kind operation(ADD or SUB)
though accept the spikes from neuron σstate. The spike from neuron must be
identified by auxiliary neurons σai(0 ≤ i ≤ 7), and need to differentiate instruc-
tion type. Based on coding theory, 19 kinds of signals can be used. There are
rules corresponding auxiliary neurons:

Table 3. The Rules of Auxiliary neurons

neurons σa0 σa1 σa2 σa3 σa4 σa5 σa6 σa7 σa8

SUB 2 4 6 8 10 12 14 16 18
ADD 3 5 7 9 11 13 15 17 19

Assume that at some moment, neurons σai(0 ≤ i ≤ 7) receives 11 spikes,
only neuron σ4 can be fire by the rule: a2i+3 → a, then we can see that this
means register 4 should do ADD instruction, and the other registers do nothing.

The second kind auxiliary neurons aim is to deal with the operation only
use standard rule in the instruction execution module. Because the encoding
of the value n of a register R is done by means of placing 2n spikes in the
neuron associated with the register. If we want to add 1 in some register, we
should send 2 spikes. When do ADD, neurons σ9, σ10 accept one spike form
σai(0 ≤ i ≤ 7), then they send two spikes to the same neurons corresponding
some register use rule a → a. When do SUB, neurons σ9, σ10 accept one anti-
spike form σai(0 ≤ i ≤ 7), then they send one anti-spikes to the same neurons
corresponding some register by using rule a→ a,a→ λ.

4 Proof and Conclusion

Theorem :There is a universal SN P system with anti-spike having 24 neu-
rons, in the instruction execution module, all rules are standard rules.
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4.1 Module ADD ( simulating li : (ADD(r), lj, lk))

We start by activating neuron σstate associated with the li label of M , when
firing, neuron σstate non-deterministically chose the rule

Rli =

{
ap(i)(aT )

+/
ap(i)+T−p(j) → a2r+3

}
produces 2r+3 spikes, which are sent to all neuron σai(0 ≤ i ≤ 7) . The number
of spikes in neuron σstate is of the form ap(j)(aT )+, it will activate neuron σstate

associated with the label lj of M .
For the neuron σai(0 ≤ i ≤ 7, i ̸= r),use the rule a2i+3 → λ ,and do nothing

with others. But the number of spikes in neuron σar is of the form 2i+3, hence
the rule can fire. Though the rule a → a of neuron σa9, σa10, neuron σr will
accept 2 spikes, it means the number of associated register add 1. And then no
rule can use. So in this way ,we simulate li : (ADD(r), lj , lk) ,the number of
register is add 1,and non-deterministically chose next instruction.

Therefore, the system can simulated ADD instruction correctly .It add 1 to
register r and then go to one instructions with labels lj and lk, non-deterministically
chosen.

4.2 Module SUB ( simulating li : (SUB(r), lj, lk))

We start by activating neuron σstate associated with the li label of M , when
firing, neuron σstate use the rule:

ap(i)(aT )
+/

aT+2 → a2r+2

produces 2r+2 spikes, which are sent to all neuron σai(0 ≤ i ≤ 7) . The number
of spikes in neuron σstate is of the form ap(i)−2(aT )+, it con not activate neuron
σstate next time.

For the neuron σai(0 ≤ i ≤ 7, i ̸= r), use the rule a2i+2 → λ, and then do
nothing. But the number of spikes in neuron σar is of the form 2i + 2, hence
the rule a2i+2 → ā can fire, though the rule a → λ,a → a of neuron σa9, σa10,
neuron σr will accept 1 anti-spike.

(1) If there have 2n spikes in neuron σr already, that means the number of
spikes is not empty, now use the rule : aa → λ, then the number of spikes in
neuron σr is of the form a(a2)+, and it can use the rule:

a(a2)
+/

a→ a

it means the number of spikes in neuron σr reduce 2. And then the neuron σstate

accept the spike from neuron σr, the number of spikes in neuron σstate is of the
form ap(i)−1(aT )+. hence firstly the rule

ap(i)−1(aT )
+/

ap(i)−1+T−p(j) → a
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can fire, it will activate neuron σstate associated with the lj label of M . and
secondly a spike sent to all neuron σai(0 ≤ i ≤ 7). By the rule : a → λ, it con
not activate any neuron next time.

(2) If there have no spike in neuron σr, then the number of spikes in neuron
σr is only an anti-spike, it can use the rule: a → a .It means the number of
spikes in neuron σr is not change. And then the neuron σstate accept the anti-
spike from σr, the number of spikes in neuron σstate is of the form ap(i)−3(aT )+.
hence firstly the rule:

ap(i)−3(aT )
+/

ap(i)−3+T−p(k) → a

can fire, it will activate neuron σstate associated with the lk label of M . and
secondly a spike sent to all neuron σai(0 ≤ i ≤ 7). By the rule : a → λ, it con
not activate any neuron next time.

4.3 Module OUTPUT

We start by activating neuron σstate associated with the halt label of M ,
when firing, neuron σstate use the rule:

aP (m)(a20)
+/

aP (m) → a19

produces 19 spikes, which are sent to neuron σa8 . The number of spikes from
neuron σa8 is of the form 2i + 3, hence (1) the rule a2i+3 → a can fire, but (2)
no rule used for neuron σstate can fire.

Now register 8 has 2n spikes, add the spike from neuron σa8, the number of

spikes in neuron σ8 is of the form 2n+1, the rule a(a2)
+/

a2 → a fire, hence (1)
the rule of neuron σout: a2 → a can fire and send a spike to out, but (2) no rule
used for neuron σb2 can fire.

Then register 8 has 2n − 1 spikes, the rule a(a2)
+/

a2 → a fire again, then
the rule of neuron σout:a → λ can fire. It continue do until the neuron σ8 only
has one spike. The last time when neuron σ8 fire, it use the rule a → a, hence
neuron σout fire again, and then the system halts. In this way, we get the spike
train 10n1, encoding the number n as the result of the computation.

5 Conclusions and Remark

This paper mainly studied the small general of SN P system, based on the
parallelism of P system, we put all the instructions on the same neurons, and
reduces the number of necessary neuron greatly. In this way, we can use less
neurons to construct the system and make the simulation of instruction more
concise. In particular, using anti-spike, all instructions operation use standard
rules. A universal systems without delay rules having 24 neurons is constructed.
But the choice of instruction must be implemented through rules, the difficulty
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of the rules greatly increased. Similar to computer science, through software
programming to save hardware cost. How to find a way which can make not only
the number of neurons decreased, but also the complexity of the rules moderate,
This is a problem. At the same time, the anti-spikes is only used in the registry
operation. How to use the two kind spikes to encode more information, such as
9 registry must have 18 spikes to differentiate, if we use the two kind spikes to
reduce the number of spike for 9? this problem is to consider in the future. On
the other hand, this idea can deal with other kind of SN P system? it is a quite
interesting problem.
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18. L.Q.Pan, Gh. Păun. Spiking neural P systems with anti-spikes. Int.J.of Computers,

Communications and Control, 4(3):273-282 (2009)
19. Krithivasan.K, Metta.V.P, Garg.D. On string languages generated by spiking neu-

ral P systems with anti-spikes. International Journalof Foundations of Computer
Science, 22(1):15-27(2011)

20. X.W.Peng, X.Fan. Homogeneous Spiking Neural P Systems with Anti-spikes. Jour-
nal of Chinese Computer Systems(2013)

21. T.Song, L.Pan, J.Wang, I.Venkat. Normal forms of spiking neural P systems with
anti-spikes. IEEE Transactions on Nanobioscience,11(4):273-282(2012)

22. T.Song, X.Liu, X.Zeng. Asynchronous Spiking Neural P Systems with Anti-Spikes.
Neural Processing Letters,42(3):1-15(2014)

23. T.Song, Y.Jiang, X.Shi. Small Universal Spiking Neural P Systems with Anti-
Spikes. Journal of Computational and Theoretical Nanoscience, 10(4):999-1006
(2013)

24. X.Y.Zhang, L.Q.Pan, A.Pĺčun. On universality of axon P systems. IEEE Transac-
tions on Neural Networks and Learning Systems, 2015, 26(11): 2816-2829.

25. X.X.Zeng, L.Xu, X.R.Liu, L.Q.Pan. On Languages Generated by Spiking Neural
P Systems with Weights, Information Sciences, 2014, 278, 423-433.

26. X.Wang, T.Song, F.Gong, P.Zheng. On the computational power of spiking neural
P systems with self-organization, Scientific Reports, 2016, DOI: 10.1038/srep27624.

27. X.X.Zeng, X.Y.Zhang, T.Song, L.Q.Pan. Spiking Neural P Systems with Thresh-
olds, Neural Computation, 2014, 26(7): 1340-1361.

28. X.Y.Zhang, B.J.Wang, L.Q.Pan. Spiking neural P systems with a generalized use
of rules. Neural Computation, 2014, 26(12): 2925-2943.

29. X.X.Zeng. Research on computational property of spiking neural P systems.
Wuhan: Hua Zhong University of Science Technology, (2011)

30. T.Song. Research on computational properties and Applications of spiking neural
P systems. Wuhan: Hua Zhong University of Science Technology(2013)



Process Guided P System with Graph
Productions and Applications

Williams Sureshkumar, Kalpana Mahalingam, Raghavan Rama ?

Department of Mathematics,
Indian Institute of Technology, Madras, Chennai-36.

wisureshkumariit@gmail.com, kmahalingam@iitm.ac.in, ramar@iitm.ac.in

Abstract. P systems with graph productions was introduced by
Freund in the year 2004 and any recursively enumerable language of
weakly connected graphs was shown to be generated by such a variant
of P system. P systems with graph productions acting on any connected
graph is introduced in this paper. Such systems do not compute freely by
the productions, but are guided by a ‘string’ which indicate the possible
applications of the rules. We name it as process guided P system with
graph productions. We prove interesting theoretical results. Two direct
applications of this variant are given.

Keywords: Graph production; Regulated language; Recursively enu-
merable language; Spanning tree; Chemical graph.

1 Introduction

P systems are parallel/distributed computing models which compute any data
like strings, multi sets, graphs etc. [5]. Some well known work on P systems
with string objects can be found in [7, 8]. The computation proceeds in a par-
allel manner using the indicated rules in all the membranes on the given input.
The halting configuration is well defined for each variant where the output can
be viewed either in one of the elementary membranes or in the environment.
Two important classes of P systems that use catalyst along with the given data
structure are shown to be computationally universal [6]. Another approach to
view the evolution that generate languages by means of P systems with active
membranes is defined in [3]. In this model the evolution is shown to be com-
putationally universal. In [4], the authors have defined a variant of P system
with graph productions on weakly connected graphs. The productions were of
the following forms:

1. Add a node and connect it to an already existing node by a new edge.
2. Delete a node which is adjacent to exactly one edge together with this edge.
3. Change the label of a node.

? This work was funded by the Project No: MAT/15-16/046/DSTX/KALP, Depart-
ment of Science and Technology, Government of India.
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4. Add a new edge.
5. Delete an existing edge.
6. Change the label of an edge.

They have also shown that such systems with prioritized rules can generate
recursively enumerable languages of weakly connected graphs working in a single
membrane.

The concepts of control strings in P systems was first introduced by Ajeesh
Ramanujan [1, 2]. The P system in this model processes multiset of objects and
the evolution is based on the labels of the rules associated with them. In [11],
the authors have defined a P system, processing, isotonic arrays in a controlled
manner, predefined by strings over the labels of the rules, (i.e.,) the rules are
labeled and the strings over the labels indicate the sequence of applications of
the rules.

In this paper we define a P system with graph productions. Such a system
will rewrite any connected graph. The graph productions in all the membranes
are labeled. The processing or computation will be guided by a string over the
labels of the graph productions for a possible predefined halting configuration.
So, we call the system as Process Guided P System with Graph productions
(PGPSG). We study some interesting theoretical properties of this system. We
also give two interesting applications of the system. A PGPSG is constructed,
which will extract a spanning tree of a given connected graph using a context-
free language guidance. In the second application a chemical reaction is modeled
by a P system where the control is a regular language.

This paper is divided into five sections. Section 2 introduces the neces-
sary preliminaries. The definition of P system with graph productions is given.
Then we continue to define Process Guided P System with Graph productions
(PGPSG). We illustrate the working of this model with an example in this sec-
tion. Interesting theoretical results are given in section 3. Section 4 deals with the
two applications of our model. The last section presents the concluding remarks.

2 Definitions and Example

We refer the reader to [9] and [5] for basic notions, notations and results about
formal language theory and membrane computing respectively. For an alphabet
V , we denote by V ∗ the set of all strings over V, including the empty string,
denoted with λ; V ∗ \ {λ} is denoted by V +.

A graph G over (Vn, Ee) is a triple G = (N(G), n(G), E(G)), where Vn and
Ee are alphabets for labeling the nodes and edges respectively. N(G) is a finite
set of nodes and E(G) ⊆ (N(G)× Ee ×N(G)) is a finite set of edges of G. Let
n(G) : N(G)→ Vn be a labeling function for nodes in N(G). Any triple (s, r, t)
with s, t ∈ Vn, s 6= t, and r ∈ Ee can be interpreted as an edge between nodes
labeled s and t and the edge is labeled by r.

The graphs considered in this paper are finite, undirected, with no mul-
tiple edges nor self loops. A graph G = (N(G), n(G), E(G)) is called con-
nected if and only if between any two distinct nodes h, k ∈ N(G) of G there
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is a path between h and k. Then two possibilities arise i.e. either an edge
(h, e, k) ∈ E(G) or there exists a sequence of edges in E(G) of the form
(h, e1, k1), (k1, e2, k2), . . . , (km, em+1, k) joining h and k.

For any input graph G = (Vn, Ee) the graph rewriting rules are of the fol-
lowing forms:

1. Node Addition: A[X,λ, λ;Y, e, U ] or A[λ, λ,X;U, e, Y ] : Add a new node
with label U and connect it to an already existing node with label X by a
new edge labeled by e. Also change the label of the already existing node
from X to Y .

2. Deleting a Node: D[Y, e, U ;X,λ, λ] or D[U, e, Y ;λ, λ,X] : Delete a node
labeled by U which is incident with exactly one edge (Y, e, U) and change
the label of the remaining node from Y to X.

3. Node Label Change: C[X,λ, λ;Y, λ, λ] : Change the label of a node from
X to Y ; usually this production is written for short as C[X,Y ].

4. Edge Addition: A[X,λ, Z;Y, e, U ] : Add a new edge labeled by e between
two different nodes labeled by X and Z, where X and Z are not already
adjacent, at the same time changing the labels of the nodes from X and Z
to Y and U (in order to avoid multiple edges, this graph production can
only be applied to nodes which are not already connected by such an edge
labeled by e).

5. Deleting an Edge: D[Y, e, U ;X,λ, Z] : Delete an existing edge labeled
by e between two different nodes labeled by Y and U , at the same time
changing the labels of the nodes from Y and U to X and Z (this graph
production can only be applied if after the deletion of this edge labeled by
e the resulting graph is still connected).

6. Edge Label Change: C[X, d, Z;Y, e, U ] : Change the label of an edge,
between two different nodes labeled by X and Z, respectively, from d to e
at the same time changing the labels of the nodes from X and Z to Y and
U .

The above productions perform the operations given in Section 1 respectively
on an input which is a connected graph G.

2.1 P Systems with Local Graph Productions

We first define P systems with local graph productions as defined in [4].

Definition 1 ([4]). A P system with local graph productions is a construct Π
of the form Π = (Vn, Ee, Tn, Te, µ, g1, . . . , gn, (R1, ρ1), . . . , (Rn, ρn), io), where:

• Vn, Ee are the alphabets for the nodes and edges, respectively;
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• Tn, Te are the terminal alphabets for the nodes and edges, respectively;
• µ is a membrane structure with n membranes labeled in a one-to-one manner

with 1, 2, . . . , n;
• g1, . . . , gn are set of connected graphs over (Vn, Ee) associated with the re-

gions enclosed by the membranes 1, 2, . . . , n of µ;
• R1, . . . , Rn are finite sets of rules associated with the (regions enclosed by the)

membranes 1, 2, . . . , n: which are of the form (p, tar), where p is a local graph
production over (Vn, Ee) and tar ∈ {in, out, here} is the target assigned to
p;

• ρ1, . . . , ρn are partial order relations over R1, . . . , Rn;
• i0 ∈ {1, 2, . . . , n} is the label of the output membrane.

Starting from the initial configuration, the system passes from one configura-
tion to another one by non-deterministically choosing a rule from Ri (if possible)
for each of the underlying connected graphs in every region. These rules are ap-
plied in parallel to these graphs, which are modified according to the graph
productions p and shift according to the assigned target.

A sequence of transitions is called a computation; it is successful if and only
if it halts (i.e., No rule can be applied to any of the connected graphs in any
region). The result of a successful computation then, is the set of all graphs over
(Tn, Te) present in the designated output membrane i0.

2.2 Process Guided P Systems with Graph Productions

We now introduce process guided P systems with graph productions and we
denote it as PGPSG.

Definition 2. A Process Guided P systems with graph productions (PGPSG)
Π of degree n (≥ 1) is a construct

Π =
(
Vn, Ee, Tn, Te, µ, g1, . . . , gn, (R1, ρ1), . . . , (Rn, ρn), io, H, F

)
,

where: Vn, Ve, Tn, Te, µ, g1, . . . , gn, (R1, ρ1), . . . , (Rn, ρn), io are same as in Defi-
nition 1, H is a finite alphabet set, which are used for labeling the rules and F
is the set of final configurations.

Let R = ∪ni=1Ri. Here we assign a label to every rule in R where the labels
are chosen from a finite alphabet H or the labels can be λ (empty label). Define
a function f : R → H ∪ {λ} called a labeling function that assign a label
to each rule in R. Noting that more than one rule may have the same label,
but the same rule in different membranes cannot be assigned different labels.
We extend the labeling for a label sequence S = l1 l2 . . . lk ∈ R∗ as follows :

f(λ) = λ and f(l1 l2 . . . lk) = f(l1)f(l2 . . . lk). A transition C
b⇒ C

′
between two

successive configurations uses only rules with the same label b and rules labeled
with λ. If at least one rule has a label b ∈ H then the transition is called λ-
restricted transition. If we allow all rules with λ label then the transition is called
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λ-unrestricted transition (or λ-transition). S is called the regulating
/

guiding
string.

The working of Π is as follows: A regulating string of input symbols (over
H) is said to be accepted if all its symbols are consumed and Π reaches a
configuration in the set F . The set of all regulating strings accepted in this way
by computations in a PGPSG Π is denoted by LPGλPSG(Π). The subscript
indicates the fact that λ-steps (all rules applied in one step can have λ label) are
permitted. When only steps where at least one rule with a non-empty label is
used, the guiding language is denoted by LPGPSG(Π). The family of languages
LPGPSG(Π) associated with PGPSG with at most m membranes, working
in accepting mode is denoted by LPGPSGm. In the λ-unrestricted case, the
corresponding language family is denoted by LPGλPSGm.

Example 1. In this example we construct a PGPSG Π1 which halts on a path of

length n (n ≥ 1). Let Π1 =
(
{S}, {φ}, {x}, {e}, [1]1, g1, R1, 1, {a}, F

)
, where g1

contains a single node labeled by S, R1 =
{

1) a : A[S, λ, λ;x, e, S], here , 2) a :

A[S, λ, λ;x, e, x], here
}

and the set of final configuration F is the set of all paths

shown in Figure 1.

x x x x x x x x x
e e e e e e, , . . . . . .,

Fig. 1. path graphs of F

The working of PGPSG Π1 is as follows: Starting with a single node labeled
by a non-terminal S, the repeated application of rule ‘1’ n times, produces a
path with (n + 1) nodes and the (n + 1)th node is labeled by S, the remaining
n nodes are labeled with x. Each edge in the obtained path is labeled by e. To
terminate this process apply rule ‘2’ once. The corresponding guiding language
accepted by Π1 is LPGPSG1(Π1) = {an

∣∣ n = |E(G)|}. The system Π1 accepts
an input string when the input string is processed completely and the output
membrane contains path graphs from F .

3 Theoretical Results

In this section, we show the existence of PGPSG that accepts the set of all
complete graphs, the set of all complete bipartite graphs and set of all cycles of
length n for (n ≥ 3, n = |E(G)| = |V (G)|). We also prove that LPGλPSG? is
equal to RE.

Proposition 1. There exists a PGPSG that halts on a complete graph
with n vertices (n ≥ 2) and accepts the guiding context-sensitive language{
a1+2+...+(n−1)

∣∣ n ≥ 2, n = |V (G)|
}

.
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Proof. Consider the guiding context-sensitive language
{
a1+2+...+(n−1)

∣∣ n ≥
2, n = |V (G)|

}
. The construction of PGPSG Π3 with one membrane is as

follows:
Let Π3 =

(
{S}, {φ}, {x}, {e}, [1]1, g1, R1, 1, {a}, F

)
, where

R1 =
{

1) a : A[S, λ, λ;S, e, x], here ,

2) a : A[S, λ, λ;x, e, x], here ,

3) a : A[x, λ, x;x, e, x], here
}

,

g1 contains a single node labeled by S and the set of final configuration
F is the set of complete graphs with n vertices (n ≥ 2) (see Figure 2).
The guiding context-sensitive language accepted by Π3 is LPGPSG1(Π3) ={
a1+2+...+(n−1)

∣∣ n ≥ 2, n = |V (G)|
}

.

x x
e ,

x x
e

x

e

,
x

e
x

x

x

e
e

ee

e ,

x

x

x

x

x

e
e

e

e

e
e e

e

e

e

, . . . . . .

Fig. 2. The set of all complete graphs in F of Π3

The PGPSG Π3 constructed above works as follows: In the initial config-
uration, Π3 contains a single node labeled by a non-terminal S. By repeated
application of rule ‘1’ (n − 2) times, followed by rule ‘2’ once, we obtain the
connected graph with n nodes and (n − 1) edges where each node is labeled
by x and each edge is labeled by e. Finally, applying (1 + 2 + . . . + (n − 2))
times rule ‘3’ for all possible pair of nodes (x, x), we get the resultant complete
graph. Each regulated string accepted by Π3 corresponds to a complete graph
in F . So the system guided by strings in the context-sensitive language halts in
a configuration of F .

Proposition 2. There exists a PGPSG that halts on a complete bipartite graph
with (m+ n) vertices (m ≥ 1, n ≥ 1) and accepts the context-sensitive language{
amn+1

∣∣ m = |N1| , n = |N2| , m 6= n
}
∪
{
amn+1

∣∣ m = |N1| , n = |N2| , m =

n
}

.

Proof. Let Km,n (m ≥ 1, n ≥ 1) be a complete bipartite graph on (m + n)
vertices, whose vertex set is partitioned into sets N1 with m nodes and N2 with
n nodes. Now, we construct a PGPSG Π4 such that it accepts the context-
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sensitive language
{
amn+1

∣∣ m = |N1| , n = |N2| , m 6= n
}
∪
{
amn+1

∣∣ m =

|N1| , n = |N2| , m = n
}

and halts on a complete bipartite graph.

Let Π4 =
(
{S, Y }, {φ}, {x, y}, {e}, [1[2]2]1, g1, g2, R1, R2, 2, {a}, F

)
, where

R1 =
{

1) a : A[S, λ, λ;S, e, y], here ,

2) a : A[S, λ, λ;x, e, Y ], here ,
3) a : A[λ, λ, Y ;x, e, Y ], here ,

4) a : C[Y ; y], in2

}
,

R2 =
{

5) a : A[x, λ, y;x, e, y], here
}

,

g1 contains a single node labeled by S, g2 = {∅} and the set of final configurations
F is the set of complete bipartite graphs with (m + n) vertices (m ≥ 1, n ≥
1) (see Figure 3). The guiding context-sensitive language accepted by Π4 is

LPGPSG2(Π4) =
{
amn+1

∣∣ m = |N1| , n = |N2| , m 6= n
}
∪
{
amn+1

∣∣ m =

|N1| , n = |N2| , m = n
}

.

x y
e ,

x y
e

y

e

x y
e

x

e

,

x y
e

x

,

e

e e

y

. . . . . .,

Fig. 3. The set of all complete bipartite graphs in F of Π4

The working of PGPSG Π4 is as follows: In region 1, starting with a single
node labeled by S in partition N1, apply (n− 1) times rule ‘1’, followed by rule
‘2’ once. Then n nodes in partition N2 are produced, the first (n− 1) nodes are
labeled by y and the nth node is labeled by Y . At the same time the node S in
N1 is renamed as x and it is connected with each node in N2 by an edge labeled
by e. Now, apply (m− 1) times rule ‘3’ followed by rule ‘4’ once. The remaining
(m − 1) nodes in N1 are produced and are labeled by x. The node Y in N2

is renamed by y and it is connected with each node in N1 by an edge labeled
by e. The resultant graph is expelled to region 2. In region 2, apply rule ‘5’ to
all possible pair of nodes (x, y), x in N1 and y in N2 by an edge labeled by e,
we obtain a complete bipartite graph Km,n. Each regulated string accepted by
Π4 corresponds to a complete bipartite graph in F . So the system accepts the
context-sensitive language for the given final configuration.

We state the following Proposition without proof. The proof will be similar to
Proposition 1 and 2.
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Proposition 3. There exists a PGPSG that halts on a cycle of length n (n ≥
3, n = |E(G)| = |V (G)|) and accepts the guiding regular language

{
an
∣∣ n ≥ 3

}
.

In all the above results we have not used λ-labelled graph productions. The
following theorem is given to show the power of λ-labelled rules.

Theorem 1. LPGλPSG? = RE

Proof. The inclusion LPGλPSG? ⊆ RE follows from Church-Turing hypothesis.

For the proof of the inclusion RE ⊆ LPGλPSG?, it is enough to prove that
RE ⊆ LPGλPSG1, since LPGλPSG1 ⊆ LPGλPSG?.

Let H = {a1, a2, . . . , ak} and let L ⊆ H∗ be a recursively enumerable lan-
guage. Let e : H 7→ {11, 12, 13, . . . , 1k} such that e(ai) = 1i, 1 ≤ i ≤ k. The
encoding for a string w = aiaj . . . al, ai, aj , . . . , al ∈ H is as follows:

e(w) = 0e(ai)0e(aj)0 . . . 0e(al)0 .

For any L, there exists a Turing machine M = (K, {0, 1}, Γ, δ, q0, F
′
) which

halts after processing the input i0 placed in its input tape if and only if i0 = e(w)
for some w ∈ L. So it is sufficient to show how to simulate the encoding e(w), and
simulate the transitions of the Turing machine with a PGPSG. The transitions
of the Turing machine are simulated by a PGPSG is as follows:

• The transition δ(q, a) = (p, b, R) is simulated by the graph production

A[(q, a), λ, λ; (q, a), a, (p, b)], here .

• The transition δ(q, a) = (p, b, L) is simulated by the graph production

A[λ, λ, (q, a); (p, b), a, (q, a)], here .

We construct a PGPSG Π
′

=
(
Vn, Ee, Tn, Te, [1]1, w1, R1, 1, H, F

)
, where

Vn = {q0, q1, . . . , qk, qf}, Ee = φ, Tn =
{

0, 1
}
, Te =

{
0, 1
}

, w1 contains a single

node labeled by (q0, 0). R1 =
{
ai : A[(q0, 0), λ, λ; (q0, 0), 0, (qi, 1)], here

∣∣ ai ∈
H, 1 ≤ i ≤ k

}
∪ set of all graph productions corresponding to the transitions of

the Turing machine M which are labeled with λ. The set of final configurations
F is the set of linear graphs. The nodes of such graphs will have their labels
depending upon e(w). That is for a linear graph in F with n nodes, the first
(n − 1) nodes label will be either (q0, 0) or (qi, 1), 1 ≤ i ≤ k depending on the
corresponding symbol of e(w). The nth node is labeled by (qf , 0). The edges of
this graph is labeled by the symbols in e(w) in order, where w ∈ L.

The PGPSG Π
′

performs the following operations.



Process Guided P System with Graph Productions and Applications 9

1. For 1 ≤ i ≤ k, and the symbol ai ∈ H, the rule
A[(q0, 0), λ, λ; (q0, 0), 0, (qi, 1)], here, labeled with ai is used to intro-
duce the symbol qi, it is the symbol used in the first transition for
generating the encoding in Step 2.

2. Perform the computation e(au) = e(a)e(u), u ∈ H+, a ∈ H. Assume that
the encoding of w is represented by encoding of each symbol of u padded by 0
on both ends. The simulation of au is performed by the following transitions.

δ(qi, 1) = (qi−1, 1, R) ,

δ(qi−1, 1) = (qi−2, 1, R) ,

. . . . . . . . . . . . ,

δ(q2, 1) = (q1, 1, R) ,

δ(q1, 1) = (q0, 0, R)

The transitions of the sub-program can be simulated by the graph produc-
tions as shown in the beginning of the proof, and these rules are assigned
with label λ.

3. Repeat steps 1 and 2 non-deterministically until the last symbol of the
regulated string w is read/processed.

4. The output graph of the system is in F , which is the final configuration
set. The graph reduced in the system is equal to linear graphs with all
node except the last node are labeled either by (q0, 0) or (qi, 1), 1 ≤ i ≤ k
depending upon the symbols in e(w) and the edges are labeled by the
symbols in e(w) in order for some w ∈ H+. We now simulate the working of
the Turing machine M in recognizing the string e(w). If the Turing machine
halts, by introducing the following transitions:

δ(q0, 0) = (qf , 0, R)

and the corresponding graph production is labeled with λ, then w ∈ L, else
the machine goes into an infinite loop.

So, we can see that the computation halts after accepting a string w if and only
if w ∈ L.

ut

4 Applications

This section illustrates two direct applications of PGPSG. In the first applica-
tion, a spanning tree is obtained in a given connected graph by a PGPSG with
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a context-sensitive guiding language. In the second application, some interesting
chemical reactions are modeled via PGPSG.

4.1 Graph Problem: Spanning Tree

In the following theorem, we show how the PGPSG with one membrane and a
context-sensitive regulating language generates a spanning tree of a given con-
nected graph G.

Theorem 2. There exists a context-sensitive language L such that PGPSG
accepts L and halts at a spanning tree for a given connected graph G as input.

Proof. We construct a PGPSG Π5, which accepts a context-sensitive language{
anbm−(n−1)

∣∣ n = |V (G)| , m = |E(G)| , n ≥ 2
}

and halts on one of the

spanning tree of a connected graph G. The PGPSG Π5 with one membrane is
given as

Π5 =
(
{N,A}, {φ}, {x}, {0, 1}, [1]1, g1, R1, 1, {a, b}, F

)
, where

R1 =
{

1) a : C[x, 0, N ;x, 1, x], here > 2) b : D[x, 0, x;x, λ, x], here >

3) a : C[N ;x], here
}

,

g1 contains a connected graph G with n nodes, where each node is labeled by N
and each edge is labeled by 0 (see Figure 4) and F = is a set of spanning trees
of the input graph G. The regulated context-sensitive language accepted by Π5

is LPGPSG1(Π5) =
{
anbm−(n−1)

∣∣ n = |V (G)| , m = |E(G)| , n ≥ 2
}

.

In this proof, to a given input, the system adds neither new nodes nor new
edges. Only the renaming and deletion operations are applied on nodes and
edges. The working of PGPSG Π5 is as follows: In the initial configuration, the
connected graph G with n nodes with each node being labeled by N and each
edge being labeled by 0 is in region 1. In region 1, we apply the only possible
lowest priority rule ‘3’ once, rename one of the node of G as x. Now, apply (n−1)
times the higher priority rule ‘1’, rename all the nodes labeled by N as x and the
corresponding edges are renamed by 1. Then apply m− (n−1) times the second
priority rule ‘2’, delete all the edges labeled by 0 and halt the computation. The
resulting graph is a spanning tree with all nodes labeled by x and the edges
labeled by 1 (see Figure 4). Each regulated string accepted by Π5 is corresponds
to a spanning tree of graph G in F . So the system accepts the context-sensitive
language for the given final configuration.

ut

4.2 Chemical Graphs

Chemical graphs are just graph-based descriptions of molecules, with nodes
representing the atoms, each one of them labeled by the type (the name of the
corresponding element), and edges representing the bonds, with a non-negative
weight describing the order of the bond (0 for a non-existent bond, 1 for a single
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Fig. 4. The computation of spanning tree from a connected graph.

bond, 2 for a double bond, and 3 for a triple bond).

Definition 3 ([10]). A chemical graph is a weighted graph (V,E, ψ), with (V,E)
an undirected graph (without multiple edges or self-loops) all whose nodes are
labeled by means of chemical elements, and ψ : E → N a weight function. The
valence of a node in a chemical graph is the total weight of the edges incident to
it.
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Fig. 5. The set of all acyclic alkane with the general chemical formula CnH2n+2.

The set of all acyclic alkane with the general chemical formula CnH2n+2

is given in Figure 5. For n = 1, 2, 3, 4, 5, . . ., the chemical formula
CH4, C2H6, C3H8, C4H10, C5H12, . . . denotes the chemical compound methane,
ethane, propane, butane, pentane, . . . so on. Now, we can represent these chem-
ical components by a connected graph and we call these graphs as chemical
graphs. The representation is as follows:
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• Each carbon molecule represented as a node labeled by c.

• Each hydrogen molecule represented as a node labeled by h.

• The bond between any of these two molecules represented by an edge
labeled by 1.

Remark 1. The PGPSG always halts on a connected graph, each of whose node
is labeled by a terminal symbol. But chemical compounds are usually represented
either by an uppercase alphabet or by an uppercase alphabet followed by lower
case alphabet. For example, Sodium, carbon, calcium and oxygen are represented
by Na, C, Ca and O. Hence, we represent these chemical compounds by na, c,
ca and o.

Remark 2. Suppose, there is a double bond existing between two molecules then
we represent this by an edge labeled by 2. In general, if a k bond exists between
two molecules then we represent this by an edge labeled by k. Also, an edge
labeled 0 indicates there is no bond between two molecules but there is -ive
(negative) and +ive (positive) charge in the molecules.

The chemical graph representation of Figure 5 is given in Figure 6.
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Fig. 6. The chemical graph representation of acyclic alkane with chemical formula
CnH2n+2.

The following proposition constructs a P system which will always output a
chemical graph CnH2n+2, for n ≥ 1. The process is guided by a regular language.
The important observation is that such a chemical graph can not be an output
of a P system with one membrane. Since P system is a distributed computing
model, a controlled repetitive process can be achieved by alternatively shift-
ing the object (connected graph) from one membrane to another. To generate
CnH2n+2, in the following proposition we first generate
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H
|

H − C
|
H

and then

H
|
C
|
H

is generated for (n− 1) times. This repetitive process requires additional mem-
brane. Finally generate one H.

Proposition 4. There exists a PGPSG that halts on a chemical graph denoted
by the chemical formula CnH2n+2, (n ≥ 1) and accepts the guiding regular lan-

guage
{
a3n+4

∣∣ n ≥ 1
}

.

Proof. Let CnH2n+2, n ≥ 1 be a chemical graph with 3n + 2 nodes. Now, we

construct a PGPSG Π6, which accepts the regular language
{
a3n+4

∣∣ n ≥ 1
}

and halts on a chemical graph denoted by the chemical formula CnH2n+2, (n ≥
1).

Let Π6 =
(
{S,B,D,E}, {φ}, {c, h}, {1}, [1[2]2]1, g1, g2, R1, R2, 2, {a}, F

)
, where

R1 =
{

1) a : A[λ, λ, S;h, 1, B], here ,

2) a : A[B, λ, λ;D, 1, h], here ,

3) a : A[D,λ, λ;E, 1, h] , in2

}
,

R2 =
{

4) a : A[E, λ, λ; c, 1, h], here ,

5) a : A[E, λ, λ; c, 1, B] , out
}

,

g1 contains a single node labeled by S, g2 = {∅} and the set of final configurations
F is the set chemical graph representation of acyclic alkane with chemical formula
CnH2n+2, (n ≥ 1) (see Figure 6). The guiding regular language accepted by Π6

is LPGPSG2(Π6) =
{
a3n+4

∣∣ n ≥ 1
}

.

The working of PGPSG Π6 is as follows: Starting with a single node labeled
by S in region 1, an application of rules ‘1’, ‘2’ and ‘3’ in order, rewrites the
single node S as a graph with a node labeled by E connected to three distinct
nodes, each labeled by h. An edge between each node h and node E labeled by
1, the resulting graph expels to region 2. In region 2 apply rule ‘5’, to relabel
the node E by a label c and connect it to a new node labeled by B. An edge
(c, 1, B) is introduced between c and B and is sent back to region 1. Repeating
this process (n − 1) times leads to the chemical graph CnH2n+2. To terminate
this process apply rule ‘4’ instead of rule ‘5’. The output graph is retained in
region 2.
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Chemical Reaction

Next we show how the chemical graphs are used to represent the chemical
reaction. We consider the chemical reaction of CH3OH (methanol) and NH3

(ammonia) that yields the chemical compound CH3ONH4 (ammonium methox-
ide). That is

CH3OH + NH3 → CH3ONH4

More precisely, we can represent the chemical structure of the above reaction
using graphs as shown in Figure 7 and Figure 8.
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Fig. 7. The chemical structure of the reaction of methanol and ammonia.
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Fig. 8. The chemical graph representation of the reaction of methanol and ammonia.

This reaction can be generalized as follows:

CnH2n+1OH + NH3 → CnH2n+1ONH4

The corresponding chemical graph representation of the above reaction is
given in Figure 9.

In the following proposition we model a chemical reaction by PGPSG that
has three membranes.
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Fig. 9. The chemical graph representation of the reaction of CnH2n+1OH (alkanol)
and NH3 (ammonia).

Proposition 5. There exists a PGPSG that simulates the chemical reaction
between CnH2n+1OH (alkanol), (n ≥ 1) and NH3 (ammonia), which produces
the chemical compound CnH2n+1ONH4 (ammonium alkoxide) as output when

it halts for a guiding regular language
{
a3n+2bde

∣∣ n ≥ 1
}

.

Proof. We construct a PGPSG Π7, which simulates a chemical reaction
between CnH2n+1OH (alkanol), (n ≥ 1) and NH3 (ammonia) to produce
the chemical compound CnH2n+1ONH4 (ammonium alkoxide)

(
as indicated

by X, see Figure 9
)

as output when it halts and accepts a regular language{
a3n+2bde

∣∣ n ≥ 1
}

.

LetΠ7 =
(
{S,B,D,E,H,O,N}, {φ}, {c, h, o, n}, {0, 1}, [1[2[3]3]2]1, g1, g2, g3, R1,

R2, R3, 3, {a, b, d, e}, F
)

, where

R1 =
{

1) a : A[λ, λ, S;h, 1, B], here ,

2) a : A[B, λ, λ;D, 1, h], here ,

3) a : A[D,λ, λ;E, 1, h] , in2

}
,

R2 =
{

4) a : A[E, λ, λ; c, 1, O], here ,

5) a : A[O, λ, λ; o, 1, H] , in3,

6) a : A[E, λ, λ; c, 1, B] , out
}

,

R3 =
{

7) b : A[H,λ,N ;h, 1, N ], here ,

8) d : A[o, λ,N ; o, 0, n], here ,

9) e : D[o, 1, h; o, λ, h], here
}

,

g1 contains a single node labeled by S, g2 = {∅}, g3 contains a chemical
graph corresponding to the chemical compound NH3 as shown in Figure 9 and

F =
{

(φ, φ,G
′
)
∣∣G′

is a chemical graph corresponding to the chemical compound



16 Williams Sureshkumar, Kalpana Mahalingam, Raghavan Rama

CnH2n+1ONH4 , n ≥ 1
(
as indicated by X, see Figure 9

) }
. The computation

of Π7 is guided by a regular language LPGPSG3(Π7) =
{
a3n+2bde

∣∣ n ≥ 1
}

.

The working of PGPSG Π7 is as follows: We divide the simulation of the
reaction into two steps. In the first step, simulate the chemical graph correspond-
ing to the chemical compound CnH2n+1OH (alkanol) for any (n ≥ 1) and in
the second step we simulate the reaction between CnH2n+1OH (alkanol) and
NH3 (ammonia).

Starting with a single node labeled by S in region 1, the application of rules
‘1’, ‘2’ and ‘3’ in order, rewrites the single node S as a graph with a node labeled
by E connected to three distinct nodes, each labeled by h. An edge between each
node h and node E labeled by 1 is assigned and the resulting graph is expelled to
region 2. In region 2 apply rule ‘6’, to relabel the node E by a label c and connect
it to a new node labeled by B. An edge labeled by 1 is introduced between c and
B and is sent back to region 1. Repetition of this process (n − 1) times, leads
to the chemical graph cnh2n+1. To terminate this process apply rule ‘4’ followed
by rule ‘5’, and the chemical graph corresponding to the chemical compound
cnh2n+1oH is expelled to region 3.

In region 3, apply rule ‘7’ to establish the edge (h, 1, n) between the nodes H
and N and relabel these nodes by h and n respectively. Next apply rule ‘8’ and
connect the nodes o and n with an edge (o, 0, n). Finally, apply the deletion rule
to delete the edge (o, 1, h) between the nodes o and h, the computation halts
and the output graph is retained in membrane 3.

Remark 3. The following chemical reactions can be modeled by a PGPSG with
a regular control.

1. The chemical reaction between CnH2n+1OH (alkanol), (n ≥ 1) and PH3

(phosphine), produce the chemical compound CnH2n+1OPH4 (phospho-
nium alkoxide). That is

CnH2n+1OH + PH3 → CnH2n+1OPH4

2. The chemical reaction between CnH2n+1OH (alkanol), (n ≥ 1) and SiH3

(silane), produce the chemical compound CnH2n+1OSiH4 (silanium alkox-
ide). That is

CnH2n+1OH + SiH3 → CnH2n+1OSiH4

3. The chemical reaction between CnH2n+1COOH , (alkanoic acid) (n ≥ 1)
and NH3 (ammonia), produce the chemical compound CnH2n+1COONH4

(ammonium alkanoate). That is

CnH2n+1COOH + NH3 → CnH2n+1COONH4
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4. The chemical reaction between CnH2n+1COOH ,(alkanoic acid) (n ≥ 1)
and PH3 (phosphine), produce the chemical compound CnH2n+1COOPH4

(phosphonium alkanoate). That is

CnH2n+1COOH + PH3 → CnH2n+1COOPH4

5. The chemical reaction between CnH2n+1COOH , (alkanoic acid) (n ≥ 1)
and SiH3 (silane), produce the chemical compound CnH2n+1COOSiH4

(silanium alkanoate). That is

CnH2n+1COOH + SiH3 → CnH2n+1COOSiH4

5 Concluding Remarks

In this paper we defined Process Guided P System with Graph productions
(PGPSG) which can generate cycles, complete graphs and complete bipartite
graphs with regular and context-sensitive control languages. We have also estab-
lished that RE = LPGλPSG?. As an immediate application, a PGPSG which
halts on a spanning tree of a given as input graph, is given. Also the model is
found to be suitable for discussing the steps involved in a chemical reaction. De-
signing of some chemical graphs are shown. This is the first study that primarily
connects P systems and Chemical graphs.
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Abstract. The study of genes is an important field of biology. A way to
understand genetic composition is through finding regularly occurring
nucleotide sequences, or motifs, in a DNA sequence. However, finding
these motifs is difficult and is shown to be NP-complete. In this paper,
we use a variant of P systems called Evolution-Communication P systems
with Energy using string objects to solve the Motif Finding Problem in
O(lt)-time where l is the length of the motif and t is the number of DNA
sequences given.
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1 Introduction

Genes are very important in the field of biology. They not only contain infor-
mation about the traits of an organism, but also instructions on carrying out
biological functions e.g. production of antibodies to counteract antigens. Iden-
tifying what gene affects a specific function can be very helpful to scientists.
For example, in [6], various fruit fly immunity genes contain a specific string of
nucleotides that occur regularly in the genome. These strings are called NF-kB
binding sites, an example of regulatory motifs. It is said that these motifs are
involved in the production of proteins that would destroy the pathogen that
infected the fruit fly. Motifs of small non-coding RNAs called miRNAs, are also
critical in understanding the pathogenesis of diseases (analysis relating to asso-
ciations between miRNA and diseases can be found in [13,14]).

The problem of finding a pattern within a given set of strings (or DNA
sequences) is better known as the Motif Finding Problem (in short, MFP) [6].
Finding regularly occurring nucleotide sequences, or motifs, can be challenging
since the pattern describing these motifs is not known at the onset. Motifs may
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also vary across genomic regions due to mutations. As a consequence, solving
MFP entails finding a set of substrings that are the most similar, given a set of
sequences from a genome. With the exponential number of possible combination
of substrings, a brute force algorithm (in [6]) solves MFP in O(lnt)-time where
l is the length of the motif, n is the number of nucleotides in a DNA sequence,
and t is the number of DNA sequences given. In [13], a comprehensive discussion
of techniques to identify disease-related miRNAs using biological interaction
information is given.

In this paper, we use the maximally parallel nature of P systems [9] to address
MFP. This paper is a continuation of the effort in [5] where we introduced a P
system variant for solving a restricted version of MFP (referred as MFP’). To
the best of our knowledge, solving MFP in the context of membrane computing
have not yet been explored in literature earlier than our work. In our previous
study, we used a modified variant of Evolution-Communication P systems with
energy [1] that manipulates strings as objects. We call this system Evolution-
Communication P systems with energy using string objects or ECPe-str. In this
system, we introduced nature-inspired string operations in our P system solution.
These string operations are inspired from the processes in the Central Dogma of
Biology: transcription and translation [7]. Using this system, we have achieved
a solution to MFP’ in P systems that runs in O(lt)-time where l is the length of
the motif and t is the number of DNA sequences. For this study, we use the same
P system variant, ECPe-str. However, this time, we use it for the unrestricted
Motif Finding Problem. We have achieved a solution to MFP in a P system that
also runs in O(lt)-time where l is the length of the motif and t is the number of
DNA sequences.

The outline of this paper is as follows: Section 2 provides a description of
MFP. Section 3 includes a discussion on ECPe-str, the model used to solve MFP.
The main contribution of this paper can be found in Section 4. Here, we utilize
new and previous results to form an ECPe-str solution to MFP. We conclude
our work in Section 5.

2 Motif Finding Problem

Readers are assumed to be familiar with common string operations and notations
used in formal language theory [12]. Before we proceed with the discussion of
our problem of interest, we will first define some terms.

Definition 1 (l-mer) An l-mer of a string s is an l-length substring s′ of s.

We now introduce the following notations given n-length string(s) and l-mers
where n ≥ l:

– Given an n-length string s and a length l, let LMERS(s, l) be the set of all
l-mers of s. Note that the cardinality of LMERS(s, l) is at most n− l + 1.

– Given a set S of n-length strings and a length l, let LMERSset(S, l) =
{LMERS(s, l) | s ∈ S}.
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In Motif Finding Problem (MFP), a set Seq of DNA sequences and a length l
are given. The main goal is to find a combination of l-mers (one for each string
in Seq) such that the chosen l-mers are ‘most similar’. The next definitions are
used to formalize the concept of similarity:

Definition 2 (Alignment Matrix) Given a set L = {s1, s2, ..., st} of l-mers
and each string si = si1si2 . . . sil, the alignment matrix of L is a t × l matrix
M = [mij ]t×l where mij = sij , 1 ≤ i ≤ t, 1 ≤ j ≤ l.

Definition 3 (Profile Matrix) Given a set L = {s1, s2, ..., st} of l-mers and
its corresponding alignment matrix M = [mij ]t×l, the profile matrix of M is a
4 × l matrix [pij ]4×l such that p1j = Aj, p2j = Cj, p3j = Tj, p4j = Gj. The
value Xj represents the count of X’s in the jth column of M , the base X ∈ {A,
C, T , G}.

As can be observed, the alignment matrix is formed when the strings in a given
set of DNA sequences are stacked such that each string occupies a row. The pro-
file matrix given an alignment matrix is used to count the number of occurrence
of each base per column. Figure 1 illustrates an example of an alignment ma-
trix and a profile matrix for a set L = {ATTGACT , CAATGTC, AACTGCT ,
GAATCTC}. The top four rows in Figure 1 corresponds to the alignment ma-
trix while the profile matrix is in the bottom four rows. The value 2 in the first
column and first row of the profile matrix is obtained by counting the number
of A’s in the first column of the alignment matrix. The values 1, 0 and 1 in the
succeeding rows of the profile matrix corresponds to the count of C, T and G,
respectively, in the first column of the alignment matrix. The other columns of
the profile matrix are filled up in a similar manner.

A T T G A C T
C A A T G T C
A A C T G C T
G A A T C T C

A 2 3 2 0 1 0 0
C 1 0 1 0 1 2 2
T 0 1 1 3 0 2 2
G 1 0 0 1 2 0 0

Fig. 1. An example alignment matrix (top four rows) and profile matrix (bottom
four rows). The underlined letters (not part of the profile matrix) indicate the
letters to consider per row in the profile matrix.
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Definition 4 (Consensus Score) Given a set L of l-mers, the t× l alignment
matrix M for L, and the 4× l profile matrix P for M ,

Score(L) =

l∑
j=1

max{pij | 1 ≤ i ≤ 4}. (1)

The consensus score can be used to define the degree of similarity among a
set of l-mers. As can be observed, higher score implies greater similarity. The
score ranges from lt/4 to lt. The highest possible score implies that the pattern
is highly conserved, i.e. only one base per column in the profile matrix has a
nonzero value. The minimum score implies that on each column of the profile
matrix, all bases have the same number of occurrences. We go back to the profile
matrix in Fig. 1 to compute for the score of a set L = {ATTGACT , CAATGTC,
AACTGCT , GAATCTC}. By summing the maximum value per column of the
profile matrix, we have Score(L) = 2 + 3 + 2 + 3 + 2 + 2 + 2 = 16.

We now give a formal definition of the Motif Finding Problem (MFP). At
this point, it is apparent that MFP is an optimization problem where the aim
is to find a set L of l-mers that maximizes Score(L). We recall from [2] that
a combinatorial optimization problem can be defined as a 4-tuple (I, f,m, g)
where I is a set of instances, f is a function with input x ∈ I and f(x) is the
set of all feasible solutions for instance x. The function m takes as input an
instance x and a feasible solution y ∈ f(x). The value m(x, y) is a real number
that indicates the score of solution y for instance x. Finally, g is a function that
takes x as input and outputs either the minimum or maximum of function m.
As a shorthand, the 4th element of the tuple can be one of min or max. The
notation max implies g(x) = max{m(x, y′) | y′ ∈ f(x)}.

Definition 5 (Motif Finding Problem) The Motif Finding Problem (MFP)
is a combinatorial optimization problem represented by the quadruple (I, f,m, g),
where:

– I = {(Seq, l) | Seq is a set of n-length strings, l < n},
– f(x) = S1×S2×. . .×St where each Si ∈ LMERSset(x) and x = (Seq, l) ∈ I,
– m(x, y) = Score(y), given x = (Seq, l) ∈ I, y ∈ f(x),
– g = max.

Notice that given an instance x, the set f(x) can have a cardinality at most
(n− l + 1)t, where t is the number of strings in an instance of the problem.

3 A P System for MFP

The P system we used to solve MFP is an extension of a model defined in [1]
called the Evolution-Communication P system with energy (ECPe system). An
ECPe system computes by evolving objects through evolution rules and com-
municating objects through symport and antiport rules (similar to Evolution-
Communication P system (ECP system) introduced in [3]). The main difference
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that distinguishes ECPe from ECP system is the requirement imposed during
communication. This is where the special object e, called energy, plays an im-
portant role. During evolution, it is possible to produce some copies of e through
rules of the form a→ vei (a is an object, v is a multiset, i ≥ 0). In such rule, i
copies of e are produced. The object e’s are eventually consumed as a require-
ment during communication. Symport rules of the form (aei, in) or (aei, out)
requires that i copies of e be consumed in order to transfer a. Similarly, antiport
rule of the form (aei, in; bej , out) require that j copies from a region h and i
copies outside region h be used to swap objects a and b across membrane h.

We extended ECPe systems to handle string objects so that there is a direct
encoding of the input strings in the system used. Handling string objects have
also been explored in several P system papers (e.g. in [8]). In such case, regions
contain several strings instead of having several atomic objects. While there
are no order on the strings present in a region, there is an arrangement on the
symbols comprising a single string. We shall thus refer to a group of strings in a
region as a multiset of strings. A string is treated as a single entity as it passes
through membranes. Also, each string is processed by one rule only. Maximal
parallelism is manifested when all strings with an appliable rule are processed
simultaneously. If several rules are applicable to a string, then we take only one
rule and only one possibility to apply it.

We handle string objects using the idea of some rules found in [8]. One type of
rule is called the rewriting rule. Given strings u and v, where |u| > 0, a rewriting
rule is of the form u → v. When this rule is applied to a string s = xuy, s
becomes xvy in the next step. When there are several occurrences of u in a
string s, all occurrences of u are replaced with v.

Another type of rule is called the replication rule. Given strings u, v1, v2, ..., vn,
where |u| > 0 and n ≥ 2, a replication rule is of the form u → v1||v2||...||vn.
When this rule is applied to a string s = xuy, s is consumed producing n strings
xv1y, xv2y, . . . , xvny. As in a rewriting rule, when several occurrences of u exists
in a string s, all occurrences of u are replaced. Note that in such case, n strings
are still produced; in one resulting string, all u is replaced with v1, in another
string, all u is replaced with v2, etc.

Apart from general features, the system we used to handle MFP employs
additional features. First, we shall introduce a type of rule called a projection
rule inspired by DNA-based biological processes in cells. We also include some
modification to the evolution rules so that several strings can be consumed to
produce a string. Finally, we employ the use of priority on rules.

Introducing Projection Rules We model the phenomena transcription and
translation in Central Dogma of Biology through the use of what we call pro-
jection rules. These rules are of the form Project(κ, κ′, κ′′), where κ is a start
symbol, κ′ is a stop symbol, and κ′′ is a new symbol. When a rule of this form
is applied to a string x = x1κuκ

′x2, x becomes x1κ
′uκ′x2 and produces a string

κ′′uκ′′. When there is more than one occurrence of the start and stop symbols



6 K. B. Gapuz, et al.

in the strings present in the region, we only consider the leftmost occurrence of
the start and stop symbol.

Upon application of projection rule x, a copy of the substring u is produced.
This is abstracted from the way a portion of the DNA sequence is copied during
transcription. The symbols κ and κ′ works in a similar manner as how start and
stop codons work during translation. At the end of the application of projection
rule, the produced copy is identified using the new symbol κ′′ which replaces the
start and stop symbols in the original string x.

Modification on Evolution Rules In the P system that we will use for
solving MFP, we include an evolution rule of the form u1, u2, . . . , un → v, where
u1, u2, . . . , un and v are strings, |ui| > 0 and n ≥ 2. We call this multi-string
cooperative rule. When a rule of this form is applied on a region h, the strings
u1, u2, . . . , un found in region h are all consumed to produce a string v.

Priority on Rules Given a priority relation, a rule with a higher priority is
executed first. A rule with a lower priority can be executed if and only if a
rule with higher priority is not applicable to the objects present in the region.
This gives a way to control the flow of computation by lessening the degree
of nondeterminism in P system. In [10], the notation ρ = ri > rj , . . . , rk > rl
is introduced, where ri, rj , rk and rl are rules and the symbol > denotes the
priority relation over the rules. The rule on the left of > symbol has higher
priority than the rule on the right.

We now provide the P system we used for MFP. This was initially introduced
in [5]. The system mainly manipulates strings, however, one special symbol e
functions as an atomic object. Some copies of this special object e can be pro-
duced during evolution and consumed during communication, however, it cannot
be a part of any other string.

Definition 6 Evolution-Communication P Systems with Energy Using String
Objects (ECPe-str) is a construct of the form

Π = (Ō, e, µ, w1, . . . , wm, R1, R
′
1, ρ1, . . . , Rm, R

′
m, ρm, io),

– m is the number of membranes;
– Ō is the tuple (O,S, Z,N);
• O is the alphabet of string objects;
• S is the set of start symbols, S ⊂ O;
• Z is the set of stop symbols, Z ⊂ O;
• N is the set of new symbols, N ⊂ O;

The sets S, Z and N are disjoint;
– e is a special object for energy and e /∈ O. The value e cannot be a part of

any string and is treated as a separate object in the region;
– µ is the membrane structure of the system;
– w1, . . . , wm are multiset of strings over O∗ where wi denotes the multiset of

strings present in the region i;
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– R1, . . . , Rm are sets of evolution rules, with each Rk associated with a region
k. An evolution rule can be:
• A rewriting rule of the form u → v, ei, where u ∈ O+, v ∈ O∗ and
i ≥ 0. This rule is applicable to a string s containing u. When this rule
is applied to a string s, every occurrence of u in string s is replaced by
v and i copies of e are produced in the region.

• A replication rule of the form u → v1||v2|| . . . ||vn, ei, where u, vj ∈ O+

for 1 ≤ j ≤ n, n ≥ 2 and i ≥ 0. This rule is applicable to a string
s containing u. When this rule is applied to string s, the string s is
consumed and n strings y1, y2, . . ., yn and i copies of e are produced in
the region. Each string yj is obtained by replacing all occurrences of u
in s by the string vj .
It is also possible that v1 = . . . = vn. In such case, suppose all vi = v
(1 ≤ i ≤ n), we use the form u→ v||(n)v as a shorthand notation.

• A multi-string cooperative rule of the form u1, u2,. . . , un → v, ei, where
u1, u2, . . . , un ∈ O+, v ∈ O∗, n ≥ 2, and i ≥ 0. Upon application of
this rule, the strings u1, u2, . . . , un found in region k are all consumed to
produce a string v and i copies of e in the region.

• A projection rule of the form Project(κ, κ′, κ′′), ei, where κ ∈ S, κ′ ∈ Z,
κ′′ ∈ N , and i ≥ 0. When this rule is applied to a string x = x1κuκ

′x2,
(where u, x1, x2 ∈ O∗), in the next step, x is replaced with x1κuκ

′x2. In
addition, a string κ′′uκ′′ and i copies of e appear in the region. When
two or more occurrences of κ and κ′ a in x, only the leftmost κ and κ′

are considered.
For the above rules, when i = 0 (meaning no e is produced), we omit the
notation ei for simplicity.

– R′1, . . . , R
′
m are sets of communication rules; each R′k is associated with a

membrane k in µ. A communication rule can be:
• A symport rule of the form (a, ei, in) or (a, ei, out), where a ∈ O+ and
i ≥ 1. During the application of this rule, i copies of e are consumed
to transport string with substring a inside (denoted by in) or outside
(denoted by out) membrane k.

• An antiport rule is of the form (a, ei, in; b, ej , out) where a, b ∈ O+ and
i, j ≥ 1. Applying this rule, there should be a string with substring
a in the region immediately outside membrane k. Also, a string with
substring b should exist inside the region bounded by membrane k. The
string with substring a and the string with substring b are then swapped,
consuming i and j copies of object e in their respective regions.

– ρ1, . . . , ρm are partial order relations over evolution rules, each ρi (1 ≤ i ≤ m)
is associated with the evolution rules of region i.

– io ∈ {0, 1, . . . ,m} is the output membrane. If io = 0, this means that the
output of the computation of this system will go to the environment.

The rules in ECPe-str are applied in a nondeterministic and maximally parallel
manner. If there are two or more rules applicable to a string, the system will
nondeterministically choose only one rule to be applied to the said string. Also,
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all strings with an applicable rule are processed simultaneously. Strong priority
(as defined in [10]) is employed in ECPe-str system, i.e. when a rule r1 has
priority over rule r2 and rule r1 is applicable, r2 cannot be applied regardless if
there are objects that were not affected by r1.

An Example We adapt an example from [5] to demonstrate how the sys-
tem works. The system checks if two strings s and s′ with distinct symbols are
anagrams of each other. Each input string is encoded in the system such that
a symbol α and a symbol β are placed before and after every element of the
string, respectively. In effect, an input string s = s1s2 . . . sn has the encoding
enc(s) = αs1βαs2β . . . αsnβ where n is the length of string s. The system used
to determine if s and s′ are anagrams has the form:

Π = (Ō, e, µ, w1, R1, R
′
1, ρ1, io),

where: Ō = (O,S, Z,N); O = {A,B,C, . . . , Z, θ, $}; S = {α}; Z = {β}; N =
{γ}; µ = [1]1; w1 = {enc(s), enc(s′)}; R1 = {r1 : Project(α, β, γ), r2 : γ → λ,
r3 : A,A → θ, e, r4 : B,B → θ, e, . . . , r28 : Z,Z → θ, e, r29 : A → $, r30 : B →
$, . . . , r54 : Z → $, r55 : $→ $}; R′1 = {r′1 : (θ, e, out)}; ρ1 = {r1, r3, r4, . . . , r28 >
r29, r30, . . . , r54}; io = 0;

We say the strings are anagrams of each other if the system halts. If the
system does not halt, regardless of the objects in the environment, then the two
strings are not anagrams of each other. The system computes as follows:

Given input strings s and s′, the initial configuration of the system has the
encoding enc(s) and enc(s′) in region 1. In the next time step, the system applies
projection rule r1 on enc(s) and enc(s′). This produces two 3-length strings; one
containing the first symbol of s and the other containing the first symbol of s′.
The produced strings start and end with the symbol γ. After applying rule r1
in enc(s) and enc(s′), the first occurrence of the start symbol α in each string
evolves to the stop symbol β. As a result, the symbol next to the occurrence of
the first α in these strings will become the target of application of projection
rule r1 in the next time step. In the second time step, aside from the application
of rule r1, rule r2 will also be used to erase the γ symbols in the strings produced
from the previous step. Application of rule r1 and use of rule r2 in the next step
continues until all α in the encodings have been replaced by β.

After every application of rule r2, it is possible that in the next time step, one
or two letter will occur twice in region 1. This indicates that the letter occurs
in both input strings. When this happens, the next time step will also include
the use of at most two rules from r3 to r28. As a result, each application will
consume the involved letter in order to produce a string θ as well as a copy of the
special object e. This e is used to communicate the string θ to the environment
via the symport rule r′1.

When all letters in the input strings were processed this way, then the system
will halt. This shows that all letter of input s is also present in input s′ and
vice versa. Since the strings are assumed to have distinct symbols, s and s′ are
anagrams. On the other hand, if the input strings are not an anagram of each
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other, the system will reach a configuration where no rules from r1 to r28 are
applicable yet there are still some distinct letters floating in region 1. This letters
will eventually evolve to a trap symbol $ through any rule from r29 to r54. This
trap symbol will evolve continuously through the rule r55. This prevents the
system from halting.

Shown below is the step-by-step computation for two input strings s =
ARMY and s′ = MARY . String s has the encoding enc(s) = αAβαRβαMβαY β
and string s′ will have the encoding enc(s′) = αMβαAβαRβαY β. For each con-
figuration below, we use paired square brackets to represent a membrane, and
the strings contained in a membrane are separated by commas.

t = 0: [1 αAβαRβαMβαY β, αMβαAβαRβαY β ]1
t = 1: [1 βAβαRβαMβαY β, βMβαAβαRβαY β, γAγ, γMγ ]1
t = 2: [1 βAββRβαMβαY β, βMββAβαRβαY β, A, M, γRγ, γAγ ]1
t = 3: [1 βAββRββMβαY β, βMββAββRβαY β, A, M, R, A, γMγ, γRγ ]1
t = 4: [1 βAββRββMββY β, βMββAββRββY β, M, R, M, R, γY γ,

γY γ, θ, e ]1
t = 5: [1 βAββRββMββY β, βMββAββRββY β, Y, Y, θ, θ, e, e ]1 θ
t = 6: [1 βAββRββMββY β, βMββAββRββY β, θ, e ]1 θ, θ, θ
t = 7: [1 βAββRββMββY β, βMββAββRββY β ]1 θ, θ, θ, θ

4 A Solution to Motif Finding Problem using ECPe-str

In this section, we present a modification of a solution presented in our previous
work [5]. We take note of the parameters in building the system for our solution:
n is the length of the DNA sequences, t is the number of DNA sequences, and
l is the length of the motif. Furthermore, to simplify the solution in the next
subsections, we denote some expressions as: p = n−l+1, and q = pt = (n−l+1)t.
Throughout the whole section, we shall use the definition and notations for
MFP in Definition 5. That is, we represent MFP as (I, f,m, g), such that for
each instance x ∈ I, x = (Seq, l) where Seq = {D1, D2, . . . , Dt} and Di =
di1di2 . . . din for 1 ≤ i ≤ t. Also, we let y ∈ f(x) as a possible solution, where
from Definition 5, f(x) = S1 × . . . St, each Si ∈ LMERSset(x).

For this solution, we refer to each nucleotide in each DNA sequence (Di)
as dij . For example, given Seq = {ACCTG, GGACT , TGATG}, d11 repre-
sents A, since it is the nucleotide that is in the first position in the first DNA
sequence. The symbol d25 represents T, since it is in the fifth position of the
second sequence. We use this notation in constructing our P system.

4.1 Previous Work: On Alignment Matrices and Computing Score

We first recall the approach presented in [5]. In previous work, only a restricted
version of the problem (referred in the paper as MFP′) was addressed. The task
of solving MFP′ was divided into three main parts: generation of alignment
matrices, computation of score, and the search for a maximum score. The last
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part can be represented as finding the largest number in a given set of numbers.
It was assumed that the largest number is unique (no two numbers have the
largest value). Each part of solving MFP′ was formulated as a problem, and an
ECPe-str solution was provided for each of this problem. These solutions were
then incorporated as subsystems of an ECPe-str system that solves MFP′.

For our solution to MFP , we shall employ two of the subsystems given
in [5] (with some slight modification). Specifically, we use the subsystems for
generating alignment matrices and computation of score. The main difference
between the solution in [5] and in this paper is the subsystem for determining
the largest score. In our previous work, it was assumed that the largest number
among a set of scores must be unique. The subsystem developed can only find
the largest score, if the largest is unique. In this work, such restriction is already
removed. As a consequence, we have improved our previous work such that our
solution is applicable to any instance of MFP. The first part of the Motif Finding
Problem is the generation of alignment matrices.

Definition 7 Generation of Alignment Matrices Problem (GAM) Given an in-
stance x = (Seq, l) where Seq = {D1, D2, . . . , Dt}, |Di| = n, and a length l < n,
generate a set ALG = {M | M is an alignment matrix for y ∈ f(x)}.

Note that |ALG| is at most q. For every Di, there are at most p l-mers. Given t
DNA sequences, we generate q possible combinations of l-mers.

Lemma 1 ([5]) The GAM problem can be solved using ECPe-str in O(t)-time
where t is the number of DNA sequences.

To illustrate the constructed ECPe-str for Lemma 1, we provide an example
construction for a given set of DNA sequences. We shall name the subsystem, Π1.
Given a set of DNA sequences Seq = {ACTG,ATTG,CTGG} with l = 3, n = 4
and t = 3, we obtain the following system:

Π1 = (Ō, e, µ, w1, R1, R
′
1, ρ1, 1),

where Ō = (O,S, Z,N); O = {A,C, T,G, β1, . . . , β4, 1, 2}; S = {α11, . . . , α33};
Z = {α′11, . . . , α′33}; N = ∅; µ = [1]1; R′1 = ρ1 = ∅; w1 = β1. The rules of R1 are
as given below:

R1 = {r1 : β1 → α11Aα
′
11α12Cα

′
12α13Tα

′
13β21 || α11Cα

′
11α12Tα

′
12α13Gα

′
13β22,

β2 → α21Aα
′
21α22Tα

′
22α23Tα

′
23β31 || α21Tα

′
21α22Tα

′
22α23Gα

′
23β32,

β3 → α31Cα
′
31α32Tα

′
32α33Gα

′
33β41 || α31Tα

′
31α32Gα

′
32α33Gα

′
33β42}

1We now proceed with a description of the computation:
At t = 0, region 1 only contains β1. Applying a rule r1 to β1 produces two

strings α11Aα
′
11α12Cα

′
12α13Tα

′
13β21 and α11Cα

′
11α12Tα

′
12α13Gα

′
13β22. These

1 In [5], the formal definition of Π1 has an initial membrane structure containing
two membranes, i.e. µ = [1[2]2]1. However, it is apparent that even when removing
membrane 2 and relocating the initial content of membrane 2, i.e. β1, and the rules
of region 2 in the skin region, the algorithm still works almost the same. The only
difference is the resources used.
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strings represent l-mers ACT and CTG respectively. These l-mers correspond
to the possible first rows of all alignment matrices from Seq. At t = 2, β2 evolves
the same way as β1 using a rule r1. These strings represent all possible first and
second rows of all alignment matrices from Seq. This process continues until the
strings contain β4. At the last time step, the strings given below are present in
region 1. These strings represent all alignment matrices, as follows:

α11Aα
′
11α12Cα

′
12α13Tα

′
13α21Aα

′
21α22Tα

′
22α23Tα

′
23α31Cα

′
31α32Tα

′
32α33Gα

′
33β4111

α11Aα
′
11α12Cα

′
12α13Tα

′
13α21Aα

′
21α22Tα

′
22α23Tα

′
23α31Tα

′
31α32Gα

′
32α33Gα

′
33β4211

α11Aα
′
11α12Cα

′
12α13Tα

′
13α21Tα

′
21α22Tα

′
22α23Gα

′
23α31Cα

′
31α32Tα

′
32α33Gα

′
33β4121

α11Aα
′
11α12Cα

′
12α13Tα

′
13α21Tα

′
21α22Tα

′
22α23Gα

′
23α31Tα

′
31α32Gα

′
32α33Gα

′
33β4221

α11Cα
′
11α12Tα

′
12α13Gα

′
13α21Aα

′
21α22Tα

′
22α23Tα

′
23α31Cα

′
31α32Tα

′
32α33Gα

′
33β4112

α11Cα
′
11α12Tα

′
12α13Gα

′
13α21Aα

′
21α22Tα

′
22α23Tα

′
23α31Tα

′
31α32Gα

′
32α33Gα

′
33β4212

α11Cα
′
11α12Tα

′
12α13Gα

′
13α21Tα

′
21α22Tα

′
22α23Gα

′
23α31Cα

′
31α32Tα

′
32α33Gα

′
33β4122

α11Cα
′
11α12Tα

′
12α13Gα

′
13α21Tα

′
21α22Tα

′
22α23Gα

′
23α31Tα

′
31α32Gα

′
32α33Gα

′
33β4222

At this point, there are no more rules left to apply. This, in effect, halts the com-
putation of the system. In the halting configuration, each string represents one
possible alignment matrix. Specifically, a string having a suffix of ijk represents
the alignment matrix involving the following l-mers: (a) l-mer of the first input
string starting at the kth position, (b) l-mer of the second input string starting
at the jth position, (c) l-mer of the third string input starting at the ith position.
We now proceed with the problem of computing score given an alignment matrix.

Definition 8 Computation of Score Problem (CoS)
Given an instance x = (Seq, l), y ∈ f(x), an alignment matrix M = [muv]t×l
for y, and a profile matrix P = [pij ]4×l for y, compute for the consensus score
of y i.e. Score(y).

Lemma 2 ([5]) The CoS problem can be solved using ECPe-str in a constant
amount of time.

To illustrate the constructed ECPe-str for Lemma 2, we provide an example
construction. We shall name the subsystem, Π2. For our illustration, we consider
the same set Seq = {ACTG, ATTG,CTGG} (in example for Lemma 1), with
l = 3, n = 4 and t = 3. We choose an alignment matrix M with starting positions
111. The alignment matrix M is

ACT
ATT
CTG.

We construct the following system:

Π2 = (Ō, e, µ, ws, w1, w2, w3, Rs, R
′
s, ρs, R1, R

′
1, ρ1, R2, R

′
2, ρ2, R3, R

′
3, ρ3, s),

where Ō = (O,S, Z,N); O = {A,C, T,G, as}; S = ∅; Z = ∅; N = ∅; µ =
[s[1]1[2]2[3]3]s; w1 = {A,A,C}; w2 = {C, T, T}; w3 = {T, T,G}; ws = Rs =
R′s = ρs = ∅. The following rules are for each Ri (1 ≤ i ≤ 3):
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Ri = { r1 : A,C, T,G→ as, e, r2 : A,C, T → as, e,
r3 : A,C,G→ as, e, r4 : C, T,G→ as, e,
r5 : A, T,G→ as, e, r6 : A,C → as, e,
r7 : A, T → as, e, r8 : A,G→ as, e, r9 : C, T → as, e,
r10 : C,G→ as, e, r11 : T,G→ as, e, r12 : A→ as, e,
r13 : C → as, e, r14 : T → as, e, r15 : G→ as, e};

Also, for 1 ≤ i ≤ 3, R′i = {r′1 : (as, e, out)} and ρi = {r1 > r2, . . . , r5 >
r6, . . . , r11 > r12, . . . , r15}; The step-by-step computation for the example is
given below:

t = 0: [s [1 A, A, C ]1 [2 C, T, T ]2 [3 T, T, G ]3 ]s
t = 1: [s [1 A, as, e ]1 [2 as, e, T ]2 [3 T, as, e ]3 ]s
t = 2: [s [1 as, e ]1 [2 as, e ]2 [3 as, e ]3 as, as, as ]s
t = 3: [s [1 ]1 [2 ]2 [3 ]3 as, as, as, as, as, as ]s

Computation proceeds as follows: At the initial configuration, nucleotides are
grouped according to their columns in M . Each column is represented by one
membrane. For column 1, it corresponds to membrane 1. Column 2 corresponds
to membrane 2. Lastly, column 3 corresponds to membrane 3. For t = 1, rule r6 :
A,C → as, e is applied in region 1 since there are no other possible combinations
available. While in region 2, rule r9 : C, T → as, e is applied and lastly, in region
3, rule r11 : T,G → as, e is applied. At t = 2, the as strings produced in region
1, 2 and 3 from t = 1 are transported to region s. Rule r12 : A → as, e is used
in region 1 and rule r14 : T → as, e is used in regions 2 and 3. For the last time
step, all as strings inside the column membranes are transported to region s.
Here we see 6 copies of as strings in membrane s . This is interpreted as the
score computed for the given alignment matrix M , which is 6.

4.2 Search for Maximum Score

Our main contribution in this paper is a solution for finding the maximum score.
Recall that this is the last part in solving MFP. To search for the maximum score,
we first define a problem for finding the maximum integer.

Definition 9 Search for the Maximum Integer Problem (SM) Given v positive
integers η1, η2,. . . , ηv, find the maximum integer. The output to the problem is
the maximum integer ηi such that ∀j 6= i, ηi ≥ ηj.

Lemma 3 The SM problem can be solved using ECPe-str in time linear with
respect to the value of the maximum input number.

Proof. We now provide a formal definition for the subsystem that will be used
in solving the search for the maximum integer problem. The subsystem is of the
form:

Π3 = (Ō, e, µ, ws, w1, . . . , wv, Rs, R
′
s, ρs, R1, R

′
1, ρ1, . . . , Rv, R

′
v, ρv, 0),
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where Ō = (O,S, Z,N); O = {ai, zi, z′i, z′′i , χi, ci, bi, b
′
i | 1 ≤ i ≤ v}∪{F, $}; S =

∅; Z = ∅; N = ∅; µ = [s[1]1 . . . [v]v]s; ws = {ci | 1 ≤ i ≤ v} ∪D = {$, . . . , $} and
|D| = v; For 1 ≤ i ≤ v, wi = {zi, χi, $} ∪G where |G| = ηi and G = {ai, . . . , ai}.
The next set of rules are for Rs:

Rs = { r1 : $→ e, r2 : aizi → aiz
′
i || ci, e, r3 : aiz

′
i → aiz

′′
i , r4 : bi → b′i || aizi,

r5 : b′1, . . . , b
′
v →F, r6 : F, aiz

′
i →Faiz

′′
i | 1 ≤ i ≤ v};

The set R′s = {r′1 : (Faiz
′′
i , e, out)}; also, ρs = {r6 > r3}. The next set of rules

are for each Ri (1 ≤ i ≤ v,):

Ri = { r7 : $→ e, r8 : ci → zi, e, r9 : ai, zi → aizi, r10 : χi, zi → bi};

For 1 ≤ i ≤ v, the set R′i = {r′2 : (aizi, e, out; ci, e, in), r′3 : (bi, e, out)}; and
lastly, ρi = {r9 > r10}.

The solution for finding the maximum integer is based on the vertical search
found in [4], but we changed a few rules to separate the evolution from communi-
cation rules, and incorporate energy objects. We also included some modification
to handle the case wherein the maximum integer is not unique. 2 System Π3 con-
sists of an outer membrane (labeled s), and v inner membranes (labeled i, where
1 ≤ i ≤ v). Membrane i corresponds to ηi. In the initial configuration, the integer
ηi is represented by the multiplicity of string ai in region i.

During the first part of the solution, there are v copies of $ strings in region
s, one for each ηi, and also one $ string inside each inner membrane. These $
strings evolve to produce one copy of e each using rules r1 and r7. At the same
time, zi strings are concatenated to the ai strings in each inner membrane using
rules of the form r9. Then, using rules of the form r′2, exactly one aizi string
is transported outside of each inner membrane and one ci string is transported
inside membrane i at the same time step. After this, rules of the form r2 is
applied to all aizi strings, each producing an aiz

′
i string, a ci string, and an e

object. Simultaneously, rules of the form r8 is applied in each region i, causing
the evolution of the ci strings to zi strings, and producing an e object each. In
the next time step, aiz

′
i strings evolve to aiz

′′
i strings using rules of the form

r3. Concurrently, the zi strings produced in the previous time step are again
concatenated to ai strings in region i. This enables us to apply rule r′2 again.
For each inner membrane, we repeat the whole process until there are no more
ai strings left in the region.

Once there are no more ai strings inside region i, a rule of the form r9 is no
longer applicable. This allows a rule of the form r10 to be applied, consuming the
zi and χi strings in the region to produce a bi string. A rule of the form r′3 is then
applied, communicating the bi string outside of membrane i. This signals that
membrane i is already empty. Once the bi string is transported to membrane

2 This is an entirely new subsystem compared to the subsystem Π3 in [5]. In [5], we
were only able to solve for the restricted version of MFP because it can only find
the motif if it has a unique maximum score. Otherwise, the system will just output
an indication that the maximum score is not unique and therefore, won’t solve the
problem.
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s, a rule of the form r4 will be applied, producing a b′i and an aizi string. In
the next time step, a rule of the form r2 would be applied to the aizi string.
The aiz

′
i string produced this way would evolve using a rule r3 in the next time

step. Note that not all inner membranes would be emptied out at the same time
since the multiplicity of each ai string in each membrane are different from each
other. Thus, the bi strings in each membrane would not be transported to the
skin membrane at the same time.

Once all bi strings from each inner membrane are transported to region s and
have evolved to b′i, rule r5 can then be applied, producing a F string. Prioritizing
rule r6 over rule r3, we consume the F string and an aiz

′
i string to produce a

string of the form Faiz
′′
i , instead of evolving aiz

′
i to aiz

′′
i . In the case that there

are multiple strings of the form aiz
′
i, the system will nondeterministically choose

to apply a rule of the form r6.

Observe that the strings aiz
′
i are produced from bi strings that are the latest

to evolve to b′i. This means that strings of the form aiz
′
i that can be consumed

in rule r6 denote the maximum integer, since the membranes with the maximum
integer are the last to transport their bi string. At the end of the process, a string
of the form Faiz

′′
i is transported outside of membrane s using the rule r′1. The

system halts after this.

From Definition 9, the SM problem requires that the maximum integer is out-
put. Using system Π3, this occurs when the system halts with a Faiz

′′
i string in

the environment. The ai substring in the Faiz
′′
i string represents the maximum

integer, ηi. Note that in the case where two or more ηi have values equal to the
maximum, only one of those would be outputted by this subsystem.

The steps needed for the solution depends on the value of the maximum
integer, M . One step is needed for starting the system through the evolution of
$ and the application of rule r9. Afterwards, there are 3M + 1 steps needed to
empty all inner membranes. Then, one step each is taken to apply rules of the
form r4, r5, and r6. One last step is taken for transporting the string of the form
Faiz

′′
i to the environment. The total steps needed is 3M + 6. ut

An Example for Finding the Maximum Score Given v = 3 and positive
integers 1, 2, 2, we construct the following subsystem to find the maximum value:

Π3 = (Ō, e, µ, ws, w1, w2, w3, Rs, R
′
s, ρs, R1, R

′
1, ρ1, R2, R

′
2, ρ2, R3, R

′
3, ρ3, 0),

where Ō = (O, ∅, ∅, ∅); O = {ai, zi, z′i, z′′i , χi, ci, bi, b
′
i | 1 ≤ i ≤ 3}∪{F, $}; mem-

brane structure µ = [s[1]1[2]2][3]3]s; ws = {c1, c2, c3, $, $, $}; w1 = {z1, χ1, $, a1};
w2 = {z2, χ2, $, a2, a2}; w3 = {z3, χ3, $, a3, a3}. For the set Rs:

Rs = { r1 : $→ e,
r2 : a1z1 → a1z

′
1 || c1, e,

r9 : ai, zi → aizi,
a3z3 → a3z

′
3 || c3, e,

r3 : a1z
′
1 → a1z

′′
1 ,

a2z
′
2 → a2z

′′
2 ,

a3z
′
3 → a3z

′′
3 ,

r4 : b1 → b′1 || a1z1,
b2 → b′2 || a2z2,
b3 → b′3 || a3z3,

r5 : b′1, b
′
2, b
′
3 →F,

r6 : F, a1z
′
1 →Fa1z

′′
1 ,

F, a2z
′
2 →Fa2z

′′
2 ,

F, a3z
′
3 →Fa3z

′′
3 };
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The set R′s = {r′1 : (Faiz
′′
i , e, out) | 1 ≤ i ≤ v} and ρs = {r6 > r3}. For each set

Ri (1 ≤ i ≤ v): Ri = {r7 : $ → e, r8 : ci → zi, e, r9 : ai, zi → aizi, r10 : χi, zi →
bi}; The set R′i = {r′2 : (aizi, e, out; ci, e, in), r′3 : (bi, e, out)} and ρi = {r9 > r10}.
An example step-by-step computation for the example is given below:

t = 0: [s [1 $, a1, z1, χ1 ]1 [2 $, a2, a2, z2, χ2 ]2 [3 $, a3, a3, z3, χ3 ]3
$, $, $, c1, c2, c3 ]s

t = 1: [s [1 e, a1z1, χ1 ]1 [2 e, a2, a2z2, χ2 ]2 [3 e, a3, a3z3, χ3 ]3
e, e, e, c1, c2, c3 ]s

t = 2: [s [1 c1, χ1 ]1 [2 a2, c2, χ2 ]2 [3 a3, c3, χ3 ]3 a1z1, a2z2, a3z3 ]s
t = 3: [s [1 e, z1, χ1 ]1 [2 e, a2, z2, χ2 ]2 [3 e, a3, z3, χ3 ]3

a1z
′
1, a2z

′
2, a3z

′
3, c1, c2, c3, e, e, e ]s

t = 4: [s [1 e, b1 ]1 [2 e, a2z2, χ2 ]2 [3 e, a3z3, χ3 ]3
a1z
′′
1 , a2z

′′
2 , a3z

′′
3 , c1, c2, c3, e, e, e ]s

t = 5: [s [1 ]1 [2 c2, χ2 ]2 [3 c3, χ3 ]3
a1z
′′
1 , a2z

′′
2 , a3z

′′
3 , c1, b1, a2z2, a3z3, e ]s

t = 6: [s [1 ]1 [2 e, z2, χ2 ]2 [3 e, z3, χ3 ]3 c1, c2, c3, e, e, e
a1z
′′
1 , a2z

′′
2 , a3z

′′
3 , b
′
1, a1z1, a2z

′′
2 , a2z

′
2, a3z

′′
3 , a3z

′
3 ]s

t = 7: [s [1 ]1 [2 e, b2 ]2 [3 e, b3 ]3 b
′
1, c1, c1, c2, c3, e, e, e, e

a1z
′
1, a1z

′′
1 , a2z

′′
2 , a2z

′′
2 , a3z

′′
3 , a3z

′′
3 ]s

t = 8: [s [1 ]1 [2 ]2 [3 ]3 b
′
1, b2, b3, c1, c1, c2, c3, e, e, e, e

a1z
′′
1 , a1z

′′
1 , a2z

′′
2 , a2z

′′
2 , a3z

′′
3 , a3z

′′
3 ]s

t = 9: [s [1 ]1 [2 ]2 [3 ]3 b
′
1, b
′
2, b
′
3, c1, c1, c2, c3, e, e, e, e

a1z
′′
1 , a1z

′′
1 , a2z2, a2z

′′
2 , a2z

′′
2 , a3z3, a3z

′′
3 , a3z

′′
3 ]s

t = 10: [s [1 ]1 [2 ]2 [3 ]3 c1, c1, c2, c2, c3, c3,F, e, e, e, e, e, e
a1z
′′
1 , a1z

′′
1 , a2z

′
2, a2z

′′
2 , a2z

′′
2 , a3z

′
3, a3z

′′
3 , a3z

′′
3 ]s

t = 11: [s [1 ]1 [2 ]2 [3 ]3 c1, c1, c2, c2, c3, c3, e, e, e, e, e, e
a1z
′′
1 , a1z

′′
1 , a2z

′
2, a2z

′′
2 , a2z

′′
2 ,Fa3z

′′
3 , a3z

′′
3 , a3z

′′
3 ]s

t = 12: [s [1 ]1 [2 ]2 [3 ]3 c1, c1, c2, c2, c3, c3, e, e, e, e, e
a1z
′′
1 , a1z

′′
1 , a2z

′′
2 , a2z

′′
2 , a2z

′′
2 , a3z

′′
3 , a3z

′′
3 ]s Fa3z

′′
3

Note that At time t = 11, it also possible that a string Fa2z
′′
2 is produced instead

of the string Fa3z
′′
3 . The string Fa3z

′′
3 implies that the number represented by

the string a3 possesses (one of the) the largest value.

4.3 Integrating All Subsystems to solve MFP

We now provide a theorem for solving the Motif Finding Problem using the
subsystems discussed.

Theorem 1 The Motif Finding Problem can be solved using ECPe-str in O(lt)-
time where l is the length of the motif and t is the number of DNA sequences.

Proof. We construct the system for solving MFP using the systems defined in
the previous lemmas as subsystems of our solution. We now have the system:

ΠMFP = (Ō, e, µ, wu, w1, . . . , wi, w11, . . . , wid, Ru, R
′
u, ρu, R1, R

′
1, ρ1,

. . . , Ri, R
′
i, ρi, R11, R

′
11, ρ11, . . . , Rid, R

′
id, ρid),
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where Ō = (O,S, Z,N);O = {A,C, T,G, β1, . . . , βt+1, 1, . . . , p, ai, zi, z
′
i, z
′′
i , χi, ci,

bi, b
′
i | 1 ≤ i ≤ q} ∪ {F, $}; S = {α11, . . . , αtl}; Z = {α′11, . . . , α′tl}; N =

{γ11, . . . , γtl}; µ = [u[1[11]11 . . . [1d]1d]1 . . . [i[i1]i1 . . . [id]id]i]u where 1 ≤ i ≤ q and
1 ≤ d ≤ l; wu = {β1} ∪ {ci | 1 ≤ i ≤ q} ∪ D = {$, . . . , $} where |D| = q; For
1 ≤ i ≤ q and 1 ≤ d ≤ l, wi = {zi, χi, $}; wid = ∅. The set of rules and priority
relations are as follows. For 1 ≤ i ≤ q and 1 ≤ d ≤ l:

Ru = { r1 : βk → Lk1βk+11|| . . . ||Lkpβk+1p | 1 ≤ k ≤ t} where
Lkj = α11dkjα

′
11 . . . αkldk(j+l−1)α

′
kl for all 1 ≤ k ≤ t, 1 ≤ j ≤ p

∪ {r2 : $→ e, r3 : aizi → aiz
′
i||ci, e,

r4 : aiz
′
i → aiz

′′
i , r5 : bi → b′i||aizi,

r6 : b′1, . . . , b
′
q →F, r7 : F, aiz

′
i →Faiz

′′
i | 1 ≤ i ≤ q}

∪ {r8 : βt+1 → λ};
Ri = { r9 : $→ e, r10 : ci → zi, e,

r11 : ai, zi → aizi, r12 : χi, zi → bi}
∪ {r13 : Project(αcd, α

′
cd, γcd), e | 1 ≤ c ≤ t, 1 ≤ d ≤ l};

Rid = { r14 : A,C, T,G→ ai, e, r15 : A,C, T → ai, e,
r16 : A,C,G→ ai, e, r17 : C, T,G→ ai, e,
r18 : A, T,G→ ai, e, r19 : A,C → ai, e,
r20 : A, T → ai, e, r21 : A,G→ ai, e, r22 : C, T → ai, e,
r23 : C,G→ ai, e, r24 : T,G→ ai, e, r25 : A→ ai, e,
r26 : C → ai, e, r27 : T → ai, e, r28 : G→ ai, e}

∪ {r29 : γcd → λ | 1 ≤ c ≤ t};
R′u = {r′1 : (Faiz

′′
i , e, out) | 1 ≤ i ≤ q};

R′i = {r′2 : (aizi, e, out; ci, e, in), r′3 : (bi, e, out)} ∪ {r′4 : (map(i), e, in)};
R′id = {r′5 : (ai, e, out)} ∪ {r′6 : (γcd, e, in) | 1 ≤ c ≤ t, 1 ≤ d ≤ l};
ρu = {r7 > r4};
ρi = {r11 > r12};
ρid = {r14 > r15, . . . , r18 > r19, . . . , r24 > r25, . . . , r28};

Membrane 1 in Π1 (used in Lemma 1) coincides with membrane s of Π3 (used
in Lemma 3). For ΠMFP , we label this membrane as membrane u. In the same
region bounded by membrane u, we have q number of Π2 subsystems and we
label these as membrane i for 1 ≤ i ≤ q. We call each membrane i as score
membranes. Lastly, inside each score membrane i are the column membranes
and we label these as membrane id for 1 ≤ d ≤ l.

Recall that the system Π2 (used in Lemma 2 solves the score of only one
alignment matrix. Since there are q possible alignment matrices, we assign each
alignment matrix to a membrane i. To do this, we define a one-to-one mapping
function map(i):

1 7→ 11 . . . 11
2 7→ 11 . . . 12

...
p 7→ 11 . . . 1p

p+ 1 7→ 11 . . . 21
p+ 2 7→ 11 . . . 22

...
2p 7→ 11 . . . 2p

. . .

q − p+ 1 7→ pp . . . p1
q − p+ 2 7→ pp . . . p2

...
q 7→ pp . . . pp

The system works as follows: subsystem Π1 will work in the same way as dis-
cussed in Section 4.1. Once Π1 halts, all strings representing an alignment ma-
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trix is now found in membrane u. These strings contain substring si. Observe
that si is similar to the values of map(i) discussed above. We utilize this sim-
ilarity to transport each alignment matrix (represented by a string) to their
assigned score membranes. To do this, we use communication rules of the form
r′4 : (map(i), e, in) associated to each score membrane i. The energy objects
needed for this rule will come from evolving βt+1 present in each string repre-
senting an alignment matrix to λ using rule r8.

After transporting all these strings, we project each nucleotide using projec-
tion rules of the form r13 : Project(αcd, α

′
cd, γcd), e, for 1 ≤ c ≤ t and 1 ≤ d ≤ l

defined in each score membrane i. We use the e objects produced by this rule
to transport each nucleotide to their respective column membranes. We do this
through communication rules of the form r′6 : (γcd, e, in) associated to each col-
umn membrane id.

Once all nucleotides are in their respective column membranes, we use an
evolution rule r29 : γcd → λ associated to each region bounded by each column
membrane id. Notice that each score membrane i resembles the initial configura-
tion of Π2. For the system to proceed with the process discussed in Section 4.1,
we change some rules in Π2. Instead of evolving combinations of nucleotides to
string as, we now evolve it to ai since the score membranes are now labeled as
i where 1 ≤ i ≤ q. Once the system is done with the process in Section 4.1, the
score of the alignment matrix assigned to each membrane i is now represented
by the multiplicity of string ai found in membrane i.

Lastly, the system now executes the process discussed in Section 4.2. Note
that the variable v in Π3 is now equal to q since we are now searching for the
maximum value among q positive integers. These q positive integers are the scores
of our alignment matrices. As seen in Section 4.2, the Faiz

′′
i string corresponding

to the integer with the maximum value will be found in the environment once Π3

halts. Thus, once Π3 halts, the Faiz
′′
i string that is found in the environment

will be pertaining to an alignment matrix with the maximum score.
Getting the i from Faiz

′′
i string that is now in the environment of out ΠMFP ,

we use our map(i) function to know the corresponding alignment matrix of i.
Reading the value of map(i) from right to left, we now have the starting positions
of the l-mers that produces the maximum consensus score.

The total time steps needed for the whole solution to MFP using the system
above is 3lt+ l + t+ 14: t time steps are needed for Π1, the transition from Π1

to Π2 takes l + 3 time steps, 5 time steps are needed for Π2 and 3lt + 6 time
steps are needed for Π3. ut

5 Final Remarks

In this paper, we have presented a solution to MFP using ECPe-str. Through
this system, MFP is solved with the maximum runtime equal to 3lt+ l+ t+ 14
where l is the length of the motif and t is the number of DNA sequences. It can
be observed that our initial solution can still be further improved by looking into
several factors. First, the set of rules and membranes used are exponential and
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Fig. 2. Schematic Diagram illustrating the membrane structure of ΠMFP from
the membrane structures of Π1, Π2 and Π3.

very powerful rules are employed in our solution. Thus, our improvement may be
in the direction of minimizing the resources used, and exploring solutions where
some of the additional features in the current system are not included. We may
also look into how the current solution can be improved if we capitalize the use
of energy objects. Finally, the solution presented is non-uniform [11]. It remains
an open problem to explore a uniform solution for MFP.

Future studies may look into another way to solve MFP faster using a branch
and bound algorithm, discussed in [6]. In this paper, we computed for the score
of all possible alignment matrices and then compare all of them to find the
maximum. Through the branch and bound method in [6], one can devise a
solution that would enable the system to sort through “bad” solutions and reduce
the number of alignment matrices compared.
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et al., eds.), LNCS 2597, chap. Evolution-Communication P Systems, pp. 134–145.
Springer Berlin Heidelberg (2003)

4. Fontana, F., Franco, G.: Finding the Maximum Element Using P Systems. Journal
of Universal Computer Science 10(5), 567–580 (may 2004)

5. Gapuz, K., Mendoza, E., Juayong, R.A., Hernandez, N.H., Adorna, H.: Solution
to a Restricted Motif Finding Problem in Membranes. In: A. Sioson et al. (ed.)
Proceedings of the 16th Philippine Computing Science Congress (PCSC 2016).
pp. 136–147. Puerto Princesa, Palawan, Philippines (mar 2016), https://sites.
google.com/site/2016pcsc/proceedings.

6. Jones, N., Pevzner, P.: An Introduction to Bioinformatics Algorithms. Mas-
sachusetts Institute of Technology Press (2004)

7. Leavitt, S.A.: Deciphering the Genetic Code. https://history.nih.gov/

exhibits/nirenberg/glossary.htm, accessed: 2016-02-20
8. Naranayan, K.S.: Language of P Systems; Computability and Complexity. Master’s

thesis, Indian Institute of Technology Madras (2001)
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Abstract. An operation on strings, called flat splicing was introduced,
inspired by a splicing operation on circular strings considered in the s-
tudy of modelling of the recombinant behaviour of DNA molecules. A
simple kind of flat splicing, called alphabetic flat splicing, allows insertion
of a word with a specified start symbol and/or a specified end symbol,
between two pre-determined symbols in a given word. In this work, we
introduce a P system with only alphabetic flat splicing rules as the evo-
lution rules and strings of symbols as objects in its regions. We examine
the language generative power of the resulting alphabetic flat splicing
P system (AFSP ). In particular, we show that AFSP with two mem-
branes are more powerful in generative power than AFSP with a single
membrane. We also construct AFSP with at most three membranes to
generate languages that do not belong to certain other language classes
and show an application to generation of chain code pictures.

Keywords: Membrane computing, P system, Flat splicing, Formal lan-
guage

1 Introduction

Ever since the new computability model based on membrane structure with a
generic name of P system was introduced by Păun [21, 22], several theoretical as
well as application-oriented P system models have been introduced with differen-
t motivations and investigated extensively, in the area of membrane computing
[24, 28]. As a language generating mechanism, P system has been investigat-
ed initially by Păun [20] and subsequently by many others [2, 7, 8, 12, 13, 17,
18] introducing many additional features and variants. Such a system involves

⋆ Corresponding author. Email: boshengsong@hust.edu.cn
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symbolic computation with structured strings as objects and the evolution rules
could be rewriting rules as in formal language theory [25] or other kinds of string
transformation rules as for example, contextual rules [19].

On the other hand, related to the operation of splicing introduced by Head
[10, 11] in the area of DNA computing and extensively investigated [23] subse-
quently, Berstel et al. [1] introduced an operation on strings called flat splicing.
This operation is done by “cutting” a string x = uαβv between α and β and
inserting in x, a string y = γwδ between α and β as directed by a flat splicing
rule of the form (α|γ − δ|β), thus yielding a word uαγwδβv. A flat splicing rule
is called alphabetic when α, β, γ, δ are letters of an alphabet or the empty word.

In this work, we consider a variant of language generating P system, called
alphabetic flat splicing P system (AFSP , for short), with strings as objects and
alphabetic flat splicing rules as the evolution rules. The language generative
power of AFSP is investigated. We show that AFSP with two membranes are
more powerful than AFSP with a single membrane. We also construct AFSP
with two membranes to generate languages not in the language classes generated
by flat splicing systems with a finite number of initial words, pure context-
free grammars and regular grammars. On the other hand, we show that an
AFSP with three membranes generates a context-sensitive language which is not
context-free. As an application, an AFSP is constructed to generate a language
of chain code pictures.

2 Preliminaries

For notions and results related to formal languages, we refer to [25] and to [21,
24] for P systems.

A word (also called a string) w is a finite sequence of symbols belonging to
an alphabet V , which is a finite and non-empty set of symbols. We denote by
V ∗, the set of all words over V . The set V ∗ includes the empty word λ and we
write V + = V ∗

− {λ}. The length |w| of a word w is the number of symbols in
w counting repetitions.

We denote by CSL, CFL, LIN , REG respectively, the families of languages
generated by context-sensitive, context-free, linear or regular Chomsky grammars
[25]. The family of finite languages is denoted by FIN .

We now recall the operation of flat splicing on words [1]. A flat splicing rule
r is of the form (α|γ − δ|β), where α, β, γ, δ are words over an alphabet V . The
words α, β, γ, δ are called the handles of the rule. When all the four handles of the
rule r are symbols in V or the empty word, then the flat splicing rule r is called
alphabetic. For two words x = uαβv, y = γwδ, u, v, w ∈ V ∗, an application of the
flat splicing rule r = (α|γ− δ|β) to the pair (x, y) yields the word z = uαγwδβv
and we write (x, y) ⊢r z. Informally expressed, an application of the rule r inserts
the second word y between α and β in the first word x yielding the word z.

A flat splicing system (FSS) is a triple S = (Σ, I,R), whereΣ is an alphabet,
I is an initial set of words over Σ and R is a finite set of flat splicing rules [1].
The FSS S is respectively called finite, regular or context-free according as I is a
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finite set, a regular set or a context-free language. The language L generated by
S is the smallest language containing I and such that for any two words u, v ∈ L
and any rule r ∈ R, if the rule r is applicable to the pair (u, v) and if the word w
is obtained on applying the rule r to the pair (u, v), that is, if (u, v) ⊢r w, then w
is also in L. An alphabetic flat splicing system (AFSS) has all the flat splicing
rules alphabetic. The families of languages generated by FSS and AFSS are
respectively denoted by L(FSS,X) and L(AFSS,X) for X = FIN,REG or
CF according as the initial set is finite, regular or context-free.

Alphabetic flat splicing rules and context-free initial sets are known to pro-
duce only context-free languages [1].

Theorem 1. [1] The language generated by an alphabetic flat splicing system
with context-free initial set is context-free.

We also recall here the notion of a pure context-free grammar [15] which
makes use of only one kind of symbols, namely terminal symbols and context-
free kind of rules.

Definition 1. [15] A pure context-free grammar is G = (Σ,P,Ω), where Σ is
a finite alphabet, Ω is a set of axiom words and P is a finite set of context-free
rules of the form a → α, a ∈ Σ,α ∈ Σ∗. Derivations are done as in a context-
free grammar except that unlike a context-free grammar, there is only one kind
of symbol, namely the terminal symbol. The language generated consists of all
words generated from each axiom word. The family of languages generated by
pure context-free grammars is denoted by PCF .

For example, the pure context-free grammar G = ({a, b, c, d, e}, {e→ caebd},
{caebd}) generates the language {(ca)ne(bd)n | n ≥ 1}.

3 Flat Splicing P Systems

We now introduce a language generating P system with internal output com-
puting languages of structured strings. The regions of the P system considered
can have only alphabetic flat splicing rules.

Definition 2. A language generating P system of degree m ≥ 1, with alphabetic
flat splicing rules, (AFSPm) is

Π = (V, µ, F1, · · · , Fm, R1, · · · , Rm, io),

where

(i) V is an alphabet of the system;
(ii) µ is the membrane structure consisting of m membranes labelled in a one-

to-one way with 1, · · · ,m;
(iii) F1, · · · , Fm are the initial finite subsets of V ∗ associated with the m regions

of µ;
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(iv) R1, · · · , Rm are finite sets of alphabetic flat splicing rules associated with the
m regions of µ and the alphabetic flat splicing rules have attached targets
here, out, in (in general, here is omitted);

(v) io is the label of the output elementary membrane of µ.

A computation in an AFSPm is defined in a way similar to a string rewriting
P system [20, 21]. A computation starts from an initial configuration defined by
the membrane structure with the initial words, if any, in the m regions. The
rules in a region are used in a nondeterministic maximally parallel manner,
which means that the strings to evolve and the rules to be applied to them are
chosen in a nondeterministic manner, but all strings in all the regions which can
evolve at a given step should do it. On the other hand, the application of an
alphabetic flat splicing rule to a pair of strings in a region, is sequential in the
sense only one rule is applied to a pair of strings, resulting in an evolved string
which is placed in the region indicated by the target associated with the rule
used. As usual the target here means that the evolved string remains in the same
region, out means that the evolved string exits the current membrane, (thus, if
the rule was applied in the skin membrane, then it can exit the system such that
strings leaving the system are “lost” in the environment), and in means that
the string is sent to one of the directly lower membranes, nondeterministically
chosen if there exist several of them (thus, if no internal membrane exists, then
a rule with the target indication in cannot be used). Note that in a region, if a
flat splicing rule with target in or out is applied to a pair of strings (x, y), then x
transforms into the string z which is sent out of the region into an inner region
or an outer region. Also note that a string passes through the membranes as a
unique entity as in a rewriting P system [20].

A computation is successful only if it stops reaching a configuration where no
rule can be applied to the existing strings. The result of a halting computation
consists of strings in the output membrane in the halting configuration. The set
of all such strings computed (also called generated) by the system Π is denoted
by L(Π).

The family of all languages L(Π) generated by alphabetic flat splicing P
systems with at most m membranes is denoted by L(AFSPm).

We give an example to illustrate AFSP2 and its work.

Example 1. Consider the AFSP2

Π1 = ({x, y, a, b, c, d}, [1 [2 ]2 ]1, {axb, ca}, {bd, ybd}, R1, R2, 2),

where R1 consists of the alphabetic flat splicing rule r1, while R2 consists of the
alphabetic flat splicing rules r2, r3, where

r1 = (a|c− a|x), r2 = (x|b − d|b), r3 = (x|y − d|b),

with r1, r2, r3 respectively having the target indications in, out and here.
Computation in Π1 takes place as follows: The region 1 has axiom strings

axb, ca and the rule r1 with target indication in, is applicable to the pair (axb, ca),
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which transforms axb into acaxb and sends it to region 2, while at the same time
no string can evolve in region 2 although it has the strings bd, ybd initially,
as no rule is applicable to any pair in this region. Once the string acaxb ar-
rives in region 2, if the rule r2 with target indication out is applied to the pair
(acaxb, bd), then the string acaxb is transformed into the string acaxbdb and
sent back to region 1. The process can be repeated and at any moment strings
of the form a(ca)p−1x(bd)p−1b, p ≥ 2 evolve in the region 2 and go to region 1.
But when the string a(ca)px(bd)p−1b, p ≥ 2 arrives in region 2, if the rule r3
(with target indication here) is applied to the pair (a(ca)px(bd)p−1b, ybd), then
this yields the string a(ca)pxy(bd)pb, p ≥ 1, which remains in region 2 itself.
The computation reaches a halting configuration and the string a(ca)pxy(bd)pb
is collected in the output region 2, thus generating the context-free language
{bd, ybd} ∪ {a(ca)pxy(bd)pb | p ≥ 1}. Note that bd, ybd are axiom strings in
region 2, which are also collected in the language.

We now examine the generative power of the alphabetic flat splicing P sys-
tems.

Theorem 2. L(AFSP1) ⊂ L(AFSP2).

Proof. The inclusion holds by definition. In order to prove the proper inclu-
sion, consider the language L1 = {c} ∪ {x(cad)ny | n ≥ 0} over the alphabet
{a, c, d, x, y}. The language L1 is generated by the AFSP2

Π2 = ({a, c, d, x, y}, [1 [2 ]2 ]1, {xy, ad}, {c, xy}, R1, R2, 2),

where R1 consists of the alphabetic flat splicing rule r1, r2, while R2 consists of
the alphabetic flat splicing rules r3, r4, where

r1 = (x|a− d|y), r2 = (x|a− d|c), r3 = (x|c− λ|a), r4 = (x|λ − c|a),

with r1, r2 having the target indication in and r3, r4 having the target indications
out and here, respectively. In a computation of this system, initially, in region
1, the string xy transforms into xady by the application of the rule r1, which
“inserts” ad into xy. Due to the target indication in of the rule r1, the string
xady is sent to region 2, where it is transformed into xcady by the application
of the rule r3. Due to the target indication out of the rule r3, the string xcady
is sent back to region 1. The process can be continued by repeated application
of the rule r2 in region 1 and r3 in region 2, sending the generated string back
and forth between regions 1 and 2. At some stage when the string of the form
xad(cad)n−1y, n ≥ 1 arrives in region 2, an application of the rule r4 generates a
string of the form x(cad)n, n ≥ 1 which remains in region 2 and the computation
halts as no rule is applicable in any of the regions. Thus the language generated
is L1. But L1 cannot be generated by any AFSP1. If we assume the contrary, we
note that the only membrane in AFSP1 can have only a finite number of initial
words (which are also in the language L1) and a finite number of alphabetic flat
splicing rules. Every word (other than c) in the language L1 has only one x and
one y. It can be seen that this property cannot be maintained in the generated
words and hence L1 /∈ L(AFSP1). ⊓⊔
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Theorem 3. L(AFSP2)− L(FSS, FIN) 6= ∅. As a consequence L(AFSP2)−
L(AFSS, FIN) 6= ∅.

Proof. In the proof of Theorem 2, the language L2 = {c} ∪ {x(cad)ny | n ≥ 0}
over the alphabet {a, c, d, x, y} was shown to be in L(AFSP2). But L2 cannot
be in the family L(FSS, FIN). In fact, if L2 can be generated by a flat splicing
system with a finite number of axioms, then the axioms which will also belong to
L2, should also be words with only one x in the beginning and one y at the end,
the only exception being the word c. But then the flat splicing rules of the system
will have to allow these axiom words to be inserted into other axiom words and
the process of such an insertion will have to continue with the resulting words.
This means that the property of having only one x in the beginning and one y
at the end, of the words in L2, cannot be maintained, as the generated words
will have more than one x and more than one y. Note that insertion of the
axiom word c into other words is not enough to generate the words of the form
x(cad)ny. Also, an alphabetic flat splicing system is a special kind of FSS and
hence L2 /∈ L(AFSS, FIN).

Theorem 4. (i) L(AFSP2)−REG 6= ∅.
(ii) L(AFSP2)− PCF 6= ∅.

Proof. Consider the language L3 = {ca, cad}∪{(ca)n(db)n | n ≥ 1}. Clearly this
language is not regular [25]. It cannot also be generated by any pure context-free
grammar [15] since no context-free kind of rule for any of the letters a, b, c, d can
generate an equal number of (ca)′s and (db)′s. But L3 can be generated by the
AFSP2 given by

({a, b, c, d}, [1 [2 ]2 ]1, {cacabdb, db}, {ca, cad, cadb, cacadbdb}, R1, R2, 2),

where R1 consists of the alphabetic flat splicing rule r1 = (b|d−b|d), in, while R2

consists of the rules r2 = (a|c− a|b), out and r3 = (a|c− d|b). The computation
takes place as follows: While no rule is applicable to any pair of words in region
2 initially, at the same time in region 1, application of rule r1 inserts db between
b and d in the word cacabdb generating the string cacabdbdb, which is then
sent to region 2. Now in region 2, if the rule r2 is applied to the pair of words
(cacabdbdb, ca), then cacacabdbdb is generated which is then sent back to region
1. Again note at this moment only the word db remains in region 1 and so
no rule is applicable. The process can be repeated. When a word of the form
(ca)n−1b(db)n−1, n ≥ 3 reaches region 2, if the rule r3 is applied on the pair
((ca)n−1b(db)n−1, cad), then the string generated is (ca)n(db)n, which remains
in region 2 with a halting computation.

Theorem 5. L(AFSP3)− CF 6= ∅.

Proof. Consider the context-sensitive language L4 = {d, ed} ∪ {anbne(dc)n−1
|

n ≥ 2}, which is not context-free. The language L4 is generated by the following
AFSP3

({a, b, c, d, e}, [1 [2 [3 ]3 ]2 ]1, {a, abc}, {b, c}, {d, ed}R1, R2, R3, 3),



Flat Splicing P Systems 7

where R1 consists of the alphabetic flat splicing rule r1 = (a|λ−a|b), in, while R2

consists of the rules r2 = (b|b−λ|c), in and r4 = (b|c−λ|d), out and R3 consists
of the rules r3 = (b|d − λ|c), out and r5 = (b|e − d|c). The computation takes
place as follows: Initially, application of the rule r1 in region 1 to the pair (abc, a)
inserts a into abc between a and b and the resulting word aabc enters region 2.
Here the application of the rule r2 to the pair (aabc, b) inserts b between b and c
and the resulting word aabbc is sent to region 3. If rule r3 in this region is applied
to the pair (aabbc, d), then the resulting word aabbdc is sent out to region 2, the
only rule applicable is r4 to the pair (aabbdc, c) yielding the word aabbcdc which
is sent to region 1. The process can repeat. Note that by the construction of
the P system, when a rule is applicable to a pair of words in a region, no other
rule in any other region becomes applicable to any available pair of words. In
general when a word of the form anbnc(dc)n−2, n ≥ 2 reaches region 3 and if the
rule r5 is applied to the pair (anbnc(dc)n−2, ed), then the computation halts and
the generated word anbne(dc)n−1 remains in the output membrane 3, which is
included in the language of the system.

4 Application to Chain-code Pictures

There are many applications of the P system models in the area of membrane
computing [4], in particular in the generation of digitized pictures in the two-
dimensional plane [26]. Description of pictures given by chain codes has been of
great interest and investigation [5, 6, 9, 14], in view of the fact that the chain-
code pictures in the two-dimensional plane are described by string grammars.
Recently, P systems for chain code picture languages have been proposed and
investigated [3, 27]. Here we illustrate, by an example, an application of flat
splicing P systems in generating chain code picture languages.

Figure 1: A chain code picture of double “stairs” of equal height

A chain code picture [14] p is composed of unit horizontal and vertical lines in
the two-dimensional plane and is described by words over the alphabet {l, r, u, d}
with the symbols l, r, u, d respectively interpreted as instructions to draw a hor-
izontal or vertical unit line to the left, right, up or down directions from the
present position in the chain code picture. A chain code picture language is a
set of chain code pictures.

Consider the non-regular language Lc = {(ru)nrr(dr)nl | n ≥ 1}, whose
words correspond to chain code pictures of double “stairs” of equal height. For
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n = 3, the chain code picture of the word (ru)3rr(dr)3l is shown in Fig. 1. Here
we give a flat splicing P system Πc with two membranes to generate the chain
code picture language Lc. The P system Πc is given by

Πc = {l, r, u, d}, [1 [2 ]2 ]1, {ru, rudrl}, {dr, rr}, R1, R2, 2),

where R1 consists of the alphabetic flat splicing rules r1 = (u|r − u|d), in and
r3 = (u|r − r|d), in, while R2 consists of the rules r2 = (u|d − r|d), out. The
computation takes place as follows: Initially, application of the rule r1 in region
1 to the pair (rudrl, ru) inserts ru into rudrl between u and d and the resulting
word rurudrl enters region 2. Here the application of the rule r2 to the pair
(rurudrl, dr) inserts dr between u and d and the resulting word rurudrdrl is
sent back to region 1. The process can repeat. But in region 1, if the rule r3 is
applied to the pair (rurudrdrl, rr), then the resulting word rururrdrdrl is sent
to the region 2 and is collected in the language.

5 Conclusions and Discussions

In this work, we have considered a P system of the language generating variety
making use of a simple kind of rule, namely, alphabetic flat splicing rule. We
have shown that alphabetic flat splicing P systems with two membranes are
more powerful in generative power than alphabetic flat splicing P systems with
a single membrane. We also proved that alphabetic flat splicing P systems with at
most three membranes to generate languages that do not belong to certain other
language classes. Finally, an application of alphabetic flat splicing P systems to
generation of chain code pictures was given.

One of the problems that can be explored is whether the number of mem-
branes in the stated results, especially in Theorem 5, could be reduced. Although
there is a strictly context-sensitive language (as shown in Theorem 5), which can
be generated by an AFSP with three membranes, the position in the Chomsky
hierarchy of the language family of AFSP with three membranes at the most,
remains to be investigated. It will also be of interest to examine whether the
inclusion AFSPm ⊆ AFSPm+1 is proper or not, for m ≥ 2. Also, the main
feature of an alphabetic flat splicing rule is to allow only insertion of a word into
another word in the context of certain symbols, which makes it very restrictive.
So it may be of interest to study the language generative power of a hybrid vari-
ety of language generating P system having certain simple kinds of rules such as
the deletion rules of the form a → λ in addition to alphabetic flat splicing rules.
Along this direction, a language generating P system of the hybrid variety with
only regular or linear Chomsky type of rules along with alphabetic flat splicing
rules, is considered in [16] and such a P system with two membranes generates
a context-sensitive language.
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4. Ciobanu, G., Pérez-Jiménez, M.J., Păun, Gh.: Applications of Membrane Comput-
ing, Natural Computing Series, Springer, Berlin (2006)

5. Dassow, J.: Grammatical Picture Generation, Tech. Report, Otto-von-Guericke-
Universität Magdeburg, Chapter 4, 101–121 (2011)

6. Dassow, J., Hinz, F.: Decision Problems and Regular Chain Code Picture Lan-
guages. Discrete Appl. Math. 45, 29–49 (1993)
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Abstract. Compared with the theoretical research, the application re-
search of membrane computing was started late. Firstly, cell-like P sys-
tem is selected as a computational framework for data clustering based on
studies of previous membrane clustering algorithm in this paper. Then,
particle swarm optimization algorithm is used as the optimization algo-
rithm to construct the membrane algorithm and the parallel computing
characteristic of programmable logic device FPGA is used to realize data
clustering. Finally, experimental results show that using FPGA processor
can realize the characteristics of parallel computing while the system op-
erate the membrane clustering algorithm, which can improve the speed
of operation at the same time. Besides, it can be used in practical engi-
neering system.

Keywords: Membrane computing, FPGA, Parallelism, Clustering al-
gorithm

1 Introduction

As a branch of natural computing, membrane computing is designed to abstract
computational models from the structure and function of life cells as well as the
cell collaboration in organizations, which is firstly proposed by Gheorghe Pǎun
in his research report presented [1]. In past years, the studies of the membrane
computing can be roughly divided into three aspects: (1) Modeling and theo-
retical analysis, namely, the establishment of a variety of membrane systems
and the analysis of capacity and effectiveness of calculation; (2) Construction
and application of membrane system for practical problems; (3) Development
of simulation platform of membrane system in software and hardware. Nowa-
days, a large number of membrane systems have been constructed in the first
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aspect, and the fruitful results of the calculation ability and computational ef-
fectiveness have been formed [2]-[7]. At the same time, a number of membrane
system software and hardware simulation platforms have been successfully devel-
oped [8]-[10]. However, compared with the theoretical research, the application
research of membrane computing was started late.

In recent years, some scholars have begun to pay attention on the study
of membrane computing, including supervised learning (classification) and un-
supervised learning (clustering), which has produced a number of meaningful
research results [11]-[15]. For example, the classical Hebbian learning law is used
to develop a classification model through designing a simple spiking neural mem-
brane system proposed by Gutierrez-Naranjo et al [11], and a model of membrane
computing for adaptive filter of signal has been studied in [12]. In addition, a
learning model against the proposed fuzzy spiking neural membrane system is
developed in [13]. For the unsupervised learning problem, a hierarchical cluster-
ing method has been discussed to be realized through the membrane computing
by Cardona et al [14], which uses an evolutionary rule of the membrane sys-
tem to realize the classical hierarchical clustering theory and verify the model.
A modified clustering algorithm is proposed to realize the traditional medoids
k-algorithm by using the rules of a cell membrane system in [15]. A cluster-
ing framework inspired by the membrane computing has been proposed in [16]
and [17], and the test results on the benchmark data sets show that the clus-
tering framework outperforms the classical clustering algorithm in clustering
quality (accuracy), stability and convergence significantly. Therefore, it can be
strongly predicted that the membrane computing has potential advantages and
good prospects in dealing with data clustering problems.

A clustering algorithm in the framework of membrane computing has been
proposed by Peng [14]-[16], which is called membrane clustering algorithm (MC).
The core of this method is to establish a tissue-like P system with degree of 3
and hybrid evolution mechanisms, and the final goal is to automatically search
the optimal clustering centers for a data set to be clustered. In order to realize
the distributed parallel clustering algorithm, how to implement the membrane
clustering algorithm on the programmable logic device FPGA has been discussed
in this paper. For this reason, a parallel implementation method of membrane
clustering algorithm based on FPGA by using the particle swarm optimization
algorithm is proposed. Then, the distributed parallel computing model is es-
tablished, and the numerical calculation process with high density is described.
Finally, the parallel simulation is performed on FPGA.

The rest of this paper is organized as follows. Section 2 states the struc-
ture and objection representation of membrane clustering algorithm and algo-
rithm learning. Parallel implementation of the membrane clustering algorithm
on FPGA is described in detail in Section 3. Experiment results and analysis are
provided in Section 4. Finally, Section 5 draws the conclusion.
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2 Membrane clustering algorithm

2.1 Structure of membrane clustering algorithm

Inspired by the idea of membrane computing and combined with the evolutionary
rule of particle swarm optimization algorithm, a membrane clustering algorithm
is proposed. In this paper, a cell-like P system is constructed as its computing
framework, which is used for data clustering operations, and finally determines
the optimal clustering centers. The cell-like P system can be formally described
as follows: A cell-like P system of degree q is defined as

Π = (O,ω1, ω2, . . . , ωq, R1, R2, . . . , Rq, R
′, i0) (1)

where

(1) O is a set of all objects.

(2) ωi(1 ≤ i ≤ q) is initial multiset of objects in ith cell.

(3) Ri(1 ≤ i ≤ q) is finite set of evolution rules in ith cell, combining the
evolutionary rules of the particle swarm algorithm, which are described by
the following velocity-location model:

V i
j = ω · V i

j + c1r1(P i
best − Zi

j) + c2r2(Gbest − Zi
j) (2)

Zi
j = Zi

j + V i
j (3)

where

a) ω is the inertia weight, and c1, c2 are two constants, and r1, r2 are two
random number in [0,1];

b) Zi
j is jth object in ith cell and is the corresponding velocity vector;

c) P i
best is the best object in ith cell, while Gbest is the best object in the

whole system.

(4) Ri(1 ≤ i ≤ q) is finite set of communication rules of the form.

(5) i0 indicates the output region.

In the above about the specific definition of P system, because the particle
swarm algorithm has the advantages of high speed, high calculation efficiency,
simple algorithm logic and suitability for analysis and processing of real data,
this paper chooses particle swarm algorithm as the evolution rules of the ob-
ject. More importantly, particle swarm algorithm itself is a parallel computing
processing operations and algorithm won’t produce competitive relationships be-
tween different particles in the process of running. Although it is easy to fall into
local optimum, the object communication in the process of the calculation can
be made continuously between the cellular nodes after the algorithm combined
with the framework of cell-like P system, which can effectively overcome this
disadvantage.
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2.2 Object representation in the structure of the membrane
clustering algorithm

In this paper, the object of the data clustering in the structure of the membrane
clustering algorithm is expressed as follows: suppose that in a d-dimensional
space, the clustering problem is considered to partition data setD = {X1, X2, . . .,
Xn} into k clusters, C1, C2, . . . , Ck, where Z1, Z2, . . . , Zk are the corresponding
cluster centers. In order to process the clustering problem, the objects in the
system are designed as a k × d-dimensional vector, shown in Fig. 1

Z = (Z1, Z2, . . . , Zk) = (Z11, Z12, . . . , Z1d, . . . , Zk1, Zk2, . . . , Zkd) (4)

Where Zi = (Zi1, Zi2, . . . , Zid) is ith cluster center, namely the particle of PSO
algorithm.

Fig. 1. Representation of the object in the clustering problem

As is well known for the theory of cluster problems, except choosing the ap-
propriate classified measures, how to evaluate clustering centers of each iteration
calculation is also an important question. The final clustering results make the
same feature data compact, and loose conversely. So, based on such a standard
and combined with the characteristics of the data type, we choose the following
way (5) as the evaluation function of the clustering centers, namely, the fitness
function of the object in the cell.

f(Z) = M(C1, C2, . . . , Ck) =
k

Σ
i=1

Σ
Xj∈ci

d(Xj , zi) (5)

Where, d(Xj , zi) represents the distance from the data point to the clustering
centers. Generally, the value of particle is smaller, the object is better, and vice
versa.

2.3 Learning algorithm

Particle swarm optimization was put forward by Eberhart and Kennedy in 1995
at first, and its basic concept was derived from the study of the foraging be-
havior of birds in [17]. In this paper, particle swarm algorithm is used as the
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optimization algorithm of data clustering and the basic idea is to use the evolu-
tion mechanism of the particle swarm algorithm to make iterative optimization.
The particles of PSO algorithm are the data points of data clustering. Firstly,
the initial clustering centers can be determined after loading the data and ini-
tialization, and their fitness function can be also calculated. Then, the clustering
centers will be calculated by speed update function and location update func-
tion of PSO algorithm. Finally, the current local optimal particle and the global
optimal particle are updated after completing fitness calculation and comparing
with the initialized clustering centers. By that analogy, the iterative calculation
can be completed, and the optimal clustering center can be obtained to real-
ize data clustering. Through the implementation of evolution mechanism of the
PSO algorithm, the process of finding the local optimal particle and the global
best particle is the process of finding the optimal cluster center.

3 Parallel implementation of the membrane clustering
algorithm on FPGA

3.1 FPGA parallel computing principle

Field Programmable Gate Array (FPGA for short) is a field programmable logic
array [18]. A series of FPGA internal structure is shown in Fig.2, the FPGA
chip mainly contains programming input and output unit, basic programming
logic unit, clock management, embedded block ram, rich routing resources, em-
bedded unit in the bottom function and embedded hardware module. As can be
seen from the Fig.2, the FPGA is composed of multiple internal programmable
logic blocks (CLB), and there is abundance of routing resources between logic
programming blocks. In order to achieve different functions, the FPGA can be
designed as different wiring to connect different circuits by the design of pro-
gramming language verilog. However, different functions within the FPGA are
embodied in different arrays, and each array can be performed in parallel. As
we all known that the circuit itself is a parallel process. In this paper, the use
of connections inside the FPGA programmable logic blocks can be completed
all the functions shown in Fig.3, including the data loading, initialization, data
processing and the final output, the whole process of data processing is done
inside the FPGA without using any peripheral equipment.

3.2 Implementation process of membrane clustering algorithm on
the FPGA

In this paper, the object of single membrane cell will execute in parallel evolution
mechanism in this environment by using cell-like P system as computing frame-
work and the outer membrane as a public environment. Finally, the parallelism
of membrane computing will be verified by implementing a minimum system.

The logic steps as shown in Fig.3, described as follows:
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Fig. 2. A series FPGA structure diagram

Step 1: Loading data: input parameters are given, q, m, k, c1, c2 as well as
data set D = {X1, X2, . . . , Xn}; here, only a minimum system temporarily is
achieved. q = 1, m = 2;

Step 2: Initialization: m initial objects can be randomly generated for each
of the q cells respectively;

Step 3: For each object in the q cells, the evolution and communication
operations are performed as follows:

(1) Object evolution: the object is evolved by using Eq. (1);
(2) Object evaluation: the fitness value of the object is computed by using Eq.

(2),Eq. (3);
(3) Object communication: the object is transported to update the global best

object Gbest;

Step 4: Halting judgment: if the preset stop condition is satisfied, the system
halts and exports the global best object Gbest ; otherwise, go to Step 3.

3.3 Implementation program module partitioning of membrane
clustering algorithm on the FPGA

Parallelism of membrane computing is performed through the particle swarm
optimization algorithm is operated on FPGA in the cell P system, the objects



The Implementation of membrane clustering algorithm based on FPGA 7

Cell 1 Cell q

...

NO

FPGA

Initialization

Loading data

Object 1

Evolution

evaluation

communication

Object m

End?

Synchronization

Output (coordinates of optimal clustering
centers )

YES

...

...Evolution

evaluation

communication ...

Object 1

Evolution

evaluation

communication

Object m

...

...Evolution

evaluation

communication

Fig. 3. The function of the membrane clustering algorithm on FPGA
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of the experiment in the two cells are performed by using the same evolution
rules, so the experiment can make full use of parallelism of FPGA to improve
the computing speed. Function partition diagram is shown in Fig.3, combined
with parallelism of FPGA, the particle swarm optimization algorithm process is
divided into the different modules according to the different function. However,
the different function module is composed of various programmable logic unit
of FPGA hardware structure by layout. This paper uses the top-down design
method which completes the call of each functional submodule on the top-level
module. Finally, the membrane algorithm is realized in parallel on the FPGA,
and the realization of the preliminary exploration of membrane algorithm on
the hardware is also completed. The specific description of function modules is
shown in fig.5:

Top level module: the overall control of the whole process, using top-down
design method to achieve the call of each sub module and data initialization.

Module 1 (M1): it is a place where the whole experimental data set is stored
in, the experimental data set is 250 two-dimensional arrays that their numerical
size of horizontal and vertical axes is between 4 and 16. Combined with the
characteristics of FPGA processor processing data, here the whole data set value
is all expanded 100 times to facilitate the programming and data processing, but
it does not affect the results of the experiment.

Module 2 (M2): it is a recognized data set and this experimental data set
is best clustered into k = 5, therefore, optimization of the number of clustering
categories is simplified. The initialization of the five clustering centers of object
1 in a cell in a smallest system will be realized through module 2, and module
2’ is the same as module 2.

Module 3 (M3): combined with the optimization principle of particle swarm
optimization algorithm and the data clustering method, the particle of object
1(each data point of the data set) will conduct the fitness calculation and judge
the merits of the calculation. This module uses the FPGA multiplier to calculate
∆x2 and∆y2 of the Euclidean distance. The root operation of Euclidean distance
uses a coordinate rotation digital calculation method while judging. Module 3’
is used to process data in object 2. Because the processing flow of object 1 and
object 2 is synchronous, the basic principle is consistent.

Module 4 (M4): the first iteration computation of particle swarm optimiza-
tion is realized, and then the local optimum and global optimum are selected.
The ultimate goal of data clustering is also to pick out the best clustering center,
accurately represent different characteristics of each data type, and achieve the
best classification data set. It needs to be explained that the global optimum af-
ter the iteration computation of the particle swarm algorithm is the best cluster
center of data clustering.

Module 5 (M5): it will accomplish the velocity and position updating calcu-
lation of object 1. The experimental data is two-dimensional, so the method is
used to complete the speed update and position update of abscissa and ordinate
of data points respectively. Module 5’ is to process particles of the object 2, and
then obtain the new local optimum particle and the global best particle after
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making comparison of the particle’s fitness. Among them, the velocity update
function of the particle swarm algorithm involves random number r1 and r2,
then the programming way uses a LFSR (linear feedback shift register) principle
to generate random numbers in this paper. Because the minimum system has
two objects, clustering center of each object is two-dimensional, each object has
x and y coordinates, and a velocity update requires two random numbers r1 and
r2 , the system contains eight random number generation modules. Note that the
produce of r1 and r2 are changed along with the iteration, that is, the velocity
updating formula is used while an iterative arithmetic is carried out. And the
random numbers r1 and r2 will change in real-time following the whole system
update.

4 Experiment results and analysis

The experimental parameters involved in this paper are set to c1=c2=1, q=1,
m=2. is selected as the experimental data set for data clustering (combined with
the characteristics of processing data on FPGA, this experiment will expand the
size of all the data points 100 times, which does not impact on the analysis of
experimental results). After writing and debugging stages of the entire program,
then it can carry on the experimental data set to the experiment, achieve pro-
gramming control of data clustering inside the FPGA, observe the simulation
results, and draw the conclusion of the experiment.

Table 1. Experimental results.

The number of iteration f-1-para-old f-2-para-old f-1-para-new f-2-para-new

1 70971 119406 70971 119406

2 64171 83403 64171 83403

10 63501 74514 59754 54748

50 95381 248791 49283 54748

Experiment results are shown in Table 1, f-1-para old and f-2-para old show
the fitness value before iteration. f-1-para new and f-2-para new show the fitness
value after iteration .The changes in the fitness value of object in the each cell re-
flect the implementation of membrane clustering algorithm based on FPGA. The
experimental results show that fitness of particles decrease with the increasing
of the number of iterations in the intracellular two objects. It shows a conver-
gence trend indicating that each particle is gradually closer to the best local,
and the data clustering effect can be achieved. As long as it has been running to
observe the results of the operation, it will get the global optimal to achieve the
best division of the whole system data. In this section, the concept of parallel
has been always adhered to the whole implementation process of programming,
because the process of data clustering is realized in parallel execution in the two
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objects of the system by using the particle swarm algorithm, which better re-
flects the parallelism of membrane clustering algorithm, improves the efficiency
of the clustering process, and obtains the ideal clustering effect.

5 Conclusions

In order to realize the parallelism of the membrane clustering algorithm, the
particle swarm optimization algorithm is proposed to realize data clustering by
the cell-like P system, and the parallel particle swarm optimization algorithm is
presented based on FPGA hardware system. In this paper, the Euclidean dis-
tance is selected as the similarity measure. So, the smaller the f value, the closer
to the clustering centers, which indicates that the object is better. In this study,
a preliminary realization is made by the application of the membrane computing
in hardware, and it further expands the range of the membrane computing in
practical engineering applications.
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Clustering with Membrane Computing. The 8th Workshop on Membrane Com-
puting, pp.185-204(2007)

15. Zhao, Y., Liu, X., Qu, J.: The k-medoids clustering algorithm by a class of P
system. Journal of Information and Computational Science, vol.9, no.18, pp.5777-
5790(2012)

16. Jiang, Y., Peng, H., Huang, X., Zhang, J., Shi, P.: A novel clustering algorithm
based on P systems. International Journal of Innovative Computing, Information
and Control, vol.10, no.2, pp.753-765(2014)

17. Huang, X., Peng, H., Jiang, Y., Zhang, J., Wang, J.: PSO-MC: A novel PSO-based
membrane clustering algorithm. ICIC Express Letters, vol.8, no.2, pp. 497-503
(2014) (Selected from ICICIC2013) (EI)

18. Nwankpa, C., Johnson, J. Nagvajara, P. ChagnonT., Vachranukunkiet, P.: FPGA
hardware results for power system computation. Power Systems Conference and
Exposition, pp.1-3(2009)



CuSNP: Spiking Neural P Systems Simulators in
CUDA

1Jym Paul Carandang, 1John Matthew B. Villaflores, 1Francis George C.
Cabarle, 1Henry N. Adorna, 2Miguel Ángel Mart́ınez-del-Amor
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Abstract. Spiking neural P systems (in short, SN P systems) are models
of computation inspired by biological neurons. In this work, we report
our ongoing efforts to improve simulators for SN P systems. CuSNP is
a project involving sequential and parallel simulators, and in this work
we include a PLingua file parser. The PLingua file parser is for ease
of use when performing simulations to be executed either in the CPU
or in CUDA graphics processing units (in short, GPUs). Our results
also include a comparison and analysis of the simulator we developed by
simulating two types of parallel soring networks: generalized and bitonic.
At present, our GPU simulator is better suited on the former type based
on the profiling of our GPU kernel functions, i.e. our GPU simulators
run up to 50× faster than the sequential simulator but simulations of
bitonic networks run slightly slower than generalized networks. We also
implemented an algorithm based on finite automata to allow more forms
of regular expressions in the simulated SN P systems.

Key words: Membrane computing; Spiking neural P systems; PLingua; CUDA;
GPU

1 Introduction

Spiking neural P systems (in short, SN P systems) are parallel models of compu-
tation inspired by the functioning and structure of neurons. SN P systems were
introduced in 2006 in [1], and as of February of 2016 more than 200 publications
have been produced about them.1 In this work we report our ongoing efforts to

1 http://membranecomputing.net/IMCSBulletin/index.php?page=bibSNPsystemF
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improve CuSNP, which is a collection of simulators (sequential and parallel) and
for this work a parser, for SN P systems.

Many simulators and published works investigate the simulation of membrane
models or P systems in software and hardware, whether sequential or in parallel,
e.g. [2] and [3]. A recent survey of simulations of P systems in graphics processing
units (in short, GPUs) is in [4]. More recently in [5] which includes simulations
on a variant of SN P systems known as fuzzy reasoning SN P systems.

In order to standardize the simulations of P systems (in terms of language,
input representation etc.) the PLingua project was introduced. PLingua has also
been used to simulate SN P systems in a sequential manner in [6]. Due to the ease
of use of PLingua, users need not know the in-depth knowledge of the simulated
P system: as long as the P system for a problem is given, such users can run
their simulations using PLingua syntax, thus obtaining their solutions to their
problem.

The following lists our contributions in this work: (1) we included in CuSNP
the feature of allowing .pli files as input to our simulators. We recall that .pli
files are the input files used by PLingua simulator and related simulators. The
ease of use and portability that .pli files offer were not available in [7]; (2) we
modify the matrix representation of SN P systems in [8] in order to simulate SN
P systems with delays, and we prove that our algorithms indeed simulate SN P
systems computations; (3) we test our sequential and parallel simulators using
two types of sorting networks: generalized and bitonic. At present, the former
type performs better in our simulators due to rule density (more details later).
We also analyze and profile our simulators in order to gain insights on how to
better improve them; (4) Unlike in [7], in this work we provide an algorithm
based on finite automata to allow more forms of regular expressions.

This work is organized as follows: Section 2 provides syntax and semantics
for SN P systems; Section 3 briefly discusses the main elements of CuSNP that
constitute the contribution of this work; Section 4 provides the matrix definitions
that allow us to simulate SN P systems with delays. The definitions are then
used to create the algorithms used by CuSNP. Section 5 provide experimental
results and analyses of our experiments. We end with conclusions and future
research directions in Section 6.

2 Spiking Neural P Systems

The reader is assumed to be familiar with basics of membrane computing and
formal language theory (e.g. what constitutes a regular expression). A Spiking
neural P system Π is of the form:

Π = (O, σ1, ..., σm, syn, in, out)

1. O = {a} is the alphabet containing a single symbol (the spike);
2. σ1, ..., σm are neurons, of the form σi = (αi, Ri), 1 ≤ i ≤ m where:

(a) αi ≥ 0 is the initial number of spikes contained in σi.
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(b) Ri is a finite set of rules of the following two forms:
(i) E/ac → ap; d where E is a regular expression over O and c ≥ p ≥

1, d ≥ 0.
(ii) as → λ, for s ≥ 1, with the restriction that for each rule E/ac → ap; d

of type (i) from Ri, we have as 6∈ L(E);

3. syn ⊆ {1, 2, ...,m} × {1, 2, ...,m} with i 6= j for all (i, j) ∈ syn, 1 ≤ I, j ≤ m
(synapses between neurons);

4. in, out ∈ {1, 2, ...,m} indicate the input and the output neurons, respectively.

The rules of type (i) are firing (or spiking) rules while the type (ii) are
called forgetting rules. An SN P system whose firing rules have p = 1 is said to
be of the standard type (non-extended). Given a spiking rule, it is applied as
follows. If a neuron σi contains k spikes, and ak ∈ L(E), k ≥ c, then the rule
E/ac → ap; d ∈ Ri can be applied. This means we remove c spikes so that k − c
spikes remain in σi, the neuron is then fired and produces p spikes (1 in the case
of standard SN P systems) after d time steps.

Spikes are fired after t+d where t is the current time step of the computation.
For the case that d = 0, the spikes are fired immediately. When the time step of
the computation is between t and t+ d, we say that the neuron σ has not fired
the spike yet and σ is closed, meaning it cannot receive spikes from other neuron
connected to it. In the case that a neuron with an in-going synapse to σ fires,
the spike(s) is(are) lost. During the time step t+ d, the spikes are fired, and the
neuron is now open to receive spikes. At t+d+ 1 the neuron can begin applying
rules. When neuron σi emits the spike, the spikes reach immediately all neuron
σj such that (i, j) ∈ syn and σj is open.

A forgetting rule is applied as follows. If the neuron σi contains exactly s
spikes, then the rule as → λ from Ri can be applied, meaning all of the s spikes
are removed from σi.

For rules of the form E/ac → ap; d of type (1) where E = ac, we write it
in the shortened form ac → ap; d. There are cases when two or more rules are
applicable in a step of the computation, at these cases, only one rule is applied
and is non-deterministically chosen. However, by definition, it is impossible to
have a spiking rule and a forgetting rule to be applied at the same time. In short,
for each neuron, at most one rule will be applied in a time step.

A configuration of the system at step t is denoted as Ct = 〈r1/k1, . . . , rm/km〉
for 1 ≤ i ≤ m, where neuron i contains ri ≥ 0 spikes and remains closed
for ki more steps. The initial configuration of the system is therefore C0 =
〈r1/0, . . . , rm/0〉. Rule application provides us a transition from one configura-
tion to another. A computation is any (finite or infinite) sequence of configu-
rations such that: (a) the first term is the initial configuration C0; (b) for each
n ≥ 2, the nth configuration of the sequence is obtained from the previous con-
figuration in one transition step; and (c) if the sequence is finite (called halting
computation) then the last term is a halting configuration, i.e. a configuration
where all neurons are open and no rule can be applied.

Two common ways to obtain the output of an SN P system are as follows: (1)
obtaining the time interval between exactly the first two steps when the output
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neuron σout spikes, e.g. number n = tn−t1 is computed, where σout produced its
first two spikes at steps t1 and tn; (2) counting the number of spikes produced
by σout until the system halts. Note that for (1) the system need not halt, since
we only consider the first two steps when σout spikes. In this work, we consider
systems that produce their output as given in (2). SNP systems are illustrated
in this work as directed graphs: the neurons are represented by oval vertices, and
the synapses are the arcs between the vertices.

SN P systems have been used to implement sorting networks, more specif-
ically, parallel sorting networks. In what follows, we briefly recall such sorting
networks that have been implemented using SN P systems. A generalized sorting
network can be implemented using an SN P System as discussed in [9]. Figure
1 shows an SNP System implementing a sorting network with 2 inputs. SN P
systems that implement sorting networks will be used to experimentally test our
simulator, using exponentially growing input size.

a5

a∗/a→ a

1

a3

a∗/a→ a

2

a2 → a
a→ λ

3

a2 → λ
a→ a

4

o1

5

o2

6

Fig. 1: An SN P system implementing a 2-input generalized sorting network

We can divide this sorting network into 3 layers: input layer, sorting layer,
and output layer. Input layer, as the name suggests, serves as an input for the
network and feeds each spike, one by one, to each of the neurons in the sorting
layer. In Figure 1, these are the neurons 1 and 2. Numbers to be sorted are
represented with the number of spikes. The actual sorting happens in the sorting
layer, in Figure 1, these are the neurons 3 and 4. Each neuron in the sorting layer
of the generalized sorting network contains n rules, n being the number of inputs.
Neurons in the sorting layer are then connected to each neurons in the output
layer depending on whether we want the inputs to be sorted in increasing or
decreasing order. Once there are no more rules that can be applied (i.e. the
system halts), the sorted numbers appear as the number of spikes in the output
neurons (neurons 5 and 6 in Figure 1).

Another type of sorting network implemented using the SN P Systems is
the bitonic sorting network as discussed in [10]. SN P systems that implement
bitonic sorting are constructed from SN P system modules that perform as either
bitonic splitters or mergers. A bitonic sorter of input size 2 is the same as the



CuSNP: Spiking Neural P Systems Simulators in CUDA 5

generalized sorting network of size 2 (e.g. in Figure 1) but this is not the case
for input sizes of n > 2. As discussed in more detail in [10], in a bitonic sorting
network there exist comparators and mergers which distinguish such networks
from generalized sorting networks We note that bitonic sorting networks sort
sets of natural numbers with cardinality 2n, while a generalized sorting network
can sort any set of natural numbers.

3 CuSNP

In this section we briefly discuss the main parts of CuSNP which are contributed
in this work. We begin with the .pli file parser, based on PLingua syntax, then
followed by a discussion of GPU computing with CUDA.

3.1 A .pli File Parser

The following discussion provides details of the .pli file parser included in
CuSNP. We follow the PLingua syntax provided in [6] and identify the following
important reserved keywords that will be relevant for CuSNP:

@mu = m1, m2, ..., mN;

@marcs = (m1, m2);

@ms(m1) = a*k;

Where @mu, @marcs, and @ms define the neurons, the synapses between neu-
rons, and the initial spikes contained in each neuron, respectively. Other key-
words can be found in [6], e.g. @masynch, @mvalid, @mseq, and @min but these are
not relevant to CuSNP so they are ignored by the parser. Rules are strictly lim-
ited to firing and forgetting rules, since other types of rules (e.g. neuron budding
and division rules) are also not relevant to CuSNP.

Rules can be defined as [x]’n --> [y]’n "r"::d; where x is the number
of spikes consumed, y is the number of spikes produced, (x and y are written in
terms of ac and ap), n is the label of the neuron containing the rule, r is the regu-
lar expression E, and d is the delay count for the rule. An example of a PLingua
code that defines a rule is [a --> a]’in{i} "a*": 1<=i<=n;. In this example,
an optional range of values for expression i can be appended at the end of each
line of code. Using the .pli parser, we have the workflow illustrated in Figure
2. The workflow for CuSNP allows users with minimal technical knowledge of
SN P systems to be able to perform experimental simulations in GPUs using
familiar language as found in PLingua.

.pli file .pli parser in CPU CuSNP input CuSNP GPU Simulation Result

Fig. 2: Workflow diagram for .pli parser in CuSNP.
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3.2 Simulation with CUDA GPUs

Next, we briefly discuss the Compute Unified Device Architecture (in short,
CUDA) for GPU programming. CUDA is a parallel programming computing
platform and application programming interface model developed by NVIDIA
[11] [12]. CUDA allows software developers to use a CUDA enabled GPUs for
general purpose GPU (in short, GPGPU) computing.

Functions that execute in the GPU, known as kernel functions, are executed
by one or more threads arranged in thread blocks. The thread blocks are then
arranged in grid of thread blocks. It is the task of the developer to arrange
threads in such a thread hierarchy, i.e. in a block of threads, and a grid of thread
blocks. In the CUDA programming model, the GPU is often referred to as the
device, while the CPU is referred to as the host. The host performs the kernel
function calls to be executed on the device.

CUDA uses a single program, multiple data (in short, SPMD) paradigm. In
this paradigm, threads execute similar code, while allowing such threads to access
multiple (possibly different values of) data. Aside from the thread hierarchy,
CUDA also implements a memory hierarchy similar to how there exist memory
hierarchies in the CPU. We do not go into details of the thread and memory
hierarchy of CUDA and instead refer the reader to [11] [12].

In CuSNP and as began in [7], we follow a good memory access pattern as
follows: the host generates the input (i.e. the numbers to be sorted) and then
copies the input to the GPU; the device performs the entire simulation until the
simulated SN P system halts; finally, the output of the device is then copied back
to the host for printing and analysis. This access pattern is followed in order to
prevent slow transfers (i.e. high latency) between the device and the host. A
good practice for designing the hierarchy of threads used in the device is that
the threads in a block must be a multiple of 32, due to hardware design reasons.
The details regarding the use of GPGPU computing using CUDA to simulate
SN P systems with delays are provided in the next section.

4 Algorithms for CuSNP

In this section we first introduce the modifications of the matrix representation
given in [8] in order to simulate SN P systems with delay. After the modifications
are presented, the algorithms for the simulation in CuSNP are provided. Let Π
be an SN P system with delay havingm neurons and n rules. We use the following
definitions to represent the system. To provide examples of our definitions, we
use the SN P system for 2-input generalized sorting network in Figure 1.

Definition 1: (Configuration Vector). The vector C(k) = 〈c1, c2, ..., cm〉
is the configuration vector at the kth step of the computation where each ci, i =
1, 2, ...,m, is the amount of spikes contained in σi.

The vector C(0) = 〈α1, α2, . . . , αm〉 is the initial configuration vector of Π.
The initial configuration vector in Figure 1 is given by C(0) = 〈5, 3, 0, 0, 0, 0〉,
assuming a total order of 1, 2, 3, 4, 5 for the neurons.
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Definition 2: (Spiking Vector). Let C(k) = 〈c(k)1 , c
(k)
2 , ..., c

(k)
m 〉 be the kth

configuration of Π. Assume a total order d : 1, ..., n is given for all the n rules,
so the rules can be referred as s1, ..., sn. A spiking vector S(k) is defined as
S(k) = 〈s1, s2, ..., sn〉 where

s
(k)
i


1, if the number of spikes c

(k)
j ∈ L(Ei) for rule ri

(rule ri is in neuron σj) and ri is applied;

0, otherwise.

The spiking vector in Figure 1 with k = 1 is S(1) = 〈1, 1, 0, 0, 0, 0〉, assuming
a total order among rules. In this case, only the rules of σ1 and σ2 can be applied,
hence the corresponding value of 1 in S(1). Definitions 1 to 2 are taken from [8]
while the following definitions are introduced for CuSNP.

Definition 3: (Status Vector). The vector St(k) = 〈st1, st2, ..., stm〉 is the
status vector at the kth step of where each sti, i = 1, 2, ...,m, determines the
status of the σm.

sti =

{
1, if neuron m is open

0, if neuron m is closed

A status vector for Figure 1 with k = 1 is St(1) = 〈1, 1, 1, 1, 1, 1〉.
Definition 4: (Rule Representation). The set R(k) = r1, r2, ..., rn is the

set of rules where each ri, i = 1, 2, ..., n is a vector representing each rule in Π.
Each ri is defined as ri = {E, j, d′, c} where E is the regular expression for rule
i, j is the neuron that contains the rule ri,

d′ =


−1, if the rule is inactive

0, if the rule is fired

≥ 1, if the rule is currently on delay
and c is the number of spikes that neuron σj will consume if σj is applied.
Each ri in the set R(1) of the sorting SN P system in Figure 1 are as follows:
r1 = {a∗, 1, 0, 1}, r2 = {a∗, 2, 0, 1}, r3 = {a2, 3,−1, 2}, r4 = {a, 3,−1, 1}, r5 =
{a2, 4,−1, 2}, r5 = {a, 4,−1, 1}.

Definition 5: (Delay Vector). The delay vector D = 〈d1, d2, ..., dn〉 con-
tains the delay count for each rule ri, i = 1, 2, ..., n in Π.

The delay vector for the SN P system in Figure 1 for k = 1 isD = 〈0, 0, 0, 0, 0, 0〉.
Definition 6: (Loss Vector). The vector LV (k) = 〈lv1, lv2, ..., lvm〉 is the

loss vector where each lvi, for each neuron σi, i = 1, 2, ...,m, contains the number
of spikes consumed, c, of the rule applied in σi at the step k. The loss vector in
Figure 1 with k = 1 is LV (1) = 〈1, 1, 0, 0, 0, 0〉.

Definition 7: (Gain Vector). The vector GV (k) = 〈gv1, gv2, ..., gvm〉 is the
gain vector which contains the total number of spikes gained, gvi, for each neuron
σi, i = 1, 2, ...,m, at the kth step without considering if the neuron is open or
closed. The gain vector in Figure 1 with k = 1 is GV (1) = 〈0, 0, 1, 1, 0, 0〉.

Definition 8: (Transition Vectors). Let d : 1, ..., n be a total order given
for all the n rules, the transition vectors of Π, is a set of vectors Tv defined as
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Tv = {tv1, ..., tvn} where each tvi = 〈p1, ..., pm〉 and

pj =


p, if rule ri is in σs (s 6= j and (s, j) ∈ syn)

and it is applied producing p spikes;

0, if rule ri is in neuron σs (s 6= j and (s, j) /∈ syn).

In the case of Figure 1 the transistion vectors are

Tv =


0 0 1 1 0 0
0 0 1 1 0 0
0 0 0 0 1 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1


The spiking transition matrix according to [8] contains both spikes consumed

and produced by each neuron for each step k of the computation. Transition
vectors, however, only contain spikes gained by each neuron.

Definition 9: (Indicator Vector) The indicator vector IV k = 〈iv1, iv2, ..., ivm〉
will be multiplied to transition vector, i.e. Tv · IV k, in order to obtain the net
number of spikes a neuron will receive without considering the status of the
neuron (i.e either open or closed). The indicator vector in Figure 1 with k = 1
is IV k = 〈1, 1, 0, 0, 0, 0〉.

Definition 10: (Net Gain Vector). Let LV (k) = 〈lv1, lv2, ..., lvm〉 be the
kth loss vector vector, GV (k) = 〈gv1, gv2, ..., gvm〉 is the kth gain vector, and
St(k) = 〈st1, st2, ..., stm〉 is the kth status vector. The Net Gain vector at
step k is given by NG(k) = GV (k) ⊗ st(k) − LV (k), where ⊗ is the element-
wise multiplication operator. We can compute for the value of GV (k) using the
equation GV (k) = IV (k) ∗ TV . We also have LV (k) = S(k) ∗ RM , where RM is
a matrix of size n×m defined as RM =

[
aij
]
nxm

with

aij =


c, if rule ri is in neuron σj

and it is applied consuming p spikes;

0, if rule ri is in neuron σs (s 6= j and (s, j) /∈ syn).

From the previous equations, it follows that NG(k) is given by the following
lemma.

Lemma 1. NG(k) = St(k) ⊗ (IV (k) ∗ TV )− S(k) ∗RM .

Proof. For the loss vector LV (k), when a neuron applies a rule, the neuron
immediately consumes the required spikes. RM indicates the number of spikes
σi will consume if rule j is applied. The spiking vector S(k) selects which rule
will fire so we can compute the number of spikes each neuron will lose. Since
S(k) is an 1 ×m matrix and RM is a n ×m matrix, their product provides a
matrix of size 1×m.
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For the gain vector GV (k), if σi applies a rule at step k, σi will release its
spike at step k + d given a delay d for the rule. IV (k) indicates which rule will
release its spike at step k. TV is an n ×m matrix indicating how many spikes
σi will gain at the current step. IV (k) is an 1 ×m matrix and TV is an n ×m
matrix, and their product provides a 1 ×m matrix that represents the number
of spikes each neuron will gain. The gain vector is then multiplied to the status
vector St(k) which provides the gain of closed neuron to 0 since closed neurons
cannot receive spikes. We obtain the net spikes gained for each vector by adding
the loss vector LV (k) and gain vector GV (k). ut

Using Lemma 1, we can compute the next configuration, similar to what was
done in [8], as follows.

Theorem 1. C(k+1) = C(k) +NG(k).

Proof. This results follows from Lemma 1. ut
Following the definitions of the vectors provided above, we have for Figure 1

the vectors C(1) = 〈5, 3, 0, 0, 0, 0〉,GV (1) = 〈0, 0, 1, 1, 0, 0〉, St(1) = 〈1, 1, 1, 1, 1, 1〉,
LV (1) = 〈1, 1, 0, 0, 0, 0〉. We can compute forNG(1) withNG(1) = GV (1)⊗St(1)−
LV (1) = 〈−1,−1, 1, 1, 0, 0〉. We also compute for the next configuration vector
as C(2) = C(1) +NG(1) = 〈4, 2, 1, 1, 0, 0〉.

Next, we provide the algorithms that make use of the definitions provided
above. Given an SN P System with delay, we identify four cases for rule appli-
cation in our algorithms. For each ri = {E, j, d′, c} ∈ R(k),

– Case 1: This is the trivial case where the number of spikes in the neuron
do not allow for rule application, hence the rule is ignored.

– Case 2: If L(E) = ac, then d′ = di, St
(k)
j = 0, Lv

(k)
j = c. In this case, the

rule is fired, we start a countdown, and consume the required spikes. The
neuron is now closed and cannot receive any spikes.

– Case 3: If the countdown from case 2 is finished i.e. ri was fired at step k−dj
so that d′ is now 0, we add the spikes that the ri produces and open the

neuron that owns ri. We perform these by setting Iv
(k)
j = 1 and St

(k)
j = 1.

– Case 4: When ri has a delay of 0, i.e. dj = 0, we apply cases 2 and 3.

The main simulation algorithm for CuSNP given in Algorithm 1, is devised
to solve for the kth configuration.

1: procedure Simulate SNP (C(K), R, Tv, St(k))
2: Reset(Lv(k))
3: Reset(Gv(k))
4: Reset(NG(k))
5: Reset(Iv(k))
6: Compute S(k)

7: for ri = {E, j, d′, c} ∈ R do . Check for the cases

8: if S
(k)
i = 1 then . Case 2

9: Lv
(k)
j ← c

10: d′ ← di
11: Iv

(k)
i ← 0



10 J.P.A. Carandang et al

12: if d′ = 0 then . Case 4
13: Iv

(k)
i ← 1

14: St
(k)
j ← 1

15: end if
16: else if d′ = 0 then . Case 3
17: Iv

(k)
i ← 1 . Set indicator bit to 1

18: St
(k)
j ← 1

19: end if
20: end for
21: Gv(k) ← Tv ∗ Iv(k)
22: NG(k) ← Gv(k) ⊗ St(k) − Lv(k)
23: C(k+1) ← C(k) +NG(k)

24: for ri = {E, j, d′, c} ∈ R do . Countdown
25: if d′ 6= −1 then
26: d′ ← d′ − 1
27: end if
28: end for
29: return C(k+1)

30: end procedure

Algorithm 1: Main simulation algorithm for CuSNP.
The function Reset(X) for some vector X resets the vectors to a 0 vector to
prevent its values from interfering with the next step of computation. We note
that Algorithm 1 is a sequential algorithm, hence we provide a modified version
later to be executed in parallel in the device. Also, Algorithm 1 does not discrim-
inate between firing and the forgetting rules, i.e. a forgetting rule is considered a
firing rule that does not produce spikes. We now prove that Algorithm 1 indeed
provides the kth configuration.

Theorem 2. Algorithm 1 provides C(k+1) given inputs C(k), R, Tv, and St(k).

Proof. Algorithm 1 accepts as inputs the initial configuration vector C(k), the
rules representation R, the status vector St(k), and the transition vectors Tv.
After determining the spiking vector at line 6, we check the three cases as defined
before from line 8 to line 16 (case 1 is ignored). If case 2 applies, we set the value
c to the corresponding element of the loss vector depending on the neuron that
owns the. The counter is started by setting the value for d′. We make sure
that only one rule will modify a single element of the loss vector based on the
semantics of rule selection in SN P systems. We also set the corresponding status
vector element of the neuron to 0, signifying that the neuron is closed.
For case 4, we set the corresponding Ivi to 1 and open the neuron by setting
the corresponding Stj element to 1. When case 3 applies, we set Ivi to 1 and
open the neuron by setting Stj to 1. We obtain the gain vector at line 21 by
multiplying the Iv to Tv. Iv is used to select which rule will send out its spike,
i.e. rules where case 3 and case 4 apply. The net gain vector is given by line 22.
The status vector is used to select where the neuron will receive spikes depending
on the status of the neuron, while removing the spikes consumed. Finally, we
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compute for C(k+1) by adding C(k) to NG(k). We reduce each d′ for 0 ≤ i ≤ n
which signifies the count down. The vectors Lv,Gv and TMv are reset to prevent
their current values from interfering with the next step of computation. ut
The next algorithm is for the Compute S(k) function in Algorithm 1.

1: procedure Compute S(k) (C(k), R(k))
2: for ri ∈ R do
3: if St

(k)
j = 0 then

4: S
(k)
i ← 0 . Neuron that owns the rule is closed

5: else
6: if L(Ei) matches C

(k)
j then

7: S
(k)
i ← 1 . Rule E is satisfied in C(k)

8: else
9: S

(k)
i ← 0 . Rule E did not match with C(k)

10: end if
11: end if
12: end for
13: end procedure

Algorithm 2: Compute Spiking Vector
The next algorithm was devised in order to be able to implement the checking of
regular expressions in the GPU. The algorithm regular expression is specifically
designed for the singleton alphabet of SNP Systems through the use of determin-
istic finite automata (in short, DFA). The supported regular expressions have
the following five forms: a∗, a+, ak where k ≥ 1, ak(aj)∗ and ak(aj)+ where
k, j ≥ 1. We can represent all five forms of regular expressions as a DFA with at
most 3 states if we allow transitions with ak labels, denoting a series of states
and transition requiring k number of a’s. If there is not enough number of a’s to
go through the ak edge, we do not accept such input.
The DFAs corresponding to the five forms are represented as 3× 3 matrices: the
column represents each state while the row contains information about the state.
The first row contains an integer i where 1 ≤ i ≤ 3, denoting the next state of
the DFA. The second row contains an integer j, j > 0 denoting the number of
spikes required to go to the next state. The third row is an integer a, a ∈ 0, 1. If
a = 1, the state is an accept state, otherwise it is a reject state. For convention,
the first node in the matrix is always the start state. We represent non-existing
states (i.e. the third node in DFA with 2 nodes only) with a negative number.
For example, we represent a2(a3)∗ as having 〈2, 3, 3〉, 〈2, 3, 3〉, and 〈0, 1, 1, 〉 as
the first, second, and third rows, respectively, of the matrix
To simulate the regular expression checking, we begin at the first column (i.e.
the representation of the first state). While we have enough spikes to move to the
next state, we subtract the number of spikes needed from the current number
of spikes and move on the next one. We say that the regular expression matches
the number of spikes if we have no spikes left after the algorithm halts and the
DFA is in an accepting state.
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What follows is Algorithm 3, the parallel version of Algorithm 1. We assign
a single thread to each rule or neuron depending on the kernel function that is
executed in the device. Given a system with m neurons and n rules, the following
algorithm is used for the distribution of threads.

1: procedure Simulate SNP (C(K), R, Tv, St(k))
2: Compute S(k)

3: Assign a thread for each si ∈ S(k) [n threads]
4: Fix Spiking Vector S(k)

5: Assign a thread for each neuron [M threads]
6: SetState R(k), S(k), St(k), Lv(k), Iv(k)

7: Assign a thread for each si ∈ S(k) [n threads]
8: Gv(k) ← Matrix Multiplication Tv ∗ Iv(k)
9: Assign a thread for each gi ∈ Gv [m Threads]

10: NG(k) ← Gv(k) ⊗ St(k) + Lv(k)

11: Assign a thread for each element NG [m Threads]
12: C(k+1) ← C(k) +NG(k)

13: Assign a thread for each ci ∈ C [m Threads]
14: Post Computation: Reset Vectors and Delay Countdown
15: return C(k+1)

16: end procedure

Algorithm 3: Parallelized Algorithm for Simulating SN P Systems

Most operations deal with vector operations so we parallelize them by assigning
a single thread on each element of the vectors. As vector operations are inde-
pendent (element-wise), most operations are thread safe (i.e. independent from
each other, no conflicts or race condition we must consider). Each function in
Algorithm 3 refers to a single kernel function. Each neuron or rule are assigned
to a single thread as defined in the algorithm. The threads are then divided by
256, which is a multiple of 32 and follows a good design for the size of a thread
block. All data is stored in the global memory of the device. Initialization and
pre-processing of input data is performed in the host before Algorithm 3 is per-
formed in the device. Pre-processing includes converting the input to the correct
data structure for use in the device and copying of the data from the host mem-
ory to the device memory. After the simulation ends, data is again copied back
to the host for post-processing (e.g. printing).

5 Experimental Results with CuSNP

Algorithm 1 is implemented in C++ and CUDA C++ is used for Algorithm
3. CuSNP is able to simulate only deterministic SN P systems with delays.
For both generalized and bitonic sorting networks, we compare the outputs of
the sequential and parallel simulators. The latest version of the CuSNP code is
available at [13].
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5.1 Runtime Comparison and Speedup

The machine for the simulation runs on Intel Core i7-4790 at 3.60GHz, 16 GB
Ram, with 2 NVDIA GeForce 750 graphics card (for this work we only utilized a
single card) running on an Ubuntu Linux 15.04 system. The graphs below show
the output of the built-in time function in Linux when the simulators are run.
Our experiments made use of CUDA release 7.5, version 7.5.17.
Generalized sorting networks with input size of 2i, i = 1, . . . , 9 were generated
for testing. The simulators were run for 100 steps and the input number used
for sorting was randomly generated from 0− 99 inclusive. The smallest system,
the 2-input generalized sorting network, has 6 neurons and 6 rules while the
largest system, which is the 512-input SN P system has 1536 neurons and 262656
rules. For sorting networks of size 128 to 512, repetitions occur since we only
have at most 100 numbers to sort. The integer range of 0 − 99 was chosen for
the sake of convenience in the input generation script and to ensure that the
simulation halts and sorts in 100 steps. 100 steps are chosen since the runtime
of a generalized sorting network is O(T ) where T is the largest integer to be
sorted. All simulations will run in 100 steps to ensure the systems will be tested
in similar conditions.
The system was run using the sequential version which we label as C++SNP.
The version of C++SNP in [14] and [7] only supports rule of the form ak, a∗,
and a+ while in this work we now include the forms ak(aj)∗ and ak(aj)+. The
support for additional forms of regular expression comes at a linear cost, i.e.
previous versions check regular expressions in constant time while the version in
this work (using the DFA algorithm in the previous section) performs checking in
linear time. The following graph show the simulation time of generalized sorting
networks, with varying input size. Figures 3 and 4 are as in [7] while Figure 5 is
updated to include the effect of the DFA algorithm in this work.
We notice the exponential growth of runtime with C++SNP due to the exponen-
tial size of the simulated networks, while the parallel simulator follows a more
linear growth on the runtime. It should be noted that this particular SNP has
N ∗ 3 neurons and N2 +N rules where N is the size of the input. The runtime
of this algorithm is O(T ) where T is the largest input. A time difference can
be noticed between the version in [14] and the current version: a slight increase
in the running time of the latter due to the DFA algorithm. The parallel sim-
ulator shows slower performance with smaller input sizes but we see a speed
up of greater than 1 at the 128-input generalized sorting network, in particular
around a 9× speed up. The parallel simulator obtains up to 50× speed up with
a 512-input generalized sorting network.

5.2 Kernel Profiling

The generalized sorting network simulation was also profiled using the nvprof
utility that comes with CUDA. The runtime of each kernel function was profiled
and compared with each other at different states. Figure 6 shows a graph of each
kernel function and it’s corresponding runtime at different input size. Following
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Fig. 3: Runtime Comparison of C++SNP(Sequential) vs CuSNP(Parallel) Im-
plementation of the Algorithm using Generalized Sorting Network

Fig. 4: Runtime Comparison of C++SNP(Sequential) vs CuSNP(Parallel) Im-
plementation of the Algorithm using Generalized Sorting Network (Continued
from Fig. 3
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Fig. 5: Runtime Speedup of Sequential vs Parallel Implementation using the
Generalized Sorting Network

Fig. 6: Runtime speed of each kernel function of parallel implementation
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is a list of kernels function names and what are they responsible for. Note that
each kernel functions will be called once at each iteration(i.e. time step) of the
computation, in this case, we will assume that the kernel functions was executed
at the kth timestep.

– SNPSolveRegex Solves regular expression of each ri ∈ R(k) and set the
corresponding element of S(k).

– SNPFixSpikingVector Ensures that only 1 rule per neuron will activate
by deactivating other possible rules if one is already found.

– SNPSetStates Sets the value of IV (k), St(k) and d′ ∈ ri according to the
four cases described in Section 4.

– Matrix Multiply Multiplies IV (k) and TMv to obtain GV (k).
– SNPComputeNG Adds GV (k) ⊗ St(k) with −LV (k) to obtain NG(k).
– Vector Addition Adds NG(k) to C(k) to obtain C(k+1).
– SNPPostCompute Subtracts 1 from the timer d′ of all ri ∈ R(k) if possible

and sets IV (k) to a zero vector.
– SNPReset Converts the vectors LV (k), GV (k) and NG(k) to a zero vector

to prevent it’s current value to interfere with the next step of computation.

Most of the functions have a linear runtime, providing negligible effect on the
total simulation runtime. As seen in Figure 6, at small input sizes, solving the
regular expression takes almost 60% of the simulation time. However, the runtime
of solving regular expression is small compared to matrix multiplications and
calculation of the spiking vectors since both operations take O(nm) time where
n and m are the number of rules and neurons, respectively. This profiling shows
that optimizing the matrix multiplication and spiking vector fixing could yield
to faster simulations (i.e. shorter runtimes) with larger input sizes.

5.3 Comparing Generalized and Bitonic Sorter

The sequential and parallel simulators were also run using the bitonic sorting
networks or bitonic sorters, as given in [10]. Compared to the generalized sorter,
the bitonic sorter uses several smaller modules composed of generalized sorters
of size 2 (for bitonic merging and splitting). We define the rule density of an
SN P System as the ratio of total number of rules n over the total number of
neurons n in the system. This way, the density of the generalized sorter doubles
for every input size (powers of 2) considered in this work, while the density for
bitonic sorters remains almost constant for any input size. The bitonic sorters are
“simpler” in the sense that on average, each neuron has around 2 rules compared
to the generalized sorter having more.
Figure 7 compares the runtime comparison of generalized and bitonic sorters.
Also note that at present, our simulations cannot handle the bitonic sorters of
input size 512 or more. In Figure 7, we see that on input size 2 to 64, the bitonic
sorters run faster than the generalized sorters but at input of size 128 the runtime
is almost the same. At the input size of 256, the bitonic sorter runs slower than
the generalized sorter. While the bitonic sorter uses simpler neurons with less
rule, it requires more neurons. Since our simulator treats each neuron and rules
individually, an SN P systems with higher rule density is able to execute faster.
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Fig. 7: Generalized Sorting vs Bitonic Sorting Networks using CuSNP with reg-
ular expression.

6 Final remarks

In this work we presented several improvements on CuSNP, in particular: we
proved the algorithms used by CuSNP; we allowed a workflow beginning with a
.pli file as input up to the CuSNP output, allowing for easier access to GPU ac-
celerated experiments; we provided an algorithm based on DFA to support more
regular expression forms; we simulated and compared generalized and bitonic
sorters; finally, we profiled our simulators to give us insights on how to further
improve CuSNP. The systems we reported use generalized sorters of input size
512 having 1536 neurons and 262656 rules. Using generalized sorters of input
size beyond 512 is not possible at the present version of CuSNP, due to imposed
thread limitations for each kernel function.
Some of the limitations of the .pli parser in this work include lack of error
checking for the input syntax, some Java regular expressions (e.g. “?”) are not
yet supported, and lack of support for other types of rules (e.g. neuron division
or budding). We expect to address more of these limitations in our continuing
work.
We intend to further improve CuSNP by using sparse representations and oper-
ations on vectors and matrices. Lastly, we also intend to make use of multiple
devices or GPUs, to further accelerate the runtime of our simulations.
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FRSN P systems with real numbers in P-Lingua on sequential and CUDA plat-
forms. LNCS 9504 (2015) 227–241
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Abstract. Membrane Computing comes under the field of Natural Computing. 

This was introduced by Gheorghe Paun [64]. This field has been there from a 

decade. To realize Membrane Computing it is important to have tools that can 

be used either to process / simulate membrane computing. There have been sev-

eral attempts in this area. This paper is an attempt to provide the details of the 

tools that are available for membrane computing. Primarily the tools are classi-

fied into two components.  On one hand we have tools that are being used for 

specific type of P Systems or the tools which have a specific application. On the 

other hand there are tools which are comparatively generic in nature. Further 

this paper lists the tools that have been designed and developed to be used for 

the biological applications of P Systems. After classification, a brief description 

of the tools is given in this paper. Finally a brief quantitative analysis of the 

tools is done. Though there have been few surveys of P System tools, this is a 

slightly different paper which tries to classify and tries to a give review of the 

tools. 

Keywords. Membrane Computing, P Systems, P System Tools, P System Si-

mulators 

1 Introduction 

Membrane Computing was introduced by Gheorghe Paun in 1998 [64]. This is one of 

the few elegant works that aim at imitating the biological processes (based on cell).  

There are several applications of membrane Computing. Membrane Computing or P-

Systems are characterized by high parallelizability. It is bio inspired computing para-

digm which has a lot of applications because of its inherent structure. It was inspired 

by structure and functioning of a living cell. As the concept is based on the living cell, 

this is also being seen as a tool to be used to emulate or describe biological processes, 



which is one of the important applications of P Systems, which may even revolution-

ize the way biological processes are studied.  

To realize the power of membrane computing there was a necessity to develop the 

tools that will emulate/ simulate biological processes. Not only this, there is also a 

need to have P System tools that will allow the simulation of P System to test / realize 

its computational properties and mathematical properties. Both the types of the tools 

are necessary. The number of tools for the latter is more compared to the former. In-

itially, there were several tools developed with the sole purpose of demonstrating the 

power of P Systems for solving computational and Mathematical problem and then 

gradually tools started coming up for several applications of membrane computing. 

These tools, apart from testing the P Systems also allowed the user to use P System 

to visualize and understand the way P Systems work, thereby giving more clarity to 

the user on certain fine issues of P Systems. Most of the systems are born out of re-

search and are created for immediate necessities / requirement for the researchers.  

As the membrane computing paradigm evolved theoretically there were several 

methods and mechanism to experience the practical implication of membrane compu-

ting. Thus several simulation softwares and tools have been developed to experience 

or visualize the models of membrane computing. Though there have been several 

applications of each and every simulation model, the primary application is visualiz-

ing the actual membrane computing model.  

The simulators or simulation tools can be primarily be classified into two, the si-

mulators or simulation tools that concentrate more on biological aspects of membrane 

computing and help use the membrane computing paradigm for simulating biological 

processes and the set of tools/ simulators that have been developed for using the 

membrane computing paradigm for solving problems related to Mathematics and 

Computer Science. All the simulators in these two areas have been discussed in this 

paper. 

There are several tools and softwares that have been developed by different re-

searchers working on membrane computing. A list of these softwares has been given 

in the website that has been maintained for P-Systems [2]. There are also several ini-

tial studies made on tools for membrane computing. There are also a few surveys that 

have been done before [61][62][63]. Though the list also has been maintained [2] this 

paper is an attempt to classify all the available tools according to their topic, thus to 

have a systematic literature review of the tools that are available for P Systems. Apart 

from these, there is also some detail about all the simulators, thereby just giving a 

brief idea about the purpose, language and other properties of the simulator. The Fig-

ure 1, lists the tools according to the timeline in the chronological order. 

There are further five sections in the paper, Section II talks about tools/ simulators 

for membrane computing in general and classifications used in this paper. The next 

section gives the details about tools that are specific to a type of P System or specific 

to certain application of P System. The next section lists and briefly describes the 

tools that are a little generic in nature, i.e. the tool which allow more than one type of 

P Systems to be realized or which doesn’t have any specific application. The next 

section lists the tools / simulation that are specific for biological application. The 

prefinal section analyses the survey and the final section concludes the paper. 



 
Figure 1 Timeline of simulators tools 



2 Classification of membrane computing tools 

As discussed Membrane Computing is a vast topic. There are many researchers in this 

area working and expanding it from all the directions. As the research progresses and 

development progresses different type of tools are required for different areas.  Thus 

keeping this view time to time several tools have been developed according to the 

need of the researchers.  

   P System tools can be classified in different ways, in this paper we discuss to impor-

tant ways of classification. Firstly, the tools can be classified as generic tools i.e. P 

System tools that can be used in general to study the properties, behavior of P Sys-

tems and specific tools i.e. The tools that have a specific application or the tool which  

is specifically designed for a particular P System variant. 

Then the other type of tool classification is based on eventual application of P Sys-

tems i.e. computational/ general application or biological application. This is another 

way of classifying the tools. Unlike the former classification, this classification gives 

an idea about the research that is going on one particular and significant number of 

tools tells us that there are several works going over this topic. But on the other hand 

only with the number of tools, one may not be able really predict exactly the number 

of works that are being carried out in this area but will have some idea about the 

progress. This paper discusses all the tools according to the classification.  

In this paper, simulators/ tools that have been developed for P Systems are classi-

fied. Here the P System/ application specific tools have been listed separately and the 

general tools have been listed separately. Mostly all the tools are explained very brief-

ly, just to give an idea about the tool. 

Further the tools specific to biology are listed again to give an idea about the tools 

that are related to biology separately. To avoid repetition the other part i.e. non-

biological tools are not listed separately. 

3 P System tools that are specific to a particular application or 

type 

This is second classification of P Systems, this section discusses the details about 

the tools / simulators that are specific to a type of P System or specific kind of appli-

cation. Here all the specific tools are only considered. By specific we refer the tools, 

1. That are designed only for a particular type of P System (Transition P 

Systems[64], Numerical P Systems[65] etc.) 

2. And the tool which has a very specific type of application (eg. Generating 

trees (J Plant[23])) 

 

In this section all the tools that come under the above area are discussed.  

 

From the time the P System simulator was being designed, it started from design-

ing the specific type of P Systems. It all started from designing, first to come, the 

simplest transition P System. As it proceeded, there were several system which came 



for specific kinds of P Systems. On the whole if it is to be seen there are most number 

of simulator only for specific kinds of P Systems. This section describes in detail the 

specific kinds/ type of P Systems. Out of total number of tools that have been listed in 

paper nearly forty three (Table 1) tools belongs to this category.  

 

 
Table 1 List of tools for specific P Systems 

Tool/ Software 
Name of the devel-

opers 

Base tool / 

framework 

/ Language 

Purpose 

Membrane Computing 

in Prolog [39] 
Mihaela Malita Prolog 

Transition P 

System 

On a LISP Implemen-

tation of a Class of P 

Systems [40] 

Yasuhiro Suzuki, 

Hiroshi Tanaka 
LISP 

Transition P 

System 

A CLIPS Simulator 

for Recognizer P Sys-

tems with Active 

Membranes [25] 

Mario de Jesús Pérez 

Jiménez and Francis-

co José Romero 

Campero 

CLIPS 

For Recogniz-

er P Systems 

with Active 

Membranes 

A MzScheme imple-
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The tools have been explained briefly here: 

3.1 Membrane Computing in Prolog  

This is the first working simulator that has been developed for membrane compu-

ting. This was developed by Mihaela Malita [39]. This simulator was designed for 

Transition P System. This is one of the simplest simulators that was the first one to be 

developed to test the power of membrane computing. This simulator was developed in 

PROLO, PROLOG then being one of the best languages known for its expressive-

ness.  

3.2 On a LISP Implementation of a Class of P Systems  

This simulator is also one of the earliest implementations of membrane computing. 

This simulator uses LISP language for implementation.  This was developed by Ya-

suhiro Suzuki, Hiroshi Tanaka [40]. This simulator was specifically developed for 

what Artificial Cell System (Artificial Cell System). This model was developed by 

same authors who have developed this simulator. This model is a variant of the exist-

ing model. This model allows dissolving and creating membranes.  

3.3 A CLIPS simulator for recognizer P systems with active membranes 

This is a simulator developed for simple recognizer P systems with active mem-

branes. This simulator was developed by Pérez Jiménez, Mario de Jesús, and Francis-

co José Romero Campero [25]. This simulator is based on CLIPS (C Language Inte-

grated Production System). Here the P System are represented using the production 

system techniques. This is a fairly simple simulator which allows the users to model 

recognizer P Systems with active membranes. 

3.4 A MzScheme implementation of transition P systems 

This simulator allows the users to simulate transition P Systems using Mzscheme. 

This simulator was developed Delia Noval Balbontín, Mario J. Pérez Jiménez, and 

Fernando Sancho Caparrini [43]. Mzscheme is a scheme language that was first intro-

duced in 1975. This simulator is one of the only simulators in Mzscheme for simplest 



form of P Systems, i.e. transition P-Systems. This simulator in a sense is an imple-

mentation of transition P System in Mzscheme, albeit it was one of the earliest simu-

lators for P Systems.  

3.5 Simulation of Transition P- System using Haskell 

 

This is a simulation algorithm developed by Arroyo Fernando, et al. [44]. Here the 

developers have simulated a model of earlier proposed transition P-System. This is 

one of the few simulations that use Haskell as the programming language (The inter-

preter that has been used is hugs 98). This is one of the initial softwares simulations 

for transition P-Systems. This is a fairly simple simulation and primary simulation 

that was aimed to show a software model for transition P System. 

3.6 Distributed Simulator for transition P System 

This was again developed by Apostolos Syropoulos, et al. [1]. This simulator is for 

transition P System. This tool is distributed in core. This is one of the old tool that for 

Transition P Systems. The tool is developed using Java especially use of Remote 

Method Invocation (RMI), which gives the distributed nature to the simulator. This is 

a simple and preliminary tool that can be used for simulation and analysis of small, 

less complex problems. The main aim of development of this simulator was to a give 

a distributed implementation. Thus, the main drawback of the simulator is that it can-

not be used for complex systems. Further this simulator can be extended to complex 

membrane systems. 

3.7 SubLP-Studio 

SubLP-Studio is a software simulator for the Sub LP-Systems model, a variant of L-

Systems and P-Systems. This was developed by Alexandros Georgiou [2]. It optionally 

interfaces to cpfg, thus producing plant graphics using the turtle interpreter. 

SubLP-Studio is an editor and simulator for the Sub LP-Systems computational 

model. This model is based on a combination of L-Systems, originally proposed by 

Aristid Lindenmayer, and P-Systems, originally proposed by Gheorghe Păun. The 

model features membrane-delimited parallel string rewriting for parametric symbols, 

and has extensions for arithmetic using variables and user-defined functions.  

3.8 A Prolog simulator for deterministic P systems with active membranes 

This simulator was developed by Cordón-Franco, Andrés, et al.[26]. Here the de-

velopers have used PROLOG for developing the simulator. PROLOG is one of the 

oldest languages that is used for logic programming. The main reason for choosing 

PROLOG is its expressiveness is very useful in handling symbolic knowledge repre-



sentation. This simulator is specifically designed for deterministic P Systems with 

active membranes.  

3.9 Modelling biological processes by using a probabilistic P system software 

 This simulator allows the users to model simple biological processes. This was 

developed by Ioan I. Ardelean, Matteo Cavaliere [30]. 

This simulator is one of the earliest simulators for biological processes. This simu-

lators use probabilistic P Systems. Probabilistic P Systems can be inherently used for 

modeling biological processes. The developers have shown the way the simulator 

works in their paper [30]. 

3.10 P Systems Running on a Cluster of Computers 

This was developed by Gabriel Ciobanu, Guo Wenyuan [29]. This tool aims at si-

mulating a simple P System. This is specifically designed on Cluster of Computers. 

This is one of the first simulators to use cluster of computers for deploying / simulat-

ing P Systems. This is used for simulating Transition P Systems. This simulator is 

simple in structure and can be used for simulating small problems and it can be ex-

tended for other special types of membranes. It has been implemented using C++ and 

uses message passing interface (MPI). This simulator is designed such that it can be 

easily extended.  

3.11 SimCM 

SimCM (Simulador de Computaci´on con Membranas) tool was developed by Ne-

pomuceno-Chamorro Isabel A. [3]. This tool is primarily designed for Transition P 

System. This tool allows dissolution of membrane and priority rules are also allowed. 

The program is written in Java, because of its properties such as scalability and distri-

buted network. The authors have used Java as it will be helpful in capturing paral-

lelism that is required for Membrane Computing.   The simulator is designed in MVC 

(Model-View-Controller) model. There are two subsystem that have been created as 

part of this system, the subsystem I consist of the main simulator engine, that forms 

the core part of simulator. The subsystem II is used for Guide User Interface (GUI) 

that is used to interact with the user. The two subsystems interact with each other. 

3.12 Conformon P System 

This simulator is designed for Conformon P – Systems. According to Pierluigi 

Frisco, Ranulf T. Gibson [22]. Conformon P Systems have simple structure / defini-

tion that allows them to be used for modeling biological processes of any scaleThe 

tool has been specifically designed for biologists, so as to allow them to use this tool 

for simulating simple known biological processes so that they study these processes. 

And further this can be extended to be used for to unknown biological processes 



which can be a little complex or difficult to study. In short this tool could help the 

users to easily model part of the processes which are known.  

  Thus this is a step towards biological application of Membrane computing (P Sys-

tems). The simulator uses Java for implementation. The aim of the simulator creators 

was to use any good object oriented programming language to create this simulator. 

The input format for the simulator is XML file. Because of XML formats simplicity 

and generality it has been used here as an input format. Thus the user has to give the 

input in a XML format, which can be easily understood.  

3.13 Simulator for Confluent P Systems 

 

This tool is developed by Gutiérrez Naranjo, Miguel Ángel, Mario de Jesús Pérez 

Jiménez, and Agustín Riscos Núñez [9]. Earlier to this tool there have been several 

tools that have been developed for P Systems, specially the tools which allow simulat-

ing a P System. Most of the tools that have been developed are for specific type / 

class of P Systems. This tool that has been developed for P Systems is different from 

others as it is not created for a specific type of P Systems. This tool is able to simulate 

more than one type of P System. According to the developers it is one of the first 

attempts to do so. This tool unlike the other tools, which need all predifined limited 

structures allows creativity to the user. It allows the user to mix up two or models to 

have a different model of P System. This is one of the features that has not been there 

in any of the softwares that have been proposed before.  

The software is developed based on PROLOG. The decision to choose prolog has 

been attributed to the properties of the language, i.e. its vast expressiveness and also 

in this case, its ability of evolving through the different configurations. The important 

advantage of this tool is that it allows the users to use more than one type of P Sys-

tems, which has much better expressiveness than the other tools that have been devel-

oped before this tool and in addition to that it also allows verification of complex 

problems for P Systems. One of the main drawback of the simulator is that it may 

require more time for complex problems. 

3.14 Simulator for Dynamical Probabilistic P System 

Dynamic Probabilistic P System has been developed by P. Cazzaniga, D. Pescini 

[7]. Dynamic Probabilistic P System are suitable for modelling complex biological 

and chemical processes. Thus aim here was to develop a simulator that can be used to 

simulate specific biological processes. The developers have used C Language for 

development of the simulator. The simulator here is used to define a simple biological 

model, here, in this case the predator prey model has been analysed. 



3.15 Tissue Simulator: Tissue based P System 

It is another tool that is specifically designed for Tissue P-Systems. This simulator 

is designed by Rafael Borrego–Ropero, Daniel Dıaz-Pernil, and Mario J. Pérez-

Jiménez [18].   

This is a graphical simulator that allows the users to simulate Tissue P-Systems 

with cell division. It is graph based tool specifically designed for tissue based system.  

T The tool is developed using Java and C#. Java has been used to parse the grammar 

generated using ANTLR. ANTLR is a commonly used parser, generator that is used 

to translate or parse structured text or binary file [66].  C# has been used to develop 

the kernel and the graphical interface which is widely used to build languages tools 

and frameworks. According to the developers, the interconnection between both the 

languages is transparent and a user can easily switch between the windows by click-

ing on buttons that have been developed [18]. The software follows Model-View-

Controller model.  

3.16 DasPSimulator 

 

DasPSimuator is another simulator for specifically designed for Transition P Sys-

tem. This is similar to SimCM Simulator that has been created by D. K. Das and T. 

Renz [20]. There are several properties of this type of P System of DasPSystem in 

addition to that of SimCM. Some of the additional properties of the systems are that 

this system is able to perform membrane create, membrane division and membrane 

string replication operation in addition to membrane dissolution operation which was 

already a part of SimCM Simulator that has been developed.  The Simulator is based 

on Java. The Simulator uses Model View Controller architecture. The simulator has 

two subsystems. The first subsystem considers the core (program) part of the simula-

tor. The second part of the simulator is mainly devoted to its GUI. The GUI portion is 

mainly done in Java. The two subsystems interact with each other. This software pri-

marily allows the user to model Transition P Systems. The main drawback of this 

simulator is that it is designed only for transition P Systems. There can be several 

addition to the existing simulator so that it can be used for some other types of P Sys-

tems. 

3.17 A Tool for Using the SBML Format to Represent P Systems which Model 

Biological Reaction Networks 

This tool was developed by Isabel Nepomuceno, Juan Antonio Nepomuceno, Fran-

cisco Jose Romero Campero [19]. The tool is basically used to represent P System, so 

that further this representation turns out to be useful in modelling the biological 

processes using this representation. Thus the main aim of the tool is to represent P-

System in the most suitable format that is suitable to represent the biological 

processes.  This tool uses System Biological Markup Language (SBML) [33]. Here 

CLIPS (C Language integrated production System) [67]. The tools main goal is to 



provide the user with the environment to write the description of processes using 

SBML, In addition to that the tool converts the SBML code written by the user is 

converted to CLIPS code automatically by this tool. This converted CLIPS code is 

used to for simulation.   The tool is follows the MVC (Model View Controller) Archi-

tecture. 

3.18 A Software Tool for Dealing with Spiking Neural P Systems 

This software tool was developed by Daniel Ramirez-Martinez, Miguel A. Gutier-

rez-Naranjo [28]. This software tool is basically for spiking neural systems. This is 

the first attempts to create software for spiking neural systems. The developers have 

several tools/ programming languages for simulation. There are three modules in the 

simulator. Each and every module has different purpose and thus accordingly more 

suitable language has been chosen for each module. The first module is used for 

graphical user interface (GUI) for this Xbase ++ has been used. Xbase ++ is an object 

oriented language that is specifically used for Database Oriented graphic implementa-

tion. The second module is developed using PROLOG-SWI. This acts as a inference 

engine. The main advantage of this tool is modularity which will allowing easy exten-

sion of the tool. 

 

3.19 MetaPlab 

MetaPlab is a simulator, designed for special class of P System called MetaPSys-

tem.  MP Systems are the systems that are used for modelling biological processes 

and biological system.  MetaPlab is one of the softwares that is to be used for biologi-

cal aspect of membrane computing. The Software is based on Java. This software is 

an extension of Psim Simulator. Psim Simulator is one of the generic simulators that 

have been used for biological aspects of membrane computing.  

This is a computationally intensive framework that is based on extensible set of 

plugins.  

MetaPlab software is specifically designed for biologists to understand the biologi-

cal systems especially their internal mechanisms which specifically allows to repro-

duce and analyse the, in silico, phenomenon like response to external stimuli, struc-

tural changes and environmental condition alterations. 

This is primarily plugin based (Plugin Framework) simulator. Thus each and every 

important task there is a plugin, For eg. There are plugins such as Flux Discovery, 

Simulation Plugin, Chart Plugin and HTML Plugin. This is one of the few systems 

that aim to find its applications to biological aspects of Membrane Computing and 

one of the tool with good graphical interface. There are several properties of this tool 

that are significant, these properties are better simulation and visualization. It also 

allows graphical and statistical analysis of curves, i.e. it allows the users to plot the 

graph. It also allows the users to import biological networks from online database. 



3.20 Simulation of P Systems with Active Membranes on CUDA 

This simulator was developed by Cecilia, J. M., García, J. M., Guerrero, G. D., 

Martínez-del-Amor, M. A., Pérez-Hurtado, I., & Pérez-Jiménez, M. J. [27]. This si-

mulator is specially designed for P System with active membrane over CUDA. This is 

developed using C and C++ language with CUDA extension. This is one of the first 

attempts to simulate P Systems using CUDA. This is also a simple simulator which 

doesn't have a great GUI, as its main intention is to model P Systems using CUDA 

and to use the full power of GPU'S so that the membrane computing implementation 

can be efficiently parallelised and the speed up the simulation processes. 

3.21 P-Lingua based tissue simulator 

This is a simulator based on Tissue like P System developed by Miguel A. Marti-

nez-del-Amor et al. [17]. This is one of the first few simulators for tissue like mem-

brane computing. This simulator is an extension over the existing P-Lingua core li-

brary. Thus the previous versions of P-Lingua didn't have the provision for Tissue P 

Systems. The latest version of P-Lingua specifically has this feature. Here simulation 

of Tissue P System with cell division is presented. As told, this is not a separate tool 

and is an extension of P-Lingua.  

3.22 Parallel simulation of probabilistic P systems on multicore platforms 

This tool is developed by Martínez del Amor, Miguel Ángel, et al. The purpose of 

this tool is to allow the users to create a simulation for probabilistic P System. The 

tool is set to run on multicore platform. The main library that has been used for im-

plementation is OpenMP, which is used for efficient parallelization of the algorithms. 

The simulator inherently uses P-Lingua Core and MeCoSim. These components 

would be used by the users to define the membrane structure of the P System. As this 

is a probabilistic P System model, the main aim here is to use this for defining biolog-

ical processes. This was primarily designed for ecologists to model ecosystem. 

3.23 SNUPS 

SNUPS is a software tool for modeling simulations of numerical P Systems It was 

developed by Octavian Arsene, Catalin Buiu and Nirvana Popescu [15]. Numerical P 

Systems use numerical data and use numerical program, primarily in deterministic 

way.  According to the developers, this is first simulator that has been designed spe-

cifically for Numerical P Systems. SNUPS is developed using Java. SNUPS is quite 

user friendly as it allows the user to use it using to modes, one way is to run it as a 

batch application and other way is to operate it using a GUI. The membrane structures 

here can be created using application. These membrane structures that are created are 

stored as XML file. These XML files can be given as input the tool via command line. 

After processing the membranes the results are stored as CSV files. Further, the GUI 



is divided into three more components, membranes tree symbols assignment and rules 

definition.  

The advantage of using SNUPS is, that it is one of the best simulators for Numeri-

cal P System. The underlying architecture is parallel in nature, and thus the time taken 

for execution is less compared to other tools.   

3.24 A P–Lingua based Simulator for Spiking Neural P Systems  

Spiking Neural P Systems were introduced in 2006 [6][72]. These kind of P Sys-

tems have been extensively popular because of its properties. Here Macías–Ramos, 

Luis F., et al.[21] have developed a simulator for spiking neural P System. Though 

there has been already an attempt in this direction but there are several improvements 

and differences here. Here the developers have used P-lingua for developing the simu-

lator. As P-lingua has become a standard language to define a P System, this simula-

tor serves as an extension of the framework, thereby allowing the framework to be 

used for SN-P Systems also. 

 

3.25 Jplant 

This tool was developed by Rivero-Gil, E., Gutiérrez-Naranjo, M. A., Romero-

Jiménez, Á., & Riscos-Núñez, A.[23]. This tool has been written in Java. The primary 

aim of this tool is to create a membrane computing model, i.e. it is used for membrane 

creation. This tool computes the configuration of a restricted P System and then draws 

the respective graphical representation of the system. This is one of the kind of a tool 

which reduces the work of drawing P Systems. This tool has a good GUI (Graphical 

User Interface). Thus in simple terms this is the tool used for generating graphs using 

the P System Model. 

 

3.26 A C++ Simulator for PGSP Systems  

This software system is primarily developed is C++. This allows efficient simula-

tion of Probabilistic Guarded Scripted P Systems. This simulator has been developed 

by M García-Quismondo et al. [37]. 

PGSP Systems are special kind of P System that have been used to study the beha-

viour of  Pieris napi olerace.[58]. 

3.27 A P–Lingua based Simulator for Tissue P Systems with Cell Separation 

This was developed by Ignacio Perez-Hurtado, et al. [41]. This simulator is based 

on P-Lingua. This tool is also designed for Tissue P System. This tool is better than 

its predecessor, it is not an official successor of the tool but it also tries to solve the 

same problem of transition P-Systems but with cell separation. Thus specifically this 



tool allows modelling transition P System with cell separation. As this simulator is 

based on P-Lingua it has several advantages over other simulators. It would be easier 

for the users to define (give input) the P System file (model). 

3.28 A membrane computing simulator of trans-hierarchical antibiotic 

resistance evolution dynamics in nested ecological compartments (ARES) 

Antibiotic resistance evolution simulator was developed by Marcelino Campos , et 

al. [34]. This simulator based on membrane computing was specifically designed to 

for Antibiotic resistance evolution. Antibiotic resistance is one of the important area 

in biomedical field. There is often a need for biologists to experiment on antibiotic 

resistance and thus this tool will be helpful to them as it allows antibiotic resistance 

evolution. Primarily this tool has five types of nested computing membranes which 

allow the users to create (emulate) hierarchy of eco-biological compartments. The 

tool has been implemented using Java. This tool specifically has been installed in a 

server.  

3.29 Lulu - a software simulator for P colonies 

This is a first attempt to develop software for P colonies. This is a project which is 

at its initial stages. This is initiated by Andrei George Florea, Catalin Buiu [45]. P 

Colonies are special types of P system variants that have a wide verity of real time 

applications. This tool has been developed in Python. This tool mainly is intended to 

be used for only P colony application. The tool consists of library which will allow 

the user to connect the P colony simulation to a robot and will in turn allow the user 

to control mobile robot through it.  



4 P System tools that are generic in nature 

There are a few tools which allow to simulate the P System and allow the users to 

understand the working of P System. These system are not designed for specific type 

of P System. This does not mean that all the P System types can be realized using 

these tools but it supports more than one or basic simulation of membrane computing. 

This set of simulators not only includes the simulators used for computational purpos-

es. This list also includes the tools that are used for biological purposes. Thus, these 

tools are not too specific about the types of P system that they can be used for. 

Though there are a few in the list, the one which can really be called as generic tool is 

P-Lingua [14]. This is the one of the best framework that allows the users to create 

any kind of simulator according to their need. This simulator is based on Java. Using 

P-Lingua there has been a tool developed, which is called as MeCoSim. This tool 

gives a user a wide range option and allows the users to solve and simulate several 

kinds of computational problems as well as it also allows the users to use it for bio-

logical processes.  

Based on Plingua there have been several simulators been designed. According to 

[73], there is PMGGPU project by Research Group in Natural Computing, University 

of Seville. This project uses primarily P-Lingua to design simulators using GPU’s 

(Graphics Processing Unit), Primarily designed with CUDA these simulators use 

GPU for realizing different kinds of P Systems.  

 

Table 2 General tools for P Systems 

Tool/ Software 
Name of the de-

velopers 

Base tool 

/framewo

rk / Lan-

guage   

Purpose 

Web-PS: Web based 

simulator for Mem-

brane Computing [16] 

Cosmin Bonchi, 

Cornel Izba, Dana 

Petcu, Gabriel Ci-

obanu 

Embedded 

C, CLIPS 

Web Based 

Simulator 

SL_P Simulator [32] M Gheorghe et. al  Scilab 
Biological 

Processes 

C_PSimulator [32] M Gheorghe et. al  C 
Biological 

Processes 

PSim [4] Luca Bianco et al. Java Bio-Systems 

Cyto-Sim: Biological 

compartment simulator 

[8]  

S Sedwards et al. J# 
For Bio-

Systems 

P-Lingua 4.0: a pro-

gramming language for 

Daniel Díaz Pernil, 

et al. 

P-Lingua 

Core 

Generic P-

System 



Membrane [14] 

MeCoSim: Membrame 

Computing Simulator 

[12]  

Ignacio Pérez-

Hurtado, et al. 
P-lingua Generic 

Simulating a P system 

based efficient solution 

to SAT by using GPUs 

[55] 

Cecilia José M. et al.  CUDA 
Solution for 

SAT  

Infobiotics Workbench 

[11]  

Jonathan Blakes, et 

al 

Jmcss-

SBML, 

Standalone 

software 

Generic Tool 

for Biological 

aspects of 

membrane 

computing 

Improved  implementa-

tion of simulation for 

membrane computing 

on the graphic 

processing unit [51] 

Maroosi Ali et al. 
CUDA, 

C++ 
General 

MeCoGUI: A Simple, 

Java-Based Graphic 

User Interface for P-

Lingua [38] 

M García-

Quismondo et al. 

Java, P-

Lingua 
Generic 

 

4.1 Web-PS: Web based P-System Simulator with Query Facility 

A Web based P-System simulator with Query Facility by Cosmin Bonchiş, Călin 

Gârboni, Cornel Izbaşa, Gabriel Ciobanu [16]. This is a web based tool for simulating 

P System. This tool is made up of several components developed in several languages. 

There are three level and accordingly different tools have been used for different le-

vels.  The first level is the internal level where CLIPS has been used. In the next level 

C language has been used. In the third level i.e. the outermost level which is accessed 

by the user is the web application, this is developed using PHP and Java Script. The 

tool processes the XML Files (i.e. it uses XML file for input and output). 

4.2 SL_P Simulator 

This simulator was developed by M Gheorghe et. al [32]. This is a multi-

compartment P System simulator for biological processes was developed using Sci-

lab. This is a simple simulator devoid of several complexities which allows efficient 

multi-compartment simulation. 



4.3 C_P Simulator 

This simulator again was developed by M Gheorghe et. al [32]. This has the same 

properties as SL_Psimulator but with a variance that is wholly developed using C.  

4.4 Psim 

Psim is a simulator developed by Bianco, Luca, et al. [4]. This simulator is for bio 

molecular dynamics based on P Systems. The system is specifically made for Meta-

bolic P System, which are deterministic P Systems. This tool is used to verify the 

biological aspect of the P System. This is probably the first tool for metabolic P Sys-

tem. 

Some of the important features of this software are: Its easy to use, Plugin based 

architecture, Flexibility, Portability (through XML) and cross platform acceptability.  

It allows first to devise a system specification by means of MP graphs and then to 

simulate its dynamics in a completely discrete way. 

4.5 P-Lingua 

P Lingua is one of the best accomplishments in the area of softwares/ simulators 

for membrane computing. The Primary component of P-Lingua is the P-Lingua Core. 

It is a Java Library. As the developers say, the main aim behind creation of P-Lingua, 

was to have it as a standard for P Systems. Based on the tools that have been devel-

oped based on P Lingua, It has accomplished the task or aim for which this was 

created. Based on PLingua there have been several tools. This tool is developed by 

Daniel Díaz Pernil, et al. [14]. 

The main aim here is to give platform for other users of membrane computing, to 

create simulators. As membrane computing is a vast area, it is always difficult to have 

simulator for each and every special type of cells/membrane. As it is a known fact 

that there are a several kinds of P Systems available. 

P Lingua is a standard for defining P Systems. This is tool is based on java. There 

are several reasons for creation of this language / framework but the main reason is to 

a have standard framework for describing all the types of P-Systems. Before having 

P-Lingua though there were not many attempts made to have a standard format, al-

most all tools were developed for specific purposes only.  

P Lingua is an open tool (i.e. Open for contribution from people) and is especially 

designed in Java, so that users can easily contribute extensions to the existing frame-

work. The framework facilitates addition of models. Specifically the framework al-

lows the users to add several specific P Systems. Apart from provisions for input there 

are several provisions for output formats.  

There are several simulators that have been developed using P-Lingua framework. 

This is kind of universal framework which is intended to become a standard for P 

System representation and for processing. Here the main aim of developers is to 

create Java (core) classes that will allow other developers working with P Systems to 

extend this core and use these files according to their needs. There are two main ad-



vantages: There will be single Java based tool which can be universally used by any-

body who has knowledge of Java and P Systems and a user can use this tool to create 

a specific tool / simulator as required according to their need using P lingua i.e. usual-

ly as an extension P-lingua core. Thus, it would be a useful addition to the repository 

apart from having solved the intended problem.     

P-lingua had an advantage that it can also add files in XML Format. P-lingua li-

brary has parsers and compilers that will parse XML Format. In addition to that it 

allows exporting the P System models that can be easily exported in XML and Binary 

Format.  

4.6 Cyto-Sim 

Cyto-Sim is simulator specifically developed for biochemical processes. It is a sto-

chastic simulator for membrane enclosed hierarchy [8]. Here the membrane has three 

layers namely the inner layer, outer layer and the integral layer. Cyto-Sim was devel-

oped by S Sedwards and T Mazza [8]. It is developed using J#. Cyto-Sim allows the 

users to import as SBML format, it allows to export as SBML and m files (Matlab). 

Cyto-Sim is one of the few simulators that is specifically designed for biological 

processes. 

4.7 MeCoSim: Membrane Computing Simulator. 

Membrane Computing Simulator is a software that is developed using P-lingua 

core. As per the developers, Ignacio Pérez-Hurtado, et al.[12]. it is a general purpose 

software that is used to create specific P-Systems. The user has an advantage of cus-

tomizing the configuration file given to the user. 

MeCoSim was developed by Research Group on Natural Computing (RGNC), 

University of Seville, Spain [12]. The Developers of MeCoSim have concetrated on 

its GUI (Graphical User Interface).  This is one of First Softwares / Simulators that 

uses P-lingua Core. MeCoSim (Membrane Computing Simulator) is a software appli-

cation that offers the users a General Purpose Application to generate their own spe-

cific simulators by simply customizing a configuration file for each case study.  

MeCoSim is used to simulate P Systems for biological processes and also allows 

the users to solve computational or mathematical problems. As mentioned above there 

are two aspects of a P-Systems applications. One is to apply P-Systems for simulating 

biological processes and the other is for Mathematical and Computational Processes. 

Though there have been several attempts initially to have a simulator/ tool for P-

Systems that would be used for Mathematical and Computational purposes, they were 

not as successful as this. 

This is one of the tools that has biological applications, for simulation of biological 

components, by using membrane computing (P-Systems). It is always not possible to 

have different customized software to simulate each type of biological process. The 

full form of MeCoSim is Membrane Computing Simulator. This is one of the first 

attempts to provide a customizable simulator that can simulate a range of biological 



processes using Membrane Computing Concept. A user can change the configuration 

file to customize it and create different type of simulator according to the need.  

MeCoSim is developed using PLingua. Plingua is one of the Tool/Framework that 

has been extensively used for simulating with Membrane Computing. There are sev-

eral important simulators that have been developed using Plingua.  

PMCGPU project 

PMCGPU (Parallel simulators for Membrane Computing on the GPU) is a project 

by Research Group on Natural Computing, University of Seville, Spain [73]. This 

project aims at providing high performance tools for P Systems. This is one of the 

important projects that aim to use High Performance computing tools for membrane 

computing. These tools are based on CUDA. It also supports OpenCL, or Open MP.  

There are several simulators being developed using GPU’s under this. These simu-

lators primarily aim of extracting as much parallelizability as possible. Majority of the 

GPU based tool mentioned here use CUDA [71]. And majority of them use specifical-

ly CUDA with C. As mentioned, the main aim here is to increase computability and 

parallelizability as much as possible. The specific simulators that have been devel-

oped are  

A GPU Simulator for Enzymatic Numerical P Systems (ENPS) models in CUDA 

by M García-Quismondo et al. [36] 

A GPU Simulation for Evolution-Communication P Systems with Energy Having 

no Antiport Rules Zylynn F Bangalan  [50] 

Simulating a Family of Tissue P Systems Solving SAT on the GPU by M A 

Martínez del Amor et al. [52] 

Accelerated simulation of membrane computing to solve the n-queens problem on 

multi-core by Maroosi Ali and Ravie Chandren Muniyandi [54]. 

Simulating Spiking Neural P systems without delays using GPUs by Francis Ca-

barle, Henry Adorna, and Miguel A. Martinez-del-Amor [47]. 

A Spiking Neural P system simulator based on CUDA by Francis Cabarle, Henry 

Adorna, and Miguel A. Martinez-del-Amor[48]. 

An improved GPU simulator for spiking neural P systems by Francis Cabarle, 

Henry Adorna, and Miguel A. Martinez-del-Amor [49]. 

 

Though the simulators that have been mentioned here not generic in nature, these 

are a part of project which is based on a generic tool called P-lingua. Thus to have a 

flow we have listed the tools here in this section. 

4.8 The Infobiotics Workbench 

A P System based tool for Systems and Synthetic Biology. The Infobiotics Work-

bench is a tool that has been developed by Jonathan Blakes et al.[11].  It is one of the 

important applications for P Systems in Biology. As other P Systems, Infobiotics 

workbench allows he user to create/ model biological processes and then allows the 

user to execute the models either using stochastic simulation or numerical methods. It 



also supports formal model analysis and model checking. Here two model representa-

tion languages have been used, mcss-SBML [68] (An extension of Systems Biology 

Markup Language) and a DSL (Domain Specific Language) which implements lattice 

population P Systems. This software can interface with two model checkers, PRISM 

[69] and MC2 [70]. The software is available under GPL3 for both Unix based sys-

tems, Windows and MacOS. 

4.9 MeCoGUI: A Simple, Java-Based Graphic User Interface for P-Lingua  

MeCoGUI is one of the additional package with P-lingua. It work has been in-

itiated by M García-Quismondo et al. [38]. It is a simple, java based graphic user 

interface for P-lingua. It is one of the best additional GUI packages for P-Systems that 

have been developed so far. This has been extensively used in all places, wherever P-

lingua is used. This can be used with almost all types of simulating models in P-

lingua. For Eg. This can be used with two simulators that have been developed for 

PGSP Systems (One in C++ and another in P-lingua).  

5 P System tools that have biological application 

This section lists out the tools that have been specifically designed for biological 

application. This also includes the tools that can be used for biological applications. 

Mostly every tool listed in this space is only for biological process. These biological 

processes might be specific or generic. But the exception is MeCoSim [12] which can 

be used for Computational/ Mathematical applications as well as for biological appli-

cations.  

 

Tool/ Software 
Name of the de-

velopers 

Base tool / 

framework / 

Language 

Purpose 

Modelling biological 

processes by using a 

probabilistic P system 

software [30] 

Ioan I. Ardelean, 

Matteo Cavaliere 
- 

Biological 

processes 

A simulator and an 

evolution program for 

conformon-P systems 

[22] 

Pierluigi Frisco, 

Ranulf T. Gibson 
Java 

Conformon P 

System 

Vibrio Fischeri [2] 
P. Cazzaniga, D. 

Pescini 
C 

Biological 

Process 

Dynamical Probabil-

istic P-Systems [7] 

P. Cazzaniga, D. 

Pescini 
MPI and C 

Probabilistic P-

System 



SL_P Simulator [32] M Gheorghe et. al Scilab 
Biological 

Processes 

C_PSimulator [32] M Gheorghe et. al C 
Biological 

Processes 

Cyto-Sim: Biological 

compartment simula-

tor [8] 

S Sedwards et al. J# 
For Bio-

Systems 

A Tool for Using the 

SBML Format to 

Represent P Systems 

which Model Biolog-

ical Reaction Net-

works [19] 

Isabel Nepomuce-

no, Juan Antonio 

Nepomuceno, 

Francisco Jose 

Romero Campero 

CLIPS 

To represent 

Biological 

processes 

MetaPlab: a virtual 

laboratory for model-

ing biological sys-

tems by MP systems 

[10] 

Alberto Castellini 

and Vincenzo 

Manca 

Java 
For Bio-

Systems 

MeCoSim: Mem-

brame Computing 

Simulator [12]  

Ignacio Pérez-

Hurtado, et al. 
P-lingua Generic 

Parallel Simulation of 

Probabilistic P Sys-

tems on Multicore 

Platforms [31] 

Martínez del 

Amor, Miguel 

Ángel, et al 

OpenMp, P-

lingua, MeCo-

Sim 

Probabilistic P 

Systems espe-

cially for mod-

eling Ecosystem 

Infobiotics Work-

bench [11] 

Jonathan Blakes, 

et al 

Jmcss-SBML, 

Standalone 

software 

Generic Tool 

for Biological 

aspects of 

membrane 

computing 

A Java-Based P-

Lingua Simulator for 

Enzymatic Numerical 

P Systems (ENPS) 

[35] 

M García-

Quismondo et al. 
Java, P-Lingua 

Biological 

Process 

DCBA: Simulating 

Population Dynamics 

P Systems with Pro-

portional Object Dis-

tribution [46] 

M.A. Martínez-

del-Amo 

CUDA, P Lin-

gua 

Population Dy-

namics P Sys-

tems Environ-

ment Ecology 

A GPU Simulator for 

Enzymatic Numerical 

P Systems (ENPS) 

models in CUDA 

M García-

Quismondo et al. 
Java, P-Lingua 

Biological 

Process 



[36] 

A C++ Simulator for 

PGSP Systems [37] 

M García-

Quismondo et al. 
C++ 

PGSP, Biologi-

cal Process 

Antibiotic Resistance 

Evolution Simulator 

(ARES) [34] 

Marcelino  Cam-

pos , et al. 
Java, P-Lingua 

Biological 

Processes 

6 Analysis  

This section quantitatively analysis the tools. The Figure 2, depicts the year wise 

tools/ simulator developed. This shows that there has been several simulators being 

developed for biological processes also. Though the number of tools developed for 

computational aspect of Membrane computing is more, but off late there have been 

considerable development for biological processes. Though the number of tools that 

have been developed for biological processes are less there has been a considerable 

research is going on this area.  

 
Figure 2 Tools developed 

 

There is an increase in computational simulation in the later years because of the de-

velopment in P Lingua. And as a language/framework one of the most used language  

/ framework is P Lingua. After the development there have been consistent work in 

this area and several tools have been created using this framework (Figure 2 and Fig-

ure 3). Though this framework is developed by using Java for classification we have 

not included P-Lingua based tool under Java so as to know specifically the number of 



tools that exclusively use P Lingua and the tools which exclusive use only Java (Not 

Part of P-Lingua). 

 

From the tables in the previous sections (Table 1 and Table 2) we can see that, as 

mentioned there is a rise in P Lingua in recent years such that not other language or 

framework is preferred, except that C++ for sequential simulation and Python [45]. 

Though many places CUDA with C is used but it is mainly being used with P Lingua.      

 

 
Figure 3 Tools according to languages 

7 Conclusion 

This paper is a survey of P System tools or simulators that has been developed till 

now from the inception of the concept called membrane computing. Here the tools 

have been classified according their generality. The tools that are specific in the type 

of P System and its application are considered as part of the classification and also the 

tools that are generic are considered. There is also a list of P System tools/ simulators 

that are specific to biological processes which is just to emphasize the use of P Sys-

tem for Biological Processes. The paper, briefly analyses the simulations/ tools, spe-

cifically over the years from inception. 
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Abstract. Spiking neural P systems (SN P systems, for short) consti-
tute a class of computing models in the research field of membrane com-
puting. Inspired by the interactions among neurons in the brain, they
have attracted much attention since their appearance in 2006. Many
variants have emerged, presenting a graph-based structure, and sever-
al software simulators were developed for them. Recently, a different
approach was followed by the so-called cell-like spiking neural P system-
s. Unlike previous SN P systems, this new model includes a tree-based
structure, taking elements from traditional rewriting rules in the original
P systems. As described in this work, a software tool was developed to
aid in the analysis of solutions in this new computing model. Integrated
within the framework of P-Lingua and MeCoSim, this software may play
an important role assisting in tasks related with the design, simulation
and experimental validation.

1 Introduction

Membrane computing, a branch of natural computing taking inspiration from
the structure and functioning of living cells, has shown itself from its conception
as a very active discipline in the lookup for proper computing models, with a
bunch of variants of devices, P systems, proved to be Turing universal in most
cases, as well as able to solve hard problems.

Since the first P systems were introduced in [12], many types have emerged,
falling into three main categories that could be placed in two groups: cell-like
systems, presenting a hierarchical membrane structure inspired in eukaryotic
cells internal structure; and tissue P systems and spiking neural P systems,
both with a graph structure, the former ones inspired by the way in which cells
organize and communicate in tissues [11], and the latter ones inspired by the way
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in which neurons in the brain exchange information by means of the propagation
of spikes [6].

A significant number of works have been published along the last decade
concerning SN P systems, receiving much attention in the last few years, as
summarized in [1], presenting variants of these systems with the common feature
of the existence of the graph structure mentioned, unlike cell-like P systems.
However, this clear separation between cell-like hierarchical structures, on the
one hand, and SN P systems with a graph structure, on the other hand, has
suffered a change with the proposal of a new computing model, the so-called
cell-like spiking neural P systems (cSN P systems, for short), presented in [18].
Thus, this novel model takes elements from both cell-like P systems, given its
hierarchical structure, and spiking neural P systems, preserving the existence of
a singleton alphabet for spikes and the presence of spiking and forgetting rules,
among other features.

As with several other kinds of P systems, when defining new computing
models with their own syntactic features, semantic constraints and significant
remarks associated with their dynamics, a number of studies could be conducted.
These would cover from their universality, computational power and complexity,
etc. to the possible properties emerging from restricted variants of the proposed
models or the solutions to well-known problems based on them. In this context,
the possibility of having proper software tools at hand, to help in some of the
related tasks, is more than interesting and definitely provides a value. The va-
riety of functionalities offered may vary depending on the needs detected and
the availability of a software team to work in the development. Some of the
main tasks where the software tools can aid in the definition of new models are
the following: (1) design of solutions based on P system families to efficiently
solve computationally hard problems, (2) formal verification of such solutions,
(3) simulation of the computational devices, exploring the implications of the
addition or removal of certain elements over the evolution of the corresponding
systems. A deeper study of these features that might be considered interesting
for membrane computing community can be found at [7, 17].

With the aim of solving some of these general needs for computing models
within the field of membrane computing, P-Lingua framework was introduced [5,
23]. As this framework became popular in the context of P systems and its use
in the community became more extended, some additional needs were detected,
in terms of usability, and delivery of end-user applications, thus leading to the
development of MeCoSim [14, 22]. The availability of this kind of pre-existing
software tools seems to make advisable to avoid re-inventing the wheel when
trying to address the development of similar assistants for new computing mod-
els. Hence, facing the development presented in this paper within the framework
given by P-Lingua and MeCoSim was considered the most appropriate approach.
In fact, a similar process was followed by others in [9, 10]. The work presented
here have conducted to the provision of a tool to allow computer-aided design
and simulation of P systems belonging to the novel computing model of cell-like
spiking neural P systems.
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The paper is organized as follows: in the next section, Section 2, cSN P
systems are defined, preceded by some preliminary concepts where they were
inspired from; following, in Section 3 the main elements of the integrated frame-
work based on P-Lingua and MeCoSim to work with P systems are recalled; after
that, the new language accepted to define cSN P systems within our framework
is presented in Section 4, along with a brief description of a new simulator de-
veloped for cSN P systems; then, the work with cSN P systems in our platform
is illustrated in Section 5 through several examples taken from [18]; finally, the
main conclusions of this work are outlined in Section 6, along with some signifi-
cant remarks and possible lines for future work and research topics related with
the scope of this paper.

2 Cell-like Spiking Neural P Systems

This section presents some definitions providing the necessary background for
the context where the developed tools emerge.

2.1 Preliminaries

As introduced in [18], cell-like spiking neural P systems are mainly influenced
by two kinds of systems: the cell-like P systems with rewriting rules (starting
point of the catalytic P systems, defined in [13]), and the classical SN P systems,
presented in [6].

While in the preliminaries of the foundational paper of cSN P systems [18]
catalytic P systems are presented to support latter definitions, we will instead
refer to their preceding model, also appearing in [13], given that catalysts are
not actually part of cSN P systems definition.

P systems with multisets rewriting rules - Syntax and semantics

Syntax description
A (cell-like) P system (with multiset rewriting rules) of degree m ≥ 1 is a

construct of the form:

Π = (O,H, µ,w1, . . . , wm, R1, . . . , Rm, io),

where O is an alphabet of objects, H is the alphabet of membrane labels, µ is the
membrane structure (with m membranes), w1, . . . , wm are multisets of objects
present in the m regions of µ at the beginning of a computation, R1, . . . , Rm

are finite sets of evolution rules associated with the m regions of µ, and io ∈
H ∪ {e}, indicating the output region (a membrane in µ, or the environment
e). As stated in the same text, “a standard choice for the alphabet of labels is
H = {1, 2, . . . ,m}”, so we will not consider necessary to set H for our latter
definition of cSN P systems.

Letting aside catalytic rules, the simpler systems of this type would only in-
clude (inside their rule setsRi, for 1 ≤ i ≤ m), rules of the form u→ v. According
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to [13], u would be a string over O, u ∈ O∗, and v ∈ (O × {here, in, out})∗. As
usual, the target indication here can be omitted. Thus, each element of v is of
the form (a, tar), where a is an object from O and tar is here, out, or in.

Semantic remarks
An extensive description of the semantics associated with this kind of systems

can be found at [13], but we will briefly recall some relevant aspects.
First of all, let us take a careful look at the target indication in. In the

original model, when a pair (a, in) is written, object a will be sent to one of the
membranes immediately inside the membrane where the rule is applied (that is,
a lower neighbour), non-deterministically chosen (unless no children exist, what
would make the rule not applicable). As stated in [18], “one may also use the
stronger indication inj”, so that the object is sent to the specific child membrane
with label j, provided that it exists (otherwise the rule cannot be applied).

As stated in the definition above, a is an object, so when target indicator in is
used, the non-deterministic choice is done for each object individually (contained
in the corresponding pair (a, in)), even if many of them present that same target
indicator. According to this definition, there is no way of sending a multiset of
objects to the same non-deterministically chosen child membrane.

Let as consider a simple rule, a→ (b, in) in a membrane labelled by 1, with
n ≥ 2 child membranes, and an object a initially present in the region. As
specified in [13], if tar = in, then “a is sent non-deterministically to one of the
lower neighbours”. Then the behaviour indicated by the target indicator seems
clear, a will be placed in some child region.

Let us now consider another very simple rule like a→ (b, in)(c, in). For each
pair, we would expect the previous behaviour again: object b would be sent to
a child membrane, non-deterministically chosen, and then c would be also sent
to a child membrane, non-deterministically chosen, so that it could be the same
one where b was sent or a different one.

Let us analyse a third case, taking a look at the following rule from [13]:

a2bc3 → (b, here)(a, here)(c, here)(a, here)(d, out)(a, out)(c, in)(a, in)

Following the same reasoning above, each pair would be considered separate-
ly, applying the sending of each individual object to the target indicated in the
second element of the pair. Now, according with the same text, this rule can be
written in a more compact way as:

a2bc3 → ba2c(da, out)(ca, in)

Therefore, according to [13], the grouping of elements inside the same pair
means that they are affected by the same target indication, and are only grouped
to write the expression more concisely, not affecting its semantics (so that it
effectively is equivalent to the expression above). Thus, as mentioned above,
the expression (ca, in) does not determine the sending of the multiset to one
non-deterministically chosen child membrane; instead, it is only more compact
form of (c, in)(a, in), and therefore every sending action of an individual object
chooses non-deterministically the child membrane where it will be sent.
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In what follows, we will define an extension of this kind of P systems to allow
the sending of multisets as units to the target indicators specified.

Extending P systems with multisets rewriting rules - Remarks
For the purpose of this paper, it will be necessary to extend the scope of

P systems with rewriting rules, as mentioned in the previous section. This will
change the interpretation of the semantics of rules as:

a2bc3 → ba2c(da, out)(ca, in)

that will not more an abbreviated form of

a2bc3 → (b, here)(a, here)(c, here)(a, here)(d, out)(a, out)(c, in)(a, in).

On the contrary, the rule expressed in the first form will consider the sending
of multisets as ba2c as a unit, to implicit indicator here; in the same way, da
will also be sent as a unit to the parent region (of that where the rule is ap-
plied); finally, ca will be considered as a unit to be sent to one child membrane
non-deterministically chosen. While in the two former cases this change in the
interpretation of the rule will not affect the result of the computation of such
elements, the latter pair will lead to a possibly different result.

Consequently, it will be necessary to redefine syntactically the rules of
the form u → v. Thus, u would remain as a string over O, u ∈ O∗, but now
v will contain pairs including a multiset (as usual, given by a string, O∗), v ∈
(O∗ × {here, in, out})∗. Hence, when defining each element (a, tar) of v, a will
not be an object from O but a string over O representing a multiset, a ∈ O∗.

Dynamics of the system - “execution strategy”
Both in the original and the extended versions described, the rules belonging

to any membrane are used in the maximally parallel manner (a maximal multi-
set of applicable rules is non-deterministically chosen and applied). A result is
associated only with a halting computation, in the form of the number of objects
inside region io in the halting configuration.

SN P systems - central model
The focus of this work is on SN P systems. We introduce them in the extended

form [3], but without delay, as recalled in [18].
Hence, an SN P system of degree m ≥ 1 is a construct

Π = (O, σ1, . . . , σm, syn, out),

where:

1. O = {a} is the singleton alphabet (a is called spike);
2. σ1, . . . , σm are neurons, of the form

σi = (ni, Ri), 1 ≤ i ≤ m,

where:



6 Luis Valencia-Cabrera et al.

a) ni ≥ 0 is the initial number of spikes contained in the neuron;
b) Ri is a finite set of rules of the following two forms:

(1) E/ac → ap, where E is a regular expression over a and c ≥ p ≥ 1
(spiking rules);

(2) as → λ, for some s ≥ 1, with the restriction that as /∈ L(E) for any
rule E/ac → ap of type (1) from Ri (forgetting rules);

3. syn ⊆ {1, 2, . . . ,m}×{1, 2, . . . ,m} with (i, i) /∈ syn for 1 ≤ i ≤ m (synapses);
4. out ∈ {1, 2, . . . ,m} indicates the output neuron.

For a detailed description of these systems please see [6], but despite its
inclusion also in [18], we consider at least recalling its basic functioning in order
to make the paper more self-contained.

The spiking rules are applied as follows: if neuron σi contains k spikes,
ak ∈ L(E) and k ≥ c, then the rule E/ac → ap ∈ Ri can be applied, and
the application of this rule implies that c spikes are consumed (thus staying the
remaining k − c spikes in the neuron), and p spikes are received in each neuron
σj such that (i, j) ∈ syn.

A forgetting rule as → λ is used when the neuron contains exactly s spikes,
and the application of this rule means that all s spikes are removed from the
neuron.

In each time unit, in each neuron where some rules are applicable, exactly
one rule should be used, either a firing or a forgetting one, never both. Thus,
the computation is sequential inside each neuron, but parallel at the level of
the system: a general clock is assumed, and each neuron must apply one rule
whenever it is possible.

In this way, starting from the initial configuration 〈n1, n2, . . . , nm〉 (spikes
inside each neuron), a sequence of transitions among configurations take place,
this sequence being called a computation. A computation halts if it reaches a
configuration where no rule can be applied. With any computation (halting or
not), a spike train can be associated, consisting of a sequence of digits (0 and 1)
indicating for each instance if the output neuron sends a spike out of the system:
1 indicates a spiking step, 0 indicates a step when no spike leaves the system.

The result of the computation can belong to one of the following types:

– the spike train itself, a string over the alphabet {0, 1} with the number of
spikes emitted for each step of the computation

– a number, representing the amount of steps between the first two spikes
emitted to the output neuron by the system; that is, for any spike train
(with at least two spikes) emitting in steps t1, t2, . . . , tk, the result of the
computation would be t2− t1; the set of such numbers is denoted by N2(Π)

– the number of spikes present in the output neuron in the halting configura-
tion; the set of numbers generated in this way by Π is denoted by Nin(Π)

More details about the universality of these systems considering the different
types of possible results are provided in [2, 3, 6] and recalled in [18], but it is out
of the scope of this paper.



Computer-Aided Design of Cell-like Spiking Neural P Systems 7

In the next section the definition of cell-like SN P Systems will be presented,
as appeared in [18], somehow merging both previously introduced systems: cell-
like P systems with rewriting rules and classical SN P systems.

2.2 Cell-like SN P Systems

A cell-like SN P system (in short, cSN P system), of degree m ≥ 1, is a construct

Π = (O,µ, n1, . . . , nm, R1, . . . , Rm, io),

where O = {a} (object a is called spike), µ is a hierarchical membrane structure
with m membranes, ni, 1 ≤ i ≤ m, is the number of spikes present in compart-
ment i of µ at the beginning of the computation, Ri, 1 ≤ i ≤ m, is the finite
set of rules from compartment i, and io indicates the output region (this is the
environment if io = env).

Besides forgetting rules of the form as → λ, s ≥ 1, the sets Ri contain spiking
rules of the (extended) form E/ac → u, where E is a regular expression over O,
c ≥ 1, and u is a sequence of couples of the form (ap, tar), where p ≥ 1 and tar
is a target indication specifying the destination of the p associated spikes. This
target can be here, out, in, inj , where j is the label of a membrane, with the
usual meaning in cell-like P systems, or inall, with the meaning that the p spikes
will be sent, replicated, to all immediately inner membranes (each of them will
receive p spikes). Of course, in the case of non-extended rules, when only one
spike is produced by a rule, only one couple of the form (a, tar) will be used.

It is worth highlighting that the pairs (ap, tar) are in fact a particular case of
the definition given in previous section when the extension of cell-like P systems
with rewriting rules was presented. Thus, ap is considered as a unit, that will
be sent to the corresponding target indicated by the pair, instead of considering
each object a separately, as in the original rewriting systems.

The computations in a cSN P system are defined as usual in SN P systems:
(at most) one rule in each compartment is applied, but the compartments work
in parallel, synchronously.

Regarding the result of the computation, as mentioned in [18], it is not con-
sidered in the paper the external output in the form of the number of spikes
sent out. The other two types explained in the previous section are considered,
so the result can be obtained as one of the following:

– the number of the spikes in region io in the halting configuration; Nin(Π)
denotes the set of numbers computed (generated) by the system Π in the
internal mode

– the time distance between the first two steps when the system sends spikes
out; this can be done by rules introducing couples (ap, out) used in the skin
region of Π; N2(Π) denotes the set of numbers computed by Π in this sense,
by means of halting or non-halting computations (by convention, if spikes
are sent only once, the number 0 is the result of the computation)



8 Luis Valencia-Cabrera et al.

As mentioned in [18], no restriction is imposed on the number of spikes pro-
duced, so that it can be greater than the number of consumed spikes. Actually,
these non-restricted rules are needed to produce more spikes than consumed
(otherwise, the number of spikes in the system cannot be increased, unless the
target command inall is used).

More details about this kind of systems and their universality are provided
in [18], falling out of the scope of the present work.

3 A Unified Software Framework for P Systems

During the first few years since the appearance of P systems, along with the
emergence of new ideas, solid theoretical foundations were stated. Soon after
that, a few software tools started exploring the simulation of this kind of systems,
as ad-hoc solutions to address specific problems with certain variants of the
theoretical devices.

As membrane computing grew, many different types and variants of P sys-
tems were defined, and the availability of general tools to support the design,
debug, analysis and simulation of these novel solutions became advisable. In
this sense, P-Lingua [5, 15] meant a significant milestone, providing a uniform
framework for the specification, debugging and simulation of this kind of com-
puting devices. A few years later, the extended use of this framework in certain
real applications led to the need of providing a new layer to help the P system-
s designers with additional tools. Besides, the possibility of delivering end-user
applications based on this framework would widen the scope and visibility of the
underlying systems. This kind of apps should abstract the internal details of the
models to the end-users of the applications designed, as ecologists, economists,
etc., thus acting the apps as black boxes for them, once the proper specification
and configuration files are provided by the P systems designers. These goals were
achieved through the provision of MeCoSim [14], extensively described in [17].

This section outlines the main elements included in the framework provided
by P-Lingua and MeCoSim.

3.1 P-Lingua Framework

P–Lingua framework was first introduced in [4], including a general specifica-
tion language for the definition of P systems, called P–Lingua, and a Java [21]
based open source library called pLinguaCore. A significant variety of comput-
ing models within Membrane Computing has been incorporated to this software
framework, publicly available.

P-Lingua language allows the definition of P systems. Their description is
given by simple text files, that can be easily processed by pLinguaCore, directly or
through some client, both in console format or with the visual interface provided
by MeCoSim, as described in section 3.2. Not only specific P systems can be
specified, but also families of them, with parameters accepting different values
depending on the instances to generate. In addition, the definition of modules
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is allowed, favouring the use of structured programming techniques, promoting
reusability. The use of a common syntax for many different kinds of P systems
sharing ingredients as membrane structures, initial multisets, some types of rules,
etc. decreases dramatically the learning curve for new users, P systems designers
starting with different computing models within Membrane Computing.

Fig. 1 shows a small specification in P–Lingua language, for the definition of
a simple P system with active membranes and membrane division rules.

[a −→ a, b]1

b[ ]2 −→ [c]+2

[c]+2 −→ [d]2 [e]−2

1 @model <membrane_division >

2 def main()

3 {

4 @mu = [[] ’2] ’1;

5 @ms (1) = a;

6 [a --> a,b]’1;

7 b[]’2 --> +[c]’2;

8 +[c]’2 --> [d]’2 -[e]’2;

9 }

Fig. 1. A simple P system specification in P–Lingua

In the P–Lingua definition (right), the following elements are specified: P sys-
tem variant (line 1), mandatory main module (line 2), initial membrane structure
(line 4), initial multisets (line 5), rules (lines 6-8).

Apart from the language, the framework includes pLinguaCore, software li-
brary providing both parsers and simulators for the computing models and
variants of P systems supported by the language, plus other useful tools. It is
multi-platform, and can be downloaded and used separately or in its integrated
form with other Java based applications such as MeCoSim. It comes as a free
software, released under GNU GPL license [19].

An extensive description of language and library can be found at [4, 5]. In
addition, a deeper explanation of the details is given in [15], in this latter case
written in Spanish.

3.2 MeCoSim (Membrane Computing Simulator)

MeCoSim provides the P systems designers and end users with visual tools to
manage their solutions, either as white boxes to deepen in the study of the P
systems themselves or as black boxes to focus on the problems, abstracting from
the internal details of the P systems actually solving such problems. On the
one hand, MeCoSim offers model designers a graphic tool to design, simulate,
analyse and verify their models. On the other hand, end users are provided
with applications, whose interfaces are adapted for each problem, allowing them
to enter the input data and check the results. MeCoSim is built on top of P-
Lingua: models are specified in P–Lingua language, processed by their parsers,
and the simulations are performed by executing simulation algorithms provided
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by pLinguaCore library (also external simulators can be connected to MeCoSim,
but the vast majority of them are currently part of P-Lingua framework).

MeCoSim enables the user to load, parse and debug models written in P-
Lingua format. These models can contain parameters receiving their final values
from MeCoSim interface, according to .xls configuration files customized for
each problem of interest. In fact, an additional language is defined to allow the
generation of parameters, not simply receiving data from the interface but also
formulas and functions to calculate parameters from those data.

The P-Lingua file would then be parsed and check for its correctness. If it
is considered, and it is parametrized (accepting different P systems of a family
depending on some parameter or accepting an external output), then an in-
stance should be provided visually through the interface. Once loaded a valid
P system in MeCoSim, the user can choose one simulator from the list of avail-
able simulators, depending on the model specified in the P-Lingua file. Then, P
systems designers can debug the process thanks to step by step execution and
viewers showing the details of the configurations. In addition, both P systems
designers and end-users could simply run the simulation from the initial con-
figuration specified in P-Lingua file and the simulator selected (there is a default
one, so end users not familiarized with such kind of details do not have to care
about that). Once the computation or computations have finished, the results are
presented in the form of output tables, charts and/or graphs, depending on the
configuration of the custom application, as defined by the P systems designer.

MeCoSim includes a number of customization features, a plugins architec-
ture to extend its functionalities, options related with invariants detection and
connection with model checking software for the formal verification of the mod-
els, and a system of repositories for custom apps, models (solutions), scenarios
(data) and plugins. The main mechanisms of MeCoSim can be reviewed in detail
in [17, 22].

4 A Language to Define Cell-like SN P Systems

The previous section has outlined the main elements of our general framework
to define P systems, check their syntactic and semantic correctness and simulate
their dynamics. In the present work, a new type of P systems has been defined,
with its own genuine features, so the specific language for this kind of systems
must be set, that is, its grammar, including some basic ingredients not included
so far in any simulator.

Taking the existing P–Lingua syntax for P systems introduced in [15, 16]
as a starting point, we will introduce the syntax for cSN P systems along the
following subsections. After that, we will provide a brief description about the
simulator developed to simulate this kind of systems.

4.1 Reserved Words and Special Elements

Despite the variety of systems currently available in P-Lingua, some well-known
ingredients of P systems had not been incorporated so far. In particular, the
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general format for rewriting rules described in [13] was not part of P-Lingua
implementation.

Thus, target indicators as here, in, out, inall or inj were not included in
P-Lingua. However, the syntax of cSN P systems (see [18]) makes use of these
indicators. Consequently, in order to provide a language as close as possible to the
conventional specification of these systems, new elements have been incorporated
in our framework.

In fact, before defining the language for cSN P systems, a more general type
of model has been defined and included in P–Lingua, for cell-like P systems
including those target indicators. They are a generalized version of the systems
appearing in [13], considering the extension described in 2. This model has been
made available within the framework, so a system of this type can be defined
through its model rewriting_systems, beginning such file the sentence:

@model <rewriting_systems >

We will omit further details about this new development in the rest of the paper,
considered out of the scope of the work presented here, so that only aspects
related with cSN P systems will be explained.
Concerning the new target indicators (to send objects to the given regions), they
are written as follows:

here /* to region where rule is applied. */

out /* to parent membrane (environment if skin) */

in /* to child memb. non -deterministically chosen */

inall /* replicate and send to every child membrane */

in{j} /* to specific membrane labelled by "j" */

The text between symbols /* and */ (using the notation for comments defined
in P-Lingua) indicate the target region/s where the objects will be sent.

4.2 Model Specification

Any P-Lingua file defining a cSN P system must set cell_like_snp as its
model, thus beginning such file the sentence:

@model <cell_like_snp >

The rest of the file will then define the main elements describing the cSN P
system, typically consisting of:

Π = (O,µ, n1, . . . , nm, R1, . . . , Rm, io),

The singleton alphabet O = {a} is fixed in this kind of systems, so it is no
necessary to make it explicit, it is implicit through the declaration of the model
just presented.

The rest of the elements will depend on the specific P system, so the mem-
brane structure, initial multisets, sets of rules and output region will be set, as
explained in subsections 4.3 to 4.7.
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4.3 Membrane Structure

cSN P systems are a variant of spiking neural P systems based on a tree-structure
as any other cell–like P systems. Therefore, in order to specify the initial mem-
brane structure, instead of a synapse graph, the traditional @mu is used, defining
the corresponding µ, as defined in Section 2.

@mu = [ ... ]’1;

where ... stands for the definition of the membrane structure as usual (starting
with the skin membrane).

Let us recall that cSN P systems define a structure with n regions, numbered
from 1 to n, and beyond the skin membrane (1 in the example), a passive envi-
ronment exists, able to receive objects from the skin membrane if a target out
is specified in some rule over that membrane. No syntactic element needs to be
defined for the environment, it is implicit in the nature of the model.

4.4 Definition of Initial Multisets

When defining cSN P systems, it is usually necessary to specify objects initially
placed in the membranes.
Given a membrane i containing ni spikes, the initial number of spikes it contains
can be specified as follows:

@ms(i) = a*ni;

Example:

@ms (2) = a*2;

If the membrane contains a single spike, then the multiplicity of the object (that
is, *1 representing one spike) can be omitted. In the same way, if no initial spikes
are present in a given membrane, the sentence would be entirely omitted.

Alternatively, the definition of these initial objects can be included directly in
the definition of µ presented above, so that any membrane may include both
child membranes and spikes inside, as in the following code:

@mu = [ a*2 [ a ]’2 [ ]’3 [ a*5 ]’4 ]’1;

As it can be seen, the membrane structure includes the skin, numbered as 1, with
2 spikes contained in the region surrounded by it, along with three additional
child membranes: membrane 2, with one spike inside its region, membrane 3,
initially empty, and membrane 4, initially including five spikes.

4.5 Definition of Rules

Two types of rules can be defined: forgetting rules and firing rules. The former
ones can be defined in P-Lingua in the traditional way, that is, in the same way
as any other spiking neural P system, while the latter ones implied a significant



Computer-Aided Design of Cell-like Spiking Neural P Systems 13

change regarding those previous systems.

Forgetting rules can be thus defined in the following ways:

– [a*c]’h --> [#]’h "e";

– [a*c --> #]’h "e";

with h a neuron label, c an integer expression (representing the number of spikes
to be consumed/forgotten), and e is a regular expression over {a}.

But of course the corresponding set of rules Ri can also contain spiking rules
of the (extended) form E/ac → u, with E a regular expression over O, c ≥ 1,
and u a sequence of ordered pairs of the form (ap, tar), where p ≥ 1 and tar is
a target indication tar ∈ {here, out, in, inall, inj}, inj , with j being the label of
a membrane.
Spiking rules hence can be defined in the following ways:

– [a*c]’h --> LIST_OF_PAIRS "e";

– [a*c --> LIST_OF_PAIRS]’h "e";

with h a neuron label, c an integer expression (representing the number of spikes
to be consumed/sent, respectively), e a regular expression over {a}.

For firing and forgetting rules, e is optional. When e is not present in the
rule, it defaults to the left hand side of the rule.

The LIST_OF_PAIRS, as defined in Section 2, is a sequence of pairs/couples
of the form (ap, tar). Translated to P-Lingua, the syntax would be as follows:

(a*p ; TAR)

with TAR belonging to one of the types described in Section 4.1. Let us note the
use of semi-colon instead of comma to separate the target indication from the
number of spikes to be sent. This is due to the fact that, as part of this work, a
more general language has been defined for general rewriting systems, not only
cell-like P systems. In those systems, instead of (ap, tar), a generic expression for
pairs has been defined, (u, tar), being u a multiset to send to the place/s set by
the target indicator. If different types of objects are present in these multisets,
P-Lingua separates these different elements (with its multiplicity) in the multiset
commas. Therefore, a different kind of separator had to be used, and we chose
the most similar possible one.

Concerning the interpretation of the rules, it is important to take into account
the extension of P systems with rewriting rules presented in Section 2. It implies
that, when dealing with multisets inside a pair in a rule, they will be considered
as a unit, unlike the original rewriting rules. Let us recall that, in those original
rules, each pair included only a single object; the notation of a string included
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in a pair was only an abbreviated form for the presence of every single object
affected by the same target indicator. On the contrary, the extended version
presented in Section 2 implies considering the multiset included in a pair as a
unit, being sent as a whole to the target specified.

In what follows, we will clarify this explanation trough an example for the
generic rewriting rules. Let us consider a rule present in a region labelled by 1
such as:

a2bc3ba2c→ (da, out)(ca, in).

This rule would be expressed in P-Lingua as:

[a*2,b,c*3]’1 --> (b,a*2,c;here) (d,a;out) (c,a;in);

The target indicator here could be omitted, thus resulting:

[a*2,b,c*3]’1 --> b,a*2,c (d,a;out) (c,a;in);

This alternative syntax would be also valid:

[a*2,b,c*3 --> b,a*2,c (d,a;out) (c,a;in)]’1;

As a consequence of the previous remark, ca will be sent to the same region,
non-deterministically chosen.
Let us now recall the following rule:

a2bc3 → (b, here)(a, here)(c, here)(a, here)(d, out)(a, out)(c, in)(a, in).

Each pair would be considered separately, applying the sending of each indi-
vidual object to the target indicated in the second element of the pair.

According to the original definition of this kind of rules in [13], this rule can
be written in a more compact way as:

a2bc3 → ba2c(da, out)(ca, in).

Considering this simply a matter of notation, it would imply dealing with each
single object separately. However, with the extension presented in Section 2, as
just recalled, ca is taken as a unit and consequently sent as a whole to a target
region.

This extended computing model has been the one applied in the tools devel-
oped, so that, unlike the original reference in [13], in P-Lingua these two rules
expressed will behave differently:

[a*2,b,c*3]-->(b;here)(a;here)(c;here)(a;here)(d;out)(a;out)(c;in)(a;in)

[a*2,b,c*3]-->(b,a*2,c;here)(d,a;out)(c,a;in)

This way, P systems designers can make its choice: that is, to group and send
the elements as a unit, by using the latter rule, or applying the target indicators
to each individual object, by using the former one. As mentioned before, if the
second option is chosen, it can also be written as:

[a*2,b,c*3]--> b,a*2,c (d,a;out)(c,a;in)

Thus, the target indicator here would be omitted.
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4.6 Regular Expressions

Regarding the syntax accepted in P–Lingua for the regular expressions appearing
in the rules, for backwards compatibility with other types of systems using regular
expressions, as the classical SN P systems, we have adopted the same policy
implemented for the rest of neuron-like P systems. As extensively explained in
[8, 9], the mechanism to define and evaluate regular expressions is based on the
regex Java package. Details about this package can be found at [20].

As also detailed in [8], the following subset of symbols can be used to con-
struct regular expressions in P-Lingua, following the syntax specified in [20]:

’a’, ’(’, ’)’, ’[’, ’]’, ’{’, ’}’, ’,’, ’^’, ’*’, ’+’,’?’, ’|’

Let us recall that one of the conditions to make a rule applicable will be the
matching of this regular expression by the spikes contained in the region where
the applicability of the rule is being checked. Some examples are included in the
examples displayed in Section 5.

4.7 Output Region

The last syntactic element present in the definition of a cSN P system is the
output region. It can be specified in P-Lingua in a similar way than for other
SN P systems; that is, through a sentence of the following type:

@mout = REGION;

This REGION should coincide with the label of a region defined in the
membrane structure, or alternatively refer to the environment. In this latter
case, it would be reflected by setting the region to environment, or simply env

or e, thus using abbreviated forms.

4.8 General Features Derived from the Integration

The tools created for cSN P systems have been integrated in the framework
provided by P-Lingua. Regarding the use of P-Lingua specification language, it
will imply a clear advantage: the traditional mechanisms present in the general
description of the language will be available. This includes features as definition
of modules/functions typical of structured programming, use of variables, pa-
rameters, blocks or iterators, among others (for additional information see [5]).
A simple example can be illustrated in the following code:

@model <cell_like_snp >

def main()
{

let x = 4; /* Define a local variable n with value 4 */

/* Call a function with a parameter */
/* This function defines the membrane structure and the initial

multisets */
call define_membrane_structure_and_multisets(x);
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/* Call another function , in charge of defining the sets of rules */
call define_sets_of_rules(x);

/* Assign the environment as the output membrane */
@mout = env;

}

def define_membrane_structure_and_multisets(n)
{

@mu = [ ]’1; /* Define a root membrane labelled by 1 */

/* Iteration over a loop variable i to create n membranes (from 2 to (n
+1)) inside membrane 1, each one containing a number of spikes
equivalent to its membrane label */

@mu (1) += [ a*i ]’{i} : 2<=i<=n+1;

/* Iteration over a loop variable i to create 2 membranes ( iterating
over k) inside each membrane from 2 to n+1 */

@mu({i}) += [ ] ’{100+10*i+k} : 1<=k<=2, 2<=i<=n+1;

@ms (1) = a*6; /* Assign 6 spikes to membrane 1 */
}

def define_sets_of_rules(n)
{

let j = 2;

/* Set of rules for membrane 1 */
/* Rule sending 1 spike to the environment */
[a --> (a;out)]’1;

/* Use of a local variable for the index of target indicator in to a
specific membrane */

[a*2]’1 --> (a;in{j});

/* Regular expression meaning at least 3 spikes */
[a*3]’1 --> (a*2; inall) "a{3,}";

/* Set of rules for membranes 2 to n+1 */
/* Forgetting rule */
[a]’{i} --> : 2 <= i <= n+1;

/* Regular expression for even numbers */
[a*2]’{i+1} --> a (a;out) "(a{2})+" : 1<=i<=n;

/* Regular expression for odd numbers greater than 1 */
[a*3]’{i} --> (a;in) "a(a{2})+" : 2<=i<=n+1;

}

In addition, through its integration in MeCoSim, these files may also make
use of parameters defined in MeCoSim, and generated from the input given by
the user.

4.9 A New Simulator for Cell-like SN P Systems

A new simulator has been developed within P-Lingua framework to capture the
dynamics of cSN P systems.

The general idea is clear: once a P system has been generated from the input
file written in P-Lingua language, the simulator will perform a possible compu-
tation from the initial configuration given by the initial structure and multisets
specified, producing the corresponding possibly non-deterministic transitions un-
til a halting configuration is reached.
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Thus, the simulation algorithm follows the general schema present in most
of the simulators included in the platform:

1. Initialization

2. For each computation step, while some rules are applicable:

(a) Selection of rules

(b) Execution of rules

The initialization stage will set the initial structures needed by the al-
gorithm, and the details are mainly technical, not considered very relevant for
scientific purposes. Then, the main loop will run until a halting configuration is
reached; that is, until no rule is applicable at a given computation step.

The selection phase will check which rules can be applied. Unlike other cell-
like P systems simulators, cSN P systems cannot execute more than one rule at
a given compartment in the same computation step, so the selection stage will
choose, for each neuron in the system (each membrane), at most one applicable
rule; thus, for every membrane, if there are applicable rules, then one rule is
selected non-deterministically, and only “a copy” of the rule will be selected,
even if the number of objects in the region would enable several executions of
the same rule.

The applicability of a rule is determined by the presence of at least the
number of spikes in the left hand side of the rule. In addition, the contents of
the membrane where the rule is present must match the regular expression of the
rule. Finally, if some target indicators of types in, inall or inj appear in the right
hand side of a spiking rule, then the membrane must have child membranes, and
in the latter case a child membrane labelled by j must exist.

As a result of this selection phase, a set of rules will have been selected,
verifying that every membrane with applicable rules has selected exactly one.

Then, the execution phase applies the change in the configuration, pass-
ing from Ct to Ct+1, removing the objects consumed by the selected rules, and
adding the objects produced by the rules to the corresponding target indicators,
with the semantics specified in Section 2; that is, choosing non-deterministically
the child membrane receiving the objects in the case of in, and with the corre-
sponding deterministic result for the other target indicators.

4.10 Availability of the Software Tools Developed

The tools described in the previous sections, concerning the language, parsing
and simulation have made publicly available in the current version of MeCoSim,
that can be downloaded from [22]. Once downloaded, whenever the software
runs, if an Internet connection is active, it checks the presence of new versions
of any of the files involved, thus guarantees it always provides the user with the
last version of MeCoSim (that includes in its installation pLinguaCore).
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5 Case Studies

In the previous section, the software tools developed for the design and simula-
tion of cSN P systems have been described. In Section 2, cSN P systems were
defined. In this last section, we will recall some examples from [18], illustrat-
ing the behaviour of these novel systems, and we will show the corresponding
P-Lingua files specifying the solutions in the input format for the computer tools.
The first system considered is given formally in [18] as:

Π = ({a}, [ ]1, 2, R1, 1), where

R1 = {(a2)+/a2 → (a4, here), (a2)+/a2 → (a, here)}.

The initial multiset in membrane 1, as specified in Π, is a2. The behaviour of the
system is as follows: the first rule adds two more spikes, repeatedly, but when the
second rule is used (this may happen also in the first step) the number of spikes
becomes odd and no further rule can be used. Therefore, Nin(Π) = {2n + 1 |
n ≥ 0}.

This system is introduced in the simulator developed as follows:

@model <cell_like_snp >

def main()
{

@mu = [ ]’1;

@ms (1) = a*2;

[a*2]’1 --> (a*4; here) "(a{2})+";
[a*2]’1 --> (a;here) "(a{2})+";

@mout = 1;
}

It could have been expressed, omitting the explicit indicators here:

@model <cell_like_snp >

def main()
{

@mu = [ a*2 ]’1;

[a*2]’1 --> a*4 "(a{2})+";
[a*2]’1 --> a "(a{2})+";

@mout = 1;
}

As it can be seen, the initial spikes can be introduced in a more compact way
in the definition of @mu.

The next example in [18] replaces the target indication here by some rules
with target indicators in and out, albeit at the cost of using one further mem-
brane, as shown in Figure 2.
The corresponding P-Lingua file would be the following:

@model <cell_like_snp >

def main()
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Fig. 2. A cSN P system avoiding target indication here.

{
@mu = [a*2 []’2 ]’1;

[a*2]’1 --> (a*4;in) "(a{2})+";
[a*2]’1 --> (a;in) "(a{2})+";

[a*4]’2 --> (a*4;out);
[a]’2 --> (a;out);

@mout = 1;
}

A third example was proposed in [18], replacing the previous rules, producing 4
spikes and consuming 2 at each step, by the use of the target indication inall, as
indicated in Figure 3.
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(a2)+/a2 → (a2, inall)

(a2)+/a→ (a, out)

a2 → (a2, out) a2 → (a2, out)

Fig. 3. A cSN P system avoiding c < p.

In this example, the same set (the set of odd natural numbers) is obtained,
but this time one spike is finally sent out to the environment. However, the
output membrane is still membrane 1, as in the previous examples, as specified
in the corresponding P-Lingua file:

@model <cell_like_snp >

def main()
{

@mu = [a*2 []’2 []’3 ]’1;

[a*2]’1 --> (a*2; inall) "(a{2})+";
[a]’1 --> (a;out) "(a{2})+";
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[a*2]’2 --> (a*2;out);
[a*2]’3 --> (a*2;out);

@mout = 1;
}

Figure 4 shows this last example loaded in MeCoSim, including step by step
information, P-Lingua file editor and the multisets viewer.

Fig. 4. cSN P systems simulation in MeCoSim

6 Conclusions and Future Work

Over the last two decades, membrane computing has kept as a very active re-
search field in its ability to search for computing models showing interesting
properties from their computational power and complexity. Particularly, spiking
neural P systems have attracted much attention, with a significant amount of
variants emerged, with the common feature of a graph-based structure.

However, recently conceived and published [18], cell-like spiking neural P
systems (cSN P systems) have set a bridge between cell-like P systems, based on
a hierarchical structure, and traditional spiking neural P systems, with spiking
and forgetting rules. They have proved to be computationally universal when no
constraints are established over the possibility of generating more spikes than
those consumed in spiking rules, and some other studies of variants of these novel
systems are being conducted in terms of their properties, of the types specified
above.
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Therefore, it is worth putting additional efforts in this research line, and
software tools can play a relevant role as assistants to work with new computing
models and design solutions based on such models. The framework given by P-
Lingua and MeCoSim provides a common infrastructure with facilities to deal
with models based on P systems in terms of design, analysis, simulation, among
other tasks.

All in all, a set of tools has been developed to include within this framework
the novel cSN P systems. These tools include a language based on P–Lingua to
define its main syntactic elements, introducing features of traditional cell-like
rewriting rules not added in the framework so far as target indicators, combined
with elements and rules appearing in classical SN P systems. Along with the
language definition, the proper parsing and debugging features have been pro-
vided, to check the correctness of the P systems introduced and alert about
possible errors. A simulation algorithm has been designed and developed to per-
form the corresponding computations when required by the user. In addition,
the integration in the pre-existing software mentioned guarantees the availability
of the visualization, analysis, customization and validation tools provided by the
platform used.

The tools developed have proved their ability to validate the solutions pre-
sented for cSN P systems, allowing the parsing, debugging and “non-deterministic”
simulation of the different examples, and helping detecting some subtle details
not considered in previous works.

The development of the tools was also a good exercise to revisit the definitions
of rewriting systems and cSN P systems, thus determining the need of extending
the previous definitions of rewriting rules to include the possibility of sending
multisets (as a whole) to the target indicators specified. This need was not
made explicit in the previous work, and its emergence was a consequence of the
deepening needed when designing a simulator that should behave as determined
by the formal definitions.

We consider it would be advisable to keep studying the computational prop-
erties of cSN P systems and their variants, and complementary tools to aid in
the design and validation tasks can definitely provide a value, specially when
studying solutions to complex problems by P systems with a significant amount
of elements interacting, whose evolution is not easy to analyse without the help
of these software assistants.

Another interesting line to explore, as analysed in [18], would be to find
SN P systems which can be written as cSN P systems, given that many SN P
systems present in literature cannot be interpreted as cSN P systems. The tools
developed may assist in the definition and analysis of those kind of those designs.
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Abstract. We introduce new P system models, called as external and
internal parallel contextual hexagonal array P systems, based on the ex-
ternal and internal parallel contextual hexagonal array grammars. We
can generate hexagonal arrays using these P system models with the
help of Z-direction, X-direction and Y-direction external or internal par-
allel contextual hexagonal array rules. We discuss some basic properties
of these P systems and give some comparison results in terms of their
generative powers.

Keywords: P system, Hexagonal array, parallel contextual array

1 Introduction

Two-dimensional languages are one of the extensions of string languages theory.
To study the problem of picture generation and description, where pictures are
considered as connected, digitized finite arrays in the two-dimensional plane,
there has been a continued interest in adapting the techniques of formal string
language theory for developing various new methods. Over the past several years
there has been a steady growth in the literature on array grammars and array
acceptors.

While investigating isometric array generation, Rosenfield[20, 21] had pointed
out the need for array rewriting rules for picture languages. The idea is to gen-
eralize the Chomsky string grammars to arrays by having rewriting rules that
allow replacement of a sub-array of a picture with another sub-array. To describe
digital pictures viewed as rectangular arrays of terminals, Siromoney et al [22]
proposed a simple generative model, called two-dimensional matrix grammar.
And later motivated by the need to generate picture languages that cannot be
generated by two-dimensional matrix grammars, Siromoney et al [23] introduced
array models, generalizing the notion of rewriting rules in which the concatena-
tion of strings is extended to row and column concatenation of arrays.
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Hexagonal pictures occur in several application areas especially in picture
processing and image analysis. Hexagonal kolam array grammars for generat-
ing hexagonal arrays and hexagonal patterns on triangular grids which can be
treated as two-dimensional representation of three-dimensional blocks was con-
structed by Siromoney et al. [24]. We refer to [15, 16] for the study of two-
dimensional representations of three-dimensional blocks. Recently, the hexagons
and the hexagonal tiling have been addressed by a symmetric coordinate frame
in [7, 14] and possible link of applications in [13].

Contextual grammars were introduced by S.Marcus[10] in 1969 as another
model to describe natural languages. A contextual grammar produces a lan-
guage by starting from a given finite set of strings and adding, iteratively, pairs
of strings(called as contexts), associated to sets of words(called selectors) to the
string already obtained. Many variants of contextual grammars have been con-
sidered in the literature and investigated from a mathematical point of view [5,
11, 12]. Two special cases of contextual grammars, called internal and external
are very natural and have been extensively investigated. An external contextual
grammar generates a language starting from a finite set of strings and iteratively
adjoining to its contexts. In internal contextual grammars [5] , the context are
adjoined inside the current string.

In [26], D.G.Thomas et al developed a new method of generating hexagonal
arrays based on an extension of contextual grammars called parallel contextual
hexagonal array grammars. Their systems yield languages of hexagons using par-
allel rewriting relations. They make use of ’window movement’ on arrow heads
to decide whether the languages are generated by array contexts of choice map-
pings by the applications of array contextual operations parallely. This concept
was based on the contextual style of rectangular array generation using external
and internal parallel contextual array grammars considered in [6].

The area of membrane computing, was initiated by Paun [17] introducing a
new computability model, now called as P system, which is distributed highly
parallel theoretical model based on the membrane structure and behavior of
the living cells. A computation starts from an initial configuration of a system,
defined by a membrane structure with objects and evolution rules in each mem-
brane, and terminates when no further rule can be applied. One uses the Chom-
sky way of rewriting for computations, in a P system with string objects. In [9]
the contextual way of handling string objects in P systems has been considered
and that the contextual P systems are found to be more powerful than ordinary
string contextual grammars and its variants. Ceterchi et al [1] introduced array
P systems of the isometric variety, extending the string rewriting P systems to
arrays using context-free type of rules. Henceforth, several P system models for
generating arrays, both isometric and non-isometric variety, have been consid-
ered in the literature (for example. [2, 25, 8]). In [8] P system models namely,
external and internal parallel contextual array P systems have been introduced
based on the contextual style of array generation using external and internal
parallel contextual array grammars.
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In this paper we introduce new P system models, called as external and inter-
nal parallel contextual hexagonal array P systems, based on the contextual style
of external and internal parallel contextual hexagonal array grammars consid-
ered in [26]. In section 2, we list out some prerequisites. In Section 3, we define
parallel internal contextual hexagonal array P system and give an example. In
Section 4, we define parallel external contextual hexagonal array P system and
give an example. In Section 5, some properties of both parallel internal and ex-
ternal contextual hexagonal array P systems are discussed. In Section 6, we give
comparison results for the family of hexagonal array languages generated by the
newly constructed P systems with other classes of hexagonal array languages.
In section 7, we conclude the article with a brief remark.

2 Preliminaries

In this section we recall some notions related to hexagonal array grammars and
parallel contextual hexagonal array grammars. We can refer to [26, 3] for further
details.

Definition 1. We consider hexagons of the following type:

upper right vertexupper left vertex

leftmost vertex

lower left vertex lower right vertex

rightmost vertex

Let Σ be a finite alphabet of symbols. A hexagonal picture p over Σ is a
hexagonal array of symbols over Σ. For example, a hexagonal picture over the

alphabet {a, b, c} is: p =
a b

a c b
a b

. The set of all hexagonal arrays over Σ is

denoted by Σ∗∗H . A hexagonal picture language L over Σ is a subset of Σ∗∗H .

With respect to a triad
z

x y
of triangular axes x, y, z, the coordinates of each

element of a hexagonal picture can be fixed.

Definition 2. For k ≥ 2, aj , bj ∈ Σ, (j ≥ 1), let

1. xyTr be a trapezium array of type
a1 a2 ··· ak

b1 b2 ··· bk bk+1

2. yxTr be a trapezium array of type
a1 a2 ··· ak ak+1

b1 b2 ··· bk

3. xxPzA be a parallelogram array of type
a1 a2 ··· ak

b1 b2 ··· bk

4. yyPzA be a parallelogram array of type
a1 a2 ··· ak

b1 b2 ··· bk
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5. yzTr be a trapezium array of type

ak bk+1

. .
.

. .
.

a2 b3
a1 b2

b1

6. zyTr be a trapezium array of type

ak+1

ak bk

. .
.

. .
.

a2 b2
a1 b1

7. yyPxA be a trapezium array of type

ak
bk

. .
.

. .
.

a2 b3
a1 b2

b1

8. zzPxA be a trapezium array of type

ak bk

. .
.

. .
.

a2 b2
a1 b1

9. zxTr be a trapezium array of type

b1 a1
b2 a2

. . .
. . .

bk ak
bk+1

10. xzTr be a trapezium array of type

a1
b1 a2

b2 a3
. . .

. . .
bk ak+1

11. zzPyA be a trapezium array of type

b1 a1
b2 a2

. . .
. . .

bk ak

12. xxPyA be a trapezium array of type

a1
b1 a2

b2 a3
. . .

. . .
ak

bk

Remark 1. 1. A xxPzA parallelogram array
a1 a2 ··· ak

b1 b2 ··· bk is denoted by
[ u1
u2

] where u1 = a1a2 . . . ak and u2 = b1b2 . . . bk are rectangular arrays of
size 1× k, k ≥ 2.

2. A yyPzA parallelogram array
a1 a2 ··· ak

b1 b2 ··· bk is denoted by [ u1
u2

]
where u1 = a1a2 . . . ak and u2 = b1b2 . . . bk are rectangular arrays of size
1× k, k ≥ 2.

3. Let PzAx be the set of all xxPzA parallelogram arrays including the type of
arrays a

b , denoted by [ a
b ] where a, b ∈ Σ.

4. Let PzAy be the set of all yyPzA parallelogram arrays including the type of
arrays a

b , denoted by [ a b ] where a, b ∈ Σ.



Parallel Contextual Hexagonal Array P Systems 5

5. Let xyTR be the set of all xyTr trapezium arrays and yxTR be the set of
all yxTr trapezium arrays.

Similarly, we can also define yzTR, zyTR, PxAy, PxAz, zxTR, xzTR, PyAz, PyAx.

Definition 3. For, xyTr1 =
a1 a2 ··· ak

b1 b2 ··· bk bk+1
and xyTr2 =

b1 b2 ··· bk+1
c1 c2 ··· ck+1 ck+2

, the operation 	 is defined as,

xyTr1 	 xyTr2 =
a1 a2 ··· ak

b1 b2 ··· bk bk+1
c1 c2 ··· ··· ck+1 ck+2

, k ≥ 2.

Similarly we can define the operation x	y for x, y ∈ {xyTR, yxTR,PzAx, PzAy},
taking into account the compatibility of the operation.

In like manner, we can also define the operations 	 and 	and hence y 	z, for
y, z ∈ {yzTR, zyTR, PxAy, PxAz} and z 	x for z, x ∈ {zxTR, xzTR, PyAz, PyAx},
taking into account the compatibility of the operations.

Definition 4. 1. A xy arrow-head is a picture obtained from the representation
xxPzA1	xxPzA2	 . . .	xxPzAr	yyPzA1	yyPzA2	 . . .	yyPzAs, where
r, s ≥ 1.

2. A yx arrow-head is a picture obtained from the representation yyPzA1 	
yyPzA2	 . . .	yyPzAm	xxPzA1	xxPzA2	 . . .	xxPzAn, where m,n ≥ 1.

3. A xy arrow is a picture of the form an =

a1
a2

. .
.

b1
b2

. . .
bm

, n,m ≥ 2.

4. A yx arrow is a picture of the form

c1
c2

. . .
ck

d2

. .
.

ds

= d1, k, s ≥ 2.

Similarly we can define yz, zy, zx, xz arrow-heads and arrows.

Definition 5. Let u1, u2 be rectangular arrays of size 1× k, k ≥ 1 and v1, v2 be
rectangular arrays of size 1×r, r ≥ 1 and $xy, $yx, $xx and $yy be special symbols
not in Σ.

1. A xy array context over Σ is of the form xy = [ u1
u2

] $xy [ v1 v2 ] ∈ PzAx$xyPzAy
2. A yx array context over Σ is of the form yx = [ u1

u2
] $yx [ v1

v2 ] ∈ PzAy$yxPzAx
3. A xx array context over Σ is of the form xx = [ u1

u2
] $xx [ v1

v2 ] ∈ PzAx$xxPzAx
4. A yy array context over Σ is of the form yy = [ u1

u2
] $yy [ v1 v2 ] ∈ PzAy$yyPzAy

Similarly we can define yz, zy, zx, xz, zz array contexts.

We now define Z-direction parallel internal xy, yx, xx, yy array contextual
operations.
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Definition 6. Consider a hexagonal array H = [aijk] of size (l,m, n). Suppose
H can be written as H = X1©<X2©>X3 where X1 is a xy arrow-head or a xy
arrow, X3 is a yx arrow-head or yx arrow, X2 = [ai′j′k′ ] is a hexagonal array
of size (l,m, n′) where n′ < n. We write H ⇒ H ′ if there exists,

1. a finite number of xy array contexts xyi ∈ XY ′ (1 ≤ i ≤ m− 1 if l > m or
1 ≤ i ≤ l − 1 if m ≥ l) not all need be distinct, where XY ′ is a finite subset
of PzAx$xyPzAy.

2. a finite number of yx array contexts yxi ∈ Y X ′ (1 ≤ i ≤ m− 1 if l > m or
1 ≤ i ≤ l − 1 if m ≥ l) not all need be distinct, where Y X ′ is a finite subset
of PzAy$yxPzAx.

3. a finite number of xx array contexts xxi ∈ XX ′ (1 ≤ i ≤ l −m if l > m)
not all need be distinct or no xx array context in XX ′ if m ≥ l, where XX ′

is a finite subset of PzAx$xxPzAx.

4. a finite number of yy array contexts yyi ∈ Y Y ′ (1 ≤ i ≤ m− l if m > l not
all need be distinct or no yy array context in Y Y ′ if l ≥ m, where Y Y ′ is a
finite subset of PzAy$yyPzAy.

5. a choice mapping ϕxy : xyTR→ 2XY
′

such that

xyi = [ ui
ui+1 ] $xy [ vi vi+1 ] ∈ ϕxy(xyTri)

1 ≤ i ≤ m− 1 if l > m or 1 ≤ i ≤ l − 1 if m ≥ l
6. a choice mapping ϕyx : yxTR→ 2Y X

′
such that

yxi =
[
u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
∈ ϕyx(yxTri)

1 ≤ i ≤ m− 1 if l > m or 1 ≤ i ≤ l − 1 if m ≥ l
7. a choice mapping ϕxx : PzAx → 2XX

′
such that

xxi = [ ui
ui+1 ] $xx [ vi

vi+1 ] ∈ ϕxx(xxPzAi)

i = 1, 2, . . . , l −m if l > m

8. a choice mapping ϕyy : PzAy → 2Y Y
′

such that

yyi = [ ui
ui+1 ] $yy [ vi vi+1 ] ∈ ϕyy(yyPzAi)

i = 1, 2, . . . ,m− l if m > l

H = X1©<X2©>X3 and H ′ = X1©<L©<X2©>R©>X3 where L is a xy arrow-head
or xy arrow and R is a yx arrow-head or yx arrow.

Similarly we can define X-direction parallel internal yz, zy, yy, zz array con-
textual operations by considering the hexagonal array H = [aijk] as H =
X1©>X2©

>

X3 where X1 is a yz arrow-head or a yz arrow, X3 is a zy arrow-head
or a zy arrow, X2 = [ai′j′k′ ] is a hexagonal array of size (l′,m, n) where l′ > l.
We write H ⇒ H ′ if H ′ = X1©>L©>X2©

>

R©

>

X3 where L is a yz arrow-head or
yz arrow and R is a zy arrow-head or zy arrow.

Similarly we can define Y-direction parallel internal zx, xz, zz, xx array con-
textual operations by considering the hexagonal array H = [aijk] as H =
X1©

<

X2©<X3 where X1 is a zx arrow-head or a zx arrow, X3 is a xz arrow-
head or a xz arrow, X2 = [ai′j′k′ ] is a hexagonal array of size (l,m′, n) where
m′ > m. We write H ⇒ H ′ if H ′ = X1©

<

L©< X2©<R©<X3 where L is a zx
arrow-head or zx arrow and R is a xz arrow-head or xz arrow.
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Definition 7. A Z-direction parallel internal contextual hexagonal array gram-
mar with choice is an ordered system,

GZI = (Σ,B,XY ′, Y X ′, XX ′, Y Y ′, ϕxy, ϕyx, ϕxx, ϕyy)

where

1. Σ is a finite alphabet,
2. B is a finite subset of Σ∗∗H called the base of GZI ,
3. XY ′ is a finite subset of PzAx$xyPzAy called the set of xy array contexts,
4. Y X ′ is a finite subset of PzAy$yxPzAx called the set of yx array contexts,
5. XX ′ is a finite subset of PzAx$xxPzAx called the set of xx array contexts,
6. Y Y ′ is a finite subset of PzAy$yyPzAy called the set of yy array contexts,

7. ϕxy : xyTR → 2XY
′
, ϕyx : yxTR → 2Y X , ϕxx : PzAx → 2XX

′
, ϕyy :

PzAy → 2Y Y
′

are the choice mapping which perform the parallel inter-
nal xy, yx, xx, yy contextual operations respectively. When xy, yx, xx, yy are
omitted we call GZI as a Z-direction parallel internal hexagonal array gram-
mar without choice.

The direct derivation with respect to GZI is a binary relation ⇒Z−in on Σ∗∗H .
It is defined as H ⇒Z−in H ′ where H,H ′ ∈ Σ∗∗H with H = X1©<X2©>X3,
H ′ = X1©<L©<X2©>R©>X3, where X1 is a xy arrow-head or a xy arrow, X3 is
a yx arrow-head or yx arrow, X2 ∈ Σ∗∗H is of size (l,m, n′) where n′ < n and
L is a xy arrow-head or xy arrow, R is a yx arrow-head or yx arrow are the
contexts obtained by performing parallel internal xy, yx, xx, yy array contextual
operations according to the choice mappings ϕxy, ϕyx, ϕxx, ϕyy.

Definition 8. Let GZI = (Σ,B,XY ′, Y X ′, XX ′, Y Y ′, ϕxy, ϕyx, ϕxx, ϕyy) be a
Z-direction parallel internal contextual hexagonal array grammar. The language
generated by GZI , is defined as

L(GZI) = {H ′ ∈ Σ∗∗H/there exists H ∈ B such that H ⇒∗Z−in H ′}

Similarly we can define X-direction and Y-direction parallel internal contex-
tual hexagonal array grammars and also the language generated by them.

In the like manner, we can also define Z-direction, X-direction and Y-direction
parallel external contextual hexagonal array grammars and also the language
generated by them.

3 Parallel Internal Contextual Hexagonal Array P
systems

Definition 9. An parallel internal contextual hexagonal array P system is a
construct,∏

= (V, T, µ,XY, Y Z,ZX,M1,M2, . . . ,Mh, (R1, ϕ1), (R2, ϕ2), . . . , (Rh, ϕh), i0)
where,
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V is the finite nonempty set of symbols called total alphabet;

T ⊆ V is the set of terminal alphabet;

µ is the membrane structure with h membranes or regions;

XY = XY ′ ∪ Y X ′ ∪XX ′ ∪ Y Y ′
Y Z = Y Z ′ ∪ ZY ′ ∪ Y Y ′′ ∪ ZZ ′
ZX = ZX ′ ∪XZ ′ ∪ ZZ ′′ ∪XX ′′
XY ′ is the finite subset of PzAx$xyPzAy called xy array contexts;

Y X ′ is the finite subset of PzAy$yxPzAx called yx array contexts;

Y Z ′ is the finite subset of PxAy$yzPxAz called yz array contexts;

ZY ′ is the finite subset of PxAz$zyPxAy called zy array contexts;

ZX ′ is the finite subset of PyAz$zxPyAx called zx array contexts;

XZ ′ is the finite subset of PyAx$xzPyAz called xz array contexts;

XX ′ is the finite subset of PzAx$xxPzAx called xx array contexts;

Y Y ′ is the finite subset of PzAy$yyPzAy called yy array contexts;

ZZ ′ is the finite subset of PxAz$zzPxAz called zz array contexts;

XX ′′ is the finite subset of PyAx$xxPyAx called xx array contexts;

Y Y ′′ is the finite subset of PxAy$yyPxAy called yy array contexts;

ZZ ′′ is the finite subset of PyAz$zzPyAz called zz array contexts;

Mi, 1 ≤ i ≤ n is a finite set of hexagonal arrays over V called axioms, initially
present in the region i.

ϕi ⊆ {ϕxy, ϕyx, ϕ′xx, ϕ′yy} or {ϕyz, ϕzy, ϕ′′yy, ϕ′zz} or {ϕzx, ϕxz, ϕ′′zz, ϕ′′xx}
ϕxy : xyTR → 2XY

′
, ϕyx : yxTR → 2Y X

′
, ϕ′xx : PzAx → 2XX

′
, ϕ′yy : PzAy →

2Y Y
′

are the choice mappings which perform the Z-direction parallel internal
xy, yx, xx, yy contextual operations respectively.

ϕyz : yzTR → 2Y Z
′
, ϕzy : zyTR → 2ZY

′
, ϕ′′yy : PxAy → 2Y Y

′′
, ϕ′zz : PxAz →

2ZZ
′

are the choice mappings which perform the X-direction parallel internal
yz, zy, yy, zz contextual operations respectively.

ϕzx : zxTR → 2ZX
′
, ϕxz : xzTR → 2XZ

′
, ϕ′′zz : PyAz → 2ZZ

′′
, ϕ′′xx : PyAx →

2XX
′′

are the choice mappings which perform the Y-direction parallel internal
zx, xz, zz, xx contextual operations respectively.

Ri = φ (or){({
ϕxy(xyTri) = [ ui

ui+1 ] $xy [ vi vi+1 ], ϕyx(yxTri) =
[
u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
,

ϕ′xx(xxPzAj) =
[ uj
uj+1

]
$xx

[ vj
vj+1

]
, ϕ′yy(yyPzAk) = [ uk

uk+1 ] $yy [ vk vk+1 ]

}
,α

)}
1 ≤ i ≤ m − 1 if l > m or 1 ≤ i ≤ l − 1 if m ≥ l, j = 1, 2, . . . , l −m if l > m
and k = 1, 2, . . . ,m− l if m > l, α ∈ {here, out, int}

Here, xyTr1 =
a11p · · · a11q

a12(p−1) a12p · · · a12q

where, 1 < p < q < n

(or)
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ϕyz(yzTri) = [ ui

ui+1 ] $yz [ vi vi+1 ], ϕzy(zyTri) = [ u′
i u′

i+1 ] $zy

[
v′i
v′i+1

]
,

ϕ′′yy(yyPxAj) =
[ uj

uj+1

]
$yy
[ vj

vj+1

]
, ϕ′zz(zzPxAk) = [ uk uk+1 ] $zz [ vk vk+1 ]

}
,α

)}
1 ≤ i ≤ n− 1 if m > n or 1 ≤ i ≤ m− 1 if n ≥ m, j = 1, 2, . . . ,m− n if m > n
and k = 1, 2, . . . , n−m if n > m. α ∈ {here, out, int}

Here, yzTr1 =

ap11 a(p−1)21

. .
.

. .
.

aq11 a(q−1)21

aq21

where, 1 < p < q < l
(or){({
ϕzx(zxTri) = [ ui ui+1 ] $zx [ vi

vi+1 ], ϕxz(xzTri) =
[

u′
i

u′
i+1

]
$xz [ v′i v′i+1 ],

ϕ′′zz(zzPyAj) = [ uj uj+1 ] $zz [ vj vj+1 ], ϕ′′xx(xxPyAk) = [ uk
uk+1 ] $xx [ vk

vk+1 ]

}
,α

)}
1 ≤ i ≤ l − 1 if n > l or 1 ≤ i ≤ n − 1 if l ≥ n, j = 1, 2, . . . , n − l if n > l and
k = 1, 2, . . . , l − n if l > n. α ∈ {here, out, int}

Here, zxTr1 =

a1p(n−1) a1pn

. . .
. . .

a1q(n−1) a1qn

a1(q+1)(n−1)

where, 1 < p < q < m
i0 is the output membrane

The direct derivation with respect to
∏

is a binary relation ⇒ on V ∗∗H and
is defined as H ⇒in H

′, where H,H ′ ∈ V ∗∗H if and only if,
H = X1©<X2©>X3, H ′ = X1©<L©<X2©>R©>X3, where X1 is a xy arrow-head

or a xy arrow, X3 is a yx arrow-head or yx arrow, X2 ∈ V ∗∗H is of size (l,m, n′)
where n′ < n and L is a xy arrow-head or xy arrow, R is a yx arrow-head or
yx arrow are the contexts obtained by using the evolution rules Ri based on the
Z-direction parallel internal xy, yx, xx, yy array contextual operations according
to the choice mappings ϕxy, ϕyx, ϕ

′
xx, ϕ

′
yy.

(or)

H = X1©>X2©

>

X3, H ′ = X1©>L©>X2©

>

R©

>

X3 where X1 is a yz arrow-head

or a yz arrow, X3 is a zy arrow-head or a zy arrow, X2 ∈ V ∗∗H is of size (l′,m, n)
where l′ > l and L is a yz arrow-head or yz arrow, R is a zy arrow-head or zy
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arrow are the contexts obtained by using the evolution rules Ri based on the
X-direction parallel internal yz, zy, yy, zz array contextual operations according
to the choice mappings ϕyz, ϕzy, ϕ

′′
yy, ϕ

′
zz.

(or)

H = X1©

<

X2©<X3, H ′ = X1©

<

L©< X2©<R©<X3 where X1 is a zx arrow-head

or a zx arrow, X3 is a xz arrow-head or a xz arrow, X2 ∈ V ∗∗H is of size (l,m′, n)
where m′ > m and L is a zx arrow-head or zx arrow, R is a xz arrow-head or
xz arrow are the contexts obtained by using the evolution rules Ri based on the
Y-direction parallel internal zx, xz, zz, xx array contextual operations according
to the choice mappings ϕzx, ϕxz, ϕ

′′
zz, ϕ

′′
xx.

Initially the P-system
∏

consists of the membrane structure µ with h mem-
branes which are labeled as 1, 2, . . . , h. The outermost membrane being the skin
membrane is labeled as 1, which also is our output membrane. We use the evolu-
tion rules Ri which is based on the choice mapping ϕi present in the membrane
labeled i and carry out the step by step computation. The hexagonal array we
obtain after each and every computation is considered to be of size (l,m, n).
Thus obtained hexagonal array is placed in the membrane as indicated by α. If
α is chosen as ‘here’, then the resulting hexagonal array remains in the same
membrane. If α is chosen as ‘int’, then the resulting array is sent to the mem-
brane with label t. If α is chosen as ‘out’, then the resulting hexagonal array is
sent out from the present membrane and enters the immediate outer membrane.
If that outer membrane is the skin membrane, then we say that the resulting
hexagonal array is present in the language generated by this P-system. The com-
putation is said to be successful, when there is no rule applicable to the hexagonal
array obtained after the last computation and hence the system halts. A suc-
cessful computation may result in a hexagonal array being sent out to the skin
membrane depending on α. All the hexagonal arrays with symbols over T thus
collected in the skin membrane is called the language generated by the parallel
internal contextual hexagonal array P system and is denoted by PICHAL(

∏
).

The family of all hexagonal array languages PICHAL(
∏

) generated by the
parallel internal contextual hexagonal array P systems with at most h mem-
branes is denoted by PICHAPh.

If a P system does not involve X-direction parallel internal yz, zy, yy, zz ar-
ray contextual operations and Y-direction parallel internal zx, xz, zz, xx array
contextual operations then we call that P system as Z-direction parallel internal
contextual hexagonal array P system and denote it by ZPICHAL(

∏
). The family

of all hexagonal array languages ZPICHAL(
∏

) generated by the Z-direction par-
allel internal contextual hexagonal array P systems with at most h membranes
is denoted by ZPICHAPh.

Similarly we can define XPICHAPh and YPICHAPh, the family of all hexag-
onal array languages XPICHAL(

∏
) and YPICHAL(

∏
) generated by the X-

direction and Y-direction parallel internal contextual hexagonal array P systems
with at most h membranes, respectively.
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Example 1. Consider the parallel internal contextual hexagonal array P-system,∏
= (V, T, µ,XY, Y Z,ZX,M1,M2,M3,M4, (R1, ϕ1), (R2, ϕ2), (R4, ϕ3), (R4, ϕ4), 1)

where,
V = {a}
T = {a}
µ = [1[2]2[3]3[4]4]1

XY =

{
[ a
a ] $xy [ a a ] , [ a a ] $yx [ a

a ]

}
Y Z =

{
[ a a ] $yz [ a a ] , [ a a ] $zy [ a a ]

}
ZX =

{
[ a a ] $zx [ a

a ] , [ a
a ] $xz [ a a ]

}
M1 = ∅

M2 =


a a a a

a a a a a
a a a a a a

a a a a a a a
a a a a a a
a a a a a
a a a a


M3 = ∅
M4 = ∅
R1 = ∅

R2 =

{({
ϕxy

([
ai

ai+1

]
2≤i≤n

)
= [ a

a ] $xy [ a a ] , ϕyx

([
ai+1

ai

]
2≤i≤n

)
=

[ a a ] $yx [ a
a ]

}
, in3

)}
R3 =

{({
ϕyz

(
[ aj aj+1 ]2≤j≤l

)
= [ a a ] $yz [ a a ] , ϕzy

([
‘aj+1

aj

]
2≤j≤l

)
=

[ a a ] $zy [ a a ] , ϕ′zz

(
[ aj aj ]2≤j≤l = [ a a ] $zz [ a a ]

}
, in4

)}
R4 =

{({
ϕzx

(
[ ak+1 ak ]2≤k≤m

)
= [ a a ] $zx [ a

a ] , ϕxz

([
ak+1

ak

]
2≤k≤m

)
=

[ a
a ] $xz [ a a ]

}
, α

)}
, α ∈ {out, in2}

Membrane labeled 1 i.e, the skin membrane is the output membrane.
We consider the hexagonal array obtained after each computation to be of

size (l,m, n).
The language generated by this P system is the set of hexagonal arrays over

{a} of sizes (2l, 2m, 2n), l,m, n ≥ 3 with l = m = n.

4 Parallel External Contextual Hexagonal Array P
systems

Definition 10. An parallel external contextual hexagonal array P system is a
construct,∏

= (V, T, µ,XY, Y Z,ZX,M1,M2, . . . ,Mh, (R1, ϕ1), (R2, ϕ2), . . . , (Rh, ϕh), i0)
where, V, T, µ,XY, Y Z,ZX,Mi are as defined in definition 9 ,
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ϕi ⊆ {ϕxy, ϕyx, ϕ′xx, ϕ′yy} or {ϕyz, ϕzy, ϕ′′yy, ϕ′zz} or {ϕzx, ϕxz, ϕ′′zz, ϕ′′xx}

ϕxy : xyTR → 2XY
′
, ϕyx : yxTR → 2Y X

′
, ϕ′xx : PzAx → 2XX

′
, ϕ′yy : PzAy →

2Y Y
′

are the choice mappings which perform the Z-direction parallel external
xy, yx, xx, yy contextual operations respectively.

ϕyz : yzTR → 2Y Z
′
, ϕzy : zyTR → 2ZY

′
, ϕ′′yy : PxAy → 2Y Y

′′
, ϕ′zz : PxAz →

2ZZ
′

are the choice mappings which perform the X-direction parallel external
yz, zy, yy, zz contextual operations respectively.

ϕzx : zxTR → 2ZX
′
, ϕxz : xzTR → 2XZ

′
, ϕ′′zz : PyAz → 2ZZ

′′
, ϕ′′xx : PyAx →

2XX
′′

are the choice mappings which perform the Y-direction parallel external
zx, xz, zz, xx contextual operations respectively.

Ri = φ (or){({
ϕxy(xyTri) = [ ui

ui+1 ] $xy [ vi vi+1 ], ϕyx(yxTri) =
[
u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
,

ϕ′xx(xxPzAj) =
[ uj
uj+1

]
$xx

[ vj
vj+1

]
, ϕ′yy(yyPzAk) = [ uk

uk+1 ] $yy [ vk vk+1 ]
}

,α
)}

1 ≤ i ≤ m − 1 if l > m or 1 ≤ i ≤ l − 1 if m ≥ l, j = 1, 2, . . . , l −m if l > m
and k = 1, 2, . . . ,m− l if m > l, α ∈ {here, out, int}

Here, xyTr1 =
a111 · · · a11n

a211 a12n · · · a12n

(or){({
ϕyz(yzTri) = [ ui

ui+1 ] $yz [ vi vi+1 ], ϕzy(zyTri) = [ u′
i u′

i+1 ] $zy

[
v′i
v′i+1

]
,

ϕ′′yy(yyPxAj) =
[ uj

uj+1

]
$yy
[ vj

vj+1

]
, ϕ′zz(zzPxAk) = [ uk uk+1 ] $zz [ vk vk+1 ]

}
,α
)}

1 ≤ i ≤ n− 1 if m > n or 1 ≤ i ≤ m− 1 if n ≥ m, j = 1, 2, . . . ,m− n if m > n
and k = 1, 2, . . . , n−m if n > m. α ∈ {here, out, int}

Here, yzTr1 =

a111 a112

. .
.

. .
.

al11 a(l−1)21

al21

(or){({
ϕzx(zxTri) = [ ui ui+1 ] $zx [ vi

vi+1 ], ϕxz(xzTri) =
[

u′
i

u′
i+1

]
$xz [ v′i v′i+1 ],

ϕ′′zz(zzPyAj) = [ uj uj+1 ] $zz [ vj vj+1 ], ϕ′′xx(xxPyAk) = [ uk
uk+1 ] $xx [ vk

vk+1 ],
}

,α
)}

1 ≤ i ≤ l − 1 if n > l or 1 ≤ i ≤ n − 1 if l ≥ n, j = 1, 2, . . . , n − l if n > l and
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k = 1, 2, . . . , l − n if l > n. α ∈ {here, out, int}

Here, zxTr1 =

a11(n−1) a11n

. . .
. . .

a1m(n−1) a1mn

a2mn

i0 is the output membrane

The direct derivation with respect to
∏

is a binary relation ⇒ on V ∗∗H and
is defined as H ⇒ex H

′, where H,H ′ ∈ V ∗∗H if and only if,
H ′ = L©<H©>R, where L is a xy arrow-head or xy arrow, R is a yx arrow-

head or yx arrow are the contexts obtained by using the evolution rules Ri based
on the Z-direction parallel external xy, yx, xx, yy array contextual operations
according to the choice mappings ϕxy, ϕyx, ϕ

′
xx, ϕ

′
yy.

(or)

H ′ = L©>H©

>

R where L is a yz arrow-head or yz arrow, R is a zy arrow-head
or zy arrow are the contexts obtained by using the evolution rules Ri based on the
X-direction parallel external yz, zy, yy, zz array contextual operations according
to the choice mappings ϕyz, ϕzy, ϕ

′′
yy, ϕ

′
zz.

(or)

H ′ = L©< X2©<R where L is a zx arrow-head or zx arrow, R is a xz arrow-
head or xz arrow are the contexts obtained by using the evolution rules Ri based
on the Y-direction parallel external zx, xz, zz, xx array contextual operations
according to the choice mappings ϕzx, ϕxz, ϕ

′′
zz, ϕ

′′
xx.

The working of the parallel external contextual hexagonal array P system is
the same as the parallel internal contextual hexagonal array P system except that
the contexts are obtained externally using the evolution rules provided based on
the Z-direction parallel external xy, yx, xx, yy array contextual operations ac-
cording to the choice mappings ϕxy, ϕyx, ϕ

′
xx, ϕ

′
yy or the X-direction parallel

external yz, zy, yy, zz array contextual operations according to the choice map-
pings ϕyz, ϕzy, ϕ

′′
yy, ϕ

′
zz or the Y-direction parallel external zx, xz, zz, xx array

contextual operations according to the choice mappings ϕzx, ϕxz, ϕ
′′
zz, ϕ

′′
xx. As

like the parallel internal contextual hexagonal array P system every successful
computation depending on α may result in an hexagonal array being sent out to
the skin membrane. All the hexagonal arrays with symbols over T collected in
the skin membrane is the language generated by the parallel external contextual
hexagonal array P system and is denoted by PECHAL(

∏
).

The family of all hexagonal array languages PECHAL(
∏

) generated by the
parallel external contextual hexagonal array P systems with atmost hmembranes
is denoted by PECHAPh.
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If a P system does not involve X-direction parallel external yz, zy, yy, zz ar-
ray contextual operations and Y-direction parallel external zx, xz, zz, xx array
contextual operations then we call that P system as Z-direction parallel ex-
ternal contextual hexagonal array P system and denote it by ZPECHAL(

∏
).

The family of all hexagonal array languages ZPECHAL(
∏

) generated by the
Z-direction parallel external contextual hexagonal array P systems with at most
h membranes is denoted by ZPECHAPh.

Similarly we can define XPECHAPh and YPECHAPh, the family of all
hexagonal array languages XPECHAL(

∏
) and YPECHAL(

∏
) generated by the

X-direction and Y-direction parallel external contextual hexagonal array P sys-
tems with at most h membranes, respectively.

Example 2. Consider the parallel external contextual hexagonal array P-system,∏
= (V, T, µ,XY, Y Z,ZX,M1,M2,M3,M4, (R1, ϕ1), (R2, ϕ2), (R4, ϕ3), (R4, ϕ4), 1)

where,

V = T = {a}
µ = [1[2]2[3]3[4]4]1

XY =

{
[ a
a ] $xy [ a a ] , [ a a ] $yx [ a

a ]

}
Y Z =

{
[ a a ] $yz [ a a ] , [ a a ] $zy [ a a ]

}
ZX =

{
[ a a ] $zx [ a

a ] , [ a
a ] $xz [ a a ]

}
M1 = ∅
M2 =

{
a a

a a a
a a

}
M3 = ∅
M4 = ∅
R1 = ∅

R2 =

{({
ϕxy

([
ai

ai+1

]
i≥n

)
= [ a

a ] $xy [ a a ] , ϕyx

([
ai+1

ai

]
i≥n

)
=

[ a a ] $yx [ a
a ]

}
, in3

)}
R3 =

{({
ϕyz

(
[ aj aj+1 ]j≥l

)
= [ a a ] $yz [ a a ] , ϕzy

([
aj+1

aj

]
i≥l

)
=

[ a a ] $zy [ a a ] , ϕ′zz

(
[ aj aj ]j=n−1 = [ a a ] $zz [ a a ]

}
, in4

)}
R4 =

{({
ϕzx

(
[ ak+1 ak ]k≥m

)
= [ a a ] $zx [ a

a ] , ϕxz

([
ak+1

ak

]
k≥m

)
=

[ a
a ] $xz [ a a ]

}
, α

)}
, α ∈ {out, in2}

Membrane labeled 1 i.e, the skin membrane is the output membrane.

Each hexagonal array obtained after each computation of size (l,m, n).

The language generated by this P system is the set of hexagonal arrays over
{a} of sizes (2l, 2m, 2n), l,m, n ≥ 2 with l = m = n.
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5 Properties of Parallel Contextual Hexagonal Array P
systems

In this section we give some basic properties of parallel contextual hexagonal
array P systems.

IfH is a hexagonal array of size (l,m, n), then let |H|X = l, |H|Y = m, |H|Z =
n. If X is a xy arrow head, then |X|Z denotes the number of elements in the
border of X in Z-direction. If X is a xy arrow, then |X|Z=1. We can give similar
type of notions for yx, yz, zy, zx, xz arrow-heads or arrows.

Definition 11. A language M ⊆ Σ∗∗H has the Z-internal bounded step property
(ZIBS) if there is a constant p such that for each H ∈ M , |H|Z > p, there
is a H ′ ∈ M such that H ′ = X1©<X2©>X3, H = X1©<L©<X2©>R©>X3, and
|L|Z + |R|Z ≤ p.

Similarly we can define X-internal bounded step property(XIBS) and Y-internal
bounded step property(YIBS)

Definition 12. A language M ⊆ Σ∗∗H has the Z-external bounded step property
(ZEBS) if there is a constant p such that for each H ∈M , |H|Z > p, there is a
H ′ ∈M such that H = L©<H ′©>R, and |L|Z + |R|Z ≤ p.

Similarly we can define X-external bounded step property(XEBS) and Y-external
bounded step property(YEBS)

Note 1. For theorems 1 & 2 we consider,R′ =

{
ϕxy(xyTri) = [ ui

ui+1 ] $xy [ vi vi+1 ],

ϕyx(yxTri) =
[
u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
, ϕ′xx(xxPzAj) =

[ uj
uj+1

]
$xx

[ vj
vj+1

]
,

ϕ′yy(yyPzAk) = [ uk
uk+1 ] $yy [ vk vk+1 ]

}
, 1 ≤ i ≤ m− 1 if l > m or 1 ≤ i ≤ l − 1

if m ≥ l, j = 1, 2, . . . , l −m if l > m and k = 1, 2, . . . ,m− l if m > l.

Theorem 1. A language generated by a parallel internal contextual hexagonal
array P system

∏
, satisfies ZIBS property, if for every rule (R′, here) in Ri,

there is a rule (R′, out) in Ri.

Here, xyTr1 =
a11p · · · a11q

a12(p−1) a12p · · · a12q
, 1 < p < q < n.

Proof. Let M be a language generated by a internal parallel contextual hexag-
onal array P system,∏

= (V, T, µ,XY, Y Z,ZX,M1,M2, . . . ,Mh, (R1, ϕ1), (R2, ϕ2), . . . , (Rh, ϕh), i0)
Let p1 = max{|H|Z/H ∈Mi} and

p2 = max

{
|L|Z + |R|Z

∣∣∣∣({ ϕxy(xyTri) = [ ui
ui+1 ] $xy [ vi vi+1 ], ϕyx(yxTri) =[

u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
, ϕ′xx(xxPzAj) =

[ uj
uj+1

]
$xx

[ vj
vj+1

]
, ϕ′yy(yyPzAk) =
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[ uk
uk+1 ] $yy [ vk vk+1 ]

}
,here

)
,

({
ϕxy(xyTri) = [ ui

ui+1 ] $xy [ vi vi+1 ], ϕyx(yxTri) =[
u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
, ϕ′xx(xxPzAj) =

[ uj
uj+1

]
$xx

[ vj
vj+1

]
, ϕ′yy(yyPzAk) =

[ uk
uk+1 ] $yy [ vk vk+1 ]

}
,out

)
∈ Ri

}
where L is either a xy arrow-head or a xy ar-

row andR is either a yx arrow-head or a yx arrow obtained from someH,H ′ ∈M
with H ′ = X1©<X2©>X3, H = X1©<L©<X2©>R©>X3 and H ′ ⇒in H.

Let p = max{p1, p2}. If H ∈ M is such that |H|Z > p then H /∈ Mi. Hence
H = X1©<L©<X2©>R©>X3, for some L and R and H ′ = X1©<X2©>X3 with
H ′ ∈M .

Hence there is a constant p such that for each H ∈ M with |H|Z > p there
exists H ′ ∈ M with H ′ = X1©<X2©>X3 such that H = X1©<L©<X2©>R©>X3

and |L|Z + |R|Z ≤ p. Hence M satisfies the ZIBS property. ut

Similar results can be shown for parallel internal contextual hexagonal array
P systems with respect to the XIBS property and the YIBS property respectively.

Theorem 2. A language generated by a parallel external contextual hexagonal
array P system

∏
, satisfies ZEBS property, if for every rule (R′, here) in Ri,

there is a rule (R′, out) in Ri.

Here, xyTr1 =
a111 · · · a11n

a211 a12n · · · a12n

The proof is similar to theorem 1, and hence omitted.
Similar results can be shown for parallel external contextual hexagonal array

P systems with respect to the XEBS property and the YEBS property respec-
tively.

Theorem 3. If a language M ⊆ Σ∗∗H satisfies XIBS,YIBS and ZIBS property,
then that language M is generated by a parallel internal contextual hexagonal
array P system.

Theorem 4. If a language M ⊆ Σ∗∗H satisfies XEBS,YEBS and ZEBS prop-
erty, then that language M is generated by a parallel external contextual hexag-
onal array P system.

The proofs for theorems 3 and 4 are straight forward.

Note 2. Hexagonal arrays produced in intermediate steps during computation
while generating a hexagonal array belonging to the language are called as hexag-
onal array sentential form.

Definition 13. A language M ⊆ Σ∗∗H has the Weak Z-internal bounded step
property (WZIBS) if there is a constant p such that for each H ∈M , |H|Z > p,
there is a hexagonal array sentential form H ′ such that H = X1©<L©<X2©>R©>X3,
H ′ = X1©<X2©>X3 and |L|Z + |R|Z ≤ p.



Parallel Contextual Hexagonal Array P Systems 17

Similarly we can define Weak X-internal bounded step property(WXIBS) and
Weak Y-internal bounded step property(WYIBS)

Definition 14. A language M ⊆ Σ∗∗H has the Weak Z-external bounded step
property (WZEBS) if there is a constant p such that for each H ∈M , |H|Z > p,
there is a hexagonal array sentential form H ′ such that H = L©<H ′©>R, and
|L|Z + |R|Z ≤ p.

Similarly we can define Weak X-external bounded step property(WXEBS) and
Weak Y-external bounded step property(WYEBS)

Theorem 5. A language generated by a parallel internal contextual hexagonal
array P system, satisfies the WZIBS property.

Proof. Let M be a language generated by a internal parallel contextual hexag-
onal array P system,∏

= (V, T, µ,XY, Y Z,ZX,M1,M2, . . . ,Mh, (R1, ϕ1), (R2, ϕ2), . . . , (Rh, ϕh), i0)
Let p1 = max{|H|Z/H ∈Mi} and

p2 = max

{
|L|Z + |R|Z

∣∣∣∣({ ϕxy(xyTri) = [ ui
ui+1 ] $xy [ vi vi+1 ], ϕyx(yxTri) =[

u′
i

u′
i+1

]
$yx

[
v′i

v′i+1

]
, ϕ′xx(xxPzAj) =

[ uj
uj+1

]
$xx

[ vj
vj+1

]
, ϕ′yy(yyPzAk) =

[ uk
uk+1 ] $yy [ vk vk+1 ]

}
,α

)
∈ Ri and α ∈ {here, out, int}

}
where L is either a xy

arrow-head or a xy arrow and R is either a yx arrow-head or a yx arrow obtained
from some H ∈M with H = X1©<L©<X2©>R©>X3 and H ′ = X1©<X2©>X3 is a
hexagonal array sentential form.

Let p = max{p1, p2}. If H ∈ M is such that |H|Z > p then H /∈ Mi. Hence
H = X1©<L©<X2©>R©>X3, for some L and R and H ′ = X1©<X2©>X3 is a
hexagonal array sentential form.

Hence there is a constant p such that for each H ∈ M with |H|Z > p there
is a hexagonal array sentential form H ′ with H ′ = X1©<X2©>X3 such that
H = X1©<L©<X2©>R©>X3 and |L|Z + |R|Z ≤ p. Hence M satisfies the WZIBS
property. ut

Similar results can be shown for parallel internal contextual hexagonal ar-
ray P systems with respect to the WXIBS property and the WYIBS property
respectively.

Theorem 6. A language generated by a parallel external contextual hexagonal
array P system, satisfies the WZEBS property.

The proof is similar to theorem 5, and hence omitted.
Similar results can be shown for parallel external contextual hexagonal array

P systems with respect to the WXEBS property and the WYEBS property
respectively.

Theorem 7. If a language M ⊆ Σ∗∗H satisfies WXIBS, WYIBS and WZIBS
property, then that language M is generated by a parallel internal contextual
hexagonal array P system.
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Theorem 8. If a language M ⊆ Σ∗∗H satisfies WXEBS, WYEBS and WZEBS
property, then that language M is generated by a parallel external contextual
hexagonal array P system.

The proofs for theorems 7 & 8 are straight forward.

6 Comparison Results

In this section we give the comparison between the family of hexagonal array
languages generated by the internal and external parallel contextual hexagonal
array P system with families of local hexagonal array languages and other hexag-
onal array generating P systems [3]. For notions related to HLOC, we can refer
to [4].

Theorem 9. PICHAPh is incomparable with HLOC but not disjoint.

Proof. Consider the language L1 to be a set of hexagonal arrays over {a} of sizes
(2l, 2m, 2n), l,m, n ≥ 2 with l = m = n. This language is in PICHAPh, as can
be seen in example 1. But this language is not in HLOC as can be seen in [4].
Consider the hexagonal local language given in example 4 of [4]. This language
of hexagonal pictures of sizes (l,m, n) where l = m = n, a member of which is,

1 0 0
0 0 1 0

0 1 0 0 1
0 0 1 0
1 0 0

, does not belong to PICHAPh because the xy, yx, yz, zy, zx, xz

trapezium arrays and also their respective parallelogram arrays cannot be fixed
for performing the parallel internal contextual operations.

Consider the language L2 to be a set of hexagonal arrays over {1, 2, 3} of
sizes (2, 2, k), k ≥ 2. This language is in PICHAP2 and is generated by the P
system,∏

= (V, T, µ,XY, Y Z,ZX,M1,M2, (R1, ϕ1), (R2, ϕ2), 1) where,
V = {1, 2, 3}
T = {1, 2, 3}
µ = [1[2]2]1

XY =

{
[ 1
2 ] $xy [ ε ε ] , [ 2 3 ] $yx [ ε

ε ]

}
Y Z = ∅
ZX = ∅
M1 = ∅
M2 =

{
1 1 1 1

2 2 2 2 2
3 3 3 3

}
R1 = ∅

R2 =

{({
ϕxy

(
[ 1 1
2 2 2 ]

)
= [ 1

2 ] $xy [ ε ε ] , ϕyx

(
[ 2 2 2

3 3 ]

)
=

[ 2 3 ] $yx [ ε
ε ]

}
, α

)}
, α ∈ {here, out}

Membrane labeled 1 i.e, the skin membrane is the output membrane.
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Clearly L2 is in HLOC, as we have ∆ =
{ # #

# 1 1
2 2

,
# #

1 1 1
2 2

,
# #

1 1 #
2 2

,

# 1
# 2 2

# 3
,

1 1
2 2 2
3 3

,
1 #

2 2 #
3 #

,
2 2

# 3 3
# #

,
2 2

3 3 3
# #

,
2 2

3 3 #
# #

}
and L(∆) = L2.

ut

Theorem 10. 1. PECHAPh − EPHACPh 6= ∅
2. PECHAPh − IPHACPh 6= ∅

Proof. Consider the language L to be the set of all hexagonal arrays over {a, b, c}
of sizes (2l, 2m, 2n) with l = m = n, such that every member of L possesses
the property that no two neighboring pixel letters are the same. For example,

a b c a b
b c a b c a

c a b c a b c
a b c a b c a b

b c a b c a b c a
a b c a b c a b
c a b c a b c
b c a b c a
a b c a b

is a member of L. Based on the construction of ex-

ternal and internal hexagonal array contextual P systems in [4], we can clearly
see that the language L is not in EPHACPh and IPHACPh. But the language
can be generated by a parallel external contextual hexagonal array P system,

∏
and hence in PECHAPh. The construction of

∏
for generating the language L

is omitted.
ut

7 Conclusion

In this paper, we have introduced parallel internal and external contextual hexag-
onal array P systems based on the contextual style of external and internal
parallel contextual hexagonal array grammars. We have listed out some basic
properties of these hexagonal array generating P systems. It is worth examining
further properties of these P system models and also comparing these P sys-
tems models with certain other hexagonal array generating systems and finally
studying their applications in some related areas.
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Abstract. Stimulated Raman Adiabatic Passage is an important pro-
cess for population transfer as well as for implementing quantum gates.
This process requires large Rabi frequencies, which is an undesirable in
many experimental applications. To overcome this problem transition-
less (superadiabatic) STIRAP was proposed. In this paper we study the
role of superadiabatic STIRAP in two examples, population transfer and
quantum rotation gates. The effect of dephasing was also investigated by
computing the fidelity. We have shown that the damping of the excited
state has a little effect but the dephasing of the ground state leads to
imperfect population transfer and imperfect rotation gates.

Keywords: superadiabatic, stirap, tripod, adiabatic theorem

1 Introduction

The adiabatic theorem describes the evolution of a system when the Hamiltonian
is slow varying function of time [16]. It states that if a system starts in one of
its eigenstates, it will follow adiabatically this initial eigenstate. The process of
Stimulated Raman Adiabatic Passage (STIRAP) is based on this theorem. It
is a simple and effective process used to transform population in three-level Λ
system and to implement robust quantum gates [20]. This process requires large
Rabi frequencies, which is an undesirable in many experimental applications. To
overcome this problem a transitionless (superadiabatic) STIRAP was proposed
[1,8]. It has been shown in [8] that transitionless quantum driving can produce a
perfect transfer of the population in three-level Λ and cascade systems. Another
alternative approach to transitionlessness was proposed in [6]. It is a technique
based on parallel adiabatic passage, which leads to ultrafast population transfer.

It is well known that the interaction of a system with its surroundings leads
to decoherence (dissipative effects). This decoherence has a negative impact on
the manipulation of quantum systems. Recently, a design of fast and robust
population transfer with dephasing and/or systematic frequency errors has been
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proposed in [15]. Moreover, different transitionless corrections were discussed
recently in three-level Λ system [8]. Each correction leads to a different additional
pulse which couples between the two lower states.

In this paper we will study the role of superadiabatic process in two examples,
population transfer (in three level system) and quantum rotation gates (tripod
system). The paper is organized as follows. In section II we describe the equation
of motion and reviewing briefly the superadiabatic Hamiltonian. In section III
we investigate the role of superadiabatic STIRAP in population transfer and the
effect of dephasing. In section IV we explore the quantum rotation gates with
Superadiabatic STIRAP and in the last section we give a conclusion.

2 Model and equation of motion

Our model in the first example is a three-level Λ system and a tripod in the
second example. In both models and in the absence of decoherence (close system)
the evolution of the system is governed by the Schrödinger equation

i
d

dt
|Ψ(t)〉 = (H0 +Hc) |Ψ(t)〉, (1)

where H0 is the Hamiltonian of the system, and Hc is the superadiabatic cor-
rection which is defined by [1, 4, 8]

Hc(t) = i
∑
n

(|∂tn〉〈n| − 〈n|∂tn〉|n〉〈 n|) , (2)

where the summation is over all the eigenstates of the Hamiltonian H0. It is
well know that close system is an ideal model since it is always interacting
with the environment and it is subject to different types of decoherence. So, the
Schrödinger equation (1) is replaced by the Lindblad master equation

ρ̇ = −i [H, ρ] +
1

2

∑
i

(
2CiρC

†
i − C

†
iCiρ− ρC

†
iCi

)
, (3)

where ρ is the atomic density operator, H = H0 + Hc is the total Hamiltonian
operator for the close system, and Ci are the collapse operators associated with
the decoherence.

In the next section we will focus on the role of Superadiabatic process in our
first example, population transfer.

3 Example 1: Population transfer

In our first example we use a three-level Λ system with two lower states {|0〉, |1〉}
and an excited state |e〉. The system is driven by two lasers, a pump beam Ωp
and a Stokes beam Ωs. The pump beam acts on the transition |0〉 ↔ |e〉, while
the Stokes beam acts on |1〉 ↔ |e〉. The dipole transition |0〉 ↔ |1〉 is a forbidden
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transition. We assume that two-photon resonance condition is fulfilled. In the
rotation wave approximation, the Hamiltonian of the system can be expressed
in the atomic basis {|0〉, |1〉, |e〉} in a matrix form

H0 =
1

2

 0 0 Ωp
0 0 Ωs
Ω∗p Ω

∗
s 2∆

 , (4)

where ∆ is the common one-photon detuning of the two laser fields (see Fig. 1).
The instantaneous adiabatic eigenvalues of the Hamiltonian H0 are given by

|0> |1>

|e>

Ω
p Ωs

∆

Fig. 1. Three-level Λ system driven by two coherent fields, a pump (Stokes) beam with
Rabi frequency Ωp(s). The two fields have the same detuning ∆.

λ0 = 0, λ± =
1

2

[
∆±

√
∆2 +Ω2

0

]
, (5)

where Ω0 =
√
|Ωp|2 + |Ωs|2, and their corresponding eigenstates are given by

the following states [13]

|Ψ0〉 = cos θ |0〉 − eiφ sin θ|1〉,
|Ψ+〉 = sin θ cosψ |0〉+ eiφ cos θ cosψ |1〉+ sinψ |e〉,
|Ψ−〉 = sin θ sinψ |0〉+ eiφ cos θ sinψ |1〉 − cosψ |e〉,

(6)

where φ is the relative phase and

tan θ =
|Ωp|
|Ωs|

, tanψ =
∆+

√
∆2 +Ω2

0

Ω0
.

In our model, the states |n〉 used in Eq. (2) are members in {|Ψ0〉, |Ψ−〉, |Ψ+〉}
which are given in Eq. (6). For simplicity we assume that the relative phase
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φ = 0, that is, real Rabi frequencies. So, this additional Hamiltonian Hc can be
written in a matrix form [8]

Hc =

 0 iθ̇(t) iΩ0e

−iθ̇(t) 0 iΩ1e

−iΩ0e −iΩ1e 0

 , (7)

where,

θ̇ =
Ω̇pΩs −ΩpΩ̇s

Ω2
0

, (8)

Ω0e =
Ωp(∆̇Ω0 −∆Ω̇0)

2Ω0(∆2 +Ω2
0)

, (9)

Ω1e =
Ωs(∆̇Ω0 −∆Ω̇0)

2Ω0(∆2 +Ω2
0)

. (10)

If the fields are resonant with their respective atomic transitions, ∆ = 0, both
terms Ω0e and Ω1e are zero. Hence, the additional Hamiltonian plays a role of an
additional field that acts on the forbidden transition |0〉 ↔ |1〉. This additional
interaction can be implemented, for example, by a magnetic dipole interaction
between the angular momentum of the atom and an external magnetic field [8].
For Gaussian pulses Eq. (8) becomes

θ̇ =
2τ

T 2 cosh (4τ t/T 2)
. (11)

In our numerical results we always consider resonant fields (∆ = 0), i.e., Ω0e =
Ω1e = 0.

In the absence of decoherence, the evolution of the system is governed by
Eq. (1). Using Einstein convention |Ψ(t)〉 = cj |Ψj(t)〉, we get

i
d

dt
[cj |Ψj(t)〉] = i

[
ċj |Ψ(t)〉+ cj |Ψ̇j(t)〉

]
, (12)

with j = 0,+,−.

Making use of

H0|Ψ(t)〉 = cjλj |Ψj(t)〉, (13)

Hc|Ψ(t)〉 = icj

[
|Ψ̇j(t)〉 − 〈Ψj(t)|Ψ̇j(t)〉|Ψj(t)〉

]
, (14)

and projecting the Schrödinger equation (1) on the eigenstate |Ψk(t)〉, we obtain

iċj〈Ψk(t)|Ψ(t)〉 = cjλj〈Ψk(t)|Ψj(t)〉 −
〈Ψj(t)|Ψ̇j(t)〉〈Ψk(t)|Ψj(t)〉, (15)
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which leads to

iċk = ckλk. (16)

Finally, we obtain three uncoupled differential equations

i
d

dt

 c0c−
c+

 =

0 0 0
0 λ− 0
0 0 λ+

 c0c−
c+

 . (17)

Thus, if the system starts at time ti in the dark state |ψ(ti)〉 = |Ψ0〉 it remains
in this dark state at later time

|Ψ(t)〉 = |Ψ0〉 = cos θ(t) |0〉 − sin θ(t)|1〉. (18)

To transfer completely the population to the state |1〉 at time tf , it is enough to
have | sin θ(tf )| = 1. In Figure. 2 we show the population transfer from the state
|0〉 to the state |1〉.

3.1 Effect of dephasing on population transfer

As we mention before, the close system is an ideal model. The Schrödinger
equation (1) is replaced by the Lindblad master equation (3). Moreover, the
population of the exited state |e〉 is barely populated during the evolution (see
Fig. 2). Thus, the decay rate of this state has a little effect on the evolution
of the system. However, dephasing caused by collisions or phase fluctuations of
the fields produce important effects. It breaks the superposition of the states
(coherence) and decreases exponentially the population transfer efficiency [11,
12].

Let Γi is the dephasing of the state |i〉. The collapse operator is given by

C =
∑
i

C†iCi.

The first dephasing for the state |0〉 is described by the Lindblad operator C0 =√
2Γ0|0〉〈0|, while the dephasing for |1〉 is given by C1 =

√
2Γ1|1〉〈1|. The non

Hermitian effective Hamiltonian is then given by

Heff = H − i

2
C†0C0 −

i

2
C†1C1, (19)

which can be put in a matrix form as

Heff =
1

2

−2iΓ0 0 Ωp
0 −2iΓ1 Ωs
Ω∗p Ω∗s 2∆

 . (20)
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Fig. 2. Superadiabatic STIRAP, The upper figure represents the Rabi frequencies for
Gaussian pulses. Ωs (Solid line), Ωp (Dashed line) and θ̇ (Long dashed line). The
lower figure represents population transfer. The atom is initially in the state |0〉. The
population of states |0〉 (dashed line), |1〉 (solid line) and |e〉 (long-dashed line). The
parameter are T = 3, τ = 1 , and Ω = 1.
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Using

Tl =

 eΓ0(t−ti) 0 0
0 eΓ1(t−ti) 0
0 0 1

 , (21)

Tr =

 e−Γ0(t−ti) 0 0
0 e−Γ1(t−ti) 0
0 0 1

 , (22)

our Hamiltonian (in the interaction picture) becomes

Hi = Tl ·Heff · Tr,

=
1

2

 0 0 Ωpe
Γ0(t−ti)

0 0 Ωse
Γ1(t−ti)

Ω∗pe
−Γ0(t−ti) Ω∗se

−Γ1(t−ti) 2∆

 .
(23)

Here we follow [5]. Since the effective Hamiltonian Hi is not Hermitian, it has
right instantaneous adiabatic eigenstates

|ψ0〉r = eΓ0(t−ti) cos θ |0〉 − eΓ1(t−ti)eiφ sin θ|1〉,
|ψ+〉r = eΓ0(t−ti) sin θ cosψ |0〉+ eΓ1(t−ti)eiφ cos θ

cosψ |1〉+ sinψ |e〉,
|ψ−〉r = eΓ0(t−ti) sin θ sinψ |0〉+ eΓ1(t−ti)eiφ cos θ

sinψ |1〉 − cosψ |e〉, (24)

and left instantaneous adiabatic eigenstates

l〈ψ0| = e−Γ0(t−ti) cos θ 〈0| − e−Γ1(t−ti)e−iφ sin θ〈1|,
l〈ψ+| = e−Γ0(t−ti) sin θ cosψ 〈0|+ e−Γ1(t−ti)e−iφ cos θ

cosψ 〈1|+ sinψ 〈e|,
l〈ψ−| = e−Γ0(t−ti) sin θ sinψ 〈0|+ e−Γ1(t−ti)e−iφ cos θ

sinψ 〈1| − cosψ 〈e|. (25)

If we take eΓ1(t−ti) as a common factor, the right eigenstates can be written as

|ψ0〉r = e(Γ0−Γ1)(t−ti) cos θ |0〉 − eiφ sin θ|1〉,
|ψ+〉r = e(Γ0−Γ1)(t−ti) sin θ cosψ |0〉+ eiφ cos θ cosψ |1〉

+e−Γ1(t−ti) sinψ |e〉,
|ψ−〉r = e(Γ0−Γ1)(t−ti) sin θ sinψ |0〉+ eiφ cos θ sinψ |1〉

−e−Γ1(t−ti) cosψ |e〉. (26)

In similar way we can do for the left eigenstates. Since the population of the
excited state is negligible, the last terms in Eq. (26) which are proportional
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to e−Γ1(t−ti) will not have a significant effect on the evolution of the system.
So, we can neglect that exponent and keep the exponent which depends on
Γ0 − Γ1. In this case, the right eigenstates depend only on Γ0 − Γ1. So, all the
calculations based on two dephasing rates Γ0 and Γ1 can be obtained from the
dephasing of the state |0〉 but with the effective rate Γ0 − Γ1. Then, without
loss of generality we consider only the dephasing of the ground state |0〉. For
small dephasing rates we can unravel the master equation by using quantum
trajectory approach [2,3,5,17–19]. This approach was introduced by Carmichael
and it is based on the master equation (3). It is composed of two evolutions. The
continuous coherent evolution (nonjump evolution) and quantum jump. The
nonjump evolution is based on an effective non-Hermitian Hamiltonian operator

i
d|ψ(t)〉
dt

= Heff(t)|ψ(t)〉,

= [H − i Γ0|0〉〈0|] |ψ(t)〉. (27)

Thus the uncoupled system of differential equations (17) becomes

i
d

dt

[
c0
c−
c+

]
=

[
0 0 0
0 λ− 0
0 0 λ+

][
c0
c−
c+

]
− iΓ0

2[
2 cos2 θ sin 2θ cosψ sin 2θ sinψ

sin 2θ cosψ 2 cos2 θ cos2 ψ sin2 θ sin 2ψ
sin 2θ sinψ sin2 θ sin 2ψ 2 sin2 θ sin2 ψ

][
c0
c−
c+

]
.

(28)

Note that the solution of Eq. (28) should be normalized due to the fact that the
effective Hamiltonian is not Hermitian. It is clear that there is coupling between
all three instantaneous eigenstates. So if the system starts in the dark state, it
will evolve at a later time to a state which is a superposition of all the three
adiabatic eigenstates. In addition to the non-jump evolution, the system may
randomly jump to the ground state |0〉 due to the collapse operator C0. This is
the so-called jump evolution. If a jump occurs at time tj , the states of the system
collapses to the state |0〉 which is given in term of instantaneous eigenstates by

|0〉 = cos θ(tj)|Ψ0(tj)〉+ sinψ(tj) sin θ(tj)|Ψ−(tj)〉
+ cosψ(tj) sin θ(tj)|Ψ+(tj)〉. (29)

According to the quantum trajectory theory, the average over all trajectories
gives the same result as the master Eq. (3). If the dephasing rate is small, the
probability for a system to have more than one jump is negligible. So, the non-
jump evolution given by Eq. (28) is a good approximation to the master equation
and gives a clear picture on the evolution of the system in terms of the adiabatic
eigenstates.

In quantum computation what one is concerned with is how to reach the
high fidelity target F > 0.999. Now we are ready to investigate the robustness
to the dephasing of the ground state by computing the fidelity and compare it
with the quantum computation target.
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The fidelity is given by the probability to transfer the population at time tf
to the final state |1〉. It is given by F = |〈1|Ψ(tf )〉|2. It has been shown [8] that
the condition to have high fidelity is verified for superadiabatic STIRAP even
when the decay rate Γ of the exited state is much larger than the pulse width.

Fig. 3. (Color online) Maximum fidelity as function of dephasing rate Γ0 for τ = 0.5.
The damping rate of the excited state is Γ = 0 for solid line and Γ = 10 for dashed
line.

In Fig. 3, we plot the maximum fidelity as a function of dephasing in the
presence of damping rate. The condition for obtaining high fidelity is Γ0 < 0.002.
Within this region the maximum fidelity does not depend on Γ , which indicates
that the dephasing is more important factor than the damping rate [9]. This is
why we did not consider the damping of the excited state in our Eq. (28).

Our calculations were based on Gaussian pulses. Furthermore, it is straight-
forward to generate them to different schemes of driving lasers. For more infor-
mation on other pulses one can refer to [7, 14].

4 Example 2: Quantum rotation gates

The process of stimulated Raman adiabatic passage is one of the important
techniques used to implement quantum gates. Lacour et. al. [13] proposed an el-
egant experiment technique to implement generalized single-qubit rotation gates
in three-level Λ system

R(a, φ) =

[
cos a eiφ sin a

−e−iφ sin a cos a

]
, (30)

where a is the angle of rotation and φ is the phase of the gate. Their technique
uses two STIRAPs. The first STIRAP is a reversed STIRAP, while the second
STIRAP is a standard STIRAP. Each STIRAP has two pulses separated in time.
For large detuning, the excited state |e〉 can be adiabatically eliminated. If the
two f-STIRAP have the same pulse shapes with the same delay, the dynamical
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phases acquired by the bright states at the end of the two f-STIRAP are the
same. Thus, a compensation of the dynamic phase is achieved. Therefore, a
generalized rotation gate is obtained up to a global dynamical phase.

In what follows we use their idea and apply it to a tripod system rather than
a three-level Λ system. The tripod consists of four-level systems driven by three
resonant laser fields with Rabi frequencies Ω0, Ω1, Ω2. These laser fields couple
the three lower levels |0〉, |1〉, and |2〉 to the upper level |e〉 as depicted in Fig. 4.
The laser fields are modulated by Gaussian pulses with width δ, amplitudes Aj ,
phase φj , and time delay tj

Ωj(t− tj) = Aje
iφj e
− (t− tj)2

δ2 . (31)

All parameters are scaled with respect to the width of the Gaussian pulses.

Fig. 4. Energy level for a four-level tripod. The three ground levels |0〉, |1〉 and |2〉 are
coupled to the excited level |e〉 by three different lasers. The two ground states |0〉 and
|1〉 are the states of the desired qubit.

We choose the two Rabi frequencies Ω0 and Ω1 as follows.

Ω0 = Ω(t+ T − τ) +Ω(t+ T + τ) cos a,

Ω1 = Ω(t+ T + τ) sin a.

(32)

These fields represent two STIRAP processes separated by T in time, and
each STIRAP has two pulses separated by τ in time. The first STIRAP is a
reversed STIRAP starting with a constant ratio Ω0/Ω1 → cot a, while The
second STIRAP process is a standard STIRAP where the pulses are switched
on counter-intuitively and switched off in a given constant ratio Ω0/Ω1 → tan a.
In addition to these STIRAP processes another STIRAP which consists of two
pulses separated in time such that it starts before the two STIRAPs and ends
after them (see Fig. 5).
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Fig. 5. The Rabi frequencies Ω0 (solid line), Ω1 (dashed line), and Ω2 (dotted line), as
a function of time. The parameters are: A0 = A1 = A2 = 1, τ = 0.5, T = 2, a = π/8.
The time delay of the first(second) pulse of Ω2 is −3.5(3.57).

The Hamiltonian H0 of the tripod is then given by

H0 =
1

2


0 0 Ω0 0
0 0 −Ω1 0
Ω0 −Ω1 0 Ω2e

−iφ2

0 0 Ω2e
iφ2 0

 , (33)

where all the Rabi frequencies Ωi are considered to be real numbers. This Hamil-
tonian was considered in [5]. It has four eigenvalues. They are called the instan-
taneous adiabatic eigenvalues [5]

λ± = ±1

2

√
Ω2

0 +Ω2
1 +Ω2

2 , λi = 0 (i = 1, 2). (34)

The eigenstate corresponds to zero energy is a degenerate state. It is composed
of two dark states which can be written in the form

|D1〉 = − cos θ1 sin θ0 |0〉+ cos θ1 cos θ0 |1〉
+ sin θ1e

iφ2 |2〉,
|D2〉 = cos θ0 |0〉+ sin θ0 |1〉, (35)

where

tan θ0 =
Ω0

Ω1
, tan θ1 =

√
Ω2

0 +Ω2
1

Ω2
. (36)

The two other states are bright states which correspond to the non zero eigen-
values λ±

|±〉 =
1√
2

[− sin θ1 sin θ0 |0〉 − sin θ1 cos θ0 |1〉

±|e〉+ cos θ1e
iφ2 |2〉 ] . (37)
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According the adiabatic theorem, if the tripod system starts in the superposition
of the two dark states it remains in that superposition at later time.

To measure the performance of the rotation gate we use the fidelity which is
given by

F = |〈ψ(tf )|R(a, φ)|ψ(ti)〉| , (38)

where |ψ(ti)〉 represents the initial state at time ti and |ψ(tf )〉 is the final state at
time tf . For numerical computations we focus on the generation of the rotation
gate R(π/4, 0) and we set φ2 = 0.

In Figure 6 we plot the maximum, minimum and average fidelity as a function
of the common amplitude A of the Gaussian pulses for the rotation gate with
angle a = π/4 and phase φ = 0. The fidelity are computed numerically for 1000
initial random states uniformly distributed on the Bloch Sphere

|ψ(ti)〉 = cos(πu)|0〉+ sin (πu) ei arccos(2 v−1)|1〉,

where u and v are two random numbers uniformly distributed on [0, 1]. It is clear

Fig. 6. (Color online), fidelity for rotation gate R(π/4, 0). The Maximum (solid line),
the average (dotted line) and the minimum (dashed line) fidelity as a function of A.
The fidelity for the STIRAP process approaches 1 only for high Rabi frequencies.

that the fidelity is close to 1 only for large values of A. Large Rabi frequencies
is a disadvantage in many experimental applications. Now, we study the role of
superadiabatic process in implementing quantum rotation gates R(π/4, 0).

The additional Hamiltonian can be written in a matrix form as

Hc =


0 h0,1 0 h0,2
h∗0,1 0 0 h1,2
0 0 0 0
h∗0,2 h

∗
1,2 0 0

 . (39)
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where

h0,1 = i
Ω0Ω̇1 −Ω1Ω̇0

Ω2
0 +Ω2

1

,

h0,2 = iΩ0
(Ω0Ω̇0 +Ω1Ω̇1)Ω2 − (Ω2

0 +Ω2
1)Ω̇2

(Ω2
0 +Ω2

1)(Ω2
0 +Ω2

1 +Ω2
2)

,

h1,2 = iΩ1
(Ω0Ω̇0 +Ω1Ω̇1)Ω2 − (Ω2

0 +Ω2
1)Ω̇2

(Ω2
0 +Ω2

1)(Ω2
0 +Ω2

1 +Ω2
2)

.

With our Gaussian pulses the term h0,1 = 0. That is, the Hamiltonian Hc is
equivalent to additional driving fields which couple the two lower levels |0〉 and
|1〉 to the level |2〉.

In Figure. 7 we plot the fidelity as function of the amplitude A. It shows that
superadiabatic STIRAP leads to a perfect rotation gates for all Rabi frequen-
cies. This is an important improvement over STIRAP which needs high Rabi
frequencies.

Fig. 7. Fidelity for rotation gate R(π/4, 0) as a function of A. The fidelity is 1 for all
Rabi frequencies.

4.1 Effect of dephasing

It is interesting to check the robustness in the presence of dephasing caused by
collisions or phase fluctuations of the fields [10]. Here we restrict ourselves to
the dephasing of the ground state |0〉 which can be described by the Lindblad
operators C0 =

√
2Γ0|0〉〈0|, where Γ0 is the dephasing rate. Figure 8 shows

the fidelity as a function of the dephasing rate Γ0 for A = 1. One can see
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Fig. 8. Fidelity for rotation gate. The maximum, the average and the minimum fidelity
as a function of Γ0 for A = 1.

that the fidelity decrease linearly and the rotation gate becomes imperfect. So,
the dephasing caused by collisions or phase fluctuations of the fields produces
significant effect on the performance of the rotation gate.

5 Conclusion

In this paper we have discussed the role of superadiabatic STIRAP in two exam-
ples, The population transfer and quantum rotation gates. In population trans-
fer, we have used the quantum trajectory to unravel the master equation in
order to understand clearly the evolution of the system in terms of the adiabatic
eigenstates. We have shown that if the dephasing rate Γ0 is larger than 0.002 for
Gaussian pulses with time delay τ = 0.5, the fidelity of the population transfer is
far from the quantum computation target. We also show that the dephasing rate
reduces the fidelity much more than the damping rate does. In other hand, we
have shown that superadiabatic STIRAP leads to a perfect population transfer
and it is robust when the dephasing rate is less than 0.002. Moreover, it does
not depend on the damping rate of the excited state because the excited state
is barely populated during the evolution. We have also focused on the quan-
tum rotation gate with angle a = π/4 and phase φ = 0. We have shown that
the STIRAP requires high Rabi frequencies to implement the rotation gates.
To overcome this disadvantage we use superadiabatic approach that leads to a
perfect gate for small Rabi frequencies. Moreover, we have explored the effect of
dephasing on the performance of the gate. The dephasing which cause by colli-
sions or phase fluctuations of the field can leads to imperfect gate. Therefore, to
get a perfect gate one must keep the dephasing as small as possible.
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Abstract. In the field of computing, combinatorics and related areas, researchers 

have formulated several techniques for the Minimum Dominating Set of Queens 

Problem (MDSQP) pertaining to the typical chess board puzzles. However, liter-

ature shows that limited research has been carried out to solve MDSQP using bio-

inspired algorithms. This paper proposes a simple and effective solution based on 

Genetic Algorithms to solve this classical problem.   

 Introduction 

The MDSQP which is otherwise known as the chess covering problem is one of the 

well-known chessboard problems which has been receiving continued interests by re-

searchers including the computational intelligence domain. In the field of graph theory, 

specifically the study of dominating sets had addressed this problem even in the early 

1970’s. In an n × n chessboard, cells are organized as n rows and n columns. In chess 

layman terms, a queen (say Q) placed on a square will dominate all squares associated 

with the row, column and two diagonals with reference to Q. The idea behind this prob-

lem is to find the minimum number of queens required to dominate the whole chess-

board. Domination here refers to the coverage of all the possible squares being attacked 

by those queens including the own square dominated by the respective queens.  Previ-

ous research have been trying to find the domination number 𝛾(𝑄𝑛) of for the n-queens 

problem  using mathematical and combinatorial approaches [1-8]. Many formulations 

have been derived and presented in these approaches. For example, Gibbons and Webb 

presented some values of 𝛾(𝑄𝑛)  for few values of  n (upto n = 18) (see Table 1) [9].  

In addition, limited efforts were carried out to employ evolutionary algorithms to this 

problem. For instance, Vaughan presented a meta-heuristic algorithm in order to find 

optimal solutions of the non-attacking queens problem and demonstrated its ability for 

the case of a 8 x 8 chessboard [10]. Also, in an effort to solve the same non-attacking 

problem Bozikovic, Golub and Budin presented a genetic algorithm based case study 

for the case of n = 8 [11]. The results, demonstrated that the proposed GA was able to 

find solutions for the non-attacking queens problem. However, these studies focused 

only on the non-attacking n-queens problems. On the other hand, Kalejahi, Akbaripour 

and Masehian presented a hybrid Imperialist Competitive Algorithm (ICA) with a local 

search algorithm in order to solve the non-attacking queens based domination problems 

[12]. The proposed algorithm was compared with the basic ICA in the two problems 



and the results indicated an improved performance in terms of average runtime and 

average fitness value.  The solution was formulated for the non-attacking n queens 

problem. however, for the  domination   problem   less   details   and   information   have 

been provided  pertaining  to  the implementation details of    

 

Table 1 domination number for some n values 

n 1 2 3 4 5 6 7 8 9 
𝜸(𝑸𝒏) 1 1 1 3 3 4 4 5 5 

n 10 11 12 13 14 15 16 17 18 

𝜸(𝑸𝒏)  5 5 7 7 ≤ 8 ≤ 9 ≤ 9 9 9 
 

of the proposed algorithm. For example, crucial components of an evolutionary algo-

rithm such as the formulation of a fitness function has not been presented in detail. 

Therefore, this paper intends to fill these gaps and presents a bio-inspired Genetic Al-

gorithm (GA) to solve the MDSQP problem. Initially, GA will be evaluated on a 8 × 8 

chessboard by varying the number of queens gradually from 1 to 5 until all the squares 

of the chess-board gets dominated. The remaining paper is organized as follows: Sec-

tion 2 formulates the problem; Section 3 presents the evolutionary mechanism of the 

proposed technique; Results are discussed in Section 4 and the paper is finally con-

cluded with insights for future work in Section 5. 

 

 1 2 3 4 5 6 7 8 

1 1 2 3 4 5 6 7 8 
2 9 10 11 12 13 14 15 16 
3 17 18 19 20 21 22 23 24 
4 25 26 27 28 29 30 31 32 
5 33 34 35 36 37 38 39 40 
6 41 42 43 44 45 46 47 48 
7 49 50 51 52 53 54 55 56 
8 57 58 59 60 61 62 63 64 

Fig. 1. The proposed labelling scheme of a typical  8 × 8  chessboard 

 PROBLEM FORMULATION 

In order to solve the problem and present it programmatically we firstly labeled all 

squares in the chessboard (we choose the most commonly used 8 x 8 chessboard) by 

sequencing numbers starting gradually from 1 to 64 starting from the top most left 

square to the bottom right most square as shown in Figure 1. In addition, all squares in 

the board have a location (analogous to the norms of the analytical geometry) in the (x, 

y) coordinate form, where x denotes the row number and y denotes the column number. 

For example, the location of the square 28 in Figure 1 is (4, 4). This location can be 



used to determine the dominated squares for a queen placed in a particular square. Let 

G be a set of chessboard squares G= {n1, n2, ……….,nn×n} and Sq be the set of dominated 

squares by queen q for the case of i number of queens. Then it follows that  

Sqi={  n1, n2, ……….n n×n }                                               (1) 
  

Defining a fitness function for this problem firstly requires defining a method to iden-

tify dominated squares for all queens on the board. For a queen placed on the location 

(x, y), a square n will be n ∈ Sq  if at least one of the following conditions were satis-

fied: 

𝑥 = 𝑥𝑗  ∀ 𝑗 1: 𝑛                                                                       (2) 

𝑦 = 𝑦𝑗  ∀ 𝑗 1: 𝑛                                                                        (3) 

xj = x − j  &  y = y − j  ∀ j 1: x − 1                        (4) 
xj = x + j  &  yj = y − j  ∀ j 1: y − 1                             (5) 
xj = x − j  &  yj = y + j  ∀ j 1: x − 1                       (6) 
xj = x + j  &  yj = y + j  ∀ j 1: n − 1                      (7) 

The equations (2) and (3) represent the dominated squares in terms of rows and columns 

respectively. The rest of the equations from (4) to (7) represent the squares dominated 

by a queen placed in (x, y) for the diagonal directions. Specifically the dominated 

squares of the two diagonals pertaining to four sides ( upper left, lower left, upper right, 

and lower right).  For example, squares 19, 10 and 1 in Figure 1 are instances of domi-

nated squares by the queen placed on the square 28 and this case has been modeled 

using a logical algebraic expression using equation (4). The main objective is to max-

imize the number of dominated squares in a chessboard by 𝑘 queens and finding opti-

mal locations of these 𝑘 queens is quite challenging owing to the complexity of permu-

tations and combinations involved. Therefore, this is measured by the following fitness 

function:  

f(x) =  
| S|

|G|
                                                       (8) 

Where 𝑆 = 𝑠𝑞1
∪  𝑠𝑞2

∪ … ∪  𝑠𝑞𝑘
                    (9) 

The value of this function approaches to 1 when all the squares of the chess board gets 

dominated at least once. In other words, a fitness value < 1 could cohesively indicate 

that there are some squares or at least 1 square which has not been dominated by any 

ith queen (𝑠𝑞𝑖
 ). 

 FORMULATION OF THE PROBLEM USING GENETIC 

ALGORITHMS 

The overall structure of the proposed genetic algorithm can be described as follows: 

3.1. Coding  

Individuals have been coded in a matrix of order 𝑘 × 𝑚. Intuitively k x m  the product 

of the columns and rows represents the population size (number of possible candidate 

solutions). The elements of the matrix represents the 𝑚 bit binary encodings of the 



labels (each square has been labelled as discussed before) of the queens being placed 

on the chessboard. The following matrices shows typical examples for the case of few 

possible candidate solutions.  

𝐴 = [
1100110 0011010
0101100 1100010

] 

 
Furthermore, the dominated square set has also been coded in a matrix S as shown 

below; the total number of unique dominated squares being represented by the number 

of rows.  

𝑆 = [
1110010
0000001

] 

 

The above matrix shows an example instance of a dominated set containing two squares 

in the chessboard.  

3.2. Initial population and fitness evaluation 

 A random population consisting of 100 individuals (possible candidate solutions) is 

generated at the initialization stage of the GA making sure that queens are placed in 

different squares in the board. The domination rate of the queens is computed using the 

fitness function as modeled in Section 2. The selection criteria of our proposed tech-

niques is as follows. Individuals are sorted based on their fitness value and the top 50% 

of the population (candidates with the potential fitness capability) will be allowed to 

survive and will be considered into the next generation. Candidates whose fitness ca-

pability is below 50% will be discarded (they will not be allowed to survive). Subse-

quent to this selection process, the classical roulette-wheel selection method has been 

adopted for selecting individuals that will be mated for reproduction. 

 

110| 0100 Becomes 
(a) 

1101110 

001| 1110 0010100 

00|11111 Becomes 
(b) 

0001000 

11|00000 1111110 

Fig. 2. Illustration of Typical Crossover Operations 

3.3. Crossover and Offspring generation 

The new generation is produced by implementing the one-point crossover between two 

parents. The implemented crossover operator can be described as follows: 
 Two individuals are selected according to the selection operator 

 Generate a random crossover point in the two parents 

 Exchange genetic martials after the crossover point  

 Validate new individuals so that the individuals are retained within the boundaries of 

the chessboard 



 If an offspring’s location happens to be to zero owing to stochastics, generate a random 

adjustment point 

 Change the value of the adjustment position to 1   

 If an offspring’s location is larger than 𝑛 × 𝑛, change the value of the last digit of the 

chromosome to 0. 

 

 

Figure 2(a) shows an example of a crossover operation between two parents to produce 

two children (offsprings); Figure 2(b) shows an example of a crossover operation to 

illustrate the validation and adjustment process.   

Furthermore, we have also implemented mutation with the probability of 0.05. In mu-

tation, we simply select two random positions for the selected individuals and substitute 

the values of these positions to their complements (i.e. change zero to one and vice 

versa). In order to avoid the production of individuals outside the boundaries of the 

chessboard, the same crossover validation and adjustment mechanism found to be effi-

cient. The proposed GA was iterated 1000 times and the best fitness values were rec-

orded. Figure 3 shows typical outputs of the proposed GA based solution for the case 

of one to five queens.  

Table 2 Maximum fitness values  

K Maximum Fitness 

1 0.44 

2 0.73 

3 0.88 

4 0.95 

5 1 
 

Table 3 Best solutions with fitness values 

k Typical Solutions Fitness 

K=5 4    59    39     9     2 1 

4    59    39     9    50 1 

K=4 64  53    15   34 0.95 

32  49    61    4 0.94 

K=3 49 29 64 0.86 

36  3  32 0.86 

K=2 50  37 0.69 

29  10 0.69 

K=1 29 0.44 

36 0.44 
 

 

 

 EXPERIMENT AND RESULTS 

The proposed GA has been implemented using MATLAB and experimented using a 

2.6 Ghz PC enabled with Intel i5 processor installed with Microsoft Windows 8 oper-

ating system. It was independently tested by gradually incrementing the queen from 

one to five queens until the maximum fitness has been reached.  

The GA was run five times for each of these tests. Table 2 shows a summary of the 

maximum fitness reached by the GA for queen numbers ranging from one to five. It 

can be noticed that the GA was able to find the optimal solution when the domination 

number of queens reached five. These results comply well with the results reported by  



 
(a)  K=1 

 
(b) K=2    

(c)                        

 
(c) K=3 

 
(d) K=4 

 

 
(d) K=5 

 

Fig.3. Optimal solutions yielded by the proposed GA based technique, Red dots represent 

queens and blue dots  represent squares dominated by the queens. 



other researchers in the literature with respect to MDSQP. However, Table 2 shows that 

solution yielded by the proposed technique did not reach the optimal case when the 

number of queens is less than 5 queens. For the case of k=4 and n=8 the best solution 

yielded by the proposed GA covered (dominated) 95% of the chessboard.  Therefore, 

further enhancement can be performed to the proposed GA for instance by fusing it 

with other bio-inspired evolutionary algorithms.  or with local search methods might 

lead to better results.  Table 3 shows some of the best solutions produced by the pro-

posed GA with corresponding fitness values. All solution produced were graphically 

simulated by the GA at the end of the execution. Figure 3 shows one of the best solu-

tions found by the proposed GA for each case. The red circles (dots) represent the 

queens and the blue circles represent the dominated squares in a typical 8 x 8 chess 

board.  It also shows the fitness value of the presented solution corresponding to the 

generation number of the solution. 

 CONCLUSION  

In this paper, we have proposed a Genetic Algorithm (GA) based technique to solve 

the classical Minimum Dominating Set of Queens Problem (MDSQP). Experimental 

results demonstrated that the proposed GA based solution was able to find optimal so-

lutions when the number of queens reached five with respect to the commonly used 8 ×
8 chessboard. Experimental results also showed that the average fitness value ap-

proached towards the maximum over subsequent iterations. These results will be a basis 

for our future work where we intend to deploy other bio-inspired computing techniques 

such as membrane computing.  
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Abstract. Motivated by the problem of tiling the plane, puzzle gram-
mars were introduced as a mechanism for generating languages of picture
arrays in the two-dimensional plane. On the other hand BPG array P
system with array objects and basic puzzle grammar (BPG) rules was
introduced as a variant of array generating P systems that were devel-
oped with a view to link the two areas of membrane computing and
picture array grammars. Here we incorporate the feature of permitting
symbols in the rules of the BPG array P system, thus introducing per-
mitting array P system with BPG rules (pAP (BPG)). We show that
the permitting feature gives more generative power to the BPG array
P system with one or two membranes. We also show that a pAP (BPG)
with only two membranes under t−communication mode, can generate
picture arrays of square frames.

1 Introduction

Syntactic methods of picture array generation are well-known [15, 16, 27, 30] for
their structure-handling ability in the field of pattern recognition and image
analysis. Among various kinds of picture array generating models [10], puzzle
grammars [12] and a subclass called basic puzzle grammars introduced by Sub-
ramanian et al. [22] are array generating two-dimensional grammars motivated
by the problem of tiling the plane. These grammars have been subsequently in-
vestigated for their different properties and applications [11, 19, 21, 20, 28].

The area of membrane computing, initiated by Păun [13] introducing a new
computability model known as P system, has proved to be a suitable frame
work for a variety of application problems [14, 31]. The problem of handling
picture array languages using P systems has been of great interest and investi-
gation [23]. Ceterchi et al. [1] introduced array-rewriting P system, linking the



two areas of membrane computing and picture grammars. Several variants of
array P system have been proposed (see, for example, [2, 3, 8, 25, 26]). Using a
well-known technique of regulating rewriting [7], permitting array P system was
introduced in [25], associating permitting symbols with rules in the regions of an
array P system [1] so that an array is rewritten by a rule only when the permit-
ting symbols of the used rule are present in the array rewritten. On the other
hand in [20, 24], an array P system that uses BPG type of rules in its regions
was considered. We denote this kind of array P system with m membranes as
APm(BPG).

Here we consider the array P system with BPG type of rules associating per-
mitting symbols with the rules. Denoting the resulting array P system with m
membranes as pAPm(BPG), we examine the generative power. In particular we
show that the language family generated by APi(BPG) is properly included in
pAPi(BPG), for i ∈ {1, 2}. We also show that when t−communication [24], is
used, geometric figures such as a hollow square frame with “corner supports”
is generated by pAP2(BPG). Thus in this approach, there is a reduction in the
number of membranes in generating the picture arrays of square frames when
compared to the BPG array P system model.

2 Preliminaries

We refer to [10] for notions related to picture array grammars and languages
and to [13] for concepts pertaining to P systems. For notions of formal gram-
mars and languages we refer to [17, 18]. We recall here needed notions and results.

A word or string w over a finite alphabet Σ is a sequence of symbols from
Σ. The set of all words over Σ, including the empty word λ with no symbols, is
denoted by Σ∗. A picture array or simply an array over Σ in the two-dimensional
plane is composed of a finite number of labelled pixels or unit squares, with the
labels belonging to the alphabet Σ. The unit squares in the plane not labelled
with symbols of Σ, are assumed to have the blank symbol # /∈ Σ. An array can
be pictorially represented indicating the nonblank pixels. The set of all arrays
over Σ will be denoted by Σ∗∗.

A formal representation of a picture array is to list the coordinates of the unit
squares of the array and the corresponding labels of the unit squares. For exam-
ple, for the picture array in Fig. 1 describing the picture token P, the coordinates
of the unit squares of the array can be specified as follows, taking the origin (0, 0)
at the lowermost unit square of the left vertical line of a′s.

{((0, 0), a), ((0, 1), a), ((0, 2), a), ((0, 3), a), ((0, 4), a), ((0, 5), a), ((0, 6), a),

((−1, 6), a), ((−2, 6), a), ((1, 6), a), ((2, 6), a), ((3, 6), a), ((4, 6), a),

((4, 5), a), ((4, 4), a), ((4, 3), a), ((3, 3), a), ((2, 3), a), ((1, 3), a)}



a a a a a a a
a a
a a
a a a a a
a
a
a

Fig. 1. An array describing picture token P

We now recall the notion of a basic puzzle grammar [22].

Definition 1. A basic puzzle grammar (BPG) is a 4-tuple G = (N,T,R, S)
where N and T are finite sets of symbols; N ∩ T = ∅; Elements of N are called
non-terminals and elements of T , terminals; S ∈ N is the start symbol or the
axiom; R consists of rules of the following forms:

A→ a B,A→ a B , A→ B a , A→ B a,A→ B , A→ a ,

A→ a
B

,A→
a

B
, A→ B

a
, A→ B

a

where A,B ∈ N and a ∈ T . We may omit the box in the rule with a single a on
the right side.

Derivations begin with S written in a unit square in the two-dimensional plane.
All the other squares contain the blank symbol #, not in N ∪ T . In a derivation
step, denoted ⇒, a non-terminal A in a unit square is replaced by the right-hand
member of a rule whose left-hand side is A. In this replacement, the symbol en-
closed by a box in the right-hand side of the rule used, occupies the square of
the replaced symbol and the other symbol (not enclosed in a box) in the right
side of the rule, occupies the square to the right or the left or above or below the
square of the replaced symbol depending on the type of rule used. Note that the
replacement of the square to be filled in by the symbol not enclosed in a box, is
possible only if it contains a blank symbol.

The basic puzzle language (BPL) generated by the BPG G, is the set L(G)
of picture arrays over T , derivable in one or more steps from the start symbol.
We denote the family of BPL by L(BPL).

Remark 1. (i) As an illustration of the application of the rules of a BPG,
we exhibit the result of application of one of the BPG rules. For example, if

p1 =
# A #
a a a

is an array which is rewritten by a rule A → a C , then the re-

sulting array is p2 =
a C #
a a a

. If the rule is A→ a C, then the resulting array is



p3 =
# a C
a a a

.

(ii) Extending the Chomsky string grammars, array grammars were introduced
and extensively investigated for theoretical properties as well as possible appli-
cations [15, 10]. These array grammars generate picture languages consisting of
picture arrays in the two-dimensional plane. A regular array grammar (RAG)
[29, 30] consists of array productions of the following forms:

A# → aB , #A → Ba ,
A a
→

# B
,
# B
→

A a
, A → a

These rules can be written in the form of BPG rules and are respectively given
by

A→ a B,A→ B a , A→ a
B

,A→ B
a
, A→ a .

We denote by L(RAL) the family of the regular array languages (RAL) generated
by RAGs. It is known [22] that L(RAL) ⊂ L(BPL).

With a view to handle picture array languages by P systems, Ceterchi et al. [1]
introduced array-rewriting P system with objects as arrays and array-rewriting
rules as evolution rules in the regions of the system. When the rules are regular
array rewriting rules, the language family of the system with m membranes is
denoted as APm(REGA). A variant of the array P system was considered in
[20, 24], by having the rules in the membranes as basic puzzle grammar (BPG)
rules. We recall this system here.

Definition 2. [20] An array P System of degree m(≥ 1) with BPG type of rules
is a construct

Π = (V, T,#, µ, F1, · · · , Fm, R1, · · · , Rm, i0)

where V is the total alphabet, T ⊆ V is the terminal alphabet, # is the blank
symbol, µ is a membrane structure with m membranes labeled in a one-to-one
way with 1, · · · ,m; F1, · · · , Fm are finite sets of arrays over V initially associ-
ated with the m regions of µ; R1, · · · , Rm are finite sets of BPG kind of rules
over V ∪ T associated with the m regions of µ; the rules have attached targets,
here, out, in (in general, here is omitted); finally, io is the label of an elementary
membrane of µ (the output membrane).
A computation in this array P system is defined similar to a string rewriting P
system [13]. Each array in every region of the system that can be rewritten by
a rule associated with that region, should be rewritten. In other words one rule
is applied with the rewriting being sequential at the level of arrays. The resulting
array is placed in the region indicated by the target associated with the rule used;
“here” means that the array remains in the same region, “out” means that the
array exits the current membrane - thus, if the rewriting was done in the skin
membrane, then it can exit the system; arrays leaving the system are “lost” in



the environment, and “in” means that the array is immediately sent to one of
the directly lower membranes, non-deterministically chosen if several exist (if
no internal membrane exists, then a rule with the target indication in cannot be
used). A computation is successful only if it stops reaching a configuration where
no rule can be applied to the existing arrays. The result of a halting computation
consists of the arrays composed only of symbols from T placed in the membrane
with label io in the halting configuration.

The set of all such arrays computed (or generated) by a system Π is denoted
by AL(Π). The family of all array languages AL(Π) generated by systems Π
as above, with at most m membranes, is denoted by APm(BPG). Note that the
regular array rewriting (REGA) rules are also BPG rules and so when REGA
rules only are used in the regions, we call the family as APm(REGA). In [20],
the families APm(BPG) and APm(REGA) are denoted as EAPm(BPG) and
EAPm(REGA) respectively, with the letter E indicating that the array P system
involves nonterminals.

We give an example.

Example 1. Consider the picture array language L1 consisting of picture arrays
(one of these is shown in Figure 2) with two equal “arms” of a′s and “single
protrusions” of e′s to the left of the vertical arm of a′s and below the horizontal
arm of a′s. This picture language is generated by the following array P system
Π1 with basic puzzle grammar rules.

Π1 =

{A,B,C,D,X, Y, Z, a, e}, {a, e}, [1[2 ]2]1,
A

e a B
e

, ∅, R1, R2, 2


The rule sets are given by

R1 = {r1 : A→ C
a
, (in), r2 : C → e X , r3 : X → A

a
, (in)}

R2 = {r4 : B → a Y, (out), r5 : Y → Z
e

, r6 : Z → a B, (out),

r7 : Z → a D, r8 : A→ a, r9 : D → a}

A computation starts with the initial array p =
A

e a B
e

in region 1. Note that

there is no initial array in region 2. An application of the rule r1 to p yields the

array

C
a

e a B
e

which is sent to region 2 where an application of the rule r4 yields



a
e a
a

e a a a a
e e

Fig. 2. L−like Picture array with equal “arms” of a′s and “protrusions” of e′s

the array

C
a

e a a Y
e

which is sent back to region 1. Here application of the rule

r2 followed by r3 yields the array

A
e a
a

e a a Y
e

which again is sent to region 2 where

the application of the rules r5 followed by r6 yields the array

A
e a
a

e a a a B
e e

which

again is sent to region 1. The process can repeat. On the other hand in region 2,
if the rule r5 is followed by r7, then the rules r8 and r9 can be applied yielding
a picture array as in Fig. 2, which remains in region 2 and is collected in the
language generated. Thus Π1 generates the picture language L1.

3 Array rewriting P systems with BPG rules and
permitting symbols

Several mechanisms regulating rewriting in string grammars [6, 7] as well as ar-
ray grammars [9], are known. Associating symbols with a rule that permit the
application of the rule when the symbols are present is one such technique which
has been studied by researchers [6, 7]. In [25], a permitting array P system with
regular array rewriting rules having associated permitting symbols, is consid-
ered. We now introduce here a permitting P system with BPG kind of rules.

If q is a subarray of p then p\q denotes the array formed by the labelled squares
of p that are not labelled squares of q. The set of all symbols in the labelled
squares of the array p is denoted by l(p). A permitting BPG rule is of the form
(r, per), where r is the BPG rule and per is a subset of the set of nonterminals
of the BPG. If per = ∅, then it is not mentioned in the rule. The application
of permitting BPG rule (r, per) to an array p can be done only when all the
symbols in per are present in l(p) \ {A} where the left side of rule r has label



A. For example, given the permitting BPG rules (r1, per1), (r2, per2) where r1
is the rule A → a C with the set of permitting symbols per1 = {B} and r2 is
the rule B → a D with the set of permitting symbols per2 = {C}. The rule r1

can be applied to the array p =

A
a

e a B
e

as the permitting symbol B is present

while rule r2 cannot be applied to p as the permitting symbol C is not present.

Application of rule r1 to p yields the array q =

a C
a

e a B
e

. Now the rule r2 can be

applied to the array q to yield the array

a C
a

e a a D
e

.

Definition 3. A permitting array P system of degree m ≥ 1 with BPG type
rules, (pAPm(BPG), is a construct

Π = (V, T,#, µ, F1, . . . , Fm, R1, . . . , Rm, io),

where the components V, T,#, µ, F1, . . . , Fm, io are as in the array P system with
BPG type rules given in Definition 2. The rules in the sets R1, . . . , Rm are per-
mitting BPG rules of the form (r, per) where r is a BPG rule and per ⊆ V −T
with V − T being the set of nonterminals.

A computation in pAPm(BPG)) takes place as in the array P system in Def-
inition 2 except that a permitting BPG rule of the form (r, per) is applied in
rewriting an array in any region. In fact, in deriving an array from a given ar-
ray, the symbols of per regulate the application of the rule r as described earlier.
The halting configuration gives rise to a successful computation. The picture ar-
rays over the terminal alphabet T collected in the output membrane i0 in the
halting configuration, constitute the picture language generated by Π.

We denote by pAPm(BPG), the family of all array languages generated by per-
mitting array P systems with BPG type rules and at the most m membranes.

We illustrate with an example.

Example 2. Consider the picture language L⊥ consisting of picture arrays p,
which is similar to the “perpendicular” symbol (⊥). The picture array p has a
horizontal line of a′s having the symbol c in the middle with single “protrusions”
of e′s below the horizontal line on alternate squares and a vertical line of a′s
above the unit square labelled c. One member of L⊥ is shown in Fig. 3. A
permitting array P system Π2 of degree 2 with BPG type rules generating L⊥



a
a
a
a

a a a a c a a a a
e e e e

Fig. 3. An Array in L⊥

is given by

Π2 =

(
{A,B,C,D,X, Y, Z, a, c, e}, {a, c, e}, [1[2 ]2]1,

{
C

A c B

}
, ∅, R1, R2, 2

)
The rule sets are given by

R1 =

{
r1 :

(
A→ D

e
, {B,C}

)
, r2 :

(
B → E

e
, {C,D}

)}

∪
{
r3 :

(
C → F

a
, {D,E}

)
, r4 :

(
D → A a , {E,F}

)
, r5 :

(
E → a B, {A,F}

)}
∪
{
r6 :

(
F → C , {A,B}

)
, r7 :

(
F → Z , {A,B}

)
(in)

}
R2 = {r8 : Z → a, r9 : A→ a, r10 : B → a}

A computation starts with the initial array p =
C

A c B
in region 1. Note that

there is no initial array in region 2. The rule r1 can be applied to p as the per-

mitting symbols B,C are present, yielding the array
C

D c B
e

. Now the rule r2

is applicable as the symbols C,D are present, yielding the array
C

D c E
e e

. Like-

wise, if the sequence of applicable rules r3, r4, r5, r6 is applied now, the resulting

array is

C
a

A a c a B
e e

. The process can then repeat. On the other hand, if the rule

r7 is applied instead of r6 yielding a picture array

Z
a

A a c a B
e e

, then the array

is sent to region 2 where the application of the rules generates a picture array
which remains in region 2 and is collected in the language generated. Thus Π1

generates the picture language L1. One member of L1 is shown in Fig. 3.



We now examine the generative power of the permitting array P system with
BPG rules. By definition it follows that form ≥ 1, pAPm(BPG) ⊆ pAPm+1(BPG)

Theorem 1. (i) pAP1(REG)−AP2(REG) ̸= ∅
(ii) pAP1(REG) ⊂ pAP1(BPG)

Proof. In order to prove statement (i), consider the picture array language Lt

consisting of T shaped arrays, one member of which is shown in Fig. 4, over the
symbol a with the symbol c in the “junction” and having all three “arms” equal in
length. In otherwords, the number of a′s to the left and right of c in the horizontal
line and the number of a′s below c in the vertical line, are equal. A permitting
array P system with two membranes and regular array rules is given in the proof
of Theorem 5 in [25] to generate Lt (with a small change of the symbol a replacing
symbol c, in the picture arrays of Lt). A slight modification in the construction
of this permitting array P system as given in [25], enables us to generate Lt by
a permitting P system Π3 with one membrane and regular array rules, given by

Π3 = ({A,B,C,D,E, F, Z, a, c}, {a, c}, [1 ]1,
{
AcB
C

}
, R1, 1) where

R1 = {
(
r1 : # A→ D a, {B,C}

)
,
(
r2 : B #→ a E, {D,C}

)
,(

r3 :
C
#
→ a

F
, {D,E}

)
,
(
r4 : D → A, {E,F}

)
,(

r5 : E → B, {A,F}
)
,
(
r6 : F → C, {A,B}

)
,(

r7 : F → Z, {A,B}
)
,
(
r8 : A→ a, {B,Z}

)
,(

r9 : B → a, {Z}
)
,
(
r10 : Z → a

)
}.

In a computation starting with the initial array, the sequence of rules r1 to r6

a a a a c a a a a
a
a
a
a

Fig. 4. T−shaped array with equal arms

extend the three arms (to the left and right of the symbol c and the vertical line
below c) by one a each and the process can be repeated. If insted of r6 the rule r7
is applied, then the rules r8, r9, r10 are to be applied generating a picture array
in Lt. This language Lt cannot be generated by an array P system with two
membranes and regular array rules, since regular array rules can maintain equal
length at the most in only two arms, by sending back and forth the generated
array in the two membranes. This proves statement (i).



The inclusion in statement (ii) is clear since every regular array rule is also
a BPG rule. The proper inclusion in (ii) can be seen by noticing that the pic-
ture language Ll consisting of L−like picture arrays (one of these is shown in Fig.
2) with equal “arms” made of a′s and “single protrusions” of e′s on alternate
squares to the left of the vertical line of a′s and below the horizontal line if a′s, is
generated by the permitting array P system with one membrane and basic puzzle

grammar rules given byΠ4 =

{A,B,C,D,E, F,X, a, e}, [1 ]1,

 A
e a B
e

 , R1, 1

 .

The rule set is given by

R1 =

{
r1 :

(
A→ C

a
, {B}

)
, r2 :

(
C → e D , {B}

)}

∪
{
r3 :

(
B → a E, {D}

)
, r4 :

(
E → F

e
, {D}

)
, r5 :

(
D → A

a
, {F}

)}
∪
{
r6 :

(
F → a B, {A}

)
, r7 :

(
D → X

a
, {F}

)}
∪{r8 : B → a, {X}, r9 : X → a}

The idea of a computation is that the rules r1 to r6 extend the vertical and
horizontal arms simultaneouslybut when r7 is applied, it should be followed by
r8 and r9 generating picture arrays in the picture language Ll. Again regular
array rules cannot handle the “protrusions” of e′s in the picture arrays of Ll

even using permitting symbols, although equal growth between the horizontal
and vertical directions can be maintained. This proves statement (ii).

Theorem 2. (i) AP1(BPG) ⊂ pAP1(BPG)
(ii) AP2(BPG) ⊂ pAP2(BPG)

Proof. The inclusions in both the statements follow from definition. In order to
prove proper inclusion in statement (i), consider the picture array language Ll in
the proof of proper inclusion of statement (ii) in Theorem 1. A permitting array
P system with one membrane and BPG rules is shown in Theorem 1 to gener-
ate this language. But without the permitting symbols, this language cannot be
generated in one membrane with BPG rules as the vertical and horizontal arms
of the picture arrays in Ll can be “grown” freely and there is no way to regulate
their growth. Hence Ll /∈ AP1(BPG).

Proper inclusion in statement (ii) can be seen by considering the picture lan-
guage Lperp in Example 2. The language Lperp cannot be generated by an array
P system with two membranes and BPG rules (and without permitting sym-
bols), since these rules can handle equal length at the most only in two arms of
the picture arrays of Lperp by sending back and forth the generated array in the
two membranes. Hence Lperp /∈ AP2(BPG).



4 Array P Systems with BPG rules and t-communication

In several studies on grammar models for language description, a maximal mode
or terminal mode (t-mode) of derivation has been considered. A t-communication
mode has been introduced [4] in string rewriting P systems with a view to link
string grammar systems [5] and string-objects P systems. As a natural extension
of the study, Subramanian et al. [24] extended this t-mode of communication to
array P systems .

We mention here only certain essential features of a t-communicating array P
system of type tin considered in [24]. A t-communicating array P system ([24]) of
degree m ≥ 1 and of type tin, the components are defined in an array P system
([24]) but the system does not have rules with target indication in. In fact, the
t-mode derivation performed enforces the in target command. This means that
an array-rewriting rule can be without any target indication and the array to
which this type of rule is applied, is retained in the same region so long as the
array can be rewritten further. But if no further rule can be applied to the array
in that region, then it is sent to the immediately direct inner region if one such
region exists. On the other hand, if an array-rewriting rule with target indica-
tion out is applied to an array, then the resulting array is sent to its immediately
direct upper region.

Generation of picture arrays corresponding to geometric figures like rectangles
and squares over {a} has been studied in the area of picture grammars [29]. In
[24] array P systems with array objects and basic puzzle grammar rules in the
regions of the system are considered incorporating the t−communication fea-
ture. Here we consider this t−communication in a permitting array P system
with BPG rules. Let Shf be the set of all “hollow square frames” represented
as digitized picture arrays over the symbol {a}, a member of which is shown in
Fig. 5. We construct a permitting tin type array P system Πf with two mem-
branes and having t−communication in order to generate Shf . We note that a
t−communicating array P system with five membranes and regular array rules is
constructed to generate these picture arrays. Thus the use of permitting feature
and BPG rules provide an advantage, although not unexpected, in reducing the
number of membranes from five to two. The P system Πf is given by

Π4 =

{A,B,C,D,E, F,X, Y, Z,K, P,Q, a}, [1 [2 ]2 ]1,

 a
a a B
A

 , ∅, R1, R2, 2

 .

The rule sets are given by

R1 =

{
r1 :

(
A→ a

C
, {B}

)
, r2 :

(
B → a D, {C}

)
, r3 :

(
C →

a

X
, {D}

)}

∪
{
r4 :

(
D → a Y , {X}

)
, r5 :

(
C → A , {D}

)
, r6 :

(
D → B , {A}

)}



a a
a a a a a a a a

a a
a a
a a
a a

a a a a x a a a
a a

Fig. 5. A square frame of a′s

∪
{
r7 :

(
X → E

a
, {Y }

)
, r8 :

(
Y → F a, {E}

)
, r9 :

(
E → a I, {F}

)}

∪
{
r10 :

(
F → a

J
, {I}

)
, r11 :

(
I → E , {J}

)
,

}

∪
{
r12 :

(
J → F , {E}

)
, r13 :

(
I → a Z, {F}

)}
R2 =

{
r14 : (F → a, ∅) , r15 :

(
E → a K, {F}

)
, r16 :

(
K → P a, {F}

)}

∪

{
r17 :

(
P → Q

a
, {F}

)
, r18 :

(
Q→ a , {F}

)}

The idea in the computation is that the upper and left “arms” are grown equally
until the left arm begins to turn right and the upper arm , to turn down. The
lower and right arms are then grown together until they meet at which point
the rule I → a Z cannot be applied and no more rule is applicable in region.
The array at this point enters region 2 due to tin type of the system. Note that
the single “protrusions” at the corners are taken care of by the BPG rules. In
region 2, the computation reaches a halting configuration and the square-frame
generated is collected in the language.

5 Conclusion

Here we have considered array P system with BPG rules and with permitting
symbols associated with the rules. It remains to investigate whether pAP1(BPG)
is properly included in pAP2(BPG) and in more general terms whether
pAPm(BPG) is properly included in pAPm+1(BPG). It also remains to examine
whether the number of membranes in the constructions of the P systems can
further be reduced.
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Abstract. Membrane computing, a recent branch of natural computing, has 

been gaining momentum attention in the last few decades due to its massive 

parallelism and efficient computation. Many researchers in the field of mem-

brane computing have proposed sophisticated techniques inspired by cell biolo-

gy for computer science applications, especially when they considered cell or-

ganization in tissues, organs, and most recently, from the organization of neu-

rons. The interdisciplinary applications of membrane computing include, but 

not limited to computer science, biology, biomedicine, bioinformatics and sev-

eral other fields such as mathematics, artificial intelligence, automation, eco-

nomics, to name but a few. Their applications are pertaining to computer 

graphics, approximate optimization, cryptography, parallel computing and im-

age processing. Hence, in this paper we present an up to date comprehensive 

literature review pertaining to the application of membrane computing in the ar-

ea of digital image analysis, especially image segmentation, comprehensively 

and systematically. We thoroughly investigate the recent advancement in the 

field of image segmentation using membrane system. Furthermore, we highlight 

the merits and demerits of various software tools and methods. Finally, we sug-

gest some intuitive future directions in light of the current limitations. 
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1 Introduction 

As a young branch of natural computing, membrane computing (MC) began in 1998 

with its latest version that is related to the initial research studies published in 2000 by 

Păun, G. [1]. The primary models for MC began with a single cell and its hierarchical 

structure of organized compartments called membranes, where localized “biochemis-

try” took place. The resulting computing device comprised a distributed parallel com-

puting model with multi-sets of objects or “chemicals” placed in regions (tree-like 

nodes) processed as “reactions” similar to those of natural biochemistry. Motivated by 

biological membranes, we obtain a computing device called a P system in honor of 

their initiator, Păun [1]. Coverage of the domain can be found in [2].  

The conventional P system model was variously extended and enhanced, as per bi-

ological suggestion, to involve, for instance, the processing of objects by means of 

operations patterned after bio-symport/antiport functions, or as computational motiva-

tions extended from single cells to cell populations, or from tree-like membrane ar-

rangements to arbitrary graph techniques as well as other biological processes such as 

neuro-pathways, etc.  

The computing devices are verified to be quite powerful, equivalent with Turing 

machines even when using feature groups offering certain restrictions, and also com-

putationally efficient (in certain cases, able to solve computationally hard problems, 

typically, nondeterministic polynomial time (NP)-complete problems, in a feasi-

ble/polynomial time) [3]. 

Interestingly, MC has been exploited in many real world applications including 

digital imaging analysis. To the best of our knowledge, this paper represents the first 

survey pertaining to the recent advancement of digital image analysis using MC.  

In this paper, the recent literature works pertaining to image processing techniques 

using MC models are presented. In this regard, the presented works were classified 

into two main categories, membrane rules (which use the typical rules of P systems 

models) and membrane algorithms (which take inspiration from P system models 

without using their rules explicitly) as will be discussed in the following sections.  

The remaining of the paper is organized as follows. In Section 2, an overview of 

MC is outlined. In Section 3, the various applications of MC are briefly explained. In 

Section 4, the different types of MC systems are explained. In Section 5, a presenta-

tion of MC in image processing is given. In Section 6, a comprehensive review of MC 

pertaining to image segmentation is presented. Section 7 concludes the paper and 

suggests some future directions. 

2 Membrane Computing Overview 

MC has emerged as a recent branch of molecular computing as shown in the taxono-

my chart in Fig. 1. MC is mainly based on the assumption that the flow of metabolites 

within the compartmental architecture and functioning of biological cells can be in-

terpreted as a flow of information for computations [4].  



 

Fig. 1. Taxonomy of natural computing branches [5] 

The main components of  P system are inspired by the structure and functions of 

the biological cell that makes the P system computation devise consisting of; mem-

brane structure, set of evolution rules and multisets of objects.  

The design of MC is presented in a hierarchically structured manner similar to the 

structure of the cell. It is divided into many compartments (according to the cell) and 

the external membranes look like plasma membrane in the cell containing several 

sub-membranes called skin. Each membrane surrounding the compartment is called a 

region (see Fig. 2). 

 

Fig. 2. Membrane structure and its associated tree [6] 



Membranes, which do not have a sub-membrane inside it, are called elementary 

membranes. Usually, every membrane has a label starting from number 1 and the skin 

membrane, labeled by 0 [6]. The structure of the membrane can be represented like a 

tree inspired from the vesicles where the root of the tree is the skin membrane and the 

leaves are the elementary membrane. This tree structure is represented by parentheses 

to explain the structure of membrane as shown in Fig. 2. The motorists are the set of 

objects placed in the region, according to the chemical objects in the cell compart-

ment. These objects are described by the symbolic alphabet [6-8]. 

3 Membrane Computing Applications 

Several features of MC are of great interest as they suit many real world applications. 

These include [6]: 

─ Distribution (with significant systempart interactions as well as emergent behav-

iors and non-linearity resulting from local behavioral composites), 

─ Discrete mathematics (continuous mathematics failed to prove adequate for lin-

guistics, and cannot cover more than local processes in biology because of the 

complexity of the processes and, in many cases, because of the imprecise character 

of the processes; The discrete nature of the biological reality is ruling out the use-

fulness of many tools from continuous mathematics), 

─ Algorithmicity (hence, easy programmability), 

─ Scalability and extensibility (major challenges when using differential equations in 

biological applications), 

─ Transparency (multi-set rewriting rules are little more than equations that mimic 

chemical reactions), 

─ Parallelism (a computer science dream, but commonly observed in biology), 

─ Nondeterminism (let us compare the “program” of a P system with the programs 

written in typical programming languages), 

─ Communication (marvelous way, and yet not perfectly understood, the life phe-

nomenon that coordinates numerous processes within a cell. This stands in stark 

contrast to the costly way of coordinating computations in parallel electronic com-

puting architectures, where the communication time becomes unaffordable with the 

increase in the number of processors).  

Most P systems have proven to be both universal [1, 9-11] and efficient [12-14]. 

Number of researches has been done on P systems with active membranes where 

almost researchers reduced time complexity from exponential to polynomial or linear 

time in an exponential workspace, by the so-called trading space by time. This im-

provement in time complexity involved P systems with 'division rules' showing that 

the NP-complete problem of Satisfiability (SAT) could be resolved in case of linear 

time[12].  

Along similar lines, P systems have also solved other problems (mostly NP-

complete) of linear or polynomial time complexity. These included, as instance, the 



SAT problem [15-17]; the Graph problem [18]; the subset sum problem [19]; the 

Three Coloring problem (3-COL) [20] and the Vertex Cover problem [21].  

All researchers in this domain of study considered time units as steps of computa-

tion in a P system that implemented in parallel, using evolution rules, in all mem-

branes of the system or its membrane divisions [22]. It has been claimed that execut-

ing the P system in a sequential hardware did not get suitable results unless it is im-

plemented in parallel architecture. Therefore, the recent researches are performed on 

the implementation of MC on parallel architecture devices [23-27]. In all such studies, 

the speed of execution was impressively increased. 

4 Types of Membrane Computing 

Interestingly, researchers in the area of MC have been inspired by cell biology to 

design several applications in the area of computer science. As of the present writing, 

and according to membrane structure as so far introduced and investigated, the P sys-

tems have been classified into three main categories [28].  The first is called cell-like 

P system [1], the second is the tissue-like P system [29] and the third is the spiking 

neural-like P system [30].  

In the first category, the P system emulates the (eukaryotic) cell. The main compo-

nent of this type is the structure of membranes in a hierarchical arrangement which is 

viewed as three dimensional vesicles, i.e., when the multisets of objects are combined 

with other objects and the membranes are destructive by division and modeled on bio-

like processes  such as exocytosis, endocytosis, phagocytosis and others [1]. 

In the second category, tissue-like P systems, the membrane consists of several 

cells which can evolve in the same environment and include object multisets within 

an environment that also contains objects. The certain cell can be related directly by 

supplying channels between them and also these cells can communicate with the envi-

ronment. These channels may be established in the beginning or may be established 

dynamically evolved with the latest case utilized in known as population P systems. 

Where in the case of simple cells and when the number of contained objects and the 

used rules are limited, then the idea of P colony is declared [29].   

The third category of P systems is the neural-like P systems (see [30]). Variant 

types of neural-like P systems were newly presented, called spiking neural P systems, 

where this type uses just a single set of objects called the 'spike' in which the utilized 

basic data is the distance between successive spikes [31]. 

5 Membrane Computing In Image Processing 

MC is a methodology that uses a number of rules inspired by the behavior and func-

tioning of the biological cell to find the solution of popular problems related to 

graphics, approximate optimization, cryptography, to name but a few. MC has distin-

guishing characteristics such as the encapsulation of data and the simple representa-

tion of information as well as parallelism, all of which are most appropriate when 

dealing with digital images. Due to the fact that features in the segmentation of digital 



images that are parallel and/or local can be solved regardless of the actual image size, 

its implementation becomes more practical in parallel as they are independent. Fur-

thermore, data can also be easily encoded according to efficient bio-inspired represen-

tations.  

Hence, in light of the above, the aforementioned features make digital imaging 

more flexible and amenable for the implementation of techniques inspired by nature. 

In the last few decades, many studies in digital images have been developed in large 

scope. In the literature, one can find several attempts for solving problems from digi-

tal imagery with natural computing as presented in the work of Ceterchi, et al. [32] or 

the work of Chao and Nakayama [33] where natural computing and algebraic topolo-

gy are linked together by the aid of Neural Networks [34]. The main goal of dealing 

the image in a digital form is to enhance the quality or to obtain artistic effect. MC is 

used in image processing operations in order to speed up and enhance the image oper-

ations such as smoothing which is often used in digital image processing to improve 

image quality by reducing the noise levels. For instance, a MC algorithm used to re-

move the noise was presented in [35] to smooth the 2D images with a framework of 

tissue-like P systems implemented by the novel architecture of Compute Unified De-

vice Architecture (CUDA®), obtaining homology groups of 2D images [36-38], 

counting cell [39], quantum-inspired sub-algorithms and its application to image pro-

cessing [40]  presents a membrane algorithm, called MAQIS, by appropriately com-

bining concepts and principles of MC and quantum-inspired evolutionary method, 

skeletonizing images [41-42], thinning images based on MC [43], Corner Detection 

was presented in [44]  in order to detect corners in digital images using MC frame-

work and image segmentation. The related work pertaining to the use of MC on image 

segmentation operations will be illustrated in detail in the following sections. 

6 Membrane Computing Pertaining to Image Segmentation 

Image segmentation is an important field of digital image processing that is relevant 

to the area of computer vision. Several segmentation methods have been proposed 

based on the two main attributes of pixels in relative with local neighborhoods: the 

discontinuity and similarity methods. The former method was known as boundary-

based methods that depend on pixel discontinuity, and the later method is called re-

gion-based which are based on similarity between pixel regions. However, it is 

claimed that these kind of segmentation methods that are based only on boundary or 

regional data, are usually tend to fail in achieving satisfactory results in a retail mi-

nute. Thus, the attention of the researchers moved in recent years towards that use of 

new techniques based on the complementary nature of such data [45]. The essential 

goal of image segmentation procedure is to divide the input image into multiple re-

gions that are visually similar with respect to any property related to image such as 

gray level, image texture or associated color.  

Segmentation process possesses several distinguishing features that enabled the 

digital image to be easy and suitable for implementation in any technique inspired by 

nature.  Most importantly, it can be parallelized and locally resolved without affecting 



the size of the image, and it can be implemented in multifarious local areas. Further-

more, essential characteristic can easily encode the main information by bio-inspired 

representation [46]. According to these features, MC is used in image segmentation 

by an extensive number of researches as will be shown in the related work. Fig. 3 

presents a taxonomy of MC techniques based on published papers pertaining to MC-

based image segmentation. 

A comprehensive literature review pertaining to image segmentation using MC 

models has been presented with the aid of the taxonomy chart as shown in Fig. 3. 

According to the mechanism of how membrane systems employed, these methods 

have been classified into membrane rules-based methods and membrane algorithms-

based methods. Those methods are further classified according to the sequen-

tial\parallel execution. 

 

Fig. 3. Taxonomy of MC based on published papers related to MC-based segmentation 

6.1 Rules-based Membrane Computing for Image Segmentation 

MC models depend on a set of rules which are inspired by the function and behavior 

of cell biology to solve many real world problems by employing important features of 

P systems concerning the way rules are used in a maximally parallel and non-

deterministic manner [47].  In this section, related works pertaining to image segmen-

tation using membrane rules are presented.  The first part of this section presents the 

related works that have been done on sequential computing platforms, whereas, the 

second part presents the related works that have been done on parallel computing 

platforms.  

Membrane Computing Based on Sequential Computing Platforms. The execution 

of P systems on sequential computing platforms is not feasible due to their built-in 



parallelism which will not be fully exploited in such a case.  However, application 

software which simulates implementation sequentially is widely available [48]. 

Tissue-like P System on Sequential Computing Platforms for Artificial Image Segmen-

tation. In the work of [49], P systems have been linked to computational topology 

with digital images where this development paved way for a new and promising line 

of research. Christinal et al. [49] designed a collection of tissue-like P systems that 

used the communication rules of MC to perform edge-based segmentation. This 

communication entails the discovery of adequate different region boundaries among 

the input images.  The experiment was conducted such that the artificial 2D and 3D 

images, using 4-adjacency and 26-adjacency, respectively, have been employed.  

Experiments show that results were obtained in a fixed number of 9 and 26 steps per-

taining to 2D and 3D images, respectively.  It is worth mentioning that the tissue sim-

ulator tool has been used in their work for validation.  The main shortcoming of such 

simulation is that the sequential software used in edge-based segmentation could not 

utilize the full potential parallelism of the model.  Furthermore, this simulation re-

stricted the use of the input image to be manually codified, pixel by pixel, in the tissue 

simulator and they did not comment on the time of segmentation in their experiments.  

Christinal et al. [49] proposed that this strategy is not feasible when dealing with large 

real images and only 4-adjacency relationship were considered when using 2D imag-

es.  It is worth mentioning that, in their work, no evaluation procedure has been con-

sidered to validate the quality of segmentation which prevented a comparison with 

this work.  

Christinal et al. [50] calculated some algebraic-topological information for two-

dimensional (2D) and three-dimensional (3D) images in a general and parallel manner 

with P systems.  First, they presented another method to achieve homologous groups 

of 2D digital images in logarithmic time with respect to input data.  In addition, this 

work paved the way for another area of study in which efficiency and power were 

used in topological processes for the first time.  They have considered 4-adjacency 

relationships for 2D, whereas a 6-adjacency has been used for 3D digital images.  The 

obtained results demonstrated edge-based segmentation, but they did not comment on 

the time of segmentation in their experiments.  However, the main limitation of this 

work is the lack of automation where the input image has to be entered manually to 

the system to manually visualize the output.   

Along similar lines, Reina-Molina et al. [51] developed the work of Carnero et al. 

[52] by proposing a new version of tissue-like P system to replace the concept of one 

cell with the concept of multiple auxiliary cells to deal with irrelevant feature removal 

and homogenize colors with a general thresholding for color space and segmentation 

problems.  These processes are essentially applicable to use all the available parallel-

ization inherent in P systems models.  Although the proposed method of Reina-

Molina et al. [51]  exploited the full parallelism of MC, the input image has been 

manually codified in the system.  Furthermore, Molina et al. have not considered the 

same standard criteria to validate the accuracy of their segmentation method that 

makes a comparison with their work infeasible. 



Moving on, in the work of Christinal et al. [53], a tissue-like P system was pro-

posed with the use of MC rules for the design of a region-based segmentation algo-

rithm in a constant number of steps.  In their work [53], 4-adjacency relationships 

between neighboring pixels were adopted for 2D digital images.  They proved that 

only 9 steps were sufficient to get a region-based segmentation for a 2D image.  In 

addition, 26-adjacency relationships between voxel neighborhoods were implemented 

for 3D digital images.  They also proved that 26 steps are required to get a region-

based segmentation for a 3D image.  Meanwhile, the main weakness of their method 

is the fact that the image has been manually codified in the tissue simulator as in their 

previous work.  This leads to a lack of efficiency in favor of expressiveness.  Hence, 

experiments performed using this software were very slow and at most could only use 

synthetic images of 30 × 30 pixels. 

Recently, tissue-like P systems have been proposed for the parallel color segmenta-

tion of simple artificial images [54].  The images were segmented such that threshold-

ing is employed to search for edge pixels.  The tissue-like model for P systems uses 

fewer computation elements compared to conventional models, which is why it is the 

model of choice in this work.  The work of Christinal et al. [54] depicts that, in theo-

ry, if a general color alphabet is taken into consideration, it is feasible to perform the 

parallel segmentation of an image.  As such, if pixels do not have different colors than 

their neighboring pixels, then their edges are not selected.  Therefore, a pixel is an 

edge if it is different from a neighboring pixel. 

Most recently, Isawasan et al. [55] proposed the tissue-like model of P system to 

handle region-based segmentation based on the work in [53] of two-dimensional (2D) 

hexagonal artificial images using 6-adjaceny.  The segmentation was executed using 

the official language of MC called P-Lingua.  However, they used the language with-

out illustrating the details that backup this usage, and did not consider the time of 

segmentation.  Furthermore, no evaluation procedure has been performed to validate 

the segmentation results. 

In the work of Yahya et al. [8], a region-based segmentation with tissue-like model 

of P system rules based on the work of Christinal et al. [53] was proposed. Yahya et 

al. [8] implemented an uncomplicated artificial image with a detailed illustration of 

how P system works which is more illustrative. In addition, varying color relation-

ships have been explored to investigate the effect of color on the process outputs.  

Most recently, Yahya et al. [56] proposed a tissue-like P system with region-based 

and edge-based segmentations to segment two dimensional hexagonal images, where-

in P-Lingua programming language has been used to implement and validate the pro-

posed system. The achieved experimental results clearly demonstrated the effective-

ness of using hexagonal connectivity to segment two dimensional images in a less 

number of rules and computational steps. The experimental results have shown that 

using the hexagonal connectivity is more efficient than the four connectivities, where 

the number of rules and computational steps can been reduced from 9 to 7 steps. 

Tissue-like P system on Sequential Computing Platforms for Real Image Segmenta-

tion. Díaz-Pernil et al. [46] presented an application for the edge-based segmentation 

for 2D digital images based on a tissue-like P system.  The C++ programming lan-



guage was adopted in the execution of the software tool. However, the technicalities 

surrounding it were not clarified. The software tool used to segment the 2D digital 

image is based on Christinal’s work [49] using 4-adjacency connectivity. Díaz-Pernil 

et al. [46] concluded that the problem of edge-based segmentation in 2D images is 

solved in constant time with respect to the number of steps of any computation model.  

The application program input constitutes a digital 2D image format that can be of the 

most familiar raster image formats such as jpg, png, gif, etc.  Real medical images and 

artificial color images were used in the work of Díaz-Pernil et al. [46], but they did 

not compute the accuracy of the segmentation to evaluate and validate their proposed 

method.  Although the input images were automatically codified in the system, no 

standard medical dataset has been used for the experiments.  

Along the same trend, Sheeba et al. [57] proposed tissue-like P systems for seg-

mentation the nuclei of the White Blood Cells (WBCs) for peripheral blood smear 

images.  The preparation process was such that the RGB image was converted to a 

Hue-saturation-Value (HSV) image. Sheeba et al. [57] followed three steps, namely: 

color-based, intensity-based and morphological-based step.  In the color-based step, 

the segmentation uses color as a set of predefined criteria, whereas, in the intensity-

based second step the partition image is based on a haphazard altering of the intensity 

with the use of the gray values of the pixel.  However, there might be broken edges 

with a gulf after the use of intensity based approach in the second step. In so doing, 

the morphological approach, which is the third step, is employed to address this set-

back.  MATLAB® was used to run the experiments.  The technique of Christinal et 

al. [49] was adopted by Sheeba et al. (see [57]), with the difference being that Christi-

nal et al. [49] employed 4-adjacency, whereas, Sheeba et al. [57] employed 8-

adjacency.  However, the difference between both types of adjacency has not been 

illustrated in their work.  The resulting HSV image forms a network of points of N2 

that are sets of pixels.  Findings from the experiments sample data show a percentage 

success rate of 75%. Conclusively, Sheeba et al. [57] suggested the need for advanced 

segmentation techniques for segmenting images, e.g., basophils and eosinophils,  

having granular complex structures.  It is worth mentioning that a comparison with 

this method cannot be performed for two reasons;  First, different medical datasets 

and different programming languages have been used in their method.  Second, the 

evaluation procedure and the method to compute the success rate have not been men-

tioned.  

Díaz-Pernil et al. [58] proposed a novel application program that simulates the be-

haviour of a tissue-like model for a MC device (P systems) as illustrated in [49].  This 

is done in order to address segmentation in digital imagery.  This work adopted the 

work of Díaz-Pernil, et al. [46] by adding a new extra image for the experiment.  

However, the proposed application program is a good tool for the treatment of digital 

images since it was able to handle considerable image sizes.  The input image data to 

process a 2D image can be jpg, png, gif, etc. and raster image formats.  C++ pro-

gramming language was the programing language chosen for implementation.  Alt-

hough the input image was automatically codified, their method lacks a proper eval-

uation procedure to make it comparable with other methods in the literature.  



Yang et al. [59] proposed a region-growing based image segmentation method with 

a tissue-like P system.  The MC model has a uniquely designed membrane structure 

and evolving objects.  It employs evolution and communication rules in order to actu-

alize regional growth.  The membrane model was developed in such a way that it 

performs image segmentation automatically.  The 8-adjcency relationship was utilized 

in their work.  For experimental purposes and evaluation, it was restricted to gray-

scale images.  The results of the experiments revealed that the proposed image seg-

mentation technique has a better effect and performance as compared with the con-

ventional image segmentation techniques based on region growing.  The weakness of 

this principle and method is that it only works for gray-scale images.  Moreover, the 

programming language that has been used in their work was not mentioned.  The 

evaluation method that has been adopted was the contrast across region.    

Recently, Peng et al. [60] proposed a novel region-growing color image segmenta-

tion for P systems.  The tissue-like model of P system is developed such that an adap-

tive selection of target regions is obtained.  The method was evaluated on several real-

life color images.  In the experiment, the image segmentation was evaluated with 

several color images that were randomly collected from the international network.  

Experimental results of the method are closer to the results obtained in the artificial 

segmentation.  However, the proposed segmentation technique has some irrelevant 

features or noise in the resulting image.  Meanwhile, the proposed image segmenta-

tion has the advantage of fast segmentation based on tissue-like P systems.  The ex-

perimental results also show improved segmentation performance.  They have not 

explained the programming language that has been used in their work.  

Carnero et al. [61] proposed a novel MC technique by using multiple membranes 

to solve segmentation issues in real images using multiple membranes and real imag-

es.  The algorithm deals with cleaning, thresholding and edge-based segmentation.  It 

is implemented in Python. 

Christinal et al. [62] proposed a novel definition for the interior of a partially 

bounded region of an image.  Christinal et al. [62] also proposed an algorithm for 

automatically searching bounded regions using a MC model.  A definition and an 

algorithm are presented for determining whether a Black Connected Component 

(BCC) encircles a section of a white region in a binary image.  The empirical imple-

mentation occurred at once, because BCC can be regarded as a closed curve that is 

not perfect and the enclosed region as an imperfect topological hole for the BCC.  The 

definition of such partially bounded regions is a hard task even for human experts.  A 

real case study of defining partially bounded regions that is a solid task for human 

experts/professionals in the field is a glomerulonephritis image (medical image). 

Cell-like P System on Sequential computing Platforms for Artificial Image Segmenta-

tion. Christinal et al. [36] designed a MC application to solve the thresholding prob-

lem in linear time on a number of pixels.  This is achieved using the rules for a cell-

like model P system.  Interestingly, the massive parallelism characteristics of MC 

aided the proposed work to be realized in linear time based on the size of the input 

image. Christinal et al. [36] presented a new cell-like model of the membrane system 

with two polarizations and dissolution.  Artificial color images were employed in the 



implementation of the membrane computation system with the use of a tissue simula-

tor.  The work solved the traditional threshold by adopting a high degree of parallel 

processes and the likelihood of presenting the information in an uncomplicated way.  

However, the drawback of this work is in the execution of the tissue simulator that did 

not depict how long it takes to segment an image, and there was no evaluation proce-

dure which makes their model unsuitable for comparison. 

Membrane Computing Based on Parallel Computing Platforms. MC investigates 

models of computation inspired by the structural and functional properties of biologi-

cal cells.  Because of their inherent large-scale parallelism, MC models can be fully 

exploited only through the use of parallel computing platforms [48]. 

The distinguishing feature of parallel computer architecture is that a number of 

processors have the ability to share information and communicate with each other in 

order to solve a relatively large problem as fast as possible.  Here, parallel architec-

tures in the internal structure of the parallel platforms have been utilized.  However, 

parallel architectures and parallel platforms are used alternately.  Note that parallel 

architectures consist of variant memories and processors which are connected to each 

other by the aid of interconnection networks [63-64].  

Tissue-like P System on Parallel Computing Platforms for Artificial Image Segmenta-

tion. Carnero et al. [52] presented an implementation of a membrane solution for digi-

tal images for the removal of redundant and irrelevant features, edge-based segmenta-

tion and thresholding using hardware programming.  Field Programmable Gate Array 

(FPGA) is incorporated into the hardware tool. It is made up of logic blocks.  This 

component enables configuration and reconfiguration after fabrication.  Base on im-

age analysis, Carnero et al. [52] work is simple and the time taken to execute the 

segmentation process is uniform irrespective of image size.  This confirms that it 

works specifically with high dimensional data images.  The first stage, which deals 

with irrelevant feature removal, is achieved with the application of a fundamental 

irrelevant features filter.  In so doing, the system discards some noise that could hin-

der the process.  In the second stage, the system deals with the issue of degradation of 

colors for pixels with different colors in the adjacent region boundary. Finally, the 

approach of Christinal et al. [49] was employed for the segmentation execution pro-

cess.  As their system has been described by a hardware description language, a com-

parison with this approach is not straightforward.  

Tissue-like P System on Parallel Computing Platforms for Real Image Segmentation. 

In addition, a report is presented in [65] on a stage by stage implementation of a 

hardware programming tool in FPGAs.  This tool addresses the issue of segmentation 

in digital images using a tissue-like model of P systems.  Stage of work deals with 

edge detection and focuses on particular image processing applications referred to as 

image segmentation [65].  Experiments were performed using a 2D digital image (2D-

ES problem).  It is defined that the 2D digital image is made up of different colors of 

pixels to obtain the boundaries of regions in the 2D digital image.  The system first 

employs a fundamental irrelevant features filter so that pickle noise would not affect 



the segmentation process.  Then, the system does a thresholding of the image in order 

to stop the occurrence of degradation of colors of pixels in the boundary of adjacent 

regions with varying color types.  Carnero et al. [65] studied the advantages and limi-

tations of working on a hardware implementation of tissue-like P systems for segmen-

tation in FPGAs. The postulate work has been made via the language programming at 

the Very High-level Design Language (VHDL).  Similarly, because their system had 

been described by a hardware description language, a comparison with this method is 

not feasible.  

Peña-Cantillana et al. [35] implemented a bio-inspired parallel algorithm in a novel 

device architecture called CUDA®.  This algorithm addresses the issues in threshold-

ing with the help of a membrane algorithm.  P systems are computational device of 

MC.  The model of P system that used in [35] is a tissue-like P system.  This tissue-

like model addresses the problem by adopting a 4-neighbourhood between pixels.  

This parallel application is a membrane algorithm tool for image binarization and 

quantization.  Experimental findings as compared with time of traditional work in 

[66] indicated that the best option is to employ the novel parallel device architecture 

CUDA® in MC processing instead of a single-processor device.  By doing so, the full 

potential parallelism of MC can be efficiently exploited. 

Along similar lines, Díaz-Pernil et al. [42] worked on digital images for the aspect 

of segmentation.  They proposed an algorithm in this aspect in relation to gradient-

based edge detection.  This detection is achieved with the use of bio-inspired parallel 

computing.  In addition, Díaz-Pernil et al. [42] followed the aspect of MC to depict 

classical algorithm.  CUDA® was used to implement the parallel algorithm.  The 

execution was built on a MC device and P systems were designed as a tissue-like 

model.  The A Graphical P (AGP) Segmentor was proposed. AGP segmentor is a new 

algorithm for edge detection.  An experiment was setup in parallel with a 3 × 3 and 5 

× 5 Sobel operator.  The experiment results depict that the AGP segmentor enhances 

the classical version of the Sobel operator. Díaz-Pernil et al. [67] showed how to en-

hance conventional methods for handling digital images and compare the results with 

time of traditional methods [68].  This is done by giving an example of a parallel im-

plementation of parallel naturally inspired computing algorithms. 

6.2 Algorithms-based Membrane Computing for Image Segmentation 

In recent decades, the focus in research in practical usage of computer science entails 

optimization methods and effectiveness.  This has been achieved by appropriately 

merging meta-heuristic search methods and membrane systems [2, 69-70]. This new 

trend of optimization methods is referred to as MC algorithms, first introduced by 

Nishida [71], or membrane algorithms. Interestingly, Păun noted in several works [2, 

72-73] that MC algorithms are really powerful as they combine the advantages of 

both MC and evolutionary algorithms. They (MC algorithms) are regarded as a hybrid 

optimization method class that employs the principles and ideas of meta-heuristic 

search techniques.  It also applies the principles and ideas of hierarchical or network 

structures and the rules of MC device (P systems) [70, 74]. 



In order to address the traveling salesman (TSP) problem, the pioneer model of 

MC algorithms was first introduced by Nishida [71].  The algorithm merged a tabu 

search algorithm along with a Nested Membrane Structure (NMS) inspired by the 

cell-like P system [75].  In this section, the related work pertaining to image segmen-

tation using membrane algorithm will be presented.  The related work that has been 

done only on sequential platforms will be presented in the next sub-section. 

Membrane Computing on Sequential Computing Platforms.  

Tissue-like P System on Sequential Computing Platforms for Real Image Segmenta-

tion. Peng et al. [76] proposed a novel work for a multi-level thresholding method 

based on tissue-like P systems for image segmentation.  The work is evaluated using 

six standard test images to determine optimal segmentation thresholds.  In this work, 

they can effectively search the optimal thresholds for multi-level thresholding based 

on fuzzy entropy.  This is because of its parallel computing capability and the particu-

lar mechanisms of tissue-like P systems.  The method has a fast convergence speed as 

compared with the Particle Swarm Optimization (PSO)-based and Genetic Algorithm 

(GA)-based methods.  This indicates that membrane algorithms can achieve a good 

balance between exploration and exploitation, thus preventing the search process 

being stuck in local minima.  Experiments also show that the method is more efficient 

and effective than other optimization methods for multi-level thresholding. 

Cell-like P System on Sequential Computing Platforms for Real Image Segmentation. 

To enhance the computational efficiency of multi-level threshold, Peng et al. [77] 

presented a novel three-level thresholding method for image segmentation based on 

cell-like P systems.  Essentially, the method can find optimal values effectively using 

total fuzzy entropy because of the cell-like P system and its parallel processing capa-

bility.  The proposed method is evaluated based on applicability and efficiency on 

three standard test images.  The proposed method has been tested on the aforemen-

tioned images and compared with the GA and PSO methods.  The experimental re-

sults show that the method outperforms other methods in terms of applicability and 

computational efficiency.  Another advantage of membrane algorithms is that they 

can maintain the diversity of the population during the course of evolution and thus 

provide fast convergence towards a global optimal.  Peng et al. [77]  did not illustrate 

the platform used in their work.  

In another work, Zhang and Peng [78] presented a novel infrared object segmenta-

tion method using a MC model.  The work is based on a uniquely designed cell-like 

model P system for calculating optimal parameters quickly.  The experiential inspira-

tion is to enhance the efficiency of thresholding methods based on the fuzzy entropy 

that is achieved by applying parallel computing capability as well as singularly de-

signed structure and mechanisms of the systems.  The performance of the method is 

compared with existing entropy-based object segmentation methods, GA and Ant 

Colony Optimization (ACO) methods on different infrared images.  Apart from the 

visual comparisons of segmentation outputs, Zhang and Peng [78] also provided the 

accuracy of object segmentation.  Meanwhile, absolute error ratio was utilized as the 



main comparison criterion.  Experimental outputs indicated that the proposed method 

(thresholding) outperforms other existing methods in the aspect of efficiency for 

computation and its applicability.  Although an evaluation procedure based on seg-

mentation accuracy has been performed in their work, it is not comparable with our 

proposed work as it uses a membrane algorithm that is implemented in MATLAB®, 

whereas, our work uses MC rules and P-Lingua programming language.  

Along similar lines, most recently, Peng et al. [79] proposed a robust multi-level 

thresholding and an efficient technique in MC.  The computing framework is a cell-

like P system with a nested structure of three layers.  However, from the communica-

tion mechanisms and membrane structure of objects, they developed an enhanced 

velocity-position model that is similar to the velocity-position model in the Particle 

Swarm Optimization (PSO) technique.  Cell-like P systems efficiently utilizes the best 

multi-level magnitudes that must be exceeded for an image to be administered by the 

evolution-communication mechanism of objects.  Experiments show that simulations 

on (9) standard images as compared with several state-of-the-art methods reveal its 

ascendancy.  These experiments exhibited the influence of the proposed multi-level 

thresholding has enhanced computation efficiency, robustness and improved quality. 

Tables 1 and 2 summarize the previous works of the MC-based image segmenta-

tion, for the two computation categories; rules and algorithms, respectively. Some 

notes and comments on each previous work are presented in the tables. 

Table 1. Previous works of MC-based segmentation; MC rules category. 

# Study 
Type of P 

system 

Type of  

Segmentation 
Adjacent type 

Image 

type 
Platform Notes 

1 [49] 
Tissue-like 

P system 

Edge-based 

segmentation 

4-adjacency in 

2D image and 

26-adjacency in 

3D Image * 

Artificial  
Tissue 

simulator 

No evaluation procedure 

has been considered 

2 [50] 
Tissue-like 

P system 

Edge-based 

segmentation 

4-adjacency in 

2D image and 

26-adjacency in 

3D image 

Artificial  
Tissue 

simulator 

No evaluation procedure 

has been considered 

3 [36] 
Cell-like P 

system 

Threshold seg-

mentation 
- Artificial  

Simulation 

of cell-like P 

system 

No evaluation procedure 

has been considered. 

4 [52] 
Tissue-like 

P system 

1. Noise removal 

2. Edge-based 

and Threshold 

segmentation 

 

4-adjacency Real 
FPGA unit in 

parallel 

1. Design a new hardware 

tools 

2. No evaluation proce-

dure has been consid-

ered 

5 [51] 
Tissue-like 

P system 

Threshold seg-

mentation and 

homology  

- Artificial Simulation 

1. Multiple auxiliary 

cells. 

2. No evaluation proce-

dure has been consid-

ered. 

6 [46] 
Tissue-like 

P system 

Edge-based 

segmentation 
4-adjacency Real 

C++ Pro-

gram lan-

guage 

No evaluation procedure 

has been considered 

7 [53] 
Tissue-like 

P system 

Region- based 

segmentation 

4-adjacency in 

2D image and 

26- adjacency in 

3D Image 

Artificial  
Tissue 

simulator 

No evaluation procedure 

has been considered 



8 [65] 
Tissue-like 

P system 

1. Noise removal 

2. Edge-detection 

3. Threshold seg. 
- Real 

FPGA unit in 

parallel 

No evaluation procedure 

has been considered 

9 [35] 
Tissue-like 

P system 

Threshold seg-

mentation 
4-adjacency Real 

C++ with the 

plugging 

Parallel 

(CUDA®) 

Time-comparison with 

traditional work (see [66]) 

10 [57] 
Tissue-like 

P system 

Edge-based 

segmentation and 

morphology 

segmentation 

4-adjacency and 

8-adjacency 
Real MATLAB® 

They compute the rate of 

success the procedures 

carried out with the given 

samples was 75% 

11 [37] 
Tissue-like 

P system 

Edge-based 

segmentation 
4-adjacency Real 

C++ pro-

gramming 

language 

No evaluation procedure 

has been considered 

12 [54] 
Tissue-like 

P system 

Threshold seg-

mentation 
- Artificial 

Tissue 

simulator 

No evaluation procedure 

has been considered 

13 [59] 
Tissue-like 

P system 

Region-grown 

based segmenta-

tion 

- 
Real-

gray 
MATLAB® 

compared with the tradi-

tional image segmentation 

methods based on region 

growing 

14 [67]  
Tissue-like 

P system 

Edge-based 

segmentation 
- Real CUDA® 

Time-comparison with 

traditional work (see [68]) 

15 [60] 
Tissue-like 

P system 

Region-grown 

based segmenta-

tion 

- Real - 
No evaluation procedure 

has been considered 

16 [54] 
Tissue-like 

P system 

Region-based 

segmentation 
6-adjacent  Artificial P-Lingua  

No evaluation procedure 

has been considered 

17 [61] 
Tissue-like 

P system 

1. Cleaning noise  

2. Thresholding 

3. Edge-based 

segmentation 

- Real Python 

1. Using multi-membrane 

2. No evaluation proce-

dure has been consid-

ered 

18 [62] 
Tissue-like 

P system 

Edge-based 

segmentation 
- Real - 

No evaluation procedure 

has been considered 

19 [88] 
Tissue-like 

P system 

Region-based 

segmentation 
4-adjacency Artificial 

Tissue 

simulator  

No evaluation procedure 

has been considered 

20 [56] 
Tissue-like 

P system 

Region-based and 

edge-based 

segmentation 

6-adjacent  Artificial P-Lingua  
No evaluation procedure 

has been considered 

* For more information about the comparison between the 4 and 6-adjacency, see [56]. 

Table 2. Previous works of MC-based segmentation; MC algorithm category. 

# Study 
Type of P 

system 

Type of 

Segmentation 

Adjacent 

type 

Image 

type 
Platform     Notes 

1 [77] 
Cell-like P 

system 

Threshold 

segmentation 
- 

  

Real 
- 

1. Proposed three-level thresholding 

2. Compared with PSO-based and GA-

based methods 

2 [78] 
Cell-like P 

system 

Threshold 

segmentation 
- 

  

Real 
- 

1. A special membrane structure with 

three layers was designed 

2. Compared with those of the existing 

entropy-based object segmentation 

methods as well GA-based and 

ACO-based methods 

3 [76] 
Tissue-like 

P system 

Threshold 

segmentation 
- 

  

Real 
- 

1. Multi-level thresholding method 

2. Compared with PSO-based and GA-

based methods 

4 [79] 
Cell-like P 

system 

Threshold 

segmentation 
- 

  

Real 
- 

1. Multi-level thresholding 

2. Compared with PSO-based and 

bacterial foraging (BF)-based multi-

level thresholding methods 



7 Conclusion and Future Directions 

In this paper, a comprehensive and an up to date survey pertaining to image pro-

cessing techniques using MC has been presented. The presented work has been classi-

fied into two main categories, membrane rules and membrane algorithms for the ease 

of presentation. Those categories have been further classified into sequential simula-

tion and parallel simulation.  According to the deep investigation of the related works, 

the research gaps have been identified. Based on the previously presented works, the 

main limitations with the current state-of-the-art methods pertaining to image seg-

mentation using MC are the manual codification of the input image as long as the 

manual visualization of the output image after segmentaion. It is worthwhile to men-

tion that, the use of tissue simulator affects the applicability of the proposed tech-

niques as it is not flexible enough to deal with large images. From a different angle, 

only few works considered the region-based segmentation, whereas the majority of 

the surveyed works had focused on the edge-based segmentation. Furthermore, few 

related works had considered the 6-adjacency and the 8-adjacency, whereas the ma-

jority of the works had considered the 4-adjacency only. For the sake of further ad-

vancement in this field, we outline a number of future directions which could help in 

addressing the current state-of-the-art limitations as follows: 

 One of the major limitations of the majority of state-of-the-art methods is that only 

a sequential architecture simulation was used, which in turn does not exploit the 

massive parallelism inherited in P systems.  To fully make use of the MC parallel-

ism, a parallel architecture such as CUDA® is recommended to gain higher per-

formance speedups over the typical serial implantation. 

 There is clear evidence that MC has a potential to tackle real world problems like 

medical image segmentation and cancer detection. Hence, the use of the large 

standard medical dataset is recommended to help in advanced medical image seg-

mentation domain.  

 Future works may find a way to automatic 2D hexagonal image segmentation. i.e., 

no need for manual entering of the hexagonal image to the segmentation system. 

This will definitely reduce the time and cost of segmentation.  

 Actually, segmentation of color images using P-Lingua requires large memory due 

to the large number of rules needed, relatively, to test all the possibilities of color 

relationships between the pixels. Consequently, this will increase the computation-

al time to achieve the segmentation. Hence, some sort of fuzzy logic and artificial 

intelligence can be deployed to reduce the number of generated rules and conse-

quently reduce the memory requirements and time of the segmentation.   

Acknowledgment. This work is partially supported by The Malaysian Ministry of 

Higher Education under the fundamental research grant scheme (4F802 and 4F786). 

The authors would like to thank the Research Management Centre (RMC), Universiti 

Teknologi Malaysia (UTM) for their support in R&D. 



References 

1. Păun, G.: Computing with membranes. Journal of Computer and System Sciences. 61(1), 

108-143 (2000). doi:10.1006/jcss.1999.1693 

2. Păun, G., Rozenberg, G., Salomaa, A.: The Oxford handbook of membrane computing. 

Oxford University Press, Inc. (2010) 

3. Zandron, C., Ferretti, C., Mauri, G.: Solving NP-complete problems using P systems with 

active membranes. Unconventional Moldels of Computation, 289–301. Springer (2012). 

doi: 10.1007/978-1-4471-0313-4_21 

4. Păun, G.: Introduction: Membrane Computing—What It Is and What It Is Not. Membrane 

Computing. Springer. 1-6 (2002). doi: 10.1007/978-3-642-56196-2_1 

5. Alsalibi, B., Venkat, I., Subramanian, K, Lutfi, S.L., Wilde, P.D.: The Impact of Bio-

Inspired Approaches Toward the Advancement of Face Recognition. ACM Computing 

Surveys (CSUR). 48(1), 5 (2015). doi: 10.1145/2791121 

6. Păun, G.: Membrane computing: Power, efficiency, applications. New Computational Par-

adigms, Springer. 396-407 (2005). doi: 10.1007/11494645_49 

7. Păun, G.: Membrane computing: an introduction, Springer (2002). doi: 10.1007/978-3-

642-56196-2 

8. Yahya, R.I., Hasan, S., George, L.E., Alsalibi, B.: Membrane Computing for 2D Image 

Segmentation.  Int. J. Advance Soft Compu. Appl. 7(1), 35-50 (2015) 

9. Zhang, X., Jiang, Y., Pan, L.: Small universal spiking neural P systems with exhaustive 

use of rules. Bio-Inspired Computing: Theories and Applications, 2008. BICTA 2008. 3rd 

International Conference on, IEEE (2008). doi: 10.1109/BICTA.2008.4656713 

10. Pan, L., Păun, G.: Spiking neural P systems: an improved normal form. Theoretical Com-

puter Science. 411(6), 906-918 (2010). doi: 10.1016/j.tcs.2009.11.010 

11. Pan, L., Zeng, X.: Small universal spiking neural P systems working in exhaustive mode. 

NanoBioscience, IEEE Transactions on. 10(2), 99-105 (2011). doi: 

10.1109/TNB.2011.2160281 

12. Păun, A.: On P systems with active membranes. Unconventional Models of Computation, 

UMC’2K, Springer. 187-201 (2011). doi: 10.1007/978-1-4471-0313-4_15 

13. Niu, Y., Pan, L., Pérez-Jiménez, M. J., Font, M. R.: A tissue P systems based uniform so-

lution to tripartite matching problem. Fundamenta Informaticae. 109(2), 179-188 (2011). 

doi: 10.3233/FI-2011-503 

14. Pan, L., Păun, G., Pérez-Jiménez, M. J.: Spiking neural P systems with neuron division and 

budding. Science China Information Sciences. 54(8), 1596-1607 (2011). doi: 

10.1007/s11432-011-4303-y 

15. Pan, L., Ishdorj, T.-O.: P Systems with Active Membranes and Separation Rules. J. UCS. 

10(5), 630-649 (2004). doi: 10.3217/jucs-010-05-0630 

16. Păun, G., Suzuki, Y., Tanaka, H. and Yokomori, T.: On the power of membrane division 

in P systems. Theoretical Computer Science. 324(1), 61-85 (2004). doi: 

doi:10.1016/j.tcs.2004.03.053 

17. Porreca, A.E., Leporati, A., Mauri, G., Zandron, C.: P systems with active membranes: 

trading time for space. Natural Computing, Springer. 10(1), 167-182 (2011). doi:  

10.1007/s11047-010-9189-x  

18. Alhazov, A., Martín-Vide, C., Pan, L.: Solving graph problems by P systems with restrict-

ed elementary active membranes. Aspects of Molecular Computing, Springer. 1-22 (2004). 

doi: 10.1007/978-3-540-24635-0_1 



19. Díaz-Pernil, D., Gutiérrez-Naranjo, M.A., Pérez-Jiménez, M.J., Riscos-Núñez, A.: Solving 

subset sum in linear time by using tissue P systems with cell division. Bio-Inspired Model-

ing of Cognitive Tasks, Springer. 170-179 (2007). doi: 10.1007/978-3-540-73053-8_17 

20. Díaz-Pernil, D., Gutiérrez-Naranjo, M.A., Pérez-Jiménez M.J., Riscos-Núñez, A.: A uni-

form family of tissue P systems with cell division solving 3-COL in a linear time. Theoret-

ical Computer Science 404(1-2): 76-87 (2008). doi:10.1016/j.tcs.2008.04.005 

21. Díaz-Pernil, D., Pérez-Jiménez, M., Riscos-Núñez, A., Romero-Jiménez,A.: Computation-

al efficiency of cellular division in tissue-like membrane systems. Romanian Journal of In-

formation Science and Technology. 11(3), 229-241 (2008) 

22. Păun, G.: P systems with active membranes: attacking NP-complete problems. Journal of 

Automata, Languages and Combinatorics. 6(1), 75-90 (2001) 

23. Guerrero, G.D., Cecilia, J.M., García, J., Martínez-del-Amor, M., Pérez-Hurtado, I., Pérez-

Jiménez, M.J.: Analysis of P systems simulation on CUDA. XX Jornadas de Paralelismo. 

289-294 (2009) 

24. Cecilia, J.M., García, J.M., Guerrero, G.D., Martínez-del-Amor, M.A., Pérez-Hurtado, I. 

Pérez-Jiménez, M.J.: Simulation of P systems with active membranes on CUDA. Briefings 

in Bioinformatics. 11(3), 313-322 (2010). Doi: 10.1109/HiBi.2009.13 

25. Cabarle, F.G., Adorna, H., Martínez-del-Amor, M.A., Pérez-Jiménez, M.J.: Spiking neural 

P system simulations on a high performance GPU platform. Algorithms and Architectures 

for Parallel Processing, Springer. 99-108 (2011). doi: 10.1007/978-3-642-24669-2_10 

26. Cabarle, F.G.C., Adorna, H., Martínez, M.A.: A Spiking Neural P system simulator based 

on CUDA. Membrane Computing, Springer. 87-103 (2012). doi: 10.1007/978-3-642-

28024-5_8 

27. Cecilia, J.M., García, J.M., Guerrero, G.D., Martínez-del-Amor, M.A., Pérez-Jiménez, 

M.J., Ujaldón, M.: The GPU on the simulation of cellular computing models. Soft Compu-

ting. 16(2), 231-246 (2012). doi: 10.1007/s00500-011-0716-1 

28. Gelenbe, E.: Fundamental concepts in computer science, Imperial College Press (2009) 

29. Martın-Vide, C., Păun, G., Pazos, J., Rodrıguez-Patón, A.: Tissue P systems. Theoretical 

Computer Science. 296(2), 295-326 (2003). doi: 10.1016/S0304-3975(02)00659-X 

30. Ionescu, M., Păun, G., and Yokomori, T.: Spiking neural P systems. Fundamenta informat-

icae. 71(2), 279-308 (2006) 

31. Ibarra, O.H., Păun, G.: Membrane computing: A general view. Ann Eur Acad Sci. EAS 

Publishing House, Liege. 83-101 (2006) 

32. Ceterchi, R., Gramatovici, R., Jonoska, N., Subramanian, K.: Tissue-like P systems with 

active membranes for picture generation. Fundamenta Informaticae. 56(4), 311-328 (2002) 

33. Chao, J., Nakayama, J.: Cubical singular simplex model for 3D objects and fast computa-

tion of homology groups. Pattern Recognition, 1996., Proceedings of the 13th International 

Conference on, IEEE (1996). doi: 10.1109/ICPR.1996.547259 

34. Ceterchi, R., Mutyam, M., Păun, G., Subramanian, K.: Array-rewriting P systems. Natural 

Computing. 2(3), 229-249 (2003) 

35. Peña-Cantillana, F., Diaz-Pernil, D., Berciano, A., Gutierrez-Naranjo, M.Á.: A parallel 

implementation of the thresholding problem by using tissue-like P systems. Computer 

Analysis of Images and Patterns, Computer Analysis of Images and Patterns - 14th Inter-

national Conference, CAIP 2011. 29-31, Seville, Spain (2011). doi: 10.1007/978-3-642-

23678-5_32 

36. Christinal, H.A., Dıaz-Pernil, D., Gutiérrez-Naranjo, M.A., Pérez-Jiménez, M.J.: Thresh-

olding of 2D images with cell-like P systems. Romanian Journal of Information Science 

and Technology (ROMJIST). 13(2),131-140 (2010) 



37. Díaz-Pernil, D., Christinal, H.A., Gutiérrez-Naranjo, M.A., Real, P.: Using membrane 

computing for effective homology. Applicable Algebra in Engineering. Communication 

and Computing. 23(5-6), 233-249 (2012). doi: 10.1007/s00200-012-0176-6 

38. Alsalibi, B., Venkat, I., Subramanian, K., Christinal, H.: A bio-inspired software for ho-

mology groups of 2D digital images. Membrane Computing (ACMC), 2014 Asian Confer-

ence on, IEEE (2014). doi: 10.1109/ACMC.2014.7065800 

39. Ardelean, I., Dıaz-Pernil, D., Gutiérrez-Naranjo, M.A., Pena-Cantillana, F., Reina-Molina, 

R., Sarchizian, I.: Counting cells with tissue-like P systems. Proceedings of the Tenth 

Brainstorming Week on Membrane Computing. 1: 03 (2012) 

40. Zhang, G., Gheorghe, M., Li, Y.: A membrane algorithm with quantum-inspired subalgo-

rithms and its application to image processing. Natural Computing. 11(4), 701-717 (2012). 

doi: 10.1007/s11047-012-9320-2 

41. Peña-Cantillana, F., Berciano, A., Díaz-Pernil, D., Gutiérrez-Naranjo, M.A.: Parallel skele-

tonizing of digital images by using cellular automata. Computational Topology in Image 

Context, Springer. 39-48 (2012). doi: 10.1007/978-3-642-30238-1_5 

42. Díaz-Pernil, D., Peña-Cantillana, F., Gutiérrez-Naranjo, M.A.: A parallel algorithm for 

skeletonizing images by using spiking neural P systems. Neurocomputing. 115, 81-91 

(2013). doi: 10.1016/j.neucom.2012.12.032 

43. Reina-Molina, R., Díaz-Pernil, D., Gutiérrez-Naranjo, M.A.: Cell complexes and mem-

brane computing for thinning 2D and 3D images. Proceedings of the Tenth Brainstorming 

Week on Membrane Computing. 2: 03 (2012) 

44. Berciano, A., Christinal, H., Venkat, I., Subramanian, K.: First steps for a corner detection 

using membrane computing. Membrane Computing (ACMC), 2014 Asian Conference on, 

IEEE (2014). doi: 10.1109/ACMC.2014.7065805 

45. Freixenet, J., Muñoz, X., Raba, D., Martí, J., Cufí, X.: Yet another survey on image seg-

mentation: Region and boundary information integration.  Computer Vision—ECCV 2002. 

Springer. 408-22 (2002). doi: 10.1007/3-540-47977-5_27 
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