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Preface
This volume contains the papers presented at the second Asian Conference on
Membrane Computing (ACMC2013, http://www.acmc2013.org/), which took
place in Chengdu, China, in the period 4–7 November 2013.
As one of the three flagship conferences on membrane computing, ACMC2013
aims to provide a high-level international forum for researchers working in membrane computing and related areas, especially for the ones from the Asian region.
The other two conferences include International Conference on Membrane Computing (CMC) and Brainstorming Week on Membrane Computing (BWMC).
ACMC2013 is not only the continuation of the first conference (ACMC2012) and
also a geographical expansion of CMC, which has been held fourteen times in
different European countries. ACMC2012, organized by Huazhong University of
Science and Technology, was held in Wuhan, China, from October 15 to October
18, 2012, with a selection of papers published as a special issue of the SCI-indexed
international journal International Journal of Unconventional Computing, volume 9, Number 5-6, 2013 (http://www.oldcitypublishing.com/IJUC/IJUC.html)
and a selection of papers published in SCI-indexed English journal, Chinese
Journal of Electronics (http://www.ejournal.org.cn).
The ACMC2013 was organized by the Nature-Inspired Computation and
Smart Grid Lab (NICSG), School of Electrical Engineering, Southwest Jiaotong
University, in cooperation with School of Electrical and Information Engineering,
Xihua University.
The Steering Committee and Program Committee invited six lectures from
Maria Angles Colomer (Lleida, Spain), Kamala Krithivasan (Chennai, India),
Radu Nicolescu (Auckland, New Zealand), Mario J. Pérez-Jiménez (Sevilla,
Spain), Linqiang Pan (Wuhan, China) and Hsu-Chun Yen (Taipei, Taiwan).
In addition to the texts or the extended abstracts of the invited talks, this
volume contains 26 accepted full papers and 2 abstracts of poster papers, each
of which was subject to at least three referee reports. They are arranged in the
alphabetic order of the first authors. After the conference, a selection of papers
from this volume, additionally refereed, will be considered for publication in
(one of) the two SCI-indexed international journals, International Journal of
Computers, Communications and Control (IJCCC) and Romanian Journal of
Information Science and Technology (ROMJIST), and the other papers, also
additionally selected and refereed, will be considered for publication in the two
domestic journals, Systems Engineering–Theory & Practice (EI-indexed) and
Journal of Mathematics in Practice and Theory (CSCD).
We gratefully acknowledge the financial supports accorded to ACMC2013
by the School of Electrical Engineering of Southwest Jiaotong University, Xihua
University and the National Natural Science Foundation of China (61310306009).
We also thank General Chair, Shibin Gao, Southwest Jiaotong University, and
General Co-Chair, Dan Hu, Xihua University, for their great supports at various aspects. We do really appreciate lots of help from Marian Gheorghe at The
University of Sheffield, Linqiang Pan and Tao Song at Huazhong University of

ii

Science and Technology, Mario J. Pérez-Jiménez at University of Seville and
Gheorghe Păun at Institute of Mathematics of the Romanian Academy. Finally,
we would like to thank our efficient secretaries Jixiang Cheng and Tao Wang at
Southwest Jiaotong University, and Min Tu and Zhang Sun at Xihua University for the extensive assistance in many issues related to ACMC2013, and the
conference website builder and maintainer, Zhuyu Chen.
The editors warmly thank the Program Committee, the invited speakers, the
authors of the submitted papers, the reviewers, and all the participants, as well
as all who contributed to the success of ACMC2013.

Chengdu, November 2013

Gexiang Zhang
Jun Wang
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Part 1

Invited talks

Potential of PDP Models: Applications to Real
Ecosystems Management
Maria Angles Colomer
University of Lleida
colomer@matematica.udl.es

Extended abstract: P systems are computational devices inspired by the functioning of living cells, very small organelles with a complex structure that simultaneously carry out diﬀerent interrelated processes in a perfectly synchronized
way and the absence of errors.
Ecosystems, independently of their size, show a strong resemblance with cells,
both composed by a high number of components, organelles in the case of cells
and individuals in the case of ecosystems, that evolve according to their biology
and the environment in which they can be found.
Evolution can consist of a transformation such as a generation of new individuals or a dissolution, that is, a tangible change. Existing parallelism between
cell and ecosystem makes P systems perfect candidates for the study of population dynamics. Among the diﬀerent variants of P systems, Population Dynamics
P systems (PDP systems, for short) have been speciﬁcally deﬁned to such study.
PDP systems enable modelling of complex real ecosystems, although high
values of problems size can drastically reduce the simulators performance, as it
depends on how eﬃcient their designs are.
A higher eﬃciency can be achieved designing parallel implementations or
splitting a given model into simple sub-models structured according to the modularity provided by P systems.

Spiking Neural P Systems and Petri Nets
Kamala Krithivasan
Indian Institute of Technology Madras,
email kamala@iitm.ac.in

Extended abstract: Spiking neural P systems(for short, SN P systems) are
a class of P systems inspired by the spiking activity of neurons in the brain
and SN P system is represented as a directed graph where nodes correspond
to the neurons having spiking and forgetting rules. The rules involve the spikes
present in the neuron in the form of occurrences of a symbol ’a’. It is a versatile
formal model of computation that can be used for designing eﬃcient parallel
algorithms for solving known computer science problems. SN P systems are used
as a computing device in various ways - generators, acceptors and transducers.
SN P system with anti-spikes(for short, SN PA systems) is a variant of SN P
system containing two types of objects, spikes(denoted by ’a’) and anti-spikes
(denoted by ’a-bar’), corresponding somewhat to inhibitory impulses from neuro
biology. Because of the use of two types of objects, the system can encode the
binary digits in a natural way and hence can represent the formal models more
eﬃciently and naturally than the SN P systems.
For eﬃcient formalization and to deal with the implementation and formal
correctness of SN P systems, this talk shows the structural link between SN
P systems and petri nets. A major strength of petri nets is their support for
analysis of many properties and problems associated with parallel systems like
reachability, deadlock, boundedness, termination and liveness. Petri nets working
in sequential of parallelmode are also used as language generators and SN P
systems also can generate languages. The SN P system works in locally sequential
and globally maximal way. That is, each neuron, at each step, if more than one
rule is enabled, then only of them can ﬁre. But still, all neurons ﬁre in parallel at
the system level. This makes it suitable for a natural translation to petri net with
parallel semantics. In general for arbitrary classes of P systems using maximal
parallelism, translations to petri nets are only possible through special semantics
associated with them. In this talk we discuss those interactions investigatng the
role of petri nets as a tool to express behavioral semantics of SN P systems.
We discuss a direct translation of standard SN P systems, SN P systems
with anti-spikes and extended SN P systems into petri net models that exactly
mimic the working of the systems on simulation. The petri net models obtained
after translation are considered for simulation using PNetLab. PNetLab is a java
based petri net tool which supports the parallel execution of transitions. It also
allows to write user deﬁned guard functions in C/C++, which makes it possible
to represent the regular expressions associated with spiking/forgetting rules. It
also provides step-by-step system watching for collecting simulation reports. A
brief discussion on SNPA systems as transducers will also be given (depending
on time).

Membrane Computing with Complex Objects
Radu Nicolescu
University of Auckland
r.nicolescu@auckland.ac.nz

Extended abstract: We further develop our earlier complex objects proposals
and present several new and improved solutions, for a variety of problems: a
faster SAT solution with a ﬁxed number of rules, a simple meta-programming
facility, a monad template and a termination detection algorithm. This results
enforce our conjecture that our complex object proposals enable an eﬃcient
high-level programming style for P systems.

The complete work can be referred to the full paper in this pre-proceeding.

Spiking Neural P Systems
Linqiang Pan
Huazhong University of Science and Technology
lqpanhust@gmail.com

Extended abstract: Membrane computing is one of the recent branches of
natural computing, whose aim is to abstract computing ideas (data structures,
operations with data, ways to control operations, computing models, etc.) from
the structure and the functioning of a single cell and from complexes of cells,
such as tissues and organs including the brain. The various types of membrane
systems are known as P systems after Gheorghe Paun who first conceived the
model in 1998. This talk deals with a class of neural-like P systems, called spiking
neural P systems (SN P systems, for short).
SN P systems are a class of distributed and parallel computing models inspired by spiking neurons. At the beginning an overview will be given for SN
P systems including goal, motivation, biological background (at the level for a
mathematician or computer scientist), and the basic ingredients and functioning
of an SN P system. Examples will be given to show how SN P systems work.
In the second section the computation power of SN P systems will be discussed.
Finally an outlook will be given with a discussion of applications such as the
recognition of images

The P versus NP Problem: Unconventional
Insights from Membrane Computing
Mario J. Pérez-Jiménez
University of Sevilla
marper@us.es
?

Extended abstract: The P=NP question is one of the outstanding open problems in theoretical computer science. The relevance of this question is not only
the inherent pleasure of solving a mathematical problem, since an answer to
it would provide information of high economical interest. On the one hand, a
negative answer to this question would conﬁrm that the majority of current cryptographic systems are secure from a practical point of view. On the other hand,
a positive answer would not only show the uncertainty about the secureness of
these systems, but also this kind of answer is expected to come together with
a general procedure such that it will provide a deterministic algorithm solving
any NP-complete problem in polynomial time.
In this talk, new approaches/tools to attack the previous problem are given
by using Membrane Computing, a branch of Natural Computing aiming to abstract computing models from the structure and functioning of the living cell
as well as from the organization of cells in tissues, organs, and other higher order structures. The devices of this paradigm constitute models for distributed,
parallel and non-deterministic computing. Speciﬁcally, diﬀerent borderlines between eﬃciency and non-eﬃciency are shown in terms of syntactical ingredients
of cell-like and tissue like membrane systems. Each of them provide appealing
characterizations of the P̸=NP conjecture within the framework of this bioinspired and unconventional computing model.

Parallelism and Synchronization in P Systems
and Related Models
Hsu-Chun Yen
National Taiwan University
yen@cc.ee.ntu.edu.tw

Extended abstract: Membrane computing identiﬁes an unconventional computing model, namely a P system, from natural phenomena of cell evolutions
and chemical reactions. Due to the built-in nature of maximal parallelism inherent in the model, P systems have a great potential for implementing massively
parallel systems in an eﬃcient way that would allow us to solve currently intractable problems once future biotechnology (or silicon-technology) gives way
to a practical bio-realization (or chip-realization).
In the standard semantics of P systems, each evolution step of a system
P is a result of applying all the rules in P in a maximally parallel manner.
More precisely, starting from the initial conﬁguration, the system goes through a
sequence of conﬁgurations, where each conﬁguration is derived from the directly
preceding conﬁguration in one step by the application of a multiset of rules,
which are chosen nondeterministically. We require that the application of the
rules is maximal: all objects, from all membranes, which can be the subject of
local evolution rules have to evolve simultaneously. Thus, in general, the number
of times a particular rule is applied at any one step can be unbounded.
The original deﬁnition of P systems calls for rules to be applied in a maximally parallel fashion. However, in some cases P systems operating under limited
parallelism may be a more reasonable assumption. In this talk, we study the computational power of diﬀerent variants of P systems operating under the following
limited parallelism and synchronization mechanisms.
– n-Max-Parallel: at each step, nondeterministically select a maximal subset
of at most n rules to apply (this implies that no larger subset is applicable).
– ≤ n-Parallel: at each step, nondeterministically select any subset of at most
n rules to apply.
– n-Parallel: at each step, nondeterministically select any subset of exactly n
rules to apply.
– Deterministic: the computation path of the system is unique; i.e., at each
step of the computation, the maximal multiset of rules that is applicable is
unique.
– k-deterministic: the maximal multiset of rules applicable at each step is at
most k.
– Sequential: at every step, only one nondeterministically chosen rule instance
is applied.
P systems considered in this talk include catalytic systems, symport/antiport
systems, communicating P systems etc, and their variants. We also consider
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P systems when rules are prioritized under a number of priority notions. We
investigate P systems serving as either language acceptors or generators, and
compare their computing power with models such as restricted/extended Petri
nets, vector addition systems (with states), counter machines, among others.

Part 2

Regular Papers

Spiking Neural P Systems with Structural
Plasticity
Francis George C. Cabarle, Henry N. Adorna, Gyen Neil Ibo
Algorithms & Complexity Lab
Department of Computer Science
University of the Philippines Diliman
Diliman 1101 Quezon City, Philippines
email: fccabarle@up.edu.ph, hnadorna@dcs.upd.edu.ph, gvibo@upd.edu.ph

Abstract. Spiking Neural P (SNP) systems are a class of parallel, distributed, and nondeterministic computing models inspired by the spiking of biological neurons. In this work, the biological feature known as
structural plasticity is introduced as a variant of SNP systems. Structural plasticity refers to synapse creation and synapse deletion. An initial
topology of an SNP system is given, and synapses (connections) among
other (possibly exponential number of ) neurons are created and deleted
for computing use. We provide an example of the variant we introduce.
For both the accepting and generative mode, we prove that SNP systems
with structural plasticity are Turing complete. Lastly, we also provide directions for future research on this variant.

Key words: Membrane Computing, Spiking Neural P systems, neural plasticity,
structural plasticity

1

Introduction

Membrane computing is a recently added branch of Natural computing, aiming
to abstract and obtain ideas (e.g. data structures, data and control operations,
models) from the structure and functioning of biological cells [9]. In 2003 Membrane computing was considered by ISI as a “fast-emerging research area in
computer science”1 . More recently, the idea of spiking in biological neurons have
been introduced in the framework of Membrane computing as Spiking Neural P
systems (SNP systems in short) [5].
In spiking neurons as well as in SNP systems, the indistinct signals known
as spikes do not encode the information. Instead, information is derived from
the time difference between two spikes, or the number of spikes sent (received)
during the computation, since the result can be defined as the number of spikes
collected during the computation instead of per time step. Time therefore is
an information support in spiking neurons, and not just a background for performing computation. SNP systems can be thought of as a network of multiset
1
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processors, processing spike objects and sending these to other neurons. Essentially, SNP systems are directed graphs where nodes are neurons (often drawn
as ovals) and edges between neurons are synapses. Spikes (represented as the
symbol a) are sent from one neuron to another using their synapses. In SNP
system literature, many biologically inspired features have been introduced for
computing use, producing many SNP system variants: see e.g. [4][7][8][11][12][14]
and references therein to name a few.
In this work we are interested with the biological feature known as neural
plasticity which is concerned with synapse and topology modification. Of particular interest then in this work are SNP system variants with some form of
neural plasticity: Hebbian SNP (HSNP) systems [4] and SNP systems with neuron division and budding [7][14]. In [4], given two neurons σi , σj and a synapse
(i, j) between them, if spikes from neuron σi arrive repeatedly and shortly before
neuron σj sends its own spikes, the synapse weight (strength) of (i, j) increases.
If however the spikes from neuron σj arrive after the spikes of σj are sent,
synapse weight of (i, j) is decreased. HSNP systems were introduced for possible
machine learning use in the framework of SNP systems. In [7][14], other than
spiking rules (rules that allow a neuron to send spike to other neurons), two
new rules are introduced: neuron division and neuron budding rules. Both new
rules involve creation of novel synapses (synaptogenesis) due to creation of novel
neurons (neurogenesis). The initial topology of the system is thus changed due
to the application of the new rules, creating exponential workspace (in terms of
neurons) in linear time. The SAT problem was then solved in [7][14] using the
exponential workspace created.
The particular type of neural plasticity we introduce in the framework of
SNP systems in this work is structural plasticity. Structural plasticity is concerned with any change in connectivity between neurons, with two important
mechanisms: (1) synaptogenesis and synapse deletion, (2) synaptic rewiring [2].
Unlike Hebbian (also known as functional) plasticity which concerns itself with
only two neurons (for synapse strength modification), synaptic rewiring involves
at least three neurons: if we have three neurons σi , σj , σk and only one synapse
(i, j), in order to create a synapse (i, k) then synapse (i, j) must be deleted first2 .
Synaptogenesis is of course present during neuron division and budding, due to
neurogenesis, but synapse deletion or rewiring is not included. In [7][14] a linear number of neurons form the initial topology of the SNP system, which then
eventually creates an exponential number of neurons after some linear amount
of time.
Furthermore, biological neurons in adult human brains can reach more than
billions in numbers, and each neuron can wire to thousands of other neurons.
This phenomenon is another biological motivation in this work. In this work
we have a collection of (possibly exponential number of) neurons. The initial
topology of a system is still composed of a linear number of neurons wired or
connected using synapses. We are only concerned however, with the creation and
2

This is inspired by homeostasis in biological neurons, where total synapse number
in the system is left unchanged [2].
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deletion of synapses over this collection, for computing use. The initial topology
will then change: it is possible the system will connect an exponential number of
neurons together at certain time steps (due to synapse creation) and make use
of additional workspace; at other time steps the system can connect a linear or
polynomial number of neurons (due to synapse deletion) and “release” additional
workspace from the system which are no longer needed.
This work is organized as follows: In section 2 we provide some preliminaries
needed for the rest of this work. In section 3, SNP systems with structural
plasticity are defined. An illustration of this definition using an example is given
in section 4. We prove that SNP systems with structural plasticiy are Turing
complete in section 5. Finally, we provide in section 6 some final remarks and
future research directions for the SNP system variant introduced.

2

Preliminaries

Membrane It is assumed that the readers are familiar with the basics of Computing (a good introduction is [10] with recent results and information in the P
systems webpage3 and a recent handbook in [13] ) and formal language theory
(available in many monographs). We only briefly mention notions and notations
which will be useful throughout the paper.
We denote the set of natural (counting) numbers as N = {1, 2, . . .}. Let V be
an alphabet, V ∗ is the set of all finite strings over V with respect to concatenation
and the identity element λ (the empty string). The set of all non-empty strings
over V is denoted as V + so V + = V ∗ −{λ}. We call V a singleton if V = {a} and
simply write a∗ and a+ instead of {a∗ } and {a+ }. If a is a symbol in V , a0 = λ.
A regular expression over an alphabet V is constructed starting from λ and the
symbols of V using the operations union, concatenation, and +. Specifically,
(i) λ and each a ∈ V are regular expressions, (ii) if E1 and E2 are regular
expressions over V then (E1 ∪ E2 ), E1 E2 , and E1+ are regular expressions over
V , and (iii) nothing else is a regular expression over V . With each expression
E we associate a language L(E) defined in the following way: (i) L(λ) = {λ}
and L(a) = {a} for all a ∈ V , (ii) L(E1 ∪ E2 ) = L(E1 ) ∪ L(E2 ), L(E1 E2 ) =
L(E1 )L(E2 ), and L(E1+ ) = L(E1 )+ , for all regular expressions E1 , E2 over
V . Unnecessary parentheses are omitted when writing regular expressions, and
E + ∪ {λ} is written as E ∗ .
By N RE we denote the family of Turing computable sets of numbers i.e.
N RE is the family of length sets of recursively enumerable languages recognized
by Turing machines. In proving computational universality, we use the notion of
register machines. A register machine is a construct M = (m, I, l0 , lh , R), where
m is the number of registers, I is the set of instruction labels, l0 is the start
label, lh is the halt label, and R is the set of instructions. Every label li ∈ I
uniquely labels only one instruction in R. Register machine instructions have
the following forms:
3
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– li : (ADD(r), lj , lk ), where the value in register r is increased by 1 then nondeterministically go to either instruction label lj or lk ;
– li : (SUB(r), lj , lk ), where if the value in register r is nonzero, then subtract
1 from it and go to instruction label lj , otherwise go to instruction label lk ;
– lh : HALT, the halt instruction.
Given a register machine M , we say M computes or generates a number
n as follows: M starts with all its registers empty. The register machine then
applies its instructions starting with the instruction labeled l0 . Without loss of
generality, we assume that l0 labels an ADD instruction, and that the content of
the output register is never decremented, only added to during computation, i.e.
no SUB instruction is applied to it. If M reaches the halt instruction lh , then
the number n stored during this time in the first register is said to be computed
by M . We denote the set of all numbers computed by M as N (M ). It was
proven that register machines compute all sets of number computed by a Turing
machine, therefore characterizing N RE [6]. Register machines can also work in
an accepting mode. A number n is stored in the first register of register machine
M , with all other registers being empty. If the computation of M starting with
this initial configuration halts, then n is said to be accepted or computed by
M . In the accepting mode and even with M being deterministic, i.e. given an
ADD instruction li : (ADD(r), lj , lk ) with lj = lk written simply as li : (ADD(r), lj ),
register machine M can still characterize N RE.
As a convention in Membrane computing, when comparing the power of two
number generating or accepting devices D1 and D2 , the number zero is ignored,
i.e. N (D1 ) = N (D2 ) if and only if N (D1 ) − {0} = N (D2 ) − {0}. This convention
corresponds to the common practice in language and automata theory to ignore
the empty string.

3

Spiking Neural P Systems with Structural Plasticity

In this section we introduce the variant of SNP systems with structural plasticity.
While the definition is complete, followed by an example in the immediately succeeding section, familiarity with standard SNP systems as in [5][12] will be very
useful. Formally, a Spiking Neural P system with structural plasticity (SPSNP
system) of a finite initial degree m ≥ 1, m ∈ N, is a construct of the form
Π = (O, L, synt , n1 , . . . , nm , R, in, out),
where
– O = {a}, the singleton alphabet (a is called spike);
– L, a finite set of neuron labels for every neuron σi , i ∈ L;
– synt ⊆ L × L, a synapse set providing the topology of Π at time t, each pair
(i, j) is called a synapse, and (i, i) is not a synapse for i, j ∈ L;
– ni ≥ 0, the initial number of spikes in neuron σi , i ∈ {1, . . . , m};
– R, a finite set of rules of the following forms, given labels i, j ∈ L with regular
expression E defined over O and c, b, d, k ∈ N ∪ {0}:
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1. Spiking rule [E/ac → ab ; d]i where c ≥ 1, if b > 0 then d ≥ 0 and c ≥ b,
else if b = 0 then d = 0;
2. Synapse creation rule [E/ac → +k : (i, j)]i , j ∈ Li ⊆ L where (i, j) is
not a synapse before applying this rule, and k ≥ 1;
3. Synapse deletion rule [E/ac → −k : (i, j)]i , j ∈ Li ⊆ L where (i, j) is a
synapse before applying this rule, and k ≥ 1;
– in, out ∈ {1, 2, . . . , m} are the indices of the input and output neuron respectively.
Rules of type 1 known as spiking rules are applied as follows: We interchangeably refer to a neuron with label i ∈ L as neuron i or σi . If neuron σi contains
k spikes (i.e. k copies of the spike symbol a inside σi ) and ak ∈ L(E), k ≥ c,
then the rule [E/ac → ab ; d]i is applied. Applying this rule removes c spikes from
neuron σi so that only k − c spikes remain. The neuron fires or sends b spikes
to every neuron σj such that (i, j) is a synapse and j ∈ L i.e. to every other
neuron with a synapse from neuron σi . If d ≥ 1 and the rule was applied at time
step t, the b spikes arrive to adjacent neurons at time step t + d. As is usual in
Membrane computing, a global clock is assumed so the operation is synchronous.
During the interval t to t + d − 1 the neuron is said to be closed 4 and all spikes
sent to the neuron during this interval are lost or removed. If d = 0 then the
spikes are sent to other neurons at the same time step the rule was applied. At
time t + d + 1 the neuron is said to be open and can receive spikes and apply
rules again.
If b = 0 so that we have a0 = λ, this is a special form of a spiking rule called
a forgetting rule. Forgetting rules are of the form E = as written as [as → λ]i ,
s spikes are forgotten or removed from σi . Additionally, if a spiking rule can
be applied then no forgetting rule can be applied, and vice-versa i.e. for every
forgetting rule [as → λ]i , and for every spiking rule [E/ac → ab ; d]i , as ∈
/ L(E).
Similar to forgetting rules, if a spiking rule has E = ac we write this in the
simplified form [ac → ab ; d]i . If d = 0 we omit it from writing.
In every time step, if a neuron can apply a rule, then it must apply the rule.
Given two spiking rules [E1 /ac1 → ab1 ; d1 ]i and [E2 /ac2 → ab2 ; d2 ]i , it is possible
to have L(E1 ) ∩ L(E2 ) 6= ∅, so we nondeterministically choose between the two
rules. Neurons operate in parallel (parallelism is global) but neurons apply their
rules sequentially (at most one rule per time). The regular expression per rule
in every neuron is the condition that must be satisfied in order for the rule to
be applied.
Before we proceed, some additional notation is required. At time step t we
denote by pret (σi ) the set of all neuron labels l ∈ L of neuron σi such that
(i, l) is a synapse at time t; postt (σi ) is the set of all neuron labels m ∈ L
such that at time t we have (m, i) as a synapse5 . Synapse creation and deletion
rules (type 2 and 3 rules) work as follows: Each σi has its own Li ⊆ L which
is the set of neuron labels that σi can create synapses to or delete synapses
4
5

This corresponds to the refractory period in biology.
The pre and post sets correspond to neuron σi as either being the presynaptic or
postsynaptic neuron in biology.
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from. The idea is that Li represents a “neighbourhood” of neurons that σi can
connect to or disconnect from, using synapses. The neighbourhood set Li of
σi is fixed, unlike the sets pret (σi ) and postt (σi ) which change due to synapse
creation and deletion rule application. Since an SPSNP system is a directed
graph, the neighbourhood set Li is not symmetric i.e. Li involves only labels
to be included in pret (σi ), regardless of postt (σi ). When a synapse creation
rule [E/ac → +k : (i, j)]i is applied at time t, c spikes are again consumed in
σi at time step t. Unlike spiking rules, it is important to point out that the
consumed spikes in applying a synapse creation rule are not sent to neurons in
pret (σi ). Then, k novel synapses are added from σi to every other σj , j ∈ Li
such that (i, j) was not a synapse before the application of the synapse creation
rule i.e. at time t − 1 we have j ∈ Li − pret−1 (σi ). If 1 ≤ |Li − pret (σi )| ≤ k
then σi creates a synapse to all labels in Li − pret (σi ) (deterministic synapse
creation). If however |Li − pret (σi )| > k then σi nondeterministically chooses k
labels in Li − pret (σi ) to create synapses to (nondeterministic synapse creation).
In the case where Li − pret (σi ) = ∅, i.e. σi is connected to all neurons in its
neighbourhood, c spikes are still consumed but no synapses are created. The
applied synapse creation rule therefore works as a forgetting rule. In the case
where a spiking rule is applied and pret (σi ) = ∅, i.e. σi is not connected to any
neuron in its neighbourhood, c spikes are consumed and the spiking rule also
works as a forgetting rule, remaining closed until t + d − 1 given a delay d ≥ 1.
When a synapse deletion rule [E/ac → −k : (i, j)]i is applied at time t,
c spikes are consumed in σi at the same time step, and k existing synapses
(before the time of rule application) are deleted or removed. Similar to applying
synapse creation rules, it is important to point out that spikes consumed in
applying synapse deletion rules are not sent to neurons in pret (σi ). The k deleted
synapses will be chosen from pret−1 (σi ) ⊆ Li , i.e. if before rule application we
have j ∈ pret−1 (σi ), then delete k number of (i, j) synapses. Similar to synapse
creation rules, synapse deletion rules can deterministically (k ≥ |pret (σi )|) or
nondeterministically (k < |pret (σi )|) choose which synapses to delete. In the
case where pre(σi ) = ∅, i.e. there is no synapse to be deleted since σi is not
connected to any neuron in its neighbourhood, a synapse deletion rule acts as a
forgetting rule.

At any given time step the configuration of the system can be represented
as hr1 /t1 , . . . , rm /tm i where σi contains ri ≥ 0 spikes and ti ≥ 0 is the number
of steps before σi becomes open. The initial configuration therefore is given
as hn1 /0, . . . , nm /0i (all neurons are initially open). Any sequence of transitions
starting from the initial configuration is called a computation. Computation halts
if all neurons are open and no rules can be applied. The set syn0 dictates the
initial topology at time t = 0 i.e. initial connection or wiring of the system.
Due to synapse creation and deletion, the set syn0 can change after starting the
computation. Note that the sets pret (σi ) and postt (σi ) for σi can be derived
from the set synt .
The result of a computation can be defined in several ways in SNP system
literature [12]. For this work we consider the first two time steps that the output
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neuron (often drawn as a neuron with a synapse to the environment and not
to any other neuron, i.e. pret (σout ) = ∅ for any time t) fires or spikes to the
environment: if the first spiking time of out is t and the second spiking time
is t + k then we say (t + k) − t = k is computed or generated by an SPSNP
system. The set of all numbers computed this way is denoted as N2 SP SN P ,
where the subscript 2 indicates we only consider the difference between the first
two spiking times of out. Note that 0 cannot be computed which is why we
disregard this number when investigating the computing power of any device.
SPSNP systems computing in this manner are referred to as operating or working
in the generative mode, where in is ignored.
SPSNP systems can also work in the accepting mode, where out is ignored.
Two spikes are introduced into the system using the in neuron (input neuron is
often drawn as a neuron with a synapse coming from the environment and not
from any other neuron, i.e. postt (σin ) = ∅ for any time t), at time steps t and
t + k. The number (t + k) − t = k is computed or accepted by an SPSNP system
if the computation halts. We denote the set of numbers accepted this way as
Nacc SP SN P . The families of all sets computed by SPSNP systems is denoted
as Nα SP SN P, α ∈ {2, acc}.

4

An Example of an SPSNP System

In this section an example of an SPSNP system is given in order to illustrate
the definition and functions of SPSNP systems from section 2. We consider an
SPSNP system Πex shown in Fig. 1 defined formally as follows
Πex = (O, L, syn, n1 , n2 , n3 , n4 , nA1 , nA2 , nA3 , R, 4),
where
O = {a}, L = {1, 2, 3, 4, A1 , A2 , A3 },
syn0 = {(2, Ai ), (3, 4), (Ai , 1)}, i ∈ {1, 2, 3},
ni = 0, i ∈ {2, 3, A1 , A2 , A3 }, n1 = 3, n4 = 1,
R = {[a3 /a → +1 : (1, j)]1 , j ∈ L1 = {2, 3}}∪
{[a2 /a → a]1 }∪
{[a → −1 : (1, j)]1 , j ∈ L1 = {2, 3}}∪
{[a → a]i , i ∈ {2, 3, 4, A1 , A2 , A3 }},
out = 4 (we ignore in since Πex is generative).
Only neuron σ1 has a synapse creation and deletion rule. The computation of
Πex proceeds as follows. Neuron σ1 always uses its rules in the following order:
(1) synapse creation rule (due to σ1 having a3 spikes initially and the synapse
creation rule having E = a3 , consuming one spike and leaving a2 spikes), (2)
spiking rule (due to σ1 now having a2 spikes and the spiking rule having E = a2 ,
consuming one spike and leaving only a spike), and (3) synapse deletion rule
(due to σ1 now having a spike, and the synapse deletion rule having E = a,
consuming one spike and leaving no other spike in σ1 ). The initial topology of
Πex is given by syn0 .
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Fig. 1. Πex generating {4m − 1|m ≥ 1, m ∈ N} and j ∈ L1 = {2, 3}.

When applying its synapse creation rule, neuron σ1 nondeterministically
chooses one σj , j ∈ L1 = {2, 3}, to which σ1 will create a synapse to (since
k = 1). There is nondeterministic synapse creation since k = 1 < |L1 −
pre1 (σ1 )| = 2, where pre1 (σ1 ) = ∅ at time t = 1. At t = 1 therefore we
can have either syn1 = {(1, 2), (2, Ai ), (3, 4), (Ai , 1)}, i ∈ {1, 2, 3} or syn01 =
{(1, 3), (2, Ai ), (3, 4), (Ai , 1)}, i ∈ {1, 2, 3}, due to nondeterministic synapse creation. Once a synapse is created, σ1 sends a spike using its spiking rule and the
newly created synapse at time t = 2. At t = 2 we have syn2 equal to either syn1
or syn01 . Then at time t = 3, σ1 uses its synapse deletion rule to deterministically delete the created synapse at t = 1. The synapse deletion is deterministic
because k = |pre3 (σ1 )| = 1, since before the synapse deletion rule application,
σ1 created a synapse from itself to either σ2 or σ3 . After the synapse deletion
rule of σ1 is applied at t = 3 we have syn3 = syn0 again. Since σ1 is the only
neuron with a synapse creation and deletion rule in Πex , at any time t we only
choose from three topologies i.e. synt is either equal to syn0 ,syn1 or syn01 .
Notice that σ4 has one spike so at time step 1 it sends its first spike to the
environment. If at the same time step σ1 chooses to create synapse (1, 3) (instead
of (1, 2)) then it can be seen that at time step 2, σ1 sends a spike to σ3 . At time
step 3, σ3 sends a spike to σ4 (at this time σ1 also deletes synapse (1, 3)) so σ4
spikes for the second (and last) time at step 4 and Πex halts. Recall that for
generative SPSNP systems we only consider the difference between the times of
the first two spikes of out, so we say 4 − 1 = 3 is generated or computed by
Πex . If however σ1 nondeterministically chooses to create synapse (1, 2) (instead
of (1, 3)) at some step n ≥ 1, n ∈ N, then at n + 1 neuron σ2 receives a spike
from σ1 . At n + 2, σ2 sends one spike each to auxiliary neurons A1 , A2 , A3 and
synapse (1, 2) is deterministically deleted by σ1 . These auxiliary neurons spike
at time n + 3, sending one spike each to σ1 so that σ1 collects three spikes again.
If at n + 4 neuron σ1 chooses to create synapse (1, 3) instead, σ4 will send its
second spike at n + 7, i.e. after 3 time steps.
Due to the construction of Πex , the set of numbers it generates is (n + 7) −
1 = n + 6 where n is the time step that σ1 chooses to create synapse (1, 2)
immediately before creating synapse (1, 3) and halting the system. Therefore we
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have N2 (Πex ) = {4m − 1|m ≥ 1, m ∈ N} i.e. the set {3, 7, 11, 15, . . .}, which
is the set generated by Πex . Recall that the number zero is ignored when we
investigate the computing power of devices.

5

Computational Completeness of SPSNP Systems

In this section we show that SPSNP systems, variants of SNP systems, are computationally universal or Turing complete, i.e. they characterize N RE, both in
the accepting and generative mode. In SPSNP systems there are two levels of
nondeterminism: (1) in selecting which rule to apply in a neuron, and (2) in
selecting which synapses to create (or delete). However, we prove that nondeterminism of the latter kind, i.e. nondeterminism in selecting which synapses to
create, is sufficient for universality. We start with SPSNP system in the generative mode, followed by the accepting mode.
SPSNP systems working in the generative mode
Theorem 1. N RE = N2 SP SN P.
Proof. To prove Theorem 1 we only have to prove that N RE ⊆ N2 SP SN P
since the inclusion of the converse is straightforward or we can invoke the TuringChurch thesis. In order to prove N RE ⊆ N2 SP SN P we will construct a generative SPSNP system that (1) simulates the register machine M , and (2) the
SPSNP system spikes to the environment only twice, the time difference between the two spikes being the number computed by M . We consider a register
machine M = (m, I, l0 , lh , I) introduced in Section 2 in the generative mode.
A specific SPSNP system ΠM is constructed which will simulate register machine M . Instead of formally defining ΠM and all of its technical details which
may be difficult to follow, ΠM and its modules are represented graphically. The
modules of ΠM are the ADD, SUB, and FIN modules which correspond to the
instructions ADD, SUB, and halting of M , therefore simulating M .
The initial configuration of ΠM is that all neurons are initially empty except for
neuron with label l0 , corresponding to the label of the initial instruction of M .
Neuron l0 contains two spikes or a2 at the initial configuration. At every time
step in the computation, if register r of M has a value n, then neuron σr of ΠM
will contain 2n spikes. The neurons in these modules have the following neuron
labels: li , lj , lk ∈ L, associated with the same labels in I; labels 1, 2, . . . , m ∈ L
associated with registers of M ; labels li1 , li2 , li3 , li4 , li0 ∈ L associated with the label
li identifying ADD and SUB instructions from I; labels f1 , f2 , f3 , f4 , f5 , f6 ∈ L used
by the FIN module; label out ∈ L for the output neuron. Note that the labels
in L injectively associate with instructions in M , so that each label uniquely
identifies one instruction.
Module ADD. The module ADD of ΠM is shown in Fig. 2. Since the initial
instruction of M is l0 which is an ADD instruction, we assume we are in a step
in which we have to simulate li : (ADD(r), lj , lk ). We have two spikes in neuron
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σli and no spike in other neurons, except the neurons associated with registers
of M . Since neuron li has two spikes, it applies its rule and sends one spike each
to neurons li1 , li2 , li3 , li4 .
During the next step, neurons li1 and li2 send one spike each to neuron r,
increasing the number of spikes in σr by two spikes. This corresponds to increasing the contents of register r of M by one. At the same step, neurons li1 , li2 , li3 , li4
send one spike each to neuron li0 , so that neuron li0 collects four spikes at this
time. For the moment neuron r is shown to contain no rules in Fig. 2, but later
we will mention that each neuron associated with a register has two rules which
are used in the SUB modules. In simulating an ADD instruction, the number of
spikes of neuron r only increase by two spikes, and its rules are never fired.
Since an ADD instruction must nondeterministically choose either instruction
lj or lk , in ΠM we have to nondeterministically send two spikes to either σlj or
σlk . Either neuron lj or lk will then spike, but not both. In order to perform
this nondeterministic choosing, we have neuron li0 which will apply its rules
deterministically in the following order once it obtains four spikes: (1) use its
synapse creation [a4 /a → +1 : (li0 , j)]li0 rule with j ∈ Lli0 = {lj , lk }, once neuron
li0 has four spikes (the rule consumes one spike, leaving a3 spikes in neuron
li0 ), to nondeterministically create either synapse (li0 , lj ) or (li0 , lk ), (2) use its
spiking rule [a3 /a2 → a2 ]li0 , consuming two spikes and sending two spikes to
either neuron lj or lk using the synapse created in (1) and leaving one spike in
neuron li0 , and (3) to delete the synapse created in (1) using its synapse deletion
rule [a → −1 : (li0 , j)]li0 . Note that we have seen this deterministic order of rule
application from the example SPSNP system in section 4.
The nondeterministic synapse creation is what implements or performs the
nondeterministic choice (and eventual spiking) of either σlj or σlk , corresponding
to the nondeterministic choice of label lj or lk in the ADD instruction. If neuron
li0 chooses to create synapse (li0 , lj ) (respectively, (li0 , lk )) then neuron lj (respectively, lk ) receives two spikes and is able to spike afterwards. From the spiking of
neuron li we nondeterministically allow either neuron lj or lk , but not both, to
spike afterwards while increasing the spike contents of neuron r by two spikes.
We therefore correctly simulate the ADD instruction.
Modules SUB and FIN. The SUB and FIN modules are as they are from
the original SNP systems paper in [5], and we refer to them in this proof with
minor label changes. We “import” or use the SUB and FIN modules in [5] in this
work to perform the SUB instruction and to halt the computation, respectively.6
In [5], the ADD and SUB instructions are associated with labels l1 , l2 , l3 , which
in this work we refer to as labels li , lj , lk respectively. The reason why the SUB
and FIN modules from [5] can be used (with minor modifications in neuron and
instruction labels) in ΠM together with the ADD module described above, is
three-fold: first, the encoding for register content n and spike count in registers
associated with neurons being 2n, is the same; second, two spikes are what
enables or makes the neurons (associated with instruction labels) spike in the
6

A preprint of [5] can be found in the previous P systems webpage link at http:
//psystems.disco.unimib.it/download/spikingf.pdf.
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Fig. 2. Module ADD simulating li : (ADD(r), lj , lk ) with j ∈ Lli0 = {lj , lk }.
ADD module of ΠM which is true for the enabling or spiking of SUB and FIN
modules in [5]; third, the SUB and FIN modules in [5] work in a deterministic
manner so there is no need for nondeterministic synapse creation or deletion.
The SUB module imported from [5] will simulate an li : (SUB(r), lj , lk ) instruction of M . In this case we have the rules of neuron r to be [a(a3 )+ /a3 → a]r
and [a → a; 1]r (in Fig. 2 these two rules were not shown). The SUB module from
[5] starts from the spiking of neuron li (corresponding to label li with the SUB
instruction) and passes on to the spiking of neuron lj (corresponding to instruction lj ) and decreasing the spikes in neuron r if σr has an even number of spikes
(corresponding to register r being nonempty and having its contents decreased
by one), but we allow neuron lk to spike instead if neuron r has only one spike
(corresponding to register r being empty). The SUB module of ΠM imported
from the SUB module in [5] therefore correctly simulates the SUB instruction.
Once a computation in M reaches the halting instruction lh , this corresponds
to neuron lh receiving two spikes and spiking afterwards. Let t be the time when
neuron lh fires, then the out neuron of the FIN module from [5] first spikes
at time t + 3 while spiking the second time at t + n + 3. At time t neuron 1
(corresponding to register 1 of M ) has 2n spikes since register 1 contains the
value n once instruction lh is reached. The FIN module of ΠM (imported from
[5]) therefore has a difference between the two spiking times of its out neuron as
(t + n + 3) − (t + 3) = n, precisely the value of register 1 at the halting of M .
Therefore we have N2 (ΠM ) = N (M ), completing the proof.
t
u
SPSNP systems working in the accepting mode
Recall that in the accepting mode, precisely two spikes enter an SPSNP system
using the in neuron. The system will halt after the second spike is received,
though the halting time does not necessarily coincide with the time the second
spike entered the system. For the accepting mode, we consider only deterministic
systems such as the instruction li : ADD(r), lj ) which is the deterministic ADD
instruction. Therefore the system is simpler than that from the generative mode.
The counterpart of Theorem 1 for the accepting mode is the following theorem.
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Theorem 2. N RE = Nacc SP SN P.
Proof. The proof for Theorem 2 is consequence of Theorem 1, similar to [5]
where the proof for the theorem of accepting SNP systems characterizing N RE
was a consequence of the proof of the theorem of generative SNP systems charcterizing N RE. We simulate a deterministic register machine M that works in
the accepting mode, and we construct a specific SPSNP system ΠM simulating
M . Again, we import modules from [5]. The SPSNP system ΠM is basically a
deterministic SNP system only, without the synapse creation and deletion rules,
and whose modules are taken from [5] used to prove a similar theorem about
N RE and accepting SNP systems.
Since ΠM is an accepting SPSNP system, we do not require a FIN module,
but instead we import and use an INPUT module from [5]. Also, the initial configuration of ΠM is such that no spike exists in ΠM , since spikes are introduced
into the system using the in neuron. The task of the INPUT module is two-fold:
(1) to store 2n spikes in neuron σ1 , correspdonding to the content of register 1
of M being n, and (2) to start the computation once the second spike enters ΠM
by allowing neuron l0 , corresponding to the initial label in M , to spike and begin
the computation. Notice that this operation of the INPUT module is consistent
with the operation of the system for the proof of Theorem 1 since a register r
with content n has a corresponding neuron r with 2n spikes, and the neuron l0
starts its operation after obtaining two spikes.
The ADD module in this case is simpler since the ADD instruction to be
simulated is a deterministic instruction. No synapse deletion or creation rule
is necessary to simulate this ADD instruction. The SUB module is unchanged
from the proof of Theorem 1 and module FIN is no longer necessary. Again, the
computation of ΠM will halt if and only if the computation of M also halts. We
therefore complete the proof.
t
u
Note that in the proofs of Theorem 1 and Theorem 2, the neighbourhood
set Li of σi is very simple in that |Li | = 2 so σi can only choose between two
neurons to connect or create a synapse to. A similar, simple choice is also seen
for synapse deletion rules. For both synapse creation and deletion rules we only
had k = 1 so at any time step a synapse creation or deletion rule is applied,
at most one synapse is created or deleted, respectively. These parameters, the
value of k per synapse creation or deletion rule, as well as the size of Li , can be
used as complexity parameters of SPSNP systems. Our results show that even
with simple systems, i.e. k = 1 and |Li | = 2, we can still achieve computational
universality both for accepting and generative SPSNP systems.

6

Final Remarks and Future Research Directions

Several research directions can be taken now that SPSNP systems have been
introduced. We list below some of the more immediate research directions. How
do we perform or include synaptic rewiring (parallel synapse creation and deletion) in the framework of SNP or SPSNP systems? Synaptic rewiring rule might
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be of the form [E/ac → ±k : (i, j)]i where we remove k synapses and then add
k synapses at the same time step. If synapse deletion and creation is nondeterministic, it is then possible that some (or all) of the deleted synapses will be the
synapses created at the same time step.
Continuing those in section 5, additional resources or complexity parameters can be considered e.g. bounds in total system synapse number, number of
synapse creation or deletion performed (the value of k) in relation to homeostasis
in synapse count. It is also interesting to realize how we can use SPSNP systems
to solve computationally hard problems or as a framework for distributed (even
ad hoc) computations, for possible practical use.
For a neuron i with |Li | = 2, this can perhaps be treated as switching or
toggling from a true value to a false value (an ON/OFF switch), as in boolean
or transistor based circuits, depending on which neuron σi decides to create a
synapse to or delete a synapse from. We can have an SPSNP system consisting
of modules of this kind, where the modules work as parts of boolean gates.
It seems we might be able to use synapse creation and deletion features of
SPSNP systems in order to simulate maximal parallelism in cell-like P systems
with noncooperative rules. Simulation in this case is not the same as the simulation done in section 5, but is more related to structural equivalence as in process
algebra [1]. For example, an object b in region i corresponds to a neuron σbi , and
the number of spikes inside σbi corresponds to the copies of object b in region i.
If region i contains b2 objects and a rule b → c is applied in region i twice (due
to maximal parallelism), then region i now contains c2 objects. For the SPSNP
system, σbi spikes only once but sends one spike each to two auxiliary neurons.
At the next time step the two auxiliary neurons send one spike each to σci . Since
the synapses from σbi to the auxiliary neurons as well as the synapses from the
auxiliary neurons to σci might not be used again (corresponding to the fact that
the rule b → c may not be used again), then these synapses are only created
when needed and are deleted after use.
Relations of SPSNP systems to evolving or dynamic graphs (sometimes also
called temporal networks or graphs) also seem to be naturally related to creation
and deletion of connections in SPSNP systems. Investigating the relationship of
SPSNP systems to these graphs or networks seem fruitful. Lastly, identifying
other ways to create the neighbourhood of a neuron is also worth investigating,
perhaps by using topologies as was done in [3].
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Abstract. A radial basis function neural network (RBFNN) equivalent sliding
mode controller (ESMC) based on the tree structure membrane optimization
algorithm for the ball-plate system is introduced in the paper. The RBFNN
parameters are optimized by tree-structure membrane optimization (TMO)
algorithm firstly, and then combined the optimized RBFNN with ESMC for
ball-plate system. The simulation results demonstrate the potential of the
improved algorithm, compared the control system without optimization, we can
see the tracking speed, robustness and control efficiency are improved,
buffeting has also been decrease, which embody the nice characters of the
TMO-RBF-ESMC control system.
Keywords: RBFNN, ESMC, membrane computing, TMO, ball-plate system.

1

Introduction

In recent years, sliding mode control method gradually attracted the attention of
scholars. Its biggest advantage is that sliding mode has fully adaptive to interference
and perturbation on the system, and once the system state enters into the sliding mode
motion, it quickly converges to the control objective. Hence the ESMC provides an
effective way for the robustness design of the delay system, the uncertainty system.
But there exist buffeting in ESMC, so this paper introduced the RBFNN to weaken
the buffeting. RBFNN has good nonlinear mapping ability and it has proved that the
RBFNN can approximate any continuous function at any precision[1].
A few algorithms inspired by membrane computing have been studied and applied to
optimization problems. For example, the membrane algorithms have worked out a
traveling salesman problem successfully the dynamic multi-objective optimization
algorithm inspired by MC was used for solving problems. The result reported in the
literatures show their excellent performance. Nevertheless, the problems solved are

28

X. Dong, D. Liu, P. Shi

unconstrained, and their robustness and efficiency have not been sufficiently
evaluated[6-10].
Inspired by the topology structure, in this paper, researched a membrane computing
optimization method which used tree topology structure. The membrane optimization
algorithm is the application of the membrane computing in optimization field. The
improved membrane algorithm called TMO in this paper is combined with the tree
structure and membrane computing.
Ball and plate system is a typical, multivariable and nonlinear MIMO systems. Due to
the strong nonlinearity of the system, a precise mathematical model is difficult to
obtain, so the control effect of traditional methods is not so effective. A RBF-ESMC
control scheme based on the improved membrane optimization algorithm (TMORBF-ESMC) for ball-plate system which compared the control system without
optimization is designed to enhance its learning ability and optimized structure[2-5].

2

The Mathematical Model of Ball-plate System

The dynamical equation of system is shown below, obtained by Euler-Lagrange's
equation [3]:
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The system variables are selected as following: m is the mass of the ball(0.038kg); r is
the radius of the ball(15mm);
is the ball inertia(
;
is the plate
inertia(
); x, y is the displacement of the ball along the x-axis, y-axis;
is
the angle between x-axis of the plate and horizontal plane,
is the angle between xaxis of the plate and horizontal plane;
is the torque exerted on the plate in x-axis,
and
is the torque exerted on the plate in the y-axis; And usually
,
⁄ , two inputs
.If we define
and , the system can be
modeled in the state-space form as follows:
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3
Design of Optimized RBF-ESMC Variable Structure Control
System
3.1

The Structure of RBF-ESMC Based on TMO Control Scheme

The neural network has strong mapping capability for nonlinear systems, and strong
self-learning function. The combination of neural network and ESMC can achieve the
adaptive sliding mode control, and also can weaken buffeting to some extent. The
structure of control system is shown in Fig.1.
L
TMO
Disturbance

+
r(k) +

e(k)

RBFNN

u(k)

Ball-plate system

+
y(k)
-

y(k)

ESMC

Fig. 1. Structure of control system based on RBF-ESMC
The RBFNN has excellent approximation properties, which is used to approximate
to , thus the system can get the best control output. Let
the output of
RBFNN
the output of ESMC, the method is called RBF-ESMC, the three
parameters of RBFNN is optimized by the TMO. The total output of the control law is
as follows.
3.2

The Design of RBF-ESMC Controller

About the ESMC[5]:
(8)
A, B, C, D is the coefficient of the state space.
[

]

(9)

is the item generated when system’s state equation is changed into discrete error
equation
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(10)
，

With

,

，
(11)

is the input instruction signal,
is change rate of
error，and
is the change rate of error.
The whole output:

.

represents

(12)
3.3

The Design of RBFNN Based on TMO Optimization

The RBFNN set the structure of 2-6-1 as Fig.2.

hj
x1

un

x2
Fig. 2. Structure of RBFNN
RBF neural network is with three layers network. Input layer to hidden layer is
nonlinear, and the hidden layer to the output is linear. It greatly accelerated the
learning speed and could avoid local minimum problems. In this control system,
assume the input of network is
, the hidden layer output of network
is
, as
is the equation above. The output of network is
.
The inputs of RBF are as follows:
(13)
(14)
is the switching function which is defined as follows:
(15)
and
is error and the error change rate.
learning indicator.
And
(

‖

‖

)

is selected as the

.

(16)
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is on behalf of radial basis function at the hidden layer, and
are the centre
and width of the Gaussian function respectively,
is the corresponding weight.
(17)
In this paper, I use the TMO to optimize the
relative change

.

,

and

and

of RBFNN. By the use of

can be adjusted by the optimization

algorithm.
(

)

(

)

(

)

is the learning rate,
is the inertia factor.
It has been divided into three subsystems, each has two regions.
The structure of membrane is divided into two subsystems, subsystem1 has two
regions (M4, M5), and subsystem2 has three regions (M1, M2, M3)，and this process
is proceeded as follow.
Step1: specify the total population size, the subpopulation size in each membrane and
the num of membrane.
Step2: the objects in each membrane evolve in turn by the rules of select, rewrite,
transposition and crossover. The rules are as follows.
is the ith object of the
membrane, and
is the new object.
Select rule: (
{
is the fitness of
Rewrite rule: (

, and

is the new fitness.

{
is the random number between (0,1),
random variation.
Transportation rule: (
)

is the probability of rewrite,

，

{
，

is the probability of transportation.
Crossover rule: (
)

is the
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{

(
(

)

)

is the random number between (0,1),
is the probability of crossover.
Communication rule:
Each membrane conveys the results of good fitness
to its upper to communicate
with each other.
Step3: if the evolution is over, the communication rule is applied to the two
subsystems of the branch.
Step4: the final results go into the skin.
Step5: output the optimized results.
A flowchart and the structure of this process is show in Fig.3-4:
Initialize parameter

The objects in each membrane evolve in turn
by the rules

Complete?

N

Whether objects in each
membrane complete in the
evolution by turn?

Use the exchange rules

N
Halt conditions

Output results

Fig. 3. The process of TMO
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Output

Skin

M4

M5

M1

M2

M3

Fig. 4. The structure of TMO
A num of 24 parameters, which consist of ,
and
have to be optimized, we
select the scale of population is 60; the individual length is 24; the maximum number
of iteration is 150;
is 0.1;
is 0.05;
is 0.9; the objects of communication is
30%;
;
; c=5, and other initial value set 0. Then we choose the
energy function as:
∑
is the desired output,
is the reality output. And if the actual output
is desired
to approach the desired output ,
must be least. In fact, in the optimization
process L had a coefficient 100.
At last, the change curve of error function by TMO is in Fig.5.

155.5
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times

Fig. 5. The optimization curve of TMO
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From Fig.5, we can see that the optimization effect of TMO for RBF-ESMC can
complete the goal of optimization. And Data before and after optimization are shown
below.
Before optimization:
[

]

After optimization:
TMO:
[

4
4.1

]

Simulation Results and Analysis
Stabilizing Simulation Results

Preset three points A(9,6), B(1,3.5) and C(4,1), the results are shown as below. Below
are the results under the condition with random disturbance in Fig.6. This paper
discussed the buffeting of these algorithms in Fig.7.
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Fig. 6. Stabilizing simulation results of three points
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Fig. 8. Stabilizing simulation results of four points

Table 1. The results of simulation.
TMO-RBF-ESMC
Stable time
0.048S

RBF-ESMC
Stable time
0.08S

6

7

8

9
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Table 2. The peak value of buffeting .
TMO-RBF-ESMC
Peak value
0.000065

RBF-ESMC
Peak value
0.000097

Preset four points A(2,3), B(7,-4) ,C(2,-5), and D(8,6) the results are shown as below.
Below are the results under the condition with random disturbance in Fig.8 This paper
shows the buffeting in Fig.9.
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Fig. 9. The error of system
Table 3. The results of simulation.
TMO-RBF-ESMC
Stable time
0.05s

RBF-ESMC
Stable time
0.09s

Table 4. The peak value of buffeting .
TMO-RBF-ESMC
Peak value
0.000011

RBF-ESMC
Peak value
0.000025

From those results above, the RBF-ESMC control system can improved the buffeting,
but after the optimization of TMO algorithm, it has better optimization effect, quick
dynamic response and good control quality, and after optimization by TMO the
buffeting can be weaken more than that before optimization, the stability and
efficiency can be improved.
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The Tracking Results of Ball and Plate System

When the ball is set an ellipse or some other trajectory, its velocity need to change at
all time, so the trajectory tracking is the most difficult than others. As shown below,
an ellipse is chosen as the desired trajectory.
The parameters after optimization:
TMO:
[

]

Simulation results comparison with random disturbance are shown below, we can
conclude after optimization with TMO, the proposed algorithm had better control
performance, especially the anti-disturbance performance.
4
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Fig. 10. Trajectory tracking of ellipse
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We can find that the adjustment time 0.18(s) without optimization, and after
optimization the TMO is 0.02(s) The contrast simulation results showed that
robustness of the proposed method was better and its precision was higher than that
without optimization, the control accuracy has been improved.

5

Conclusions

This paper applied the TMO-RBF-ESMC to the ball and plate system and with the
help of RBFNN optimized by TMO to improve the control effect and buffeting.
Finally this paper researched innovatively tree-structure membrane optimization
algorithm to optimize the method described above, to make the control results better.
Simulation results showed that TMO-RBF-ESMC has better performance for than
without optimization. In addition, simulation results also showed that the applied
method has excellent anti-disturbance performance and quite high precision.
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Abstract. The satisﬁability problem (SAT) is a well known NP-complete
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1

Introduction

SAT is probably the best known NP-complete problem [1], and it decides whether
a given propositional formula in conjunctive normal form (CNF) is satisﬁable.
There are many eﬃcient algorithms to solve SAT, and two types of them are
familiar: complete algorithms such as DP [2] and DPLL [3], they are theoretically
possible to ensure either to ﬁnd a solution that satisﬁes all the clauses at least or
to prove that this solution does not exist (namely, the instance is unsatisﬁable);
incomplete algorithms such as annealing algorithm [4], Wu′ s method [5], they are
generally based on the idea of stochastic local search (it means that the instance
of SAT is satisﬁable if a solution can be found; otherwise, it cannot be regarded
as unsatisﬁable) [6].
Membrane computing is a branch of natural computing and it abstracts computing models from the architecture and the functioning of living cells, as well
as from the organization of cells in tissues, organs (brain included) or other
higher order structures such as colonies of cells (e.g., of bacteria). The computing models in the framework of membrane computing are usually called P
systems. Solving SAT by P systems with active membranes is a widely investigated problem [7-12]. These solutions mainly diﬀer in the types of the rules, the
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number of possible polarizations of the membranes, and the various controlling
strategies (asynchronous or synchronous, maximal or minimal parallelism).
Most of the algorithms mentioned above provide yes/no answers, but an
increasing number of real applications require the solvers to provide all solutions
of SAT such as model checking [13], optimization of logic circuit [14]. Obtaining
all of the truth assignments of SAT is called All-SAT. Refs.[15-17] propose several
algorithms to solve these problems. Solving All-SAT requires exponential time
at the worst case, and how to eﬃciently solve it remains open.
Solving All-SAT in distributed and parallel manner may be a kind of eﬃcient
method. P system is a distributed and parallel computing model. After converting the instances of SAT from the conjunctive normal form (CNF) to disjunctive
normal form (DNF), we design a kind of P system for solving All-SAT according
to the properties of propositional logic. The solution can be obtained by our
designed system in polynomial time owing to making full of use of the maximal
parallelism of P systems. The remainder of this paper is organized as follows.
In Section 2, we give brief descriptions of the model of P systems and All-SAT.
The designed P system for solving All-SAT are discussed in Section 3. The eﬃciency and feasibility of the proposed system are demonstrated by two instances
in Section 4. The last section concludes this paper.

2
2.1

Foundations
The basic model of P system

Up to now, there are several models already proposed for P systems [7], Fig.1
gives an instance of cell-like P systems which are common in membrane computing. Cell-like P systems mainly consist of membranes and objects, and one
membrane can contain other membranes. It can be abstracted as computation
that the objects in a membrane can evolve and pass through the membrane, so
the whole system can be looked as a complex computing system. The membranes,
which can be divided, created and separated, are called active membranes [18].
Exponential computing space can be obtained in a linear time since the active
membrane can produce new membranes, so these membranes are often used in P
systems for solving NP problems. Additionally, each membrane can be polarized
with positive (+) , negative (−) and neutral (0).

Fig. 1. An instance of cell-like P systems

Each membrane can be denoted by using a pair of square brackets with
the label at bottom right. For example, the P system shown in Fig.1 can be

Solving All-SAT problems by P systems

41

3 − 0
described as [[a2 ]+
1 [b c]2 ]0 . In Fig.1, we can see that: membrane 0, which is also
called the skin, contains membranes 1 and 2 (they contain the multisets a2 and
b3 c respectively); membrane 0 is neutral, membrane 1 is positive, and membrane
2 is negative.
In P systems, evolution rules are described in rewriting form and they control
evolving and transmitting the objects, producing new membranes. All of the
actions of the objects and membranes are performed in parallel. If no evolution
rule is applicable for the objects and membranes, the system halts and the
computation ends.
In this paper, new membranes are produced through membrane division
which is common in active membranes. A P system with membrane division
and electrical charges can be deﬁned as [18]:

Π = (O, H, µ, ω1 , . . . , ωm , R)

(1)

where:
- O is alphabet of objects;
- H is a ﬁnite set of labels for membranes;
- µ is a membrane structure, consisting of m membrane labeled with the elements
of H (not necessarily in a one-to-one manner);
- ω1 , ω2 , . . . , ωm are strings over O, describing the multisets of objects placed in
the m regions of µ;
- R is a ﬁnite set of evolution rules of the following forms:
(1) [a → b]eh , for h ∈ H, e ∈ {+, −, 0}, a, b ∈ O∗
(object evolution rules; associated with membranes and depending on the
label and the charge of the membrane, but not directly involving the membranes,
in the sense that the membrane does not take part in the application of these
rules)
(2) a[]eh1 → [b]eh2 , for h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O
(communication rules; an object is introduced in the membrane and possibly modiﬁed during this process; also the polarization of the membrane can be
modiﬁed, but not its label)
(3) [a]eh1 → b[]eh2 , for h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O
(communication rules; an object is sent out of the membrane and possibly
modiﬁed during this process; also the polarization of the membrane can be modiﬁed, but not its label)
(4) [a]eh → b, for h ∈ H, e ∈ {+, −, 0}, a, b ∈ O∗
(dissolving rules; in reaction with an object, a membrane can be dissolved
while the object speciﬁed in the rule can be modiﬁed)
(5) [a]eh1 → [b]eh2 [c]eh3 , for h ∈ H, e1 , e2 , e3 ∈ {+, −, 0}, a, b, c ∈ O∗
(division rules for elementary membranes which does not include any other
membrane; in reaction with an object, the membrane is divided into two membranes possibly with diﬀerent polarizations; the object speciﬁed in the rule is
replaced in the two membranes by possibly new objects; the remaining objects
are duplicated and may evolve in the same step by rules of type(1)).
The rules of type (1) are applied in maximally parallel way (all objects which
can evolve by such a rule should evolve), while the rules of types (2)-(5) are used
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sequentially, in the sense that one membrane can apply at most one rule of these
types at a time. In a word, the rules are used in non-deterministic maximally
parallel manner: all objects and all membranes which can evolve should evolve.
2.2

SAT and its solutions in P systems

The satisﬁability problem (SAT) determines if there exists a truth assignment
for a given Boolean formula. If propositional formula C is a conjunctive formula
composed by disjunctive clauses, C is called conjunctive normal form formula,
namely
C = C1 ∧ C2 ∧ . . . ∧ Cm

where, Ci (1 ≤ i ≤ m) represents the i-th clause, which form is as follows:
Ci = yi,1 ∨ yi,2 ∨ . . . ∨ yi,pi

each symbol yi is either the propositional variable or the opposite of variable. pi
is the number of propositional variables in clauses Ci .
For example, the number of clauses in β = (x1 ∨ x2 ) ∧ (x1 ∨ x2 ) ∧ (x2 ) is
m = 3, and they are C1 = (x1 ∨x2 ), C2 = (x1 ∨x2 ), C3 = (x2 ); the number of the
propositional variables is n = 2, and they are x1 and x2 ; a group of assignment
(x1 = true, x2 = f alse) could make the formula be true, so this formula is
satisﬁable.
There are some methods to solve SAT by P systems [9-12]. The general
process for solving the SAT problem (with n variables) by the existing P systems
can be described as the follows:
(a) Generation and evaluation stage: with the help of active membranes, all
possible assignments associated with the formula can be generated and evaluated.
(b) Checking stage: in each membrane, the formula will be checked whether
it is true on the assignment or not.
(c) Output stage: The system sends out to the environment the ﬁnal answer
(yes or no).
For example, we have
(x1 ∨ x2 ) ∧ (x1 ∨ x2 ) ∧ (x2 )

(2)

The procedure of evaluating Eq.(2) is:
(a) Generation and evaluation stage (see Fig.2(a)): for the CNF of Eq.(2),
true and false are assigned to xi respectively and put into the membranes labeled
by 2; then all assignments can be obtained after several steps; there are four
membranes labeled by 2 and each of them corresponds to one assignment to
Eq.(2) respectively.
(b) Checking stage (see Fig.2(b)): all of the membranes labeled by 2 are
checked in parallel to decide whether the assignment corresponding to them can
satisfy Eq.(2); the result true means satisﬁable while false means unsatisﬁable.
(c) Output stage (see Fig.2(c)): the system output yes to the environment if
one or more true is generated in the previous stage, and it means that Eq.(2) is
satisﬁable; otherwise, no will be output.
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(c) outputting the ﬁnal result

Fig. 2. The procedure of evaluating Eq.(2)

2.3

All-SAT problem

Up to now, the P systems for solving SAT can only provide a yes/no answer.
All-SAT is required to obtain all of the truth assignments of the instance, so the
P systems for solving SAT are not suitable to solve All-SAT directly.
In the methods for solving All-SAT, Ref.[17] proposes an algorithm to solve
All-SAT by the equivalent transformation, and the algorithm can be described
as follows:
(1) Transformation
The given propositional formula in CNF form will be transformed to the
logically equivalent form of DNF;
(2) Simpliﬁcation
The DNF version of the formula can be simpliﬁed according to the properties
of propositional logic, including removing the clause in DNF whose result is a
nil (due to xi ∧ xi = 0), and merging the same Boolean variables (xi ∧ xi = xi );
(3) Obtaining all satisfying assignments
The simpliﬁed DNF, which is obtained from the previous step, is complemented to make sure that it contains all of the Boolean variables of the SAT
instance. At this moment, all of the satisfying assignments can be obtained.
For example, we have
(x1 ∨ x2 ) ∧ (x2 ∨ x3 ) ∧ (x1 ∨ x2 ∨ x3 )

(3)

According to the algorithm described above, Eq.(3) can be evaluated by the
following steps.
Stage1: transformation (from CNF to DNF)
(x1 ∨ x2 ) ∧ (x2 ∨ x3 ) ∧ (x1 ∨ x2 ∨ x3 )
= (x1 ∧ (x2 ∨ x3 ) ∨ x2 ∧ (x2 ∨ x3 )) ∧ (x1 ∨ x2 ∨ x3 )
= ((x1 ∧ x2 ) ∨ (x1 ∧ x3 ) ∨ (x2 ∧ x2 ) ∨ (x2 ∧ x3 )) ∧ (x1 ∨ x2 ∨ x3 )
= ((x1 ∧ x2 ) ∧ x1 ∨ (x1 ∧ x2 ) ∧ x2 ∨ (x1 ∧ x2 ) ∧ x3 )∨
((x1 ∧ x3 ) ∧ x1 ∨ (x1 ∧ x3 ) ∧ x2 ∨ (x1 ∧ x3 ) ∧ x3 )∨
((x2 ∧ x2 ) ∧ x1 ∨ (x2 ∧ x2 ) ∧ x2 ∨ (x2 ∧ x2 ) ∧ x3 )∨
((x2 ∧ x3 ) ∧ x1 ∨ (x2 ∧ x3 ) ∧ x2 ∨ (x2 ∧ x3 ) ∧ x3 )
= (x1 ∧ x2 ∧ x1 ) ∨ (x1 ∧ x2 ∧ x2 ) ∨ (x1 ∧ x2 x3 ) ∨ (x1 ∧ x3 ∧ x1 )∨
(x1 ∧ x3 ∧ x2 ) ∨ (x1 ∧ x3 x3 ) ∨ (x2 ∧ x2 ∧ x1 ) ∨ (x2 ∧ x2 ∧ x2 )∨
(x1 ∧ x2 x3 ) ∨ (x2 ∧ x3 ∧ x1 ) ∨ (x2 ∧ x3 ∧ x2 ) ∨ (x1 ∧ x3 x3 )
Stage2: simpliﬁcation
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(x1 ∧ x2 ∧ x1 ) ∨ (x1 ∧ x2 ∧ x2 ) ∨ (x1 ∧ x2 x3 ) ∨ (x1 ∧ x3 ∧ x1 )∨
(x1 ∧ x3 ∧ x2 ) ∨ (x1 ∧ x3 x3 ) ∨ (x2 ∧ x2 ∧ x1 ) ∨ (x2 ∧ x2 ∧ x2 )∨
(x1 ∧ x2 x3 ) ∨ (x2 ∧ x3 ∧ x1 ) ∨ (x2 ∧ x3 ∧ x2 ) ∨ (x1 ∧ x3 x3 )
= (x1 ∧ x2 ∧ x3 ) ∨ (x1 ∧ x3 ∧ x2 ) ∨ (x1 ∧ x3 ) ∨ (x2 ∧ x3 x1 ) ∨ (x2 ∧ x3 ) ∨ (x2 ∧ x3 )
= (x1 ∧ x3 ) ∨ (x2 ∧ x3 )
Stage3: obtaining ﬁnal result
(x1 ∧ x3 ) ∨ (x2 ∧ x3 )
= (x1 ∧ x2 ∧ x3 ) ∨ (x1 ∧ x2 ∧ x3 ) ∨ (x1 ∧ x2 ∧ x3 )
There are three assignments which can satisfy Eq.(3), namely, (x1 = true, x2 =
true, x3 = true), (x1 = true, x2 = f alse, x3 = true) and (x1 = f alse, x2 =
true, x3 = true).

3

P systems for solving All-SAT

Solving SAT by P systems with active membranes is widely investigated in membrane computing [7-12] and these systems only provide yes/no answers. In this
section we discuss how to solve All-SAT by P systems.
For convenience, we have some conventions in the rest of this paper:
(1) ΠAll SAT is used to denote the kind of P system for solving All-SAT.
(2) The instance of SAT, which will be solved by ΠAll SAT , is given in CNF form
and converted to the logically equivalent DNF form. So the CNF form of the
instance is input into ΠAll SAT , and the DNF can be obtained after its CNF
form is converted by ΠAll SAT .
3.1
ΠAll

The definition of ΠAll
SAT

SAT

can be deﬁned as the form of Eq.(1) in subsection 2.1:
ΠAll

SAT

= (O, H, µ, ω1 , ω2 , · · · , ωm , R)

(4)

where,
(1) The objects in the O mainly contain:
⟨Xi,j , V ⟩ denotes a Boolean value of variable xi in the j-th clause. V = 0
and V = 1 denote xi and xi in the j-th clause respectively. Additionally, N is
assigned to V when there is neither xi nor xi in the j-th clause.
⟨Xi , V ⟩ denotes the assignment of Boolean variable xi .
Besides the objects mentioned above, other objects are used to control the
application of the rules, and we do not interpret them here.
(2) H is a ﬁnite set of labels for membranes; in this paper, we denote the outermost membrane (i.e., the skin membrane) by 0.
(3) The initial structure of ΠAll SAT is [[]01 []02 · · · []0m ]00 , m is the number of clauses
in the CNF.
(4) The initial and ﬁnal multisets of ΠAll SAT are given in subsection 3.2.
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(5) R = R1 ∪ R2 ∪ R3 , rule set R1 is used to convert the CNF to the DNF;
the rules in R2 are applied to simplify the DNF; and rule set R3 is use to output all satisﬁable solutions of the SAT instance. The rules in R1 , R2 , R3 will be
presented in subsection 3.3.

Xi,j,,1! 0 Xi,j,,1! 0
+
+
2
1

0
Xi,j,,1! 0
*M1,1!
+
m
0

Fig. 3. The initial conﬁguration of ΠAll

SAT

Fig.3 shows the initial conﬁguration of ΠAll SAT : each submembrane in membrane 0 (such as membranes 1 and 2) corresponds to a clause of the CNF respectively. In Fig.3, object ⟨Xi,j , V ⟩ denotes a Boolean value of variable xi in
the j-th clause (1 ≤ i ≤ n, 1 ≤ j ≤ m, n is the number of propositional variables
in the CNF and m is the number of the clauses); objects + and * represent
the disjunctive and conjunctive operators respectively; object ⟨M1,1 ⟩ is used to
trigger the system ΠAll SAT . Besides these membranes, other membranes will be
dynamically created during the evaluation.
The procedure of solving All-SAT by ΠAll SAT can be described as:
(1) Conversion: according to the properties of propositional logic, the CNF is
converted to the DNF by applying the rules in R1 (see subsection 3.3).
(2) Simpliﬁcation: the membranes will be dissolved by the rules in R2 (see subsection 3.3) in one of the following cases:
a) object ⟨Xi,j , V ⟩ occurs in the membrane;
b) objects ⟨Xi,j , 0⟩ and ⟨Xi,j , 1⟩ occur in the membrane together.
(3) Obtaining the ﬁnal results: the assignments that satisfy the DNF also satisfy
the SAT instance, and the all of these assignments will be found out by the rules
presented in subsection 3.3.
3.2

The Input and output of ΠAll

SAT

For an SAT instance with n Boolean variables and m clauses, its CNF form is
input into ΠAll SAT , and the set of input objects is:
OL = {⟨Xi,j , V ⟩|1 ≤ i ≤ n, 1 ≤ j ≤ m, V ∈ {0, 1, N }} ∪ {M1,1 , +, ∗}, OL ⊂ O
For Eq.(2), the set of input objects in ΠAll

SAT

is:

OL = {⟨X1,1 , 1⟩⟨X2,1 , 0⟩⟨X1,2 , 1⟩⟨X2,2 , 1⟩⟨X1,3 , N ⟩⟨X2,3 , 0⟩} ∪ {⟨M1,1 ⟩, +, ∗}
The initial conﬁguration of ΠAll

SAT

for solving Eq.(2) is shown in Fig.4(a).
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X1,1,1! 0 X1,2,1! 0 X1,3,N! 0
X2,1,0!
X2,2,1!
X2,3,0! *M1,1!
+
+
+
2
1
3
0

X1,1!
X2,0!

(a) the initial conﬁguration

0 0

1

0

(b) the ﬁnal conﬁguration

Fig. 4. Input and output of ΠAll

SAT

for solving Eq.(2)

After applying the rules presented in subsection 3.3, the ﬁnal result can be
obtained when ΠAll SAT halts, and each membrane with the label 1 corresponds
to one of the satisﬁable assignments. As shown in Fig.4(b), only one assignment
can satisfy Eq.(2) (namely, x1 = true and x2 = f alse).
3.3

The evolution rules in ΠAll

SAT

According to the description in the previous subsection, the rules in ΠAll SAT
can be grouped into three sets.
3.3.1 Conversion
The rules in R1 are applied to convert the CNF to the DNF.
(1) ⟨M1,1 ⟩[]00 → [⟨M1,1 ⟩]00
Object ⟨M1,1 ⟩, which is responsible for triggering ΠAll SAT , is sent into membrane 1 by applying the rule of type (1).
(2) [⟨Mi,1 ⟩]01 → [⟨Mi+1,1 ⟩⟨Yi,1 ⟩∗]01 (1 ≤ i ≤ n)
When object ⟨Mi,1 ⟩ occurs in membrane 1, the rules of type (2) can be applied to divide membrane 1 into two membranes: the labels and polarizations
of the new membranes are the same as the ones of membrane 1; object ⟨Mi,1 ⟩
is replaced by the new multisets ⟨Mi+1,1 ⟩⟨Yi,1 ⟩ and ⟨Yi,1 ⟩∗ respectively; the remaining objects are duplicated.
(3) [⟨Yi,1 ⟩⟨Xi,1 ⟩]01 → []01 (1 ≤ i ≤ n)
[⟨Yi,1 ⟩⟨Xh,1 , V ⟩ + ∗]01 → [⟨Yi,1 ⟩∗]01 (1 ≤ i, h ≤ n, h ̸= i)
⟨Yi,1 ⟩ and ⟨Xi,1 ⟩ are consumed together in membranes labeled by 1. Objects
⟨Yi,1 ⟩, ∗, ⟨Xh,1 , V ⟩ and + are consumed together with new objects ⟨Yi,1 ⟩ and ∗
produced.
(4) [⟨Mn+1,1 ⟩+]01 → ⟨S1,2 ⟩e+
Once multiset ⟨Mn+1,1 ⟩+ occurs, the membrane labeled by 1 is dissolved and
this multiset evolves to ⟨S1,2 ⟩e+.
(5) ⟨S1,j ⟩e[]0j → [⟨S1,j ⟩]0j (1 ≤ j ≤ m)
j−1

j−1

[⟨S1,j ⟩⟨Xi,j , V ⟩]0j → []0j ⟨Si,j ⟩⟨gi,j ⟩n ⟨Xi,j , V ⟩n
(i ≤ n, j ≤ m)
⟨gi,j ⟩⟨Xi,j , V ⟩[]01 → [⟨gi,j ⟩⟨Xi,j , V ⟩]01 (1 ≤ i ≤ n, 1 ≤ j ≤ m)
0
[⟨gi,j ⟩]01 → [α]+
1 [⟨Yi,j ⟩d]1 (i < n)
0
0
[⟨Yi,j ⟩⟨Xi,j , V ⟩]1 → []1 (1 ≤ i ≤ n, 1 ≤ j ≤ m)
[⟨gi,j ⟩]01 → [d]01 (i = n)
[d]01 → d[]01
j−1
⟨Si,j ⟩dn []0j → [⟨Si+1,j ⟩]0j (1 ≤ i ≤ n, 1 ≤ j ≤ m)
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Multiset ⟨S1,j ⟩e goes into the membrane labeled with j and evolves to ⟨S1,j ⟩
simultaneously. Multiset ⟨Si,j ⟩⟨Xi,j , V ⟩ is sent out from the membrane labeled
j−1
j−1
with j and evolves to ⟨Si,j ⟩⟨gi,j ⟩n ⟨Xi,j , V ⟩n
simultaneously. Multiset ⟨gi,j ⟩
⟨Xi,j , V ⟩ is sent into the membrane with label 1 and neutral charge. When object
⟨gi,j ⟩ occurs in the membrane with label 1 and neutral charge, this membrane is
divided into two new membranes with the same label and diﬀerent polarizations.
When i = n, object ⟨gi,j ⟩ is consumed with d produced. Object d goes out the
j−1
membrane with label 1 and neutral charge. Multiset ⟨Si,j ⟩dn
goes into the
membrane label j and neutral charge and evolves to ⟨Si+1,j ⟩ simultaneously.
j
(6) [⟨Sn+1,j ⟩]0j → ⟨S1,j+1 ⟩αn −n (1 ≤ j ≤ m)
0
α[]+
1 → [α]1
0
0
[α]1 → []1 β
When object ⟨Sn+1,j ⟩ occurs the membrane with label j and neutral charge,
j
the membrane is dissolved and ⟨Sn+1,j ⟩ evolves to ⟨S1,j+1 ⟩αn −n simultaneously.
Object α goes into the membrane with label 1 and the polarization of the membrane is modiﬁed. Object α goes out of the membrane with label 1 and evolves
to β when the charge of the membrane is neutral.
j
(7) [β n −n → e]00
[⟨S1,m+1 ⟩e∗ → ⟨S0,0 ⟩]00
The rules of type (7) will be applied in the membrane labeled by 0: multiset
j
β n −n evolves to e, while multiset ⟨S1,m+1 ⟩e∗ evolves to ⟨S0,0 ⟩.
3.3.2 Simplification
The rules in R2 are used to simplify the DNF.
m
(1) [⟨S0,0 → ω n ]00
In the membrane labeled by 0, object ⟨S0,0 ⟩ evolves to ω n to trigger the
simpliﬁcation stage.
(2) ω[]01 → [ω]01
[ω⟨Xi,j , N ]01 → ω (1 ≤ i ≤ n, 1 ≤ j ≤ m)
[ω⟨Xi,j , 0⟩⟨Xi,k , 1⟩]01 → ω (1 ≤ i ≤ n, 1 ≤ j, k ≤ m)
[ω⟨Xi,j , V ⟩]01 → [ωθ⟨Xi , V ⟩]01 (1 ≤ i ≤ n, 1 ≤ j ≤ m, V ∈ {0, 1})
[θ⟨Xi , V ⟩k ]01 → [θ⟨Xi , V ⟩]01 (1 ≤ i ≤ n, 2 ≤ k ≤ m, V ∈ {0, 1})
Object ω is sent into the membrane labeled by 1. Then with the help of object
ω, the membrane is dissolved with object ⟨Xi,j , N ⟩ consumed together. Similarly,
with the help of object ω, the membrane is dissolved with objects ⟨Xi,j , 0⟩ and
⟨Xi,j , 1⟩ consumed together. Object ω helps ⟨Xi,j , V ⟩ evolve to θ⟨Xi , V ⟩, and
then the duplicated copies of object ⟨Xi , V ⟩ will be removed with the help of
object θ.
3.3.3 Obtaining the final results
There is only one rule in R3 and it is used to obtain the ﬁnal results.
[θ]01 → [⟨Xi , 0⟩]01 [⟨Xi , 1⟩]01
|1 ≤ i ≤ n, ⟨Xi , 0⟩, ⟨Xi , 1⟩ ∈
/ W1 , W1 is the object set in this membrane
Object θ triggers the last stage: when θ occurs in the membrane with label 1
and neutral charge, the membrane is divided into two new membranes with the
same label and charge, object θ is replaced by new objects ⟨Xi , 0⟩ and ⟨Xi , 1⟩
respectively.
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The complexity of ΠAll SAT can be drawn as follows:
(1) At the stage of conversion, the rules are applied sequentially at most O(n)
times in each membrane (the number of the membranes is m), so the complexity
of this stage is O(mn).
(2) At the stage of simpliﬁcation, the rules in each membrane are applied in
parallel and the complexity of this stage is O(n).
(3) At the last stage, the ﬁnal result can be obtained in a linear time.
So, the complexity of ΠAll SAT is O(mn).

4

Instances of ΠAll

SAT

Now two instances are given to illustrate how ΠAll SAT works.
Example 1 Eq.(2): (x1 ∨ x2 ) ∧ (x1 ∨ x2 ) ∧ (x2 )
For solving Eq.(2), the conﬁgurations of ΠAll SAT can be described in Fig.5.
According to rule set R1 , Eq.(2) is transformed to the logically equivalent DNF,
as shown in Fig.5(a)-(j). Then the DNF is simpliﬁed by applying the rule set
R2 , as shown in Fig.5 (k). As shown in Fig.5 (k), the solution of Eq.(2) is only
one assignments (namely, (x1 = true, x2 = f alse)).
From Fig.5, we can see that Eq.(2) is satisﬁable, and the satisfying assignment
is shown in Fig.5(k). This result is the same as the one in subsection 2.2.
Example 2 Eq.(3): (x1 ∨ x2 ) ∧ (x2 ∨ x3 ) ∧ (x1 ∨ x2 ∨ x3 )
For solving Eq.(3), the conﬁgurations of ΠAll SAT can be described in Fig.6.
Fig.6(4) shows that, three assignments can satisfy Eq.(3) (namely, (x1 = true, x2 =
f alse, x3 = true), (x1 = f alse, x2 = true, x3 = true), (x1 = true, x2 =
true, x3 = true)). We can see that the result obtained by ΠAll SAT is the same
as the ones obtained in subsection 2.3.
Ref.[17] gives and proves a method for solving All-SAT problem. But this
method has exponential complexity. ΠAll SAT can yield exponential workspace
in leaner time and take the full advantage of the maximal parallelism, so AllSAT problem can be eﬀectively solved by the proposed P system ΠAll SAT in
polynomial time.
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(b) after applying the rules of type (1) in R1
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Fig. 5. The procedure of solving Eq.(2) by ΠAll
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Fig. 6. The procedure of solving Eq.(3) by ΠAll
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Conclusions

All-SAT has numerous practical applications and it remains diﬃcult to be solved
eﬃciently. In this paper, we construct a kind of P system for solving All-SAT,
and demonstrate the eﬃciency and feasibility of the proposed P systems through
two instances. Our work provides a new and eﬀective solution to All-SAT in a
distributed and parallel manner. In the future, we will reduce and optimize the
rules in these P systems, especially the rules for conversing CNF to DNF.
Acknowledgments. This work is supported by the National Science Foundation for Young Scholars of China (Grant No. 61201347), and Natural Science
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Abstract. P system is a kind of distributed parallel computing model,
and several these systems are proposed to perform arithmetic operations
with the operands encoded over multisets. Positional and non-positional
encodings are mainly used to represent the operands in P systems, but
they are not suitable for encoding very large numbers due to some practical reasons, such as too many objects and complicated membrane structure. In this paper, we present a family of cell-like P systems for primary
arithmetic operations based on hybrid encoding. Our work provides a
new and suitable way to implement arithmetic operations for large numbers by P systems.
Key words: Membrane computing; Cell-like P system; Hybrid encoding; Arithmetic operation; Arithmetic P system

1

Introduction

Membrane computing (also called P systems)[1] is a branch of natural computing
introduced by Pǎun in 1998, and it takes the living cell as multi-hierarchical
structural regions which are referred as the membranes. In the compartments
deﬁned by membranes there are objects that can evolve to other objects and
pass through the membranes. Up to now, many variants of P systems, including
cell-like [2,3], tissue-like [4,5] and neural-like ones [6,7], have been investigated
and most of them are proved to be universal and eﬃcient. An introduction to
the ﬁeld of membrane computing can be found in Ref.[1], while an overview of
the state-of-the-art in 2010 can be found in Ref. [8], with up-to-date information
available at the membrane computing website [9].
Based on cell-like P systems which are one kind of common systems in membrane computing, Atanasiu ﬁrstly constructs arithmetic P systems to implement
arithmetic operations [10]. Ciobanu [11] builds P systems to implement the arithmetic operations over the numbers encoded in a simple and natural way (each
object in a membrane represents a unit, and n copies of the object are used
to represent the operand n). His work simpliﬁes the structure of the systems.
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In our previous works, we design multilayer P systems without priority rules
to lower the complexity of the computations [12]. And in Ref.[13], we perform
arithmetic operations in a single membrane without priority rules for simplifying
the structure greatly and improving eﬃciency of the computations. Furthermore,
multi-membrane P systems are constructed for signed arithmetic operations [14]
and the operational range of P systems is extended to the whole integer ﬁeld. In
Refs.[15, 16], arithmetic expression is evaluated with primary arithmetic operations implemented in single membrane.
In cell-like P systems for arithmetic operations, the operands are represented
by multisets, and Ref.[17] discusses various number encoding methods over multisets. Natural encoding, which is composed by the objects and their numbers of
their copies in the string, is easy to be understood and most of our previous works
depend on it, but the membrane in the P system will contain a very large number of objects for a very large number. On the other hand, other encodings can
describe the number in a compact manner such as the ones discussed in Ref.[17],
but the rules for implementing the operations will have higher complexity or
the membrane structure will be more complicate. For practical applications, we
should ﬁnd a desirable encoding over multiset to represent large number and
design corresponding P systems to implement arithmetic operations.
Hybrid encoding is designed by allocating a membrane for each digit in base
ten, thus a string-like structure can be constructed over the multiset. Large
number can be represented by a few objects and membranes in P systems. Based
on hybrid encoding, we design a family of cell-like P systems for implementing
primary arithmetic operations. Our work provides a new and suitable way to
implement arithmetic operations for large numbers by P systems. The rest of
this paper is organized as follows: Section 2 introduces cell-like P systems, and
Section 3 discusses the number encodings over multisets. In Section 4, based
on hybrid encoding, we design a family of cell-like P systems to implement
arithmetic operations. The conclusions are drawn in the ﬁnal section.

2

Cell-like P Systems

Our work in this paper is based on cell-like P systems, so we give the basic
concepts about cell-like P systems ﬁrstly.
Fig.1 illustrates the structure of cell-like P systems. As shown in Fig.1, the
structure is a hierarchically arranged set of membranes which are usually identiﬁed by labels from a given set and contained in a distinguished external membrane. If a membrane does not contain any other membrane, it is called elementary. The membrane that contains all the other membranes is referred as the
skin. Each membrane determines a region delimited from above by it and from
below by the membranes placed directly inside, if any exists.
Formally, a cell-like P system (of degree m ≥ 1) can be deﬁned as the form
[2]:
Π = (O, µ, ω1 , ω2 , · · · , ωm , R1 , R2 , · · · , Rm , ρ1 , ρ2 , · · · , ρm , io )

(1)
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Fig. 1. The structure of cell-like P system [2]

where,
1) O is the alphabet. Each symbol represents one kind of objects in the
systems. O∗ is the ﬁnite and non-empty multiset over O where λ is empty string,
O+ = O∗ − {λ}.
2) µ is a membrane structure with m membrane, labeled by 1, 2, · · · , m.
3) ωi (1 ≤ i ≤ m) is a string over O and represents the multiset of objects
placed in membrane i. For example, there are 5 copies of object a and 3 copies
of object b in membrane i, then we have ωi = a5 b3 . ωi = λ means that there is
no object in the membrane.
4) io is output region of the system and it saves the ﬁnal result.
5) R1 , R2 , · · · , Rm are ﬁnite sets of possible evolution rules over O associated
with the regions 1, 2, · · · , m of µ. The rules in Ri (1 ≤ i ≤ m) are of the form
U → V |a , with a ∈ O, U ∈ O+ , V = V ′ or V = V ′ δ, V ′ ∈ (O × T ar)∗ , and
T ar = {here, out, inj |1 ≤ j ≤ m}. Here means V is remained in the same
region, out means V goes out of the region, and inj means V goes to inner
membrane j. δ is a special symbol not in O, and it means that the membrane
which includes it will be dissolved and the contents of this membrane will be left
in the outer one. Object a is a promoter in rule U → V |a , this rule can only be
applied in the presence of object a.
6) ρi (1 ≤ i ≤ m) deﬁnes a partial order relation among rules in Ri . If
ρi = {a → b > c → d} and both a and c are available, then only a → b can be
applied although the two rules do not compete for any objects.
Besides the rules as above, we also consider rules for membrane creation
[3], which is of the form e → [i V ]i , with e ∈ O, V ∈ O∗ , and i is the label
of the membrane; It means that object e create a new membrane labled by i
with multiset V . The label comes from a given list, so we know that there are
evolution rules associated with the new membrane.
In each membrane, rules are applied according to the following principles:
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(1) Non-determinism. Suppose n rules compete for the reactants which can
only support m (m < n) rules to be applied, then the m rules are chosen nondeterministically.
(2) Maximal parallelism. All of the rules that can be applied must be applied
simultaneously.

3

Hybrid Encoding over Multisets in P systems

The development of P systems needs to be supported by eﬃcient encodings over
multisets [17]. As a ﬁrst step, we consider the case of number encodings over
multisets. Diﬀerent encodings will aﬀect the eﬃciency of the computation. For
example, the operands in Ref.[10] are represented in base 2 and the computation
are carried on serially. While in Refs.[11-13], arithmetic operations based on
natural encoding can be performed in parallel manner.
Up to now, encodings used in cell-like P systems for arithmetic operations
mainly include:
(1) Natural encoding
Natural encoding has been widely used in the P systems for arithmetic operations [11-13,15,16]. For such encoding, natural number n is encoded by using n
copies of objects of the same kind, e.g. an . Its advantages are as follows: it can
be understood easily since the absolute value of the number is the cardinality of
an object encoded; the types of the objects is ﬁnite; evolutionary rules designed
based on such encoding can be applied eﬃciently. However, its main shortcoming lies in the fact that there are many copies of object if we want to represent
arbitrarily large number. E.g., if we have n = 1 × 103 + 2 × 102 + 3 × 10 + 4, then
n should be represented by a1234 in natural encoding.
(2) Positional encodings
They superimpose a string structure over the multisets in various ways and
represent the number by using a positional number system. One of this type encoding is that the digits of the number in a certain base are encoded in successive
membranes, such as the one used in Ref.[10]. Each digit is assigned to a membrane and the next digit is encoded in an inner or outer membrane (see P os.I
column in Table 1). As a consequence, a membrane structure with unbounded
depth should be required for a arbitrarily large number.
Another one is that the digits of the number are encoded by using diﬀerent
objects for each digit. E.g., if we have n = 1 × 103 + 2 × 102 + 3 × 10 + 4, n
can be represented as a1 b2 c3 d4 . Where, object a represents the ﬁrst digit, and
object b represents the second one and so on (see Pos.II column in Table 1).
Objects of unbounded types should be required for representing an arbitrarily
large number.
(3) Non-positional encodings
This type of encoding relies only on the multiplicity of objects, which is
native characteristic of the multiset(see N on-pos. column in Table 1). Compared
with positional encodings, non-positional encodings use a single membrane and
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ﬁnitely many object types. However, the encoding length will be increased for
an arbitrarily large number.
Nature encoding, which has been introduced above, is the most typical member in the family of such encodings.
(4) Hybrid encodings
Hybrid encodings are derived from natural and positional encodings, and
may be practically useful [17]. In this paper, hybrid encoding is carried on by
allocating a membrane for each digit in base ten (see H.Encoding column in
Table 1). A large number can be represented by a few objects and membranes,
e.g., for n = 1 × 103 + 2 × 102 + 3 × 10 + 4, it can be represented as [a[a2 [a3 [a4 ]]]].

Table 1. Number encodings over multisets in P systems
Decimal
0
1
2
···
10
11
···
100
···
1000
···

Binary
0
1
10
···
1010
1011
···
110100
···
···
···

N.E
Pos.I
Pos.II
Non-pos. H.Encoding
λ
[λ]
[λ]
[λ]
[λ]
a1
[a1 ]
[a2 ]
[0]
[a1 ]
a2
[a1 [λ]]
[a2 b1 ]
[1]
[a2 ]
···
···
···
···
···
a10
[a1 [λ[a1 [λ]]]]
[a2 b1 c2 d1 ]
[04 ]
[a1 [λ]]
a11
[a1 [λ[a1 [a1 ]]]]
[a2 b1 c2 d2 ]
[03 11 ]
[a1 [a1 ]]
···
···
···
···
···
a100 [a1 [a1 [λ[a1 [λ[λ]]]]]] [a2 b2 c1 d2 e1 f 1 ] [04 19 ]
[a1 [λ[λ]]]
···
···
···
···
···
a1000
···
···
[011 137 ] [a1 [λ[λ[λ]]]]
···
···
···
···
···

Table 1 lists some number encodings in P systems. We can see that the membrane structure in the P os.I column gains depth as the number gains more digits.
In the Pos.II column, the alphabet increases as the number gains more digits. In
the N on-pos. column, the encoding length increases as the number gains more
digits. Comparing the H.Encoding column, we can see: when the membrane
structure is a single membrane, there is less object types used in hybrid encodings compared with Pos.II and N on-pos.; when the membrane structure is
multi-membranes, the structure will be less depth in hybrid encodings compared
with P os.I.
If we design rules of the P systems to implement the arithmetic operations
based on the encoding of Pos.II, it is diﬃcult to determine the number of the rules
because the types of objects can not be ﬁxed to describe arbitrary large number.
In other words, diﬀerent rules will be designed for diﬀerent operand(especially
very large number). However, a set of rules can be conﬁrmed when the number
is represented by hybrid encoding.
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Arithmetic P Systems based on Hybrid Encoding

Arithmetic operations are kinds of fundamental operations which must be performed by most of computing systems or devices. In this section, we discuss the
arithmetic P systems based on multiple membranes and hybrid encoding. These
systems can be deﬁned as the form of Eq. (1) given in subsection 2, where:
1) O is the (ﬁnite and non-empty) alphabet of objects which occur in the
designed P system;
2) µ is the structure of the system and it can be decided by the rules presented
in subsection 4.1;
3) The ﬁnal result can be found in a serial of membranes when the whole
system halts, and it means that the value of io in the previous deﬁnition is
replaced by an array of integers which are the labels of some membranes and
will be described behind.

Fig. 2. The initial configuration of arithmetic P system based on hybrid encoding

In Fig.2, membrane 1 is responsible for transferring objects to other membranes. Besides the four membranes in Fig.2, other membranes will be dynamically created during the computation, and they are nested one by one: new
membrane A2 is created in membrane A1 , and another new membrane A3 is
created in membrane A2 , ﬁnally, membrane Am is created in membrane Am−1
(m is decided by the digit of the ﬁrst operand); similarly, membranes B2 , · · · , Bn
(n is decided by the digit of the second operand) and C2 , · · · , Ct (t is decided
by the digit of the computation result) are created. What is more, the rules
in new membranes A3 , · · · , Am are the same as the ones in membrane A2 ; the
rules in B3 , · · · , Bn are the same as the ones in membrane B2 ; and the rules
in C3 , · · · , Ct are the same as the ones in membrane C2 . The ﬁrst operand is
stored in membranes A1 , A2 , · · · , Am , and the second one is stored in membranes
B1 , B2 , · · · , Bn , so the arithmetic operations are processed in these membranes.
Membranes C1 , C2 , · · · , Ct are used to obtain the ﬁnal computation result and
the result can be found in these membranes when the whole system halts.
Based on hybrid encoding, the procedure of applying the rules in the designed arithmetic P systems is:
Input: (the ﬁrst operand) s (the second operand) s (operator)
//for 1211 + (−101), the input is +1211s − 101s+
Output: the result of the arithmetic operation
Steps:
I
Step1: by applying the rules in R1I and RAB
(see subsection 4.1), the input
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can be converted, transmitted and stored digit by digit in membranes
1, A1 , ..., Am , B1 , ..., Bn
Step2: except the dividend, the operands, whose digits are stored in
membranes A1 , ..., Am , B1 , ..., Bn , are reversed by applying the rules
I
in RAB
(see subsection 4.1)
Step3: if the operand in addition or substation is negative, it should be
I
converted to its complement on ten by applying the rules in RAB
in the corresponding membranes
Step4: in membranes 1, A1 , ..., Am , B1 , ..., Bn , the rules in following set are
applied:
R+ for addition and subtraction
R× for multiplication
R÷ for division
Final result: it can be obtain by processing the objects sent in membranes
C1 , ..., Ct
End.
For convenience, we have some conventions in the rest of the paper:
1) The P systems for arithmetic operations are designed based on hybrid
encoding by allocating a membrane for each digit in base ten.
2) In rule U → V , V is written in a diﬀerent form. For example, we have
rule r1 : (ab → (c, inA )(d, inB )), it means that a and b are consumed then the
production c is sent into membrane A while production d is sent into membrane
B (membranes A and B are both included in the membrane). Here, r1 is written
in a new form (ab → (c, A)(d, B)).
3) The rules should have priority, and they are described as the form (U →
V, k), where, U → V is a rewrite rule, and k indicates the priority. The smaller
value k is set, the higher priority of the corresponding rule is. When k = 0, the
corresponding rule will have the highest priority. In P system, the rules having a
higher priority will be used ﬁrstly. For example, there are two rules in membrane
1: r3 : (r → (r, C1 ), 1) and r11 : (a → (g, A1 ), 2), and the priority of r3 is higher
than r11 , so the r3 will be applied ﬁrstly.
4) o ∈ {+, −, ×, ÷}, the sets of rules in membranes 1, A1 and A2 are lao
o
o
o
o
o
beled by R1o , RA
and RA
respectively; RB
, RB
, RC
, RC
have the similarly
1
2
1
2
1
2
meaning.
5) At the end of the calculation, the cardinalities of the copies of object r in
membranes C2 , C3 , · · · , Ct compose the absolute value of the result (its highest
digit is put in membrane Ct while the lowest digit is put in membrane C2 ) and
the sign is put in membrane C1 .
6) The objects appear in the rest of the paper have the same meaning, so
they will not be explained any more once they are introduced previously.
4.1

The Initialization and the corresponding rules

In initialization, the input operands are converted and stored in the membranes
in the arithmetic P systems. The input of each operand is ended by s, e.g. for
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1211 + (−101), +1211s − 101s+ is input digit by digit into the system, where the
ﬁnal + represents the operator. After initialization, the ﬁrst operand is stored
in the inner membranes of membrane A1 (each digit is stored in one of the
membranes), similarly, the second operand stored in the inner membranes of
membrane B1 . The signs of the two operands are put in membranes A1 and B1
respectively while the operator is put in membrane 1. Besides the input, other
work are required for the subsequent calculation.
The rule sets for initialization are designed as follows:
I
I
RI = R1I ∪ RAB
∪ RAB
1
2

(2)

I
where, RI means the rules in membrane 1, the rules in RAB
are designed for
1
I
membranes A1 and B1 while the rules in RAB2 are designed for membranes A2 ,
· · · , Am , B2 , · · · , Bn (namely, the rules in membranes A2 , · · · , Am , B2 , · · · , Bn
are the same).
4.1.1 The rules for processing the input
The sequence of the calculation instance is input one by one into the arithmetic P system: 1) the sign of the ﬁrst operand is input into membrane 1; 2) the
sign is sent into membrane A1 , at the same time, the highest digit of the ﬁrst
operand is input into membrane 1; 3) the highest digit is converted and sent
into membrane A1 , at the same time, the second digit is input into membrane
1; 4) the highest digit is converted in membrane A1 , the second one is converted
and sent into membrane A1 , at the same time, the third one is input into membrane 1; 5) new membrane labeled by A2 is created in membrane A1 and the
second digit is sent into membrane A2 while the highest one is still remained in
membrane A1 , the third one is converted and sent into membrane A1 and the
fourth one is input into membrane 1; · · · . When object s is input into membrane
1, it means that the ﬁrst operand has been input into the arithmetic P system
completely and the system starts to receive the digits of the second operand.
Inputting the second operand is similar to input the ﬁrst operand.
Rules r1 ∼ r24 in R1I can be applied in membrane 1 to move the sign and
each digit of two operands successively into membranes A1 and B1 respectively:

r1 : (0 → (α, A1 ), 2)
r2 : (1 → (aα, A1 ), 2)
r3 : (2 → (a2 α, A1 ), 2)
r4 : (3 → (a3 α, A1 ), 2)
r5 : (4 → (a4 α, A1 ), 2)
r6 : (5 → (a5 α, A1 ), 2)
r7 : (6 → (a6 α, A1 ), 2)
r8 : (7 → (a7 α, A1 ), 2)
r9 : (8 → (a8 α, A1 ), 2)
r10 : (9 → (a9 α, A1 ), 2)
r11 : (0s → s(α, B1 ), 1)
r12 : (1s → s(aα, B1 ), 1)

r13 :
r14 :
r15 :
r16 :
r17 :
r18 :
r19 :
r20 :
r21 :
r22 :
r23 :
r24 :

(2s → s(a2 α, B1 ), 1)
(3s → s(a3 α, B1 ), 1)
(4s → s(a4 α, B1 ), 1)
(5s → s(a5 α, B1 ), 1)
(6s → s(a6 α, B1 ), 1)
(7s → s(a7 α, B1 ), 1)
(8s → s(a8 α, B1 ), 1)
(9s → s(a9 α, B1 ), 1)
(+ → (+, A1 ), 3)
(− → (−, A1 ), 3)
(+s → s(+, B1 ), 2)
(−s → s(−, B1 ), 2)
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I
Rules r1 ∼ r4 in RAB
are applied in membranes A1 and B1 to transmiss
1
each digit of the operand successively into the inner membranes:

r1 : (a → g|c , 1)
r2 : (αc → [c], 2)

(a) 1211 + (−101)

r3 : (a → (a, in)|α , 3)
r4 : (α → (α, in), 4)

(b) 1211 × (−101)

Fig. 3. The configurations of arithmetic P system after inputting the computation
instances

I
Rules r1 ∼ r4 in RAB
are applied in membranes A2 , · · · , Am and B2 , · · · ,
2
Bn to transmiss each digit of the operand successively into the corresponding
membranes:

r1 : (a → g|c , 1)
r2 : (αc → [c], 2)

r3 : (a → (a, in)|α , 3)
r4 : (α → (α, in), 4)

For 1211 + (−101) and 1211 × (−101), the conﬁgurations of arithmetic P systems after applying the rules presented above are illustrated in Fig.3. As shown
in Fig.3, the higher digit of the operand is stored in the outer membrane while
the lower one is stored in the inner membrane. It is not suitable for calculation
because of the digits alignment and it needs to be processed further.
4.1.2 The rules for preparing for the calculation
When the operator is input, the two operands have been stored in the membranes in the arithmetic P system. At this time, the operands should be processed
further: for aligning the digits of the operands, reversion is needed to make the
lower digit of the operand stored in the outer membrane and the higher one
stored in the inner membrane; when the operation is addition or subtraction,
the second operand should be replaced by its complement.
(1) Reversing the operands
Rules r25 ∼ r28 in R1I are applied in membrane 1 to start the reversion:
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r25 : (+s2 → t(β, A1 )(β, B1 ), 1)
r26 : (−s2 → w(β, A1 )(β, B1 ), 1)

r27 : (×s2 → x(β, A1 )(β, B1 ), 1)
r28 : (÷s2 → y(σ, A1 )(βπ, B1 ), 1)

I
Rules r5 ∼ r8 in RAB
are applied in membranes A1 and B1 for the reversion:
1

r5 : (g → (h, in)|β , 1)
r6 : (g → (h, in)|τ , 1)

r7 : (β → τ (βπ, in), 2)
r8 : (τ γ → (γ, out), 1)

I
Rules r5 ∼ r14 in RAB
are applied in membranes A2 , · · · , Am and B2 , · · · ,
2
Bn for the reversion:

r5 :
r6 :
r7 :
r8 :
r9 :

(g → (g, out)|β , 2)
(h → (h, in)|β , 2)
(g → (g, out)|τ , 2)
(h → (h, in)|τ , 2)
(β → τ (βπ, in), 3)

(a) 1211 + (−101)

r10 :
r11 :
r12 :
r13 :
r14 :

(βc → c[c](γ, out), 1)
(h→ a|π γ , 1)
(π → λ|γ , 2)
(cπ → λ|γ , 1)
(τ γ → (γ, out), 1)

(b) 1211 × (−101)

Fig. 4. The configurations of arithmetic P systems after reversing

For 1211 + (−101) and 1211 × (−101), Fig.4 gives the the conﬁgurations of
arithmetic P systems after applying the rules presented above. In Fig.4(a), we
need to calculate the complement of the second operand since it is negative while
the multiplication in Fig.4(b) can be started without obtaining the complement
of the operand.
I
Rules r9 ∼ r11 in RAB
are applied in membrane A1 to process the dividend:
1
r9 : (σ → (σ, in), 1)
r10 : (g → (a, in)|ξ , 1)

r11 : (ξ → (γ, out)|ξ , 2)

I
Rules r15 ∼ r18 in RAB
are applied in membranes A2 , · · · , Am to process
2
the dividend:
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r16 : (g → (a, in)|ξ , 1)

63

r17 : (σ → (σ, in), 2)
r18 : (ξ → (ξ, out), 2)

(2) Calculating the complement of the operand
To implement the addition and subtraction between diﬀerent operands, the
complement of the operand should be calculated in some case, such as the second
operand is negative in addition, the ﬁrst operand is negative in subtraction.
Rules r29 ∼ r30 in R1I are applied in membrane 1 to start the calculation of
the complement:
r29 : (tγ 2 → z(+φ, A1 )(+φ, B1 ), 1)

r30 : (wγ 2 → z(+φ, A1 )(−φ, B1 ), 1)

I
are applied in membranes A1 or B1 to calculate the
Rules r12 ∼ r14 in RAB
1
complement:

r12 : (φ + − → (−a10 , in), 1)
r13 : (φ+2 → (+, in), 1)

r14 : (φ−2 → (+, in), 1)

I
Rules r19 ∼ r25 in RAB
are applied in membranes A2 , · · · , Am or B2 , · · · ,
2
Bn to calculate the complement:

r19 :
r20 :
r21 :
r22 :

(− → (−a9 , in), 2)
(ah → λ, 1)
(h → a|+ , 1)
(+ → (+, in), 2)

r23 : (−c → c(d, out), 1)
r24 : (+c → c(e, out), 1)
r25 : (a → λ|c , 1)

Fig. 5. The configuration of arithmetic P system after calculating the complement of
-101 in 1211+ (-101)

As Fig.5 shown, the second operand of 1211 + (−101) is negative, and its
complement is required to be calculated while no complement is needed for
1211 × (−101).
(3) Triggering the arithmetic computation
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Once the preparation is ﬁnished, the arithmetic computation can be started.
At this moment, rules r31 ∼ r33 in R1I are applied in membrane 1:
r31 : (z → (u, A1 )(u, B1 ), 1)
r32 : (xγ 2 → (v, B1 ), 1)

r33 : (yγ 2 → (p, B1 ), 1)

These rules are applied to trigger addition (r31 ), subtraction (r31 ), multiplication (r32 ) and division (r33 ) respectively.
In the arithmetic P system, there are m + n + 3 computation steps for inputting the computation instance, max(m, n) steps for reversing the operands,
and max(m, n) steps for calculating the complement. So the complexity of the
initialization is O(m + n).
4.2

Addition

The structure of the arithmetic P system Π+ for addition can be designed as
shown in Fig.6.

Fig. 6. Arithmetic P system Π+ for addition after initialization (assume that the first
operand is nonnegative and the second one is negative)

In Fig.6, m1 , m2 , · · · , mm and n1 , n2 , · · · , nn (all of them are not more than
9), which are the cardinalities of the object a in the corresponding membranes,
represent the absolute value of the each digit of the two operands respectively.
The set of rules for addition is designed as:
+
+
+
+
+
+
R+ = R1+ ∪ RA
∪ RA
∪ RB
∪ RB
∪ RC
∪ RC
1
2
1
2
1
2

(3)

In membrane 1, the initialization is ﬁnished by applying the rules in RI and
object z evolves to u2 (they will be sent into membranes A1 and B1 respectively).
The procedure of applying the rules in R+ can be described as follows.
+
+
1) The rules in RA
and RA
can be applied: object u in membrane A1 is
1
2
sent into membrane A2 ; object u in membrane A2 is sent into membrane A3 and
membrane A2 is dissolved simultaneously, then object a goes into membrane A1 ;
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object a in membrane A1 evolves to r (r will be sent into membrane 1). The rules
+
+
in RB
and RB
can be applied: object u in membrane B1 is sent into membrane
1
2
B2 ; object u in membrane B2 is sent into membrane B3 and membrane B2
is dissolved simultaneously, then object a goes into membrane B1 ; object a in
membrane B1 evolves to r (r will be sent into membrane 1). Then, in membrane
1, the rules in R1+ can be applied to send object r into membrane C1 once the
copies of object r are sent from membranes A1 and B1 respectively.
2) The steps described above will be performed repeatedly until there is no
object a in membranes A3 , · · · , Am−1 and B3 , · · · , Bn−1 .
+
+
3) In membranes C1 , · · · , Ct , the rules in RC
and RC
can be applied to
1
2
obtain the ﬁnal result.
The rules of R+ are listed in Appendix A1.
For 1211 + (−101), object z evolves to u2 (they will be sent into membranes
A1 and B1 respectively) after applying the rules in RI . In membranes A1 and
+
+
A2 , after the rules in RA
and RA
being applied the produced object r is sent
1
2
into membrane 1. Simultaneously, in membranes B1 and B2 , after the rules in
+
+
RB
and RB
being applied the produced multiset r9 is sent into membrane
1
2
1. Then in membrane 1, the rules in R1+ are applied to send multiset r10 into
membrane C1 . After the previous steps being performed repeatedly, we have:
+
+
in membranes A1 , A3 , · · · , A6 , after the rules in RA
and RA
being applied
1
2
2
the produced multisets r, r and r are sent into membrane 1 successively; in
+
+
membrane B1 , B3 , · · · , B5 , after the rules in RB
and RB
being applied the
1
2
9
8
produced multisets r and r are sent into membrane 1 successively. Then in
membrane 1, the rules in R1+ are applied to send multisets r10 , r10 , r10 and r9
+
into membrane C1 successively. In membrane C1 , C2 , · · · , C5 , the rules in RC
1
+
and RC2 are applied to obtain the ﬁnal result: there are multisets r, r and r in
membrane C3 , C4 and C5 respectively, so 1110 is the ﬁnal result of 1211+(−101)
when the whole system halts.
The complexity of the operations in Π+ is O(max{m, n}).
4.3

Subtraction

Similar to addition, the structure of the arithmetic P system Π− is the same
as the one of Π+ . What is more, the rules in Π− are also the same as the ones
in Π+ . So, we do not describe it here. Similarly to Π+ , the complexity of the
operations in Π− is O(max{m, n}).
4.4

Multiplication

The structure of P systems Π× for multiplication can be designed as shown in
Fig.7.
The sets of rules for multiplication are designed as:
×
×
×
×
×
×
R× = R1× ∪ RA
∪ RA
∪ RB
∪ RB
∪ RC
∪ RC
1
2
1
2
1
2

(4)
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Fig. 7. Arithmetic P system Π× for multiplication after initialization (assume that the
first operand is nonnegative and the second one is negative)

In membrane 1, the initialization is ﬁnished by applying the rules in RI , and
multiset xγ 2 evolves to v (v will be sent into membrane B1 ). The procedure of
applying the rules in R× can be described as follows.
×
×
1) In membranes B1 and B2 , the rules in RB
and RB
are applied to send
1
2
objects e and c into membrane 1. Then in membrane 1, by applying R1× , objects
e and c evolve to b and e respectively (b and e will be sent into membrane A1 ).
×
×
In membranes A1 and A2 , the rules in RA
and RA
are applied to send objects
1
2
r and q into membrane 1. Then in membrane 1, the rules in R1× can be applied:
object r is sent into membrane C1 ; object q evolves to uv (u will be sent into
membrane C1 and v will be sent into membrane B1 ).
2) The steps described above will be performed repeatedly until there is no
×
object a in membranes B3 , · · · , Bn−1 . In these membranes, the rules in RB
and
1
×
2
RB2 are applied to send multiset c into membrane 1.
3) In membrane 1, by applying the rules in R1× , multiset c2 evolves to x (x
×
will be sent into membrane A1 ). In membranes A1 and A2 , the rules in RA
and
1
×
RA2 are applied to send objects r and y into membrane 1. Then in membrane
1, the rules in R1× can be applied: r is sent into membrane C1 ; y evolves to ux
(u will be sent into membrane C1 and x will be sent into membrane A1 ).
4) The steps described in 3) will be performed repeatedly until there is no
×
object a in membranes A3 , · · · , Am−1 . In these membranes, the rules in RA
1
×
and RA2 are applied to send multiset cy into membrane 1. Then in membrane 1,
by applying the rules in R1× : multiset cy evolves to φ and β (β will be sent into
membrane C1 ); multiset φ− evolves to v (v will be sent into membrane C1 ).
×
×
5) In membranes C1 , · · · , Ct , the rules in RC
and RC
are applied to obtain
1
2
the ﬁnal result.
The rules of R× are listed in Appendix A2.
For 1211 × (−101), in membrane 1, the rules in RI can be applied to send
×
object v into membranes B1 . In membranes B1 and B2 , after the rules in RB
1
×
and RB
being
applied
the
produced
multiset
ec
is
sent
into
membrane
1.
In
2
membrane 1, the rules in R1× are applied to send multiset eb into membrane
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×
×
A1 . In membranes A1 and A2 , after the rules in RA
and RA
being applied the
1
2
produced multiset rq is sent into membrane 1. Then in membrane 1, the rules
in R1× can be applied: object r is sent into membrane C1 ; object q evolves to uv
(u will be sent into membrane C1 and v will be sent into membrane B1 ). After
the above steps being performed repeatedly for twice, membrane C1 receives
multisets ru and r3 u successively sent by membrane 1. In membrane A1 , · · · ,
×
×
A6 , the rules in RA
and RA
are applied to send multisets r2 y, r2 y, ry and y into
1
2
membrane 1 successively. In membrane 1, the rules in R1× are applied to send
multisets r2 u, r2 u, ru, u and v into membrane C1 successively. In membrane C1 ,
×
×
· · · , C7 , the rules in RC
and RC
are applied to obtain the ﬁnal result: there
1
2
are multisets r, r, r3 , r2 , r2 and r in membrane C2 , C3 , C4 , C5 , C6 and C7
respectively; there is object − in membrane C1 ; so −122311 is the ﬁnal result of
1211 × (−101) when the whole system halts.
The complexity of the operations in Π× is O(m × n).

4.5

Division

The structure of P systems Π÷ for division can be designed as shown in Fig.8.

Fig. 8. Arithmetic P system Π÷ for division after initialization (assume that the first
operand is nonnegative and the second one is negative)

The sets of rules for division are designed as:
÷
÷
÷
÷
÷
÷
R÷ = R1÷ ∪ RA
∪ RA
∪ RB
∪ RB
∪ RC
∪ RC
1
2
1
2
1
2

(5)

In membrane 1, the initialization is ﬁnished by applying the rules in RI , and
multiset yγ 2 evolves to p (p will be sent into membrane B1 ). The procedure of
applying the rules in R÷ can be described as follows.
÷
÷
1) In membranes B1 and B2 , by applying the rules in RB
and RB
, objects e
1
2
÷
and t are sent into membrane 1. In membrane 1, the rules in R1 can be applied:
object e evolves to a (a will be sent into membrane A1 ); xt evolves to ptz (p will
be sent into membrane B1 and tz will be sent into membrane A1 ).
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2) The steps described above will be performed repeatedly until there is
no object a in membranes B3 , · · · , Bn−1 . At this time, multiset cx occurs in
membrane 1.
3) In membrane 1, by applying the rules in R1÷ , multiset cx evolves to dw
(dw is sent into membrane A1 to trigger the division).
÷
÷
4) In membranes A1 , · · · , Am , after the rules in RA
and RA
being applied
2
1
the produced objects r and y are sent into membrane 1 (these rules may be
performed for several times depending on the result).
5) In membrane 1, by applying the rules in R1÷ , object r is sent into membrane
C1 .
÷
÷
6) In membranes C1 , · · · , Ct , the rules in RC
and RC
are applied to obtain
1
2
the ﬁnal result.
At the end of the division, the cardinalities of the copies of object b in several
of membranes A2 , · · · , Am−1 will compose the remainder if it exits.
The rules of R÷ are listed in Appendix A3.
The complexity of the operations in Π÷ is O(m/n).

5

Conclusions

Arithmetic operations are foundational in most of computing models and systems. In the ﬁeld of P systems, several encodings have been introduced to represent the operands over multisets and the membrane structure. However, these
encodings are not suitable for vary large number. In this paper, we use hybrid
encoding to represent the numbers, and show how to deal with the arithmetic
operations in a family of cell-like P systems based on this kind of encoding. Furthermore, we give same examples to illustrate how to carry out the arithmetic
operations eﬀectively in these systems. Our work provides a new and suitable
way to implement arithmetic operations for large numbers by P systems. In the
further work, we will design P systems to implement the arithmetic operations
of real numbers based on hybrid encoding.
Acknowledgments. This work is supported by the National Science Foundation for Young Scholars of China (Grant No. 61201347), and Natural Science
Foundation Project of CQ CSTC(2012jjA40022).
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Appendix
A1 rule sets for addition and subtraction
R1+ = {r1 : (r → (r, C1 ), 0), r2 : (x → x(r9 , C1 )|u , 1), r3 : (x2 → s(r18 u, C1 ), 0),
r4 : (xy → s(r9 u, C1 ), 0), r5 : (y 2 → z(u, C1 ), 0), r6 (c2 → φ(α, C1 ), 2),

+
RA
1

+
RA
2
+
RB
1

+
RB2
+
RC
1

r7 : (φs → (utv, C1 ), 1), r8 : (φz → (vu, C1 ), 1)}

= {r1 : (u → (u, in), 1), r2 : (a → (r, out), 1), r3 : (d → x, 0), r4 : (e → y, 0),
r5 : (x → (x, out), 0), r6 : (y → (y, out), 0), r7 : (c → (c, out), 0)}

= {r1 : (u → δ(u, in), 2), r2 : (uc → cδ, 1)}

= {r1 : (u → (u, in), 1), r2 : (a → (r, out), 1), r3 : (d → x, 0), r4 : (e → y, 0),
r5 : (x → (x, out), 0), r6 : (y → (y, out), 0), r7 : (c → (c, out), 0)}

= {r1 : (u → δ(u, in), 2), r2 : (uc → cδ, 1)}

= {r1 : (α → qφ(α, in), 1), r2 : (r → (r, in)|u , 1), r3 : (up → (uc, in), 2),

r4 : (u → (u, in), 4), r5 : (uvt → (f t, in)|φ , 2), r6 : (uv → +(f, in)|φ , 3),
r7 : (v → +|φ , 4), r8 : (z → −(r, in)|q , 1)}

+
RC
= {r1 : (α → qφ(α, in), 2), r2 : (αc → c, 1), r3 : (cf → c(θ, out)|φ , 2),
2

r4 : (r → s|c , 1), r5 : (r → (r, in)|u , 3), r6 : (u2 → u(u, in), 4),

r7 : (uc → ux[], 5), r8 : (x → (c, in), 5), r9 : (s10 → (s, in)|φ , 1),
r10 : (s → r|f φ , 2), r11 : (f u → v(f, in)|φ , 3), r12 : (t → (t, in)|φ , 2),
r13 : (ctf → cz|φ , 1), r14 : (s → λ|zφ , 0), r15 : (cz → c(y, out)|φ , 1),
r16 : (u → z|rq , 1), r17 : (r → s|zq , 1), r18 : (z → r9 (z, out)|vq , 2),
r19 : (sr → λ|vq , 1), r20 : (r10 → (r, in)|vq , 1)}
A2 rule sets for multiplication
R1× = {r1 : (+2 → +, 0), r2 : (+− → −, 0), r3 (−2 → +, 0), r4 : (e → (b, A1 ), 2),

r5 : (cy → φ(β, C1 ), 0), r6 : (φ+ → (v+, C1 ), 0), r7 : (φ− → (v−, C1 ), 0),
r8 : (c → (e, A1 ), 1), r9 : (r → (r, C1 )|q , 0), r10 : (q → (u, C1 )(v, B1 ), 1),

r11 : (r → (r, C1 )|y , 0), r12 : (y → (u, C1 )(x, A1 ), 1), r13 : (c2 → (x, A1 ), 0)}

×
RA
= {r1 : (+ → (+, out), 0), r2 : (− → (−, out), 0), r3 : (be → e(be, in), 0),
1

r4 : (e → v(q, in), 1), r5 : (cy → (cy, out), 0), r6 : (r → (r, out), 0),
r7 : (q → (q, out), 1), r8 : (v → q, 0), r9 : (x → (y, in), 0),

×
RA
2

r10 : (y → (y, out), 0)}

= {r1 : (a → λ|y , 0), r2 : (y → yδ, 1), r3 : (a → ar|b , 0), r4 : (be → (be, in), 1),
r5 : (be2 → e, 0), r6 : (y 10 → (r, in), 0), r7 : (r → (r.out)|q , 0),
r8 : (q → (q, in), 1), r9 : (eq → e, 0)}
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×
RB
= {r1 : (+ → (+, out), 0), r2 : (− → (−, out), 0), r3 : (v → (u, in), 0),
1
×
RB
2
×
RC
1

r4 : (b → (e, out), 0), r5 : (e → (c, out), 0)}

= {r1 : (a → (b, out)|u , 0), r2 : (u → eδ, 1), r3 : (c → e|u , 0)}

= {r1 : (β → ×φ(β, in), 1), r2 : (r → (r, in)|u , 1), r3 : (up → (uc, in), 2),

r4 : (u → (u, in), 4), r5 : (uvt → (f t, in)|φ , 2), r6 : (uv → +(f, in)|φ , 3),

×
RC
2

r7 : (v → +|φ , 4), r8 : (v+ → +(f, in)× , 1), r9 : (v → (f, in)|× , 1)}

= {r1 : (β → φ(β, in), 2), r2 : (βc → c, 1), r3 : (cd → c(θ, out)|φ , 2),
r4 : (r → s|c , 1), r5 : (r → (r, in)|u , 3), r6 : (u2 → u(u, in), 4),

r7 : (uc → ux[], 5), r8 : (x → (c, in), 5), r9 : (s10 → (s, in)|φ , 1),

r10 : (s → r|f φ , 2), r11 : (f u → v(f, in)|φ , 3), r12 : (t → (t, in)|φ , 2),
r13 : (ctf → cz|φ , 1), r14 : (s → λ|zφ , 0), r15 : (cz → c(y, out)|φ, 1)}

A3 rule sets for division
R1÷ = {r1 : (+2 → +, 1), r2 : (+− → −, 1), r3 : (−2 → +, 1), r4 : (e → (a, A1 )|tx , 1),
r5 : (v → x(p, B1 ), 2), r6 : (xt → (p, B1 )(tz, A1 ), 1), r7 : (cx → (dw, A1 ), 1),
r8 : (r → (r, C1 ), 1), r9 : (y → (u, C1 )(!, A1 ), 1), r10 : (s → φ(η, C1 ), 1),

÷
RA
1

r11 : (φ+ → (v+, C1 ), 1), r12 : (φ → (v−, C1 ), 1), r13 : (o → (o, C1 ), 1)}

= {r1 : (+ → (+, out), 1), r2 : (− → (−, out), 1), r3 : (!u →!(u, in), 1),
r4 : (d → (d, in), 1), r5 : (& → r(d, in), 1), r6 : (q → λ, 0),

r7 : (r → (r, out)|f ! , 2), r8 : (f ! → (h, in)(y, out), 1), r9 : (j → (td, in), 0),
r10 : (l → (d, in), 0), r11 : (p! → p(s, out), 1), r12 : (a → λ|p , 0),
r13 : (t → λ|p , 0), r14 : (y → λ|p , 0), r15 : (s → λ|p , 0), r16 : (d → λ|p , 0),
r17 : (& → (o, out)|p , 0), r18 : (r → λ|p , 0), r19 : (p2 → p, 2),
r20 : (w → (w, in), 0)}

÷
RA
= {r1 : (a → b|u , 1), r2 : (u → (u, in), 2), r3 : (uc → c, 1), r4 : (ab → r|dt , 0),
2

r5 : (ab → r|et , 0), r6 : (db → b(e, in), 1), r7 : (d → (d, in)|t , 2),
r8 : (e → (e, in)|t , 0), r9 : (e → q(&, out), 1), r10 : (d → q(&, out), 3),
r11 : (y → ay|q , 0), r12 : (r → λ|q , 1), r13 : (q → (q, out), 2),

r14 : (&ab → (&, out), 0), r15 : (&a → %b10 a(a&, out)|& , 1),

r16 : (ab → λ|% , 0), r17 : (& → (&, out), 2), r18 : (% → λ, 1),
r19 : (da → af, 1), r20 : (r → ab|f , 0), r21 : (f → (f, out), 1),

r22 : (hb → b(i, in), 0), r23 : (ic → c(p, out), 0), r24 : (i → (j, out), 2),
r25 : (i → (i, in)|t , 1), r26 : (p → (p, out), 1), r27 : (a → (a, in)|j , 0),
r28 : (y → (y, in)|j , 0), r29 : (t → (t, in)|j , 0), r30 : (j → (j, out)|, 1),

r31 : (ha → a(n, in), 1), r32 : (b → (b, out)|n , 1), r33 : (n → (n, in)|t , 2),
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r34 : (nc → c(p, out), 0), r35 : (n → δ(l, out), 3), r36 : (l → (l, out), 0),
r37 : (ht → δ(h, in), 1), r38 : (a → δ|p , 0), r39 : (t → δ|p , 0),
r40 : (y → δ|p , 0), r41 : (ct → cp(p, out), 0), r42 : (wy → y, 0),
r43 : (w → (w, in)|t , 1), r44 : (w → p, 2)}

÷
= {r1 : (+ → (+, out), 1), r2 : (− → (−, out), 1), r3 : (p → (tp, in), 1),
RB
1
÷
RB
2
÷
RC
1

r4 : (a → (e, out), 1), r5 : (e → (c, out), 1), r6 : (t → (t, out), 2)}

= {r1 : (ct → e, 1), r2 : (p → δ, 2)}

= {r1 : (η → (η, in), 1), r2 : (r → (r, in)|u , 1), r3 : (up → (uc, in), 2),

r4 : (u → (u, in), 4), r5 : (pv+ → +(c, in)|÷ , 1), r6 : (pv− → −(c, in)|÷ , 1),

r7 : (v+ → +w(f, in)|÷ , 2), r8 : (v− → −w(f, in)|÷ , 2), r9 : (o+ → +|÷ , 1),
r10 : (o− → +|÷ , 1), r11 : (wg → γ|÷ , 2), r12 : (s → (r, in)|w÷ , 1)}

÷
RC
= {r1 : (η → ÷(η, in), 2), r2 : (ηc → c, 1), r3 : (r → s|c , 1),
2

r4 : (r → (r, in)|u , 3), r5 : (u2 → u(u, in), 4), r6 : (uc → ux[], 5),
r7 : (x → (c, in), 5), r8 : (f u → v(f, in)|÷ , 3), r9 : (cf → c(g, out)|÷ , 2),

r10 : (vg → (g, out)|÷ , 1), r11 : (r → (r, out)|v÷ , 2), r12 : (s → (s, out)|v÷ , 2)}
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Abstract. As a newly introduced variant of P systems, kernel P systems (kP systems) contain the features of several P systems and can oﬀer
a coherent view on the integration of diﬀerent P systems into the same
formalism. Thus, the implementation of kP systems in CUDA for solving various problems, including NP-hard problems is worth discussing.
This paper presents an implementation framework of kP systems and its
implementation method in CUDA for solving a class of NP-hard problems. Both the framework and the method consider the implementation
of the membrane structure, objects and evolution rules of kP systems.
The subset sum and satisﬁability problems are taken as two examples to
show how an implementation that relies in CUDA environment is used
for solving NP-hard problems. The implementation of the above mentioned problems shows an increase in speed of about 5% for the parallel
variant compared to the normal CPU implementation.
Key words: membrane computing; kernel P systems; NP-hard problems; CUDA

1

Introduction

Membrane computing is a new branch of natural computing introduced by Gh.
Pǎun [12]. The main idea is to abstract computing models from the structure
and functions of the living cells as well as the cooperation of cells. This class of
computing models is called membrane systems or P systems [13, 15], which have
several syntactic ingredients: a membrane structure consisting of a hierarchical
or network arrangement of membranes, multisets of objects and evolution rule
sets. Many P systems variants provide an exponential space for solving NP-hard
problems in a linear time.
Diﬀerent variants of P systems have been introduced and studied for their
computational power [14]. The existence of diﬀerent variants with speciﬁc features, provides ﬂexibility and some freedom in modelling various problems, but
⋆
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represents a drawback for formally verifying the correctness of these models. To
solve this problem, kernel P systems (kP systems, for short) were introduced in
[6]. The main purpose is to provide a formal framework which includes many
well-known features of existing P systems and some new elements at the same
time [6, 7]. Thus, kP systems are ﬂexible and eﬀective in solving various problems.
What is more important is that kP systems can provide a common description
for various classes of P systems and oﬀer a coherent way of integrating these
elements into the same formalism.
In this paper, we concentrate on the implementation of a subclass of the kP
systems model, namely simple kernel P systems (skP systems) [6, 8]. To solve
a class of NP-hard problems, the implementation framework consisting of the
membrane structure, objects and evolution rules of a kP systems is presented.
The subset sum and satisﬁability (SAT) problems are considered as examples
illustrating the capabilities of this implementation. Experiments about the solutions of the subset sum and SAT problems show the framework and method
are feasible. The implementation of the above mentioned problems is running in
CUDA platforms 20 times faster than on CPU based platforms.
The rest of this paper is structured as follows. Section 2 brieﬂy presents the
formal deﬁnition of skP systems. Section 3 introduces the framework of skP
systems for solving a class of NP-hard problems. Section 4 shows the methods
for implementing skP systems in CUDA and the experimental results. Finally,
some conclusions are drawn in Section 5.

2

Simple kernel P systems

In this section, we will brieﬂy describe skP systems, which is a particular type
of kP systems [6, 8].To clearly understand the concepts of the skP systems, we
ﬁrst introduce some notations.
The skP systems have a graph-like structure, similar to tissue P systems
[10] and rules either processing objects or changing the structure of the system.
The rules can have guards. The guards will be discussed when the examples are
presented. All the rules here are executed in a maximally parallel manner with
some restrictions.
A skP system can be simply formalized as follows:
skΠ = (A, L, µ, IO, C1 , . . . , Cn , io )
– A is an alphabet of objects. The set of all strings over A is denoted by A∗ .
When the empty string λ, is not considered, then the set is denoted by A+ ;
– L is the set of compartments labels;
– µ = (V, E) is an undirected graph, where V ⊆ L are vertices and E the
edges;
– IO is a ﬁnite alphabet IO ⊆ A;
– i0 ∈ L, is the label of output compartment;
– Ci = (l, wi , Ri )(i = 1, 2, · · · , n) is the i th compartment of the system, where
l ∈ L, wi ⊂ A∗ , and Ri is a rule set and has the following forms:
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(1) [x]i → [y1 ]i1 · · · [yh ]ih {g}, where x ∈ A, i ∈ L, yj ∈ A∗ , ij ∈ L for all
1 6 j 6 h (h-membrane division rule)
(2) x → y{g}, where x ∈ A+ , y is a string over A×L, y = (a1 , t1 ) · · · (ah , th ),
with ai ∈ A, ti ∈ L, 1 6 i 6 h, In both cases g denotes a guard, which
will be discussed later on. (rewriting and communication rule)
Let Rel = {>, 6, ̸=, >, <} be a set of relational operators and an alphabet
A. A multiset over A ∪ A (A = {a|a ̸∈ A}) with relational operators from Rel is
an expression w = θ1 α1n1 · · · θk αknk , where α1n1 . . . αknk is a string over A ∪ A (in
which αi and αj are not necessarily distinct, 16 i < j 6 k, and θj ∈ Rel, for
each j, 16 j 6 k. A guard g is a ﬁnite disjunction w of expressions. If and only
if in the following three instants, the guard g is true.
(a) if g = θ1 α1n1 . . . θk αknk , z is a string over the alphabet A, then for every j,
16 j 6 k, either (i ) if αj ∈ A, then |z|αj θj nj does not hold, or (ii ) if αj ∈ A
then |z|αj θj nj holds;
(b) if g is a ﬁnite nonempty disjunction of multisets over A ∪ A with relational
operators from Rel, g = w1 | · · · |wp , then there exists j, 1 6 j 6 p, such that
wj is true, according to (a);
(c) if g is the empty set then it is always evaluated true.
A rule r with its left hand side x and guard g is applicable if and only if the
guard g is true and the current multiset contains at least one occurrence of x.
If a rule of type (1) is applied then the compartment labelled with i (i.e.
Ci ) will be divided into h compartments labelled with i1 , · · · , ih ; the object
x will be replaced by yj in the new compartments labelled with ij ; All the
objects of the compartments Ci will also be copied in each of these compartments
(i.e. Cij ), and all the links of Ci are inherited by each of the newly created
compartments. When a rule of type (2) is applied, the multiset x is removed
from the compartment and each object ai is sent to the compartment labelled ti
({i, ti } ∈ E). When ti = i then ai will remain in the compartment. If the target
refers to the label that appears more than once, one of the involved compartments
will be non-deterministically chosen. If ti indicates the label of the environment,
the corresponding object ai will be sent to the environment.
It is worth pointing out that the rules of type (2) are applied in a maximal parallel manner whereas membrane division rules are applied once per each
compartment.

3

Implementation methods of skP systems for NP-hard
problems

This section is ﬁrst devoted to give a generic description on the implementation
framework of skP systems for solving NP-hard problems. To clearly understand
the framework, two well-known NP-hard problems, the subset sum and SAT
problems, are used to specify the framework.
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Generic description

When we use skP systems to solve NP-hard problems, the main idea is that
certain membranes are divided into two at each step and a possible solution to the
problem is generated in each divided membrane. Thus the number of the divided
membranes and the number of possible solutions will increase exponentially. At
each step, we check whether the newly generated solutions are correct or not. If
the correct solution is found, the membrane division process terminates.
The framework that uses skP systems to solve NP-hard problems is composed
of the following elements:
1. where L = {1, 2}; 1 is the label of the environment and 2 is the label of the
compartments used for checking the possible solution.
2. µ is given by the graph with edge {1,2}.
3. Multiset: {A1 , · · · , An } ∪ Q ∪ X ∪ {Step, eS, eD, T, F, Y es, N o}, where the
string over objects Ai (1 6 i 6 n) stands for the possible solution and the
value of n is related to the size of the problems; set Q is used to represent the
problem and its relevant parameters; X is a set of objects, which may be used
as intermediate parameters; the object Step represents the number of steps;
eS and eD are two enable ﬂags for generating Step and division, respectively;
T (true) or F (false) indicates whether the result in each compartment is
correct or not; yes and no denote the numbers of the correct and wrong
solutions to the NP-hard problem, respectively, that is, the numbers of the
results T and F sent to the environment from each compartment.
4. IO consists of Yes, No;
5. Compartments: C1 = (1, w1,0 , R1 ), C2 = (2, w2,0 , R2 ), where w1,0 = λ, R1 =
Φ, w2,0 is a string over Q ∪ {eS, eD}, R2 is described as follows: the rules
in R2 are divided into ﬁve categories, each of which has a speciﬁc purpose.
They are:
(a) Rules for counting:
[eS]2 → [eS, Step]2
The number of Step is used to record the steps that the skP system goes.
This rule is always executed till the possible solution in the corresponding
compartments containing it is checked by using rule (d). At each step,
a new object Step is generated. Thus the number of the objects Step
represents the number of steps.
(b) Rules for division:
[eD]2 → [eD, Ai ]2 [eD]2 {= Stepi }(0 6 i < n)
This rule will be executed when the number of the objects Step is less
than n (the size of the problems). At i th step, the compartment will
be divided into two compartments, one of which will get a new object
Ai , while the other get nothing. When the number of the objects Step
equals n, there totally are 2n elementary membranes, all of which are
marked by label 2. In this way, all the possible solutions are generated
within their corresponding compartments.
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(c) Rule for calculation:
[qi ]2 → [xi ]2 {= GuardF orCal}
[qi ]2 → [x]2 {= GuardF orCal}
[xi ]2 → [x]2 {= GuardF orCal}
[xi ]2 → λ
{= GuardF orCal}
The GuardForCal is the guard of these rules, which would be set according to the problem. qi (qi ∈ Q) is a parameter related to the problem,
xi (xi ∈ X) and x(x ∈ X) are used as intermediate parameters to maintain the process information. Among the objects in set X, x is used to
record the computed results. It is noting that these rules may be partially
chosen according to the NP-hard problems considered.
(d) Rule for checking:
[eS]2 → [3T ]2 {= GuardF orChk}
[eS]2 → [3F ]2 {̸= GuardF orChk}
The GuardForChk is the condition that judges whether the possible
solution in each compartment is correct or not. As usual, GuardForChk
returns the computed result back to x(x ∈ X). By using these checking
rules, each compartment will get a ﬂag, true or false, and afterwards the
compartment will not obtain any new object step.
(e) Rule for out put:
[2T ]2 → (Y es, 1){= T 3 }
[2F ]2 → (N o, 1){= F 3 }
The two rules are used to send the ﬂag, true or false, in the compartment
out to inside the environment. Thus the number of solutions equals the
number of the objects Yes.
The skP system works as follows: at ﬁrst, there are only 2 compartments, the
environment C1 and the membrane C2 . Then C2 is divided at an exponential way
by executing rules (b) and new multisets like A0 , A2 , · · · , An−1 are generated.
At the same time, rule (a) is always performed. When the number of the objects
Step equals n, the size of the problem, all the possible solutions are created and
the compartments will never be divided any more, otherwise, a new Ai will be
created within the compartments at each step. So, before step n+1, the newly
produced Ai will be used to solve the problem by executing the rules (c) and
the related conﬁguration will be stored into the intermediate parameter xi or
x(x, xi ∈ X). At step n+2, through performing rules (d), we can get a ﬂag which
represents whether the string over A is a correct solution or not. From now on,
it is not necessary to count the steps any more for there is only one step that
the ﬂag Yes or No is sent to the environment (i.e. C1 ). At the same time, the
object eS is consumed and the rule (a) will never be used again. At the last step,
step n+3, rules (e) are applied. From the numbers of objects Yes and No in the
compartment C1 , we know how many compartments get correct solutions and
how many compartments get incorrect answers. Thus the skP system terminates
because no more rules can be available.
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skP systems for subset sum and SAT problems

In this subsection, the well-known subset sum and the SAT problems are considered as examples to show the usage of this framework.
Subset sum problem A subset sum problem [8, 9] can be formulated as follows:
given a ﬁnite set V, elements in the collection which are positive integer values,
and a number k representing the target sum, decide if there exists a subset W of
V, such that sum(W ) = k. Below we assume there are n positive integer values.
To solve this problem, we will change two types of rules, while the membrane
structure, the labels and the objects in the compartments are exactly the same
as described in Subsection 3.1. In what follows we present the meaning of the
multiset and the evolution rules:
– Multisets:{v, v1 , · · · , vn }∪{A1 , · · · , An }∪{sum, Step, eS, eD, T, F, Y es, N o};
The number of the object v is the target sum; the number of vi represents
the integer values of the i th element of the V, which is written as Q in
Subsection 3.1; Ai means whether the i th element is picked or not; sum is
an element for counting the value of the picked subset. The meanings of
objects Step, eS, eD, T, F, Y es, N o are also described in Subsection 3.1.
– Compartments: C1 = (1, w1,0 , R1 ), C2 = (2, w2,0 , R2 ), where w1,0 = λ, R1 =
Φ, w2,0 = {v1k1 · · · vnkn } ∪ {eS, eD}, v1k1 · · · vnkn present the weights of the
elements of V. The rules, which are used for counting and output, are the
same as described in 3.1. and the rest are put as follows:
• Rule for generation:
[eD]2 → [eD, Ai ]2 [eD]2 {= Stepi < sumv }(0 6 i < n)
We alter the guard of this rule because it is not necessary to divide
compartments any more, if sum is bigger than or equal to v.
• Rule for calculation:
[vi ]2 → [sum]2 {= Ai }(0 6 i < n)
The rules are applied in a maximally parallel way. All the object vi will
be changed into sum, if the i th element is picked, e.i. Ai exists. After
these rules are applied, the number of sum equals the integer value of
the picked subset. Thus, the number of the objects sum can be used to
check whether the string over A is a correct solution or not.
• Rule for checking:
[eS]2 → [3T ]2 {= sumv = Stepn+2 }
[eS]2 → [3F ]2 {< sumv = Stepn+2 }
If the number of sum equals the target sum, the object eS will be changed
into T. Otherwise, the compartments will get the object F.
The numbers of objects in the alphabet, rules, compartments and steps in
the skP system for solving the subset sum problem is shown in Table 1.
In the sequel, we use an example shown in Fig.1 to illustrate the procedure
that the skP system is used to solve the subset sum problem with 3 elements
weighting 2, 3, 6 and v =5. It is worth noting that the compartments on the ﬁrst
left column in Steps 2-4 execute only counting rules because the multiset in the
compartments does not match the guard of the rules for calculation.
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Table 1. skP systems for subset sum problems
Speciﬁcation
Objects in the alphabet
Rules
Compartments
Steps

Numbers needed in the skP system
2n + 8
2n + 5
2n + 1
n+3

Fig. 1. Procedure for solving the subset sum problem

SAT problem A propositional SAT problem is the ﬁrst known NP-complete
problem. Let us recall a brief description of SAT problems: given a set of boolean
variables and a conjunction of clauses, which are composed of the variables, seek
for an assignment of variables so that the conjunction of clauses is true. Below
we assume there are m clauses and the number of boolean variables in each
clause varies between 1 and n.
We consider each clause of the SAT problem as a sub-problem and the conjunction of clauses as another sub-problem. Thus, there are m+1 sub-problems
in total. In our framework design, each compartment will evaluate the m subproblems, i.e. the clauses, in the ﬁrst n+1 steps. The compartments will check
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the conjunction of clauses is positive or not at (n+2)th step. Then, the compartments will get the ﬂag of T or F and send the ﬂag to the environment.
Thus, there are one more step and totally n+4 steps. The parameters setting is
as follows:
– Multisets: {P, Step, eS, eD, T, F, Y es, N o} ∪{A1 , · · · , An } ∪{F1 , · · · , Fm } ∪Q
∪ {temp1 , · · · , tempm }; Ai represents whether the i th variables true or false;
Objects qij (qij ∈ Q, 0 < i 6 m, 0 < j 6 n) denote the j th variable in the
i th clause. If the variable is positive or negative, the number of qij will be
equal 1 or 0, respectively. If the variable is not set in the clause, the number
of qij will be set to 2. The object tempi is used as an auxiliary variable; the
object Fi (0 < i < m) indicates whether the i th clause is positive or not. The
clause is positive as long as the number of Fj is bigger than 1. P is used to
show the boolean value of the conjunction of clauses, i.e. the object P is a
ﬂag showing whether the possible solution is the target or not. The rest of
the conﬁguration is referred to Subsection 3.1.
– Compartments: C1 = (1, w1,0 , R1 ), C2 = (2, w2,0 , R2 ), where w1,0 = λ,
k11
k11
kmn
kmn
R1 = Φ, w2,0 = {q11
· · · qmn
} ∪ {eS, eD}, q11
· · · qmn
present the SAT
problem. The generation rule and output rule are the same as described in
Subsection 3.1. The calculation rule, the checking rule and the counting rules
for generating auxiliary variables at each step need to be altered.
• Rule for counting:
[eS]2 → [eS, Step, temp1 , · · · , tempn ]2
Through performing this rule, we can get tempi (0 < i 6 n), which is
used as the auxiliary variables in the following calculation rule to record
the process information at each step.
• Rule for calculation:
2
0
1
stepj } (0 < i 6 m,
stepj | = qij
stepj | = A1j qij
[tempi ]2 → λ {= A0j qij
0 < j 6 n)
0
1
[tempi ]2 → [Fi ]2 {= A0j qij
stepj | = A1j qij
stepj } (0 < i 6 m, 0 < j 6
n)
[tempi ]2 → [P ]2 {> Fi1 = stepn+2 } (0 < i 6 m)
At the j th step (i.e. Step = j), if the numbers of Aj and qij are equal,
the object tempi will be changed into Fi . If the numbers of Aj and qij
are not equal or the number of qij equals 2 (i.e. the j th variable in the
i th clause is not set), the object tempi will disappear. At the (n+2)th
step, if the number of Fi is bigger than 1, which means the i th clause
is true, the object tempi will be changed into P. Thus, the number of P
equals the number of the positive clauses.
• Checking rule:
[eS]2 → [3T ]2 {= P m = Stepn+3 }
[eS]2 → [3F ]2 {< P m = Stepn+3 }
At the (n+3)th step, if the number of P equals m, which means all
the clauses are true and consequently the string over A is a correct
solution. Thus, we can get the object T from the object eS. Otherwise,
the compartments will get only the object F.

Implementation of KPS in CUDA for solving NP-hard problems

81

The numbers of objects in the alphabet, rules, compartments and steps in
the skP system for solving the SAT problem are listed in Table 2, where m and
n are the numbers of clauses and variables, respectively.

Table 2. skP systems for SAT problems
Speciﬁcation
Objects in the alphabet
Rules
Compartments
Steps

Numbers needed in the skP system
mn + 2m + n + 8
2mn + m + n + 5
2n + 1
n+4

∨
∧ Here
∨ we give an example, shown in Fig.2, where the formula is F = (A1 A2 )
(A1 A2 ), to illustrate the procedure that the skP system is used to solve the
SAT problem.

Fig. 2. Procedure for solving the SAT problem
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Experiments and result analysis

To quicken the computing process of the subset sum and SAT problems, this
study considers GPUs and CUDA as the implementation platforms, by which a
good performance was obtained in the simulations of spiking neural P systems
and P systems with active membranes [1–4]. In what follows we ﬁrst introduce
the implementation environment and the parallel CUDA programming model.
The experiments for solving the subset sum and SAT problems in CUDA follow.
Finally we analyze the experimental results.
4.1

Implementation environment

The hardware platform is a Samsung Note book Q470 with Windows 7 64-bit
operating system, relational parameters has been summarized in Table 3 and 4.
Table 3. Nvidia GeForce GT650M speciﬁcation
GPU elements

Hardware

Parameter values

Streaming processors
(GPU cores)

CUDA Cores/MP
Number of multiprocessors
Total number of cores
GPU Clock frequency
Per multiprocessor
Per block
Warp size
32-bit registers per block
Constant memory
Shared memory
Size
Memory Clock
Memory Bus width

192
2
384
950Mhz
2048
1024
32
65536
64KB
48KB
1GB
900Mhz
128-bit

Items

Hardware

Parameter values

CPU(Intel i5-3210M)

Cores per CPU
Frequency
Memory Size
CUDA driver version
Runtime version

2
2.5Ghz
8GB
5.0
4.2

Maximum number
of threads
SRAM memory per
multiprocessor
Global memory
(video memory)

Table 4. Host speciﬁcation

CUDA compiler
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Parallel CUDA programming model

GPU can be seen as a device with many processors and is usually used to process
image data. Nvidia launched the Compute Uniﬁed Device Architecture (CUDA),
which uses GPU for general purposes rather than the image processing. With
CUDA, GPU can execute data-parallel kernel functions and accelerate the speed
of data processing. To use CUDA programming model, users should create a
program including CPU code (host code) and GPU code (kernel code). Both of
them are compiled by using nvcc(the Nvidia’s compiler).

Fig. 3. Thread/block organization in CUDA programming model

The CUDA programming model can be described as follows: ﬁrstly, the host
code is responsible for transferring the data in host memory to the GPU by
calling cudamemcpy() (CUDA function). Then, the host code set two appropriate
numbers for blocks and threads to execute the kernel function. The blocks and
threads, which have their own identiﬁers, execute the kernel codes in parallel,
are organized into a three-level hierarchy. As shown in Fig. 3, at the highest
level, a single grid created by kernel function consists of many blocks made
up of threads. Besides, the threads within a block can perform synchronization
by using syncthreads() function. However, the synchronization across blocks
can only be obtained by terminating the kernel function. When all the kernel
functions complete, the host code will recall the cudamemcpy function to get
the memory back. Thus the CUDA acceleration process is over.
The kernel function is speciﬁed through the key word global and its syntax is similar to the C language function: global voidkernelF uncN ame <<<
dimGrid, dimBlock >>> (· · · parameterlist · · ·){· · · code · · ·}, where dimGrid
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and dimBlock are set by host and the code in the kernel function is the same as
C language [11].
4.3

Experiments

Whenever we make programs in CUDA, our main eﬀort is to divide the massive
work into pieces to ﬁnish the computing task in the threads and blocks. In
the skP systems, the rules are executed in maximal parallelism way in each
compartment, and all the compartments are parallel in the environment. We can
use the thread/block organization in the CUDA programming model, shown in
Fig.3, to realize the skP system. We deﬁne the GPU blocks as compartments
and the GPU threads as units which execute the rules [8]. From the view of
CUDA, each thread and block run in parallel, just like the parallelism of the
compartments and rules of skP systems. The arrangements of the compartments
and rules in the CUDA programming model is shown Fig. 4 in the simulation.
In the initialization of the program, all the parameters in each compartment
are sent to the GPU global memory by host code. To decrease the time for
reading data, we store constants and rules, which are never changed, into the
constant memory or texture memory. For the same reason, when the kernel
functions are called, the compartment parameters are ﬁrstly sent to the shared
memory in blocks. Then the threads in each block choose and apply the rules.

Fig. 4. Compartment and rule arrangement in CUDA programming model

From the programming model described in Subsection 4.2, there is not any
synchronous function at the block level. Thus, it may occur that some compartments complete the process of selecting rules and begin to apply the rules,
but the others are still selecting the rules. If this case appears, it may lead to
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the situation that some compartments get new objects and select the rule simultaneously. If the bad case happens, the read-write conﬂict may occur and
the program will crash down. To avoid the bad case, our simulation is divided
into two stages: selection and execution. The former is to search for the rules
to be executed in each compartment. Once all the compartments ﬁnish the rule
selection, the latter stage starts to perform the rules selected. According to the
skP system deﬁnition, the selection stage includes the processes of checking the
guard and judging whether one rule is available or not. At the execution stage,
the compartments may receive, rewrite or transport objects, and the membrane
structure may also be changed due to membrane division. The detailed process
is illustrated in Table 5.
Table 5. Simulation process
Require: problem ﬁle
{ Initialization stage }
Load(problemFile)

Initial(compartments,rules)
CopyDataFromCPUtoGPU(compartments)
CopyDataFromCPUtoGPU(rules)
{ Generation stage }
Repeat

SelectRulesKernel<<<blocks, threads >>>(ruleSelected,compartments,
rules)
ExecuteRulesKernel<<<blocks, threads>>>(ruleSelected,compartments,
rules)
Update(numOfCompartments)
run=run+1
while run<maxRun
{ device Synchronization }

DeviceSynchronize(compartments)
{ Output stage }

CopyDataFromGPUtoCPU(compartments)
OutputResults(compartments)

4.4

Result analysis

This section provides the experimental results about the implementation of the
skP systems for solving subset sum and SAT problems. A comparison of the
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elapsed time on the use of CPU and CUDA is also drawn. All the results are the
average values of 10 independent runs of the programs.
Experiment results on the subset sum problem In this experiment, the
system structure, multisets and rules are the same as described in Subsection
3.2 The number of membranes Nm depends on the number n of the elements
in the set V (Nm = 1 + 2n ). The maximal number of membranes can only be
set to 1 + 221 due to memory. The parameter n varies from 1 (3 membranes) to
21 (1 + 221 membranes) and the values of elements in V are randomly assigned
between 100 and 200. The elapsed time is shown in Fig.5.
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Fig. 5. Elapsed time for solving subset sum problems

Figure 5 indicates the following conclusions:
1. The acceleration eﬀect of CUDA against CPU is not obvious when the number of subsets is smaller than 8.
2. As the number of subsets increases from 8 to 17, the diﬀerence about the
elapsed time between CUDA and CPU becomes larger and larger. When
n equals 17, CUDA is about 18 times faster than CPU, which means the
elapsed time of CUDA has reduced 94.4% of CPU.
3. The diﬀerence on the elapsed time between CUDA and CPU slowly increases
and it mounts up to 18.8 when the n equals 21.
Experiments on SAT problems Because the changes of both variables and
clauses in SAT problems can lead to the changes of the multiset and rules, this
experiment considers the two cases, i.e., the changes of variables and clauses. In
the ﬁrst case, the number of clauses is ﬁxed to 60 and the number of variables
varies from 1 to 19. In the second case, the number of variables is ﬁxed to 16
and the number of clauses varies from 30 to 60. Experimental results are shown
in Fig.6.
Figure 6 shows a similar trend to Fig.5. It can be seen from Fig.6 that the
elapsed time of both CPU and CUDA increases as the number of variables goes
up. In Fig. 6(a), the diﬀerence between the CUDA and CPU computing time
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Fig. 6. Elapsed time for solving SAT problems

varies as the number of variables grows and it reaches 20 when the number of
variables equals 19. In Fig.6(b), as the number of clauses increases, the ratio of
the elapsed time of CPU and CUDA maintains about 20.

5

Conclusions

This paper discusses the implementation of skP systems in CUDA for solving
subset sum and SAT problems. An implementation framework and its implementation method are presented. A large number of experiments conducted on
the two NP-hard problems verify the feasibility of our implementation framework and method and show that a good acceleration eﬀect of CUDA against
CPU. We ﬁnd from this study that the bottleneck of the implementation is the
size of the memory of the device used. Following this work, we plan to use the
implementation framework and its method to solve more NP-hard problems.
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13. Pǎun, G., Rozenberg, G. : A guide to membrane computing. Theoretical Computer
Science 287(1), 73–100 (2002)
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Abstract. Spiking neural P systems (SN P systems, for short) are a
class of distributed parallel computing devices inspired from the way
neurons communicate by means of spikes. Recently, a variant of SN P
systems was considered: at each step the neuron with the minimum number of spikes among the neurons that can spike will fire. In previous
literature, it was obtained that such systems can achieve Turing completeness when the computing result is realized through accumulation
of spikes in the output neuron. In this work, we use a natural way to
define the computing result of the systems, by means of determining the
time interval between the first two spikes emitted by the output neuron.
As devices of computing functions, we construct a universal sequential
SN P system based on minimum spike number (without delay) by using 137 neurons; as generators of sets of numbers, a universal sequential
SN P system based on minimum spike number (without delay) with 126
neurons is also obtained.
Keywords: Membrane computing, Spiking neural P system, Sequentiality, Small universal system

1

Introduction

Spiking neural P systems (SN P systems, for short) were introduced in [4] in
the framework of membrane computing as a new class of neural-like P systems
which abstracted the way neurons communicate by means of electrical impulses
of identical shape, called spikes. Since then, many variant of SN P systems and
some properties have been studied [1, 5–7, 10–18, 24–29, 31–34]; an overview of
the field can be found in [20] and [21], with up-to-date information available at
the membrane computing website (http://ppage.psystems.eu).
?
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Briefly, an SN P system consists of a set of neurons, which are placed in the
nodes of a directed graph whose arcs represent the synapses. Each neuron contains a number of copies of a single object type called spike. These are processed
by spiking rules and forgetting rules. The spikes produced in a neuron are sent
to all neurons linked by a synapse to the emitting neuron. The applicability of
a rule is usually determined by checking the total number of spikes contained
in the neuron against a regular expression associated with the rule. The system
works in a synchronized manner, i.e., in each time unit, each neuron which can
use a rule should do it (hence the process is parallel at the level of the system
and sequential at the level of each neuron).
Recently, a variant of SN P systems was considered in [3]: at each step the
neuron with the minimum number of spikes among the neurons that can spike
will fire. If there is a tie for the minimum number of spikes stored in the active neurons, only one of the neurons containing the minimum is chosen nondeterministically. We call this strategy “min-sequentiality”. It was obtained that
SN P systems working in the min-sequentiality manner can achieve Turing completeness when the computing result is realized through accumulation of spikes
in the output neuron.
In computer science, looking for small universal computing devices is a classical research topic, whose aim is to construct computationally universal computing devices using resource as less as possible. Many small universal systems have
been developed, such as small universal Turing machine [22], small deterministic
Turing machine [2], and small register machine [8]. In recent years, looking for
small universal SN P systems has been investigated, which was initialled in [19]
and improved in [35] by using less neurons to construct a universal SN P system.
Following this line of research, in this work, we consider the problem of looking for small universal sequential SN P systems based on minimum spike number.
Here, we use a natural way to define the computing result of the systems, by
means of determining the time interval between the first two spikes emitted by
the output neuron. Two versions of sequential SN P systems based on minimum
spike number are considered here, that is, as devices computing functions and
as devices generating sets of numbers. As devices of computing functions, we
construct a universal sequential SN P system based on minimum spike number
(without delay) by using 137 neurons; as generators of sets of numbers, a universal sequential SN P system based on minimum spike number (without delay)
with 126 neurons is also obtained.
This paper is organized as follows. In Sect. 2, we introduce sequential SN
P systems based on minimum spike number. Sect. 3 gives the small universal
sequential SN P system based on minimum spike number used as devices computing functions. In Sect. 4, the case of the systems used as devices generating
sets of numbers is considered. Conclusions and remarks are drawn in Sect. 5.

Small Universal Sequential SN P Systems Based on Minimum Spike Number
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Sequential SN P Systems Based on Minimum Spike
Number

We start by recalling the basic definition of sequential SN P systems based on
minimum spike number (the feature of delays is omitted, because it is not used
in this work). In the definition of the systems, the notion of regular expression
is used, please refer to [23] for the details.
A sequential SN P system based on minimum spike number, of degree m ≥ 1,
is a construct of the form
Π = (O, σ1 , σ2 , . . . , σm , syn, in, out), where:
• O = {a} is a singleton alphabet (a is called spike);
• σ1 , σ2 , . . . , σm are neurons, of the form σi = (ni , Ri ) with 1 ≤ i ≤ m, where
a) ni ≥ 0 is the initial number of spikes contained in σi ;
b) Ri is a finite set of rules of the following two forms:
(1) E/ac → a, where E is a regular expression over O and c ≥ 1;
(2) as → λ, for some s ≥ 1, with the restriction that as ∈
/ L(E) for any
rule E/ac → a from Ri ;
• syn ⊆ {1, 2, . . . , m} × {1, 2, . . . , m} with (i, i) ∈
/ syn for 1 ≤ i ≤ m (synapses
between neurons);
• in, out ∈ {1, 2, . . . , m} indicate the input and output neurons, respectively.
The rules of type (1) are firing (we also say spiking) rules; and the rules of
type (2) are forgetting rules. They are applied in the way specified in [4].
In each time unit, if neuron σi can use one of its rules, then a rule from Ri
can be used at the next step. We note that the rules are used in the sequential
manner in each neuron, but in previous literature neurons function in parallel
with each other. In the following we will consider another methodology for rule
application: at each step, the neuron with the minimum number of spikes among
the neurons that are active (can spike) will fire. If there is a tie for the minimum
number of spikes stored in the active neurons, only one of the neurons containing
the minimum is chosen non-deterministically. This strategy makes the system
sequential, we will call this “min-sequentiality”.
The initial configuration of the system is described by the numbers n1 , . . . , nm
of spikes present in each neuron. It is denoted by C0 = hn1 , . . . , nm i. Using the
rules as described above, one can define transition as change from one configuration to another. A series of transitions starting from the initial configuration
is called a computation. A computation halts if it reaches a configuration where
no rule can be used.
Similar with the case considered in [19], in order to compute a function f :
N k → N , we need to introduce k natural numbers n1 , . . . , nk in the system from
the environment. In order to simplify the input module in the present paper we
achieve this operation by “reading” a binary sequence z = 102n1 102n2 1 . . . 102nk 1,
which is different from the idea in [19]. This means that the input neuron of the
system receives a spike in each step corresponding to a digit 1 from the string z
and no spike otherwise. Note that we input exactly k + 1 spikes, i.e., after the
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last spike we assume that no further spike is coming to the input neuron. The
result of the computation is encoded in the distance between the first two spikes
emitted by the output neuron. Assume that the system produces a spike train
of the form 0b 104r−2 1, for some b ≥ 0, thus, we have r = f (n1 , . . . , nk ).
For the way of how the sequential SN P systems work when they are used
as number generators, we do not enter into details here, but we will specify it in
Sect. 4.

3

Small Universal Computing Sequential SN P Systems
Based on Minimum Spike Number

In this section, we attempt to construct a small universal sequential SN P system
based on minimum spike number which is used for computing functions.
The following proof is based on the simulation of deterministic register machines given in the form M = (m, H, l0 , lh , I), where m is the number of registers,
H is the set of instruction labels, l0 is the start label, lh is the halt label (assigned to instruction HALT), and I is the set of instructions; each label from H
is associated with only one instruction from I, thus precisely identifying it. The
instructions are of the following forms:
• li : (ADD(r), lj ) (add 1 to register r, then go to the instruction with label lj ),
• li : (SUB(r), lj , lk ) (if register r is non-empty, then subtract 1 from it and go
to the instruction with label lj , otherwise go to instruction with label lk ),
• lh : HALT (the halt instruction).
A register machine M generates a set of numbers in the following way: we
start with all registers being empty (i.e., storing the number zero), we apply the
instruction with label l0 and we proceed to apply instructions as indicated by
the labels (and made possible by the contents of registers); if we reach the halt
instruction, then the number n present in a specified register r0 at that time is
said to be generated by M . If the computation does not halt, then no number
is generated. The set of all numbers generated by M is denoted by N (M ).
A register machine can also compute any Turing computable function (we assume that the function to be computed has arguments n1 , . . . , nk ): we introduce
the arguments in specified registers r1 , . . . , rk (without loss of the generality, we
may assume that we use the first k registers), we start with the instruction with
label l0 , and if the register machine stops (with the instruction with label lh ),
then the value of the function is placed in another specified register rt , with all
registers different from rt being empty. The partial function computed in this
way is denoted by M (n1 , n2 , . . . , nk ).
Theorem 1. There exists a universal computing sequential SN P system based
on minimum spike number (without delay) having 137 neurons, where the result
is encoded in the distance of the first two spikes emitted by the output neuron.
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Proof. A register machine can compute any Turing computable function (see
e.g. [9]). We will show that a universal register machine from [8] (shown in Fig.
1) can be simulated by an SN P system working in min-sequentiality manner.
Let (ϕ0 , ϕ1 , . . .) be a fixed admissible enumeration of the unary partial recursive
functions. A register machine Mu is said to be universal if there is a recursive
function g such that for all natural numbers x, y we have ϕx (y) = Mu (g(x), y).
As in the case considered in [19], we further add a register 8, which is never
decremented during the computation, and we replace the old halt instruction of
Mu with the following three instructions: lh : (SUB(0), l22 , lh0 ), l22 : (ADD(8), lh ),
and lh0 : HALT. Thus at the end of the program of the initial machine we will copy
the contents of the old output register (register 0) into the register 8 which will
serve as the new output register. We do this so that no substraction rule will
be applicable
to etthe
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al.output register. In this way, we have 9 registers (numbered
from 0 to 8), 24 ADD and SUB instructions, and 25 labels. We denote by Mu0
the obtained register machine.

l0 : (SUB(1), l1 , l2 ),

l1 : (ADD(7), l0 ),

l2 : (ADD(6), l3 ),

l3 : (SUB(5), l2 , l4 ),

l4 : (SUB(6), l5 , l3 ),

l5 : (ADD(5), l6 ),

l6 : (SUB(7), l7 , l8 ),

l7 : (ADD(1), l4 ),

l8 : (SUB(6), l9 , l0 ),

l9 : (ADD(6), l10 ),

l10 : (SUB(4), l0 , l11 ),

l11 : (SUB(5), l12 , l13 ),

l12 : (SUB(5), l14 , l15 ),

l13 : (SUB(2), l18 , l19 ),

l14 : (SUB(5), l16 , l17 ),

l15 : (SUB(3), l18 , l20 ),

l16 : (ADD(4), l11 ),

l17 : (ADD(2), l21 ),

l18 : (SUB(4), l0 , lh ),

l19 : (SUB(0), l0 , l18 ),

l20 : (ADD(0), l0 ),

l21 : (ADD(3), l18 ),

lh : HALT
Fig.
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registermachine
machinefrom
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Korec[8][8]
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In this system, neurons are associated with each register and with each label of an instruction of the machine. Specifically, we start with two spikes in
the neurons modeling the registers. If a register contains a number n, then the
associated neuron will contain 2n + 2 spikes. The simulations of ADD and SUB
instructions by the system are presented in Figs. 2 and 3, respectively.
The ADD module works as follow: when one spike enters neuron σli , this
l
neuron fires sending one spikei to
each
a→
a of neurons σli(1) , σr , thus neurons σli(1)
and σr contain 1 spike and 2n + 3 (n ≥ 0) spikes, respectively, both of them
(1)

a→a

lj

a→a

li

a2
r

Fig. 2. Module ADD (simulating li : (ADD(r), lj ))
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lh : HALT

are activated Fig.
(neuron
be activated
to thefrom
applicability
r willuniversal
1. A σsmall
registerdue
machine
Korec [8] of the rule
a(a2 )+ /a3 → a). Due to the min-sequentiality, neuron σl(1) fires at the next
i
step, sending one spike to neurons σlj and σr , respectively. In this way, neuron
σlj is the only active one and it fires, and the number of spikes in neuron σr is
increased by two, which simulates the increase of the number stored in register
r by 1.

li

(1)
li

lj

a→a

a→a

a2
r

a→a

Fig. 2. Module ADD (simulating li : (ADD(r), lj ))
Fig. 2. Module ADD (simulating li : (ADD(r), lj ))

The simulation of a SUB instruction is shown in Fig. 3. When neuron σli
fires at step t, neurons σl(1) , σl(4) , σl(5) and σr receive one spike, respectively; so
i
i
i
neuron σr contains 2n + 3 (n ≥ 0) spikes (corresponding to the fact that the
number stored in register r is n at step t). Due to the min-sequentiality, neuron
σl(1) fires at step t + 1 sending a spike to each of neurons σl(2) , σl(4) and σl(5) ;
i
i
i
i
thus neurons σl(2) , σl(4) and σl(5) contain 1, 3, 3 spikes, respectively. At step t + 2,
i
i
i
neuron σl(2) fires sending one spike to each of neurons σl(3) , σl(4) and σl(5) . At
i
i
i
i
step t + 3, neuron σl(3) fires sending a spike to neuron σl(4) , thus at the next step
i
i
neurons σl(4) and σl(5) contain 5 and 4 spikes, respectively, whereas neuron σr
i
i
contains 2n + 3(n ≥ 0) spikes. Two possible cases follow:
(1) The number of spikes in neuron σr is 3 (corresponding to the fact that the
number stored in register r is 0). In this case, at step t + 4, neuron σr fires
since it has three spikes (one less than neuron σl(5) ), and sends a spike to
i
each of neurons σl(4) , σl(5) . Let Lr be the set of labels of SUB instructions
i
i
acting on register r. Neuron σr has synapses with all the neurons σl(4) and
s
σl(5) , ls ∈ Lr , which means all of them receive a spike from σr . In this way,
s
neuron σl(4) contains 6 spikes, neuron σl(5) contains 5 spikes, each of neurons
i
i
σl(4) , σl(5) (ls 6= li ) contains 2 spikes, hence all of these neurons are active.
s
s
Due to the min-sequentiality strategy, neurons σl(4) , σl(5) (ls 6= li ) forget their
s
s
spikes using the forgetting rule a2 → λ (at each step, non-deterministically
chosen, one of neurons σl(4) , σl(5) (ls 6= li ) fires). After all of neurons σl(4) , σl(5)
s

s

s

s

(1)

a→a
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a→a
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a2
r
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a
a2 → λ
a6 /a5 → a
a7 → λ

a
a2 → λ
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a5 → a

(3)
li
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(1)
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(4)
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a→a
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(5)
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a7
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8
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ls , ls 6= li , ls ∈ Lr

a→a

r

(7)

li

lk

Fig. 3. Module SUB (simulating li : (SUB(r), lj , lk )), where Lr = {l | l is a label of
Module SUB
(simulating
li : (SUB(r),
lj , lk )), where Lr = {l | l is a label of
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acting
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r}
a SUB instruction acting on the register r}

The simulation of a SUB instruction is shown in Fig. 3. When neuron σli
fires (l
at step
t, neurons σl(1)spikes,
, σl(4) , σneuron
so
(5) and σr receive one spike, respectively;
li
σl(5) fires by the rule a5 → a sending
s 6= li ) forget their
i
i
i
neuron
σr contains
2n +σ3(4)(n
0) spikes (corresponding to the fact that the
a spike
to neurons
, σ≥
(7) and sending another one back to neuron σr .
number stored in register lri is nliat step t). Due to the min-sequentiality, neuron
At the next step, neurons σl(4) and σl(7) are activated (holding 7 spikes and
i

i

8 spikes), so neuron σl(4) removes its seven spikes by the rule a7 → λ. At
i
the next step, neuron σl(7) fires sending a spike to each of neurons σlk , σr ,
i
σl(4) , σl(5) for any ls ∈ Lr . In this way, the numbers of spikes in neurons σr
s
s
and σl(4) , σl(5) (ls ∈ Lr ) are reset to the value they had at the beginning of
s
s
this simulation, which ensures that another SUB instruction can be correctly
simulated. When neuron σlk fires, system Π starts to simulate the instruction
lk of M .
(2) The number of spikes in neuron σr is 2n + 3 (n ≥ 1). In this case, at
step t + 4, both of neurons σl(5) and σr are active; neuron σl(5) removes
i

i

its four spikes by the forgetting rule a4 → λ because of the min-sequentiality
strategy. At step t + 5, σr is the unique active neuron, and it fires sending one spike to each of neurons σl(4) and σl(5) , where ls ∈ Lr , Lr =
s
s
{l | l is a label of a SUB instruction acting on the register r}. In this way,
neuron σr has 2(n − 1) + 2 spikes, which simulates that the number stored in
register r is decreased by one; neuron σl(5) contains one spike; neuron σl(4)
i

i
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contains six spikes; each of neurons σl(4) , σl(5) (ls ∈ Lr , ls 6= li ) contains 2
s
s
spikes. Due to the min-sequentiality strategy, neurons σl(4) , σl(5) (ls ∈ Lr ,
s
s
ls 6= li ) forget their spikes by the rule a2 → λ. After all of neurons σl(4) , σl(5)
s
s
(ls 6= li ) forget their spikes, neuron σl(4) fires by the rule a6 /a5 → a sending a
i
spike to neuron σl(6) (one spike remains in σl(4) ). Note that, at this moment,
i
i
the numbers of spikes in neurons σl(4) and σl(5) are reset to the value they
i
i
had at the beginning of this simulation. At the next step, neuron σl(6) fires
i
sending one spike to each of neurons σlj , σl(4) , σl(5) (ls ∈ Lr , ls 6= li ). So, the
s
s
numbers of spikes in neurons σl(4) , σl(5) (ls ∈ Lr , ls 6= li ) are also reset to
s
s
the number of spikes they had at the beginning of this simulation; neuron
σlj contains one spike. When neuron σlj fires, system Π starts to simulate
the instruction lj of M .
To simulate the universal register machine Mu0 , we begin with neurons σ1
and σ2 already loaded with 2g(x) + 2 and 2y + 2 spikes, respectively. The work
of the system is triggered by introducing one spike in the neuron σl0 (associated
with the starting instruction of the register machine). Then, the system goes
into the phase of simulating the instructions of the universal register machine
Mu0 by the modules from Figs. 2 and 3. In this way, this system can work in the
same way as the universal register machine Mu0 . Hence, neuron σ8 will contain
2ϕx (y) + 2 spikes when the computation halts.
Two problems remain to be solved for simulating the small universal register
machine Mu0 , namely, introducing the mentioned spikes in neurons σl0 , σ1 , σ2 ,
and outputting the computed number. The first problem is solved by the module
INPUT presented in Fig. 4. If we “read” a spike train 102g(x) 102y 1 from the
environment, then the module works as follows: the first spike from neuron σin
is sent to each of neurons σc1 , σc3 and σc5 . Thus, neuron σc1 fires sending a spike
to each of neurons σc2 and σ1 . Neurons σc2 and σ1 are activated (contain 2 spikes
and 3 spikes). Due to the min-sequentiality, neuron σc2 fires sending a spike to
neurons σc1 , σ1 , respectively. In this way, neuron σc1 again has 3 spikes, which
means that neurons σc1 and σc2 will fire alternatively, and the number of spikes
in neuron σ1 is increased by two. When the second spike enters neuron σin , this
neuron fires first because it has the least spike in the system. After receiving
one spike from σin , neuron σc1 is blocked. However, neuron σc3 is activated and
will push the desired spikes into neuron σ2 in the same way. Neuron σc5 fires
only after receiving the third spike from neuron σin , and then it sends a spike
to neuron σl0 , thus the simulation of Mu0 is triggered.
We now consider the second problem, that is, outputting the computed number. As the usual way of encoding information used in SN P systems, the computing result is encoded in a specific form of the time interval between the first
two spikes emitted by the output neuron. If the system produces a spike train
of the form 0b 104r−2 1, for some b ≥ 0, then it means that the produced number
is r (neuron σ8 contains 2r + 2 spikes). The OUTPUT module is shown in Fig.
5 and it works in the following way.

σ1 , σ2 , and outputting the computed number. The ﬁrst problem is solved by
the module INPUT presented in Fig. 4. If we “read” a spike train 102g(x) 102y 1
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second spike enters neuron σin , this neuron ﬁres ﬁrst because it has the least
spike in the system. After receiving one spike from σin , neuron σc1 is blocked.
However, neuron σc3 is activated and will push the desired spikes into neuron
σ2 in the same way. Neuron σc5 ﬁres only after receiving the third spike from
neuron σin , and then it sends a spike to neuron σl0 , thus the simulation of
Mu is triggered.
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We now consider the second problem, that is, outputting the computed
number. As the usual way of encoding information used in SN P systems, the
computing result is encoded in a speciﬁc form of the time interval between the
ﬁrst two spikes emitted by the output neuron. If the system produces a spike
train of the form 0b 104r−2 1, for some b ≥ 0, then it means that the produced
number is r (neuron σ8 contains 2r + 2 spikes). The OUTPUT module is
shown in Fig. 5 and it works in the following way.
When neuron σlh receives one spike, it ﬁres and sends a spike to neurons σ8
and σout . Thus, the two neurons are activated. Due to the min-sequentiality,
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neuron σout ﬁres by the rule a2 → a and the ﬁrst spike of the spike train
is produced. At the next step, neuron σ8 ﬁres sending a spike to each of
neurons σd1 and σout ; thus at the next step neuron σd1 ﬁres sending a spike
to neurons σd2 and σout . At the next step, neurons σd2 , σout and σ8 are all
activated, neuron σd2 ﬁres sending a spike to neuron σout . At the next step,
neuron σout removes its spikes by the rule a3 → λ. At the next step, neuron
σ8 ﬁres, the computation returns to a conﬁguration similar to the initial one,
so this process can continue. When neuron σ8 has three spikes (one less than
neuron σd1 ), it ﬁres twice. After receiving one spike from neuron σ8 , neuron
σd1 is blocked, and neuron σout ﬁres, the second spike of the spike train is
produced.
From the above description of the modules and their work, it is clear that
the register machine is correctly simulated by the SN P system in the minsequentiality manner. The overall design of the small universal computing
system is given in Fig. 6.
We can easily check that we need 9 neurons for the 9 registers, 25 neurons
for the 25 labels, 98 neurons for the 14 SUB instructions, 10 neurons for
the 10 ADD instructions, 6 neurons in the INPUT module, 3 neurons in the
OUTPUT module. Therefore, the total number of neurons is 151.
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When neuron σlh0 receives one spike, it fires and sends a spike to neurons
σ8 and σout . Thus, the two neurons are activated. Due to the min-sequentiality,
neuron σout fires by the rule a2 → a and the first spike of the spike train is
produced. At the next step, neuron σ8 fires sending a spike to each of neurons
σd1 and σout ; thus at the next step neuron σd1 fires sending a spike to neurons
σd2 and σout . At the next step, neurons σd2 , σout and σ8 are all activated, neuron
σd2 fires sending a spike to neuron σout . At the next step, neuron σout removes
its spikes by the rule a3 → λ. At the next step, neuron σ8 fires, the computation
returns to a configuration similar to the initial one, so this process can continue.
When neuron σ8 has three spikes (one less than neuron σd1 ), it fires twice. After
receiving one spike from neuron σ8 , neuron σd1 is blocked, and neuron σout fires,
the second spike of the spike train is produced.
From the above description of the modules and their work, it is clear that
the register machine is correctly simulated by the SN P system in the minsequentiality manner. The overallTitle
design
of the small
computing
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ADD instructions, 6 neurons in the INPUT module,
3 neurons in the OUTPUT
out
module. Therefore, the total number of neurons is 151.
This number can be slightly decreased, by some “code optimization”, ex4ϕx (y)−2
ploiting some particularities of the
register
machine
Mu0 .
1
· · · 10
As the observation considered in [19], for the sequence of two consecutive
ADD instructions
: (ADD(2),
) andof lthe
(ADD(3),SN
l18P
) without
17 The
21 :universal
Fig.l6.
generall21
design
system any other
instruction addressing the label l21 , we can combine the two ADD modules to
simulate this sequence in Fig. 7, where they share the auxiliary neuron σl(1) . In
i
this way we save 2 neurons in total.
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a→a
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Fig. 7. A module simulating two consecutive ADD instructions
Fig. 7. A module simulating two consecutive ADD instructions

A similar operation is possible for the following six sequences of SUB-ADD
instructions, where we can save the intermediate labels (l1 , l5 , l7 , l9 , l16 , l22 ), as
well as one auxiliary neuron for each pair:
l0 : (SUB(1), l1 , l2 ),
l1 : (ADD(7), l0 ),
l4 : (SUB(6), l5 , l3 ),
l5 : (ADD(5), l6 ),
l6 : (SUB(7), l7 , l8 ),
l7 : (ADD(1), l4 ),
l8 : (SUB(6), l9 , l0 ),
l9 : (ADD(6), l10 ),
l14 : (SUB(5), l16 , l17 ), l16 : (ADD(4), l11 ),
lh : (SUB(0), l22 , lh0 ),
l22 : (ADD(8), lh ).
Instead of modules ADD and SUB as in Figs. 2 and 3, for each couple of
instructions as above we can use a module as shown in Fig. 8. In each case, we
save two neurons; together with the two neurons saved by the module in Fig. 7,
an improvement is achieved from 151 to 137 neurons. This completes the proof.

4

Small Universal Generating Sequential SN P Systems
Based on Minimum Spike Number

Let us now consider the case of small universal sequential SN P systems based
on minimum spike number as number generators.
As stated in [19], a generating SN P system Πu is universal if, given a fixed
admissible enumeration of the unary partial recursive functions, (ϕ0 , ϕ1 , . . .),
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l6 : (SUB(7), l7 , l8 ),
l7 : (ADD(1), l4 ),
l8 : (SUB(6), l9 , l0 ),
l9 : (ADD(6), l10 ),
l14 : (SUB(5), l16 , l17 ), l16 : (ADD(4), l11 ),
lh : (SUB(0), l22 , lh ),
l22 : (ADD(8), lh ).
li

(2)

(1)

li

rsub

li
a→a

a→a

a2
2 +
a(a ) /a3 → a

a→a

a
a2 → λ
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a
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(3)

(4)

li
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a2
(6)
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radd
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a→a
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a7
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a→a
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Fig. 8. A module simulating consecutive SUB-ADD instructions
Fig. 8. A module simulating consecutive SUB-ADD instructions

Instead of modules ADD and SUB as in Figs. 2 and 3, for each couple of
there
is a recursive
function
suchathat
for each
natural
number
if wecase,
input
instructions
as above
we cang use
module
as shown
in Fig.
8. Inx,each
the
number
g(x)
in
Π
,
the
set
of
numbers
generated
by
the
system
is
equal
u
we save two neurons; together with the two neurons saved by the module into
{n
∈ 7,
N |ϕ
is defined}.
stated,
introducing
the “code”
g(x)
Fig.
anx (n)
improvement
is Otherwise
achieved from
151 after
to 137
neurons. This
completes
ofthe
theproof.
partial recursive function ϕx in a specified neuron, the system generates
all numbers n for which ϕx (n) is defined. However, it is necessary to mention
that we introduce here the number g(x) by “reading” the sequence 102g(x) 1 from
the
instead of the
sequence 10g(x)−1
1 which was
in [19].
4 environment
Small Universal
Generating
Sequential
SNused
P Systems
The
strategy
followed
by
the
universal
system
Π
is
the
following:
u
Based on Minimum Spike Number
(1) Read the string 102g(x) 1 from the environment and load 2g(x) spikes in
Letneuron
us nowσconsider
the case of small universal sequential SN P systems based
1.
on
minimum
spike
number
as number generators.
(2) Load neuron σ2 non-deterministically
with an arbitrary natural number n
As
stated
in
[19],
a
generating
SN Pσ2system
Πu same
is universal
if, giventhe
a ﬁxed
(introducing 2n spikes in neuron
); at the
time, output
spike
4n−2
,
ϕ
admissible
enumeration
of
the
unary
partial
recursive
functions,
(ϕ
0
1 , . . .),
train 10
1 (hence the number n).
(3) Check whether the function ϕx is defined for n. To this aim, start the register
machine Mu from Fig. 1, with g(x) in register 1 and n in register 2. If the
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computation in Mu halts, then also the computation in our sequential SN P
system halts, hence n is introduced in the set of generated numbers.
Note that there is an essential difference between number generating and
function computing. In the case of sequential SN P systems as number generators, we no longer need to output a result after halting the computation, but
we have to randomly generate a number at the beginning of the computation.
Hence, we need a few modifications to the construction of the small universal
computing sequential SN P systems based on minimum spike number. First, no
separate OUTPUT module is necessary, the additional register 8 can be omitted, and the label lh can be saved by just letting the computation halt. Second,
the INPUT module should be combined with the output one, at the same time
non-deterministically producing the number n.
The combined INPUT-OUTPUT module is presented in Fig. 9.
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Fig. 9. The INPUT–OUTPUT module for number generating universal systems
Fig. 9. The INPUT–OUTPUT module for number generating universal systems

Consequently, the obtained system contains:
After loading neuron σ1 with 2g(x) spikes, we start loading neuron σ2 with
an• arbitrary
spikes by means of neurons σc3 and σc4 , at the same
8 neuronsnumber
for the 8ofregisters,
time
as the time interval between the first
• 22sending
neuronsout
forthe
therespective
22 labels (lnumber
h is saved),
two
spikes
emitted
by 13
neuron
out . Note that when receiving the spikes from
• 91
neurons
for the
SUB σ
instructions,
neuron
σc4 , both
σout instructions,
are activated, both have exactly two spikes at this
c5 and
• 9 neurons
for σthe
9 ADD
moment,
so weinneed
to choose non-deterministically
between them the one to
• 8 neurons
the INPUT-OUTPUT
module,
fire next. As long as neuron σc5 fires, then neuron σout forgets its three spikes
by the
rule
a3 →inλ,total
the 138
arbitrary
number
generatedininSect.
neuron
. The
which
means
neurons.
Fromwill
the be
observation
3, weσ2can
work12
of neurons
neurons(ﬁve
σc3 and
σc4 stops
when neuron
σout usesand
theone
ruleADD-ADD
a2 → a, and
save
sequences
of SUB-ADD
instructions
only after that
(afterwe
having
emitted
by σout ) we load neuron σl0 with
instruction).
Hence,
havetwo
the spikes
following
result:
one spike (via neuron σc6 ). In this way, the work of the register machine Mu is
Theorem
triggered. 2. There is a universal number generating sequential SN P system
based on minimum spike number (without delay) having 126 neurons, where
the result is encoded in the distance of the ﬁrst two spikes emitted by the output
neuron.

5

Conclusions and Remarks

In this work, a small universal sequential spiking neural P system based on
minimum spike number is considered when the computing result is encoded in
a speciﬁc form of the time interval between the ﬁrst two spikes emitted by the
output neuron. As devices of computing functions, we construct a universal
sequential SN P system based on minimum spike number (without delay) by
using 137 neurons; as generators of sets of numbers, a universal sequential SN
P system based on minimum spike number (without delay) with 126 neurons
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Consequently, the obtained system contains:
•
•
•
•
•

8 neurons for the 8 registers,
22 neurons for the 22 labels (lh is saved),
91 neurons for the 13 SUB instructions,
9 neurons for the 9 ADD instructions,
8 neurons in the INPUT-OUTPUT module,

which means in total 138 neurons. From the observation in Sect. 3, we can
save 12 neurons (five sequences of SUB-ADD instructions and one ADD-ADD
instruction). Hence, we have the following result:
Theorem 2. There is a universal number generating sequential SN P system
based on minimum spike number (without delay) having 126 neurons, where the
result is encoded in the distance of the first two spikes emitted by the output
neuron.

5

Conclusions and Remarks

In this work, a small universal sequential spiking neural P system based on
minimum spike number is considered when the computing result is encoded
in a specific form of the time interval between the first two spikes emitted by
the output neuron. As devices of computing functions, we construct a universal
sequential SN P system based on minimum spike number (without delay) by
using 137 neurons; as generators of sets of numbers, a universal sequential SN
P system based on minimum spike number (without delay) with 126 neurons
is also obtained. In [3], it was proved that SN P systems working in the minsequentiality strategy are universal, where the computation result is encoded by
the number of spikes in a given neuron. Our result gives a partial answer to an
open problem left in [3].
In this paper, we have used the spike train of the form z = 102n1 102n2 1 . . .
102nk 1 to introduce the k natural numbers n1 , . . . , nk by the input module and
the system produces the spike train of the form 0b 104r−2 1 (b ≥ 0) by the output
module, which are different from the idea in [19]. The problem of constructing
small universal sequential SN P systems based on minimum spike number if
we use the usual spike train z = 10n1 −1 10n2 −1 1 . . . 10nk −1 1 to introduce the k
natural numbers n1 , . . . , nk from the environment and the system produces the
spike train of the form 0b 10r−1 1w (b ≥ 0, w ∈ {0, 1}∗ ) remains an open problem.
In [30], a new way is introduced for simulating register machines by spiking
neural P systems, where only one neuron is used for each instruction of the
register machine; in this way, less neurons can be used to construct universal
spiking neural P systems. It is interesting whether we can construct a universal
sequential SN P system based on minimum spike number with less neurons by
this proof technique.
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Small Universal Spiking Neural P Systems with
Astrocytes
Yuan Kong, Zhiqiang Zhang, Zhihua Chen? , and Jinbang Xu
Key Laboratory of Image Processing and Intelligent Control,
School of Automation, Huazhong University of Science and Technology,
Wuhan 430074, Hubei, China

Abstract. Spiking neural P systems with astrocytes (SNPA systems,
for short) are a class of distributed parallel computing devices inspired
from the way neurons communicate by means of spikes and the functioning of astrocytes control the spikes passing along synapses. Looking
for small universal computing devices is a classical researching topic in
computer science, whose aim is to construct computationally universal
computing devices using less resources. In this work, we investigate small
universal SNPA systems as both devices computing functions and devices
generating sets of numbers. Specifically, SNPA systems with 77 neurons
and 21 astrocytes can compute any Turing computable function; and it
is obtained that 67 neurons and 18 astrocytes can generate the family of
Turing computable numbers.
Keywords: Membrane computing; Spiking neural P system; Astrocyte;
Universality; Register machine

1

Introduction

Spiking neural P systems (SN P systems, for short) are a class of distribute and
parallel computing devices, which were firstly introduced in [4]. As a new group
of neural-like membrane computing models, SN P systems have been heavily
investigated. Most of the previous researches on SN P systems focused on three
aspects: as number generating/computing devices [4, 16, 14, 13], language generators [2, 3] and computing functions [8, 15].
Briefly, an SN P system consists of a set of neurons placed in the nodes of a
directed graph. Each neuron contains a number of copies of a single object type,
called the spike. The rules assigned to neurons allow a neuron to send information
to other neurons in the form of electrical impulses (also called spikes). An output
of the system can be defined in the form of the spike train produced by a specified
output neuron.
It is easy to see that an SN P system is a network of neurons. In a biological
nervous system, there are lots of glial cells span around neurons. Particularly,
star-sharped glial cells–astrocytes, which play a key role in numerous functions of
?
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the central nervous system, including energy storage, tissue repair, modulation
of synaptic formation and remodeling, providing an inert scaffold necessary for
neuronal distribution and interactions. Hence, in order to find a more realistic
computing model in the sense that it is close to the neuro-biological reality, SN
P systems with astrocytes (SNPA systems, for short) were presented in [9], and
it was proved that SNPA systems were Turing universal in both generative and
accepting models.
Looking for small universal computing devices is a classical researching topic
in computer science, which has been a heavily investigated topic in the framework
of SN P systems.
In [8], a universal SN P system 84 neurons was obtained, where each neuron
used only standard rules; when extended rules were used, 49 neurons were sufficient to compute any Turing computable functions. As generators, the system
with 76 neurons using standard rules and 50 neurons using extended rules can
generate any set of Turing computable natural numbers. In [18], these results
were improved : 67 neurons for standard rules and 41 neurons for extended rules
in the case of computing functions, and 63 neurons for standard rules and 41
neurons for extended rules in the case of generating sets of numbers. Following
the research line, the results were significantly improved to 12 neurons by using
extended rules (see [10]). Small universal SN P systems working an asynchronous
manner were also investigated in [11]: with 76 neurons for computing functions;
with 75 neurons were sufficient as generator of sets of numbers. In addition, small
universal spiking neural P systems with exhaustive use of rules was studied in
[17]; small universal spiking neural P systems with anti-spikes was considered in
[16].
In this work, we investigate small universal SNPA systems. Specifically, by
simulating the universal register machine modifier from [6], it is obtained that
77 neurons and 21 astrocytes can compute any Turing computable function; as
number generator, 67 neurons and 18 astrocytes can generate any set of Turing
computable natural numbers. These results give a positive answer to the open
problem formulated in [9].
The rest of this work is organized as follows. In the next section, we introduce
all necessary prerequisites refer to register machines, universality, and the notation of SNPA systems. In section 3, small universal SNPA systems as devices
computing functions are given. In section 4, the universal of SNPA systems is investigated in the case of the system as generators of sets of numbers. Conclusions
and remarks are presented in section 5.

2

Prerequisites

We here only introduce necessary notations and basic definitions, but it would be
advisable for the reader to have some familiarity with basic elements of language
theory, as well as basic membrane computing [7] (the reader may consult [12]
when necessary).
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For an alphabet V, V ∗ denotes the set of all finite strings over V , with the
empty string denoted by λ. The set of all nonempty strings over V is denoted
by V + . When V = {a} is a singleton, then we simply write a∗ and a+ instead
of {a}∗ , {a}+ .
A regular expression over an alphabet V is defined as follows: (i) λ and each
a ∈ V are regular expressions, (ii) if E1 , E2 are regular expression over V , then
(E1 )(E2 ), (E1 )∪(E2 ), and (E1 )+ are regular expressions over V , and (iii) nothing
else is a regular expression over V . With each expression E we associated a
language L(E), defined in the following way: (i) L(λ) = {λ} and L(a) = {a}, for
all a ∈ V , (ii) L((E1 ) ∪ (E2 )) = L(E1 ) ∪ L(E2 ), L((E1 )(E2 )) = L(E1 )L(E2 ), and
L((E1 )+ ) = L(E1 )+ , for all regular expressions E1 , E2 over V . Non-necessary
parentheses are omitted when writing a regular expression, and also (E)+ ∪ {λ}
can be written as E ∗ .
Since in the main results of this work, we use the notion of a deterministic
register machine, we recall this type of machine. Such device is a construct M =
(m, H, l0 , lh , I), where m is the number of registers, H is the set of instruction
labels, l0 is the start label, lh is the halt label, and I is the set of instructions;
each label from H labels only one instruction from I, thus precisely identifying
it. The instructions are of the following forms:
– li : (ADD(r), lj ) (add 1 to register r and then go to the instruction with label
lj ),
– li : (SUB(r), lj , lk ) (if register r is non-zero, then subtract 1 from it, and go
to the instruction with label lj ; otherwise, go to the instruction with label
lk ),
– lh : HALT (the halt instruction).
A register machine M accepts a number n in the following way: starting
with number n in a specified register r0 and all other registers being empty
(i.e., storing the number zero), we firstly apply the instruction with label l0 and
continue to apply instructions as indicated by the labels (and made possible by
the contents of registers); if we reach the halt instruction, then the number n is
said to be accepted by M . If the computation does not halt, then no number is
accepted. The set of all numbers accepted by M is denoted by N (M ).
A register machine can also compute any Turing computable function: we
place the arguments n1 , n2 , · · · , nk in specified registers r1 , · · · , rk (without loss
of the generality, assumed that the first k registers are used), we start with the
instruction with label l0 , and if the instruction with label lh is reached (when
the register machine stops), then the value of the function is placed in another
specified register rt , and all registers different from rt being empty. The partial
function computed in this way is denoted by M (n1 , n2 , · · · , nk ). In the computing
manner, the deterministic register machines hold the Turing completeness.
Supposed that (ϕ0 , ϕ1 , · · ·) be a fixed admissible enumeration of the unary
partial recursive functions. If there is a register machine Mu , a recursive function
g such that for all natural number x, y, we have ϕx (y) = Mu (g(x), y), then the
register machine Mu is called universal. With the universality defined above,
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several register machines have been constructed and used for computing functions in [6], the couple of number of g(x) and y were introduced in registers 1
and 2, respectively; the result placed in register 0. In this work, we investigate
the specific register machine as shown in Fig. 1, which was the only one used in
[8] (it has 8 registers and 23 instructions).
l0 : (SUB(1), l1 , l2 ),

l1 : (ADD(7), l0 ),

l2 : (ADD(6), l3 ),

l3 : (SUB(5), l2 , l4 ),

l4 : (SUB(6), l5 , l3 ),

l5 : (ADD(5), l6 ),

l6 : (SUB(7), l7 , l8 ),

l7 : (ADD(1), l4 ),

l8 : (SUB(6), l9 , l0 ),

l9 : (ADD(6), l10 ),

l10 : (SUB(4), l0 , l11 ),

l11 : (SUB(5), l12 , l13 ),

l12 : (SUB(5), l14 , l15 ),

l13 : (SUB(2), l18 , l19 ),

l14 : (SUB(5), l16 , l17 ),

l15 : (SUB(3), l18 , l20 ),

l16 : (ADD(4), l11 ),

l17 : (ADD(2), l21 ),

l18 : (SUB(4), l0 , lh ),

l19 : (SUB(0), l0 , l18 ),

l20 : (ADD(0), l0 ),

l21 : (ADD(3), l18 ),

lh : HALT
Fig. 1. A small universal register machine

3

Spiking Neural P System with Astrocytes

In this section, we review the definition of spiking neural P systems with astrocytes as introduced in [9].
An spiking neural P system with astrocytes (abbreviated as an SNPA system),
of degree m ≥ 1, l ≥ 1, is a construct of the form
Π = (O, σ1 , . . . , σm , syn, ast1 , . . . , astl , in, out), where:
• O = {a} is the singleton alphabet (a is called spike);
• σ1 , . . . , σm are neurons, of the form σi = (ni , Ri ), 1 ≤ i ≤ m, where:
a) ni ≥ 0 is the initial number of spikes contained in σi ;
b) Ri is a finite set of extended rules of the following two forms:
(1) E/ac → a; d, where E is a regular expression over a, and c ≥ 1,
d ≥ 0;
(2) as → λ, for some s ≥ 1, verifying that for every rule E/ac → a; d of
type (1) from Ri , as 6∈ L(E);
• syn ⊆ {1, 2, ..., m} × {1, 2, ..., m} with (i, i) ∈
/ syn for 1 ≤ i ≤ m (synapses
between neurons);
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• ast1 , . . . , astl are astrocytes, of the form asti = (synasti , ti ), where 1 ≤ i ≤ l,
synasti ⊆ syn is the set of synapses controlled by the astrocyte asti , ti ∈ N
is the threshold of the astrocyte asti ;
• in, out ∈ {1,2,...,m} indicate the input and output neurons, respectively.
The rules of type (1) are called firing (or spiking) rules, and they can be used
in the following way. If neuron σi contains k spikes, and ak ∈ L(E), k ≥ c, then
rule E/ac → a ∈ Ri can be applied. This means consuming (removing) c spikes
(leaving k − c spikes in neuron σi ), the neuron is fired, sending a spike out along
all outgoing synapses after d time units. That is, if d = 0, then the spike is sent
out immediately; if d = 1, then the spike is sent out in the next step, etc.. If the
rule is used at step t and d ≥ 1, then at steps t, t + 1,· · ·, t + d − 1 the neuron
is closed (this corresponds to the refractory period from neurobiology, that is,
for a neuron another action potential cannot be generated immediately after a
action potential occurred), so that it cannot receive new spikes (if a neuron has
a synapse to a closed neuron and tries to send several spikes along it, then these
particular spike is lost). In the step t + d, the neuron spikes and becomes open
again, so that it can receive spikes (which can be used starting with the step
t + d + 1, when the neuron can again apply rules).
The rules of type (2) are forgetting rules; they are used as follows: if neuron
σi contains exactly s spikes, then rule as → λ from Ri can be applied, indicating
that all s spikes are removed from σi .
If a rule E/ac → a; d has E = ac , then it can be simplified in the form
ac → a; d; if a rule E/ac → a; d has d = 0, then it can be written as E/ac → a.
In each time unit, if a neuron σi can use one of its rules, then a rule from
Ri must be used. If two or more rules can be applied in a neuron, only one of
them is chosen non-deterministically. It is worth noting that if a firing rule is
applicable, then no forgetting rule is applicable, and vice versa.
From the above description, the rules are used in the sequential manner in
each neuron, but neurons function in parallel with each other.
In SNPA systems, astrocytes can sense the spikes traffic along the neighboring synapses. Let astrocyte asti has a given threshold ti , there are k spikes
passing along the synapses in synasti . If k > ti , then astrocyte asti has inhibitory
influence on the neighboring synapses, the k spikes are suppressed (namely, the
k spikes are lost from the system). If k < ti , then astrocyte asti has excitatory influence on the neighboring synapses, the k spikes survive and reach their
destination neurons. If k = ti , then astrocyte asti non-deterministically chooses
inhibitory or excitatory influence on the neighboring synapses. It is possible that
two or more astrocytes control the same synapse, but we do not consider this
case in the present work.
The configuration of the system is of the form hr1 /t1 , · · · , rm /tm i, which
means that neuron σi contains ri ≥ 0 spikes, it will become open again after
ti ≥ 0 steps. With the above notation, the initial configuration can be expressed
as C0 = hn1 /0, · · · , nm /0i (assume that all neurons being open in the initial
configuration). Through the application of the rules described above, one can
define transitions among configurations. Beginning with the initial configuration,
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we can get any series of transitions which is called a computation. A computation
is successful if it reaches a configuration where no rule can be used and all neurons
are open. The result of a computation of the system is defined the time interval
elapsed between the first two consecutive spikes send out to the environment by
the output neuron.
A computation of an SNPA system Π starts from the initial configuration.
So as to compute a function f : N k → N (N is the set of all positive integers),
we introduce k natural numbers n1 , · · · , nk in the system by “reading” a binary
sequence z = 10n1 −1 10n2 −1 1 · · · 10nk −1 1 from the environment, which indicates
that the input neuron of the system receives a spike in each step corresponding
to a digit 1 from the string z; otherwise, no spike is coming into the system.
Supposed that exactly k + 1 spikes are received by the input neuron, that is,
no further spike can be come to the input neuron. The result of computation
is described as the distance between the first two spikes emitted by the output
neuron, thus generating a spike train of the form 0b 10r−1 1, for some b ≥ 0 and
with r = f (n1 , · · · , nk ). Note that the system outputs no spike in non-specified
b steps from the starting of the computation.
In the following sections, the construction of SNPA systems always can be
represented by a directed graph rather than a symbolic way: the neurons (which
denoted by rounded rectangles) with the rules and the initial spikes appear in
these neurons are placed in the nodes of the graph; arrows between these rounded
rectangles indicate the synapses; astrocytes with their thresholds are denoted by
rhombic boxes with “arms” touching the synapses; the input neuron has an
incoming arrow and the output neuron has an outgoing arrow, implying their
communication with the environment.

4

Small Universal SNPA systems

In this section, we construct universal SNPA systems to compute Turing computable functions, as well as generate the family of sets of Turing computable
natural numbers.
4.1

Universal SNPA systems for computing functions

We start illustrating the way to simulate a deterministic register machine by an
SNPA system. Usually, simulating a register machine by an SNPA system, for
each register r of M , two neurons σr(1) and σr(2) are associated; for each label li
of an instruction of the machine, a neuron σli is associated. Specifically, if register
r holds the number n ≥ 0, then each of neurons σr(1) and σr(2) contains n spikes
(during a computation, the number of spikes in neuron σr(1) always equals to
the number of spikes in neuron σr(2) ). There are also additional neurons labeled
by superscripts and subscripts - it is essential to note that all these additional
neurons have distinct labels. It is shown in Fig. 2 and 3 are modules which
associated with the ADD and SUB instructions.
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We can find that the simulation of an ADD or a SUB instruction starts by
introducing a spike in the neuron associated with the instruction label in Fig.
2 and8 3. Since
the Z.
two
modules
are
Y. Kong,
Zhang,
Z. Chen
andsimilar
J. Xu to the ones used in [9], we do not
consider here the details about their work (the reader can refer to [9] for details).
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is activated by a spike, and the spike is sent to neurons c1 , c2 , c3 , c4 , 6c.5 , c6 .
Without any astrocyte controlling synapses (in, c1 ), (in, c2 ), (in, c3 ), (in, c4 ),
Without
any astrocyte controlling synapses (in, c1 ), (in, c2 ), (in, c3 ), (in, c4 ),
(in, c1 ), (in, c2 ), (in, c3 ),
(in, c5 ), (in, c6 ), the spikes passing along the synapses
(in, c5 ), (in, c6 ), the spikes passing along the synapses (in, c1 ), (in, c2 ), (in, c3 ),
(in, c4 ), (in, c5 ), (in, c6 ) can reach neurons σc1 , σc2 , σc3 , σc4 , σc5 , σc6 . In the next
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step, both neurons σc1 and σc2 fire by the rule a → a (note that all of neurons
cannot be fired except neurons σc1 and σc2 in the system at this time) and send
a spike to each other; neuron σc2 sends a spike to σ1(1) and σ1(2) , respectively. At
this moment, there are 4 spikes passing along synapses controlled by astrocyte
(1)
astin (a spike along each of synapses (c1 , c2 ), (c2 , c1 ), (c2 , 1(1) ), (c2 , 1(2) )). The
(1)
(1)
number 4 is less than threshold 5 of astrocyte astin , thus astrocyte astin has
excitatory influence on its controlled synapses. These 4 spikes passing along
synapses (c1 , c2 ), (c2 , c1 ), (c2 , 1(1) ), (c2 , 1(2) ) can reach their destination neurons.
Neuron σc2 keeps sending spikes to neurons σ1(1) and σ1(2) until the second spike
comes from σin . At this time, both σc1 and σc2 contain two spikes so no rules
can be applied inside them, while neurons σ1(1) and σ1(2) contain 2g(x) spikes in
total.
When the second spike is sent by neuron σin , no neuron can be activated
except neurons σc4 and σc5 . By using the a2 /a → a, neurons σc4 and σc5 receive
a spike to each other; each of neurons σ2(1) and σ2(2) receives a spike from
(1)
(2)
neuron σc4 . Similar to the function of astrocyte astin , astrocyte astin also has
excitatory influence on its controlled synapses, thus the spikes moving along
the synapses (c4 , c5 ), (c5 , c4 ), (c4 , 2(1) ), (c4 , 2(2) ) reach their destination neurons.
Neurons σ2(1) and σ2(2) can be loaded in a similar way to σ1(1) and σ1(2) with 2y
spikes in total.
Once the third spike is emitted by neuron σin , then neurons σc1 , σc2 , σc3
σc4 , σc5 , σc6 are enabled by the rule a3 → a. Hence, neurons σc1 , σc2 and σc3
can send 6 spikes in total at the same time, and all of spikes passing along the
(1)
synapses controlled by astrocyte astin . Obviously, the number of 6 is greater
(1)
(1)
than the threshold of astrocyte astin , so astrocyte astin has inhibitory influence
on its controlled synapses, which lead to the spikes passing along the synapses
(c1 , c2 ), (c2 , c1 ), (c2 , 1(1) ), (c2 , 1(2) ), (c3 , c1 ), (c3 , c6 ) are removed from the system
(2)
and cannot reach their destination neurons. The work of astrocyte astin is sim(1)
(2)
ilar to astrocyte astin , that is, astrocyte astin also has inhibitory influence on
its controlled synapses, causing the spikes passing along the synapses (c4 , 2(1) ),
(c4 , 2(2) ), (c4 , c5 ), (c5 , c4 ), (c6 , c5 ) and (c6 , c3 ) are suppressed and cannot reach
their destination neurons. However, without any astrocyte controlled, a spike is
emitted by neuron σc6 , passing along the synapse (c6 , l0 ) and reach neuron σl0 ,
thus starting the simulation of Mu .
Since the construction of the system in [9] does not allow subtraction operation on the neuron where we place the results, while register 0 of Mu is subjected
to such operation, we also take a modification like in [8]: add further register
which labels with 8, and the halt instruction of Mu is replaced by the following
instructions:
lh : (SUB(0), l22 , lh0 ),

l22 : (ADD(8), lh ),

lh0 : HALT.

The OUTPUT module is shown in Fig. 5. Since the construction of OUTPUT
module is similar to FIN module in [9], we do not enter into the details of the way
the OUTPUT module work (the reader can consult [9] for the more information).
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For case
(a), the two SUB modules share three auxiliary neurons, and the
14
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(including l22
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23 24
(1) l0 : (SUB(1), l1 , l2 ), l4 : (SUB(6), l5 , l3 ), l6 : (SUB(7), l7 , l8 ),
(1) ll011: :(SUB(1),
, l2, l),13l),4 :l8(SUB(6),
l5 ,ll93,),
(SUB(7),
l7 , ll814
),, l15 ),
6 :l12
(SUB(5),l1l12
: (SUB(6),
l10l),
: (SUB(5),
l3 : (SUB(5), l2 , l4 ), l22 : (SUB(0), l23 , l24 ), l14 : (SUB(5), l16 , l17 );
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l11 : (SUB(5), l12 , l13 ), l8 : (SUB(6), l9 , l10 ), l12 : (SUB(5), l14 , l15 ),
l3 : (SUB(5), l2 , l4 ), l22 : (SUB(0), l23 , l24 ), l14 : (SUB(5), l16 , l17 );
(2) l10 : (SUB(4), l0 , l11 ), l18 : (SUB(4), l0 , l22 ), l19 : (SUB(0), l0 , l18 );
(3) l13 : (SUB(2), l18 , l19 ), l15 : (SUB(3), l18 , l20 ).
All modules associated with the instructions in the first group can share one
auxiliary neuron, and the modules associated with the instructions in the last
two groups can share three auxiliary neurons. In this way, we save 8 neurons
and 8 astrocytes for the first group, 6 neurons and 2 astrocytes for the second
group, and 3 neurons and 1 astrocyte for the third group. Hence, we will save
17 neurons and 11 astrocytes in total. In short, 1 neuron for consecutive ADD
instructions l17 : (ADD(2), l21 ) and l21 : (ADD(3), l18 ), 2 neurons for two sequences of ADD-SUB instructions ((1) l5 : (ADD(5), l6 ), l6 : (SUB(7), l7 , l8 );
(2) l9 : (ADD(6), l10 ), l10 : (SUB(7), l0 , l11 )). In short, 20 neurons and 11 astrocytes can be saved. Thus, we obtain a universal computing SNPA system with
standard rules having 77 neurons and 21 astrocytes.
Theorem 1. There is a universal computing SNPA system with standard rules
having 77 neurons and 21 astrocytes.
4.2

Universal SNPA systems as number generators

As considered in [8], an SNPA system Πu is universal if given a fixed admissible enumeration of the unary partial recursive function, (ϕ0 , ϕ1 , · · ·), there is
a recursive function g such that for each natural number x, if we input the
number g(x) in Πu , the set of numbers generated by the system is equal to
{n ∈ N | ϕx (n)is defined}. Additionally, after introducing the “code” g(x) of
the partial recursive function ϕx in a specified neuron, the system generates all
numbers n for ϕx (n) is defined.
The detail of the strategy followed by the universal system is omitted and the
reader can refer to [8] for more information. Here we only describe the difference
between number generating and function computing. We no longer need OUTPUT module for output a result after halting the computation, while we have
to randomly generate a number at the beginning of the computation. Hence,
the construction of the small universal computing SNPA Systems need a few
modification. Firstly, separate OUTPUT and the additional register 8 can be
deleted, the simulation of the last SUB instruction used in a halting computation; l18 : (SUB(4), l0 , lh ) can be simplified, that is, reducing the threshold of
astrocytes, omitting one neuron and lh . Secondly, the INPUT module should be
combined with the output one, at the same time non-deterministically producing
the number n.
The combined INPUT-OUTPUT module is shown in Fig. 12. When the first
(1)
spike arrives neurons σc1 and σc2 from neuron σin , astrocyte astin has excitatory
influence on its controlled synapses (only synapses (in, c1 ) and (in, c2 ) have
spikes passing along them, the number 2 is less than the threshold 3 of astrocyte
(1)
(1)
astin ). When the second spike is received from neuron σin , astrocyte astin has
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inhibitory influence on its controlled synapses (each of synapses (in, c1 ), (in, c2 ),
(c1 , c2 ) and (c2 , c1 ) has a spike passing along them, because the number 4 is
(1)
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Z. Zhang,
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2 neurons for the special SUB instruction;
9 neurons in the INPUT-OUTPUT module;
24 astrocytes for SUB module;
2 astrocytes for the special SUB instruction (Figure 13);
2 astrocytes in the INPUT-OUTPUT module;

Therefore, we obtain a universal SNPA system with 85 neurons and 28 astrocytes.
Using the strategy in section 4, we can use ADD-SUB modules and SUB-SUB
modules to save 18 neurons and 10 astrocytes.
Theorem 2. There is a universal number generating SNPA system with standard rules having 67 neurons and 18 astrocytes.

5

Conclusions and Remarks

In this work, we investigate universal SNPA systems to compute functions as
well as generate/compute sets of natural numbers. Specifically, it is obtained
that SNPA systems with 76 neurons and 21 astrocytes can compute any Turing
computing functions; and SNPA systems with 67 neurons and 18 astrocytes can
generate any Turing number sets. These results give a answer to an open problem
left in [9].
In the universal SNPA systems, both neurons and astrocytes are used. In general SN P systems, 84 neurons are sufficient to achieve the universality [8]. In the
present work, by using astrocytes, the number of neurons is slightly reduced to
76. If it is possible to significantly reduce the number of neurons with using more
astrocytes deserves for further researching. Moreover, in [10], by using a “powerful” neuron (each instruction of the register machine has a corresponding rule
in the neuron), the number of neurons in universal SN P systems with extended
rules can be significantly reduced to 10. What will happen if a similar “powerful”
neuron is used in universal SNPA systems is worthy to investigate. Specifically,
if the number of neurons and astrocytes in the universal SNPA systems can be
significantly decreased to about 10 with using a “powerful” neuron.
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Abstract. In this paper, two reusable and integrative logic gates are
presented, which are based on the method of DNA strand branch. In
these models, single DNA strands assemble into basic models which acted
as computing units. The computing process can be triggered via the input
signals, releasing the output signals. To determine the logic results, gel
electrophores experiment is designed as an eﬀective approach.
Keywords: Molecular logic gates, DNA strand branch Migration, DNA
self-assembly, polyacrylamide gel electrophoresis(PAGE)

1

Introduction

In February 1946, the emergence of the ﬁrst electronic computer completely
changed human life from all aspects. However, the improvement of traditional
electronic computer mainly based on the chip technology, due to the limitation of
chip processing technology, the number of chips which are integrated on the transistors can not unlimited increase, the development of the electronic computer
are facing unprecedented obstacles. So, the natural computing appears which is
distinct with traditional computing, imitating the nature characteristics and fusing multiple subjects including information, biology, nano and so on. A recent
example is membrane computing, which aims to abstract computing models,
called membrane systems or P systems, from the structure and the functioning
of living cells as well as from the cooperation of cells in tissues, organs, and
other populations of cells[1]. Artiﬁcial neural network is a mathematical model
which is inspired by biological neural networks[2]. DNA computing, another new
natural computing method, imitates the biological molecular structure of DNA,
and computes using the molecular biological technology, which sets a precedent
to use chemical reaction as a computing tool. Until now, there has been much
remarkable work in this ﬁeld, showing potential in solving computational hard
problems, for example, Adleman’s work on combinatorial problems[3], the maximal clique problem solved by Ouyang[4], large-scale digital circuit computation
⋆
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by Qian and Winfree[5], molecule computing model for maximum independent
set problem[6], and so on.
Logic operation which is also called Boolean operation is a basic unit of logic.
In the 1930s, logic algebra was used on the circuit system. In electronic computer,
the transformation rules are all comply with logic operation. Recently, the DNA
logic operation became one hot spot of molecular computing research. It has not
only applications in genetic engineering, disease diagnosis and treatment, but
also in parallel computing, nanoparticle signal and molecular password. In these
ﬁelds, DNA logic operation has important signiﬁcance. In 2000, Mao ﬁrstly implemented the simple logic operations by complex self-assembled DNA[7]. Later,
in 2003, Stojanovic constructed DNA multiple logical operation model using nuclear DNA enzyme[8]. Recently, Winfree team also used the enzyme catalysis
technology which has made an outstanding achievement in this ﬁeld[9, 10]. Also,
in 2012, Zhang’s group constructed some logic gates based on DNA strand branch
and DNA self-assembly[11]. However, all of these existing models are just tiny
achievements for a molecular computer; we still need more new design concepts
and models to gradually achieve the ultimate goal of molecular computer.
In this paper, we mainly introduce several DNA logic gates which are based
on DNA strand branch. In the ﬁrst model, we use a common base which can
be used simultaneously and cyclically. And, in the second one, we use diﬀerent
DNA molecules to represent true and false of the logic. In this way, due to the
regularity on the “AND” truth table and the “OR” truth tablenot only “AND”
but also OR can be computed using this integrated model. These models use
the same mechanism for operation. First, the single DNA strands assemble into
the basic computing unit spontaneously based on the principle of complementary
base pairing (Watson-Crick principle). Second, add the input DNA strands which
are equal to logic operands to compute. Third, we can read out the computing
results with the help of gel electrophoresis. In this way, the whole process works
spontaneously, do not need the human intervention.

2
2.1

The backgrounds
The Principle of DNA Computing

DNA computing is a new method which imitates the biological molecular structure of DNA, and computes using the molecular biological technology. Firstly
make use of the double helix structure of DNA and Watson-Crick principle, code
the problem with A, T, C, G to map the operation objects into the corresponding
DNA molecule strands. Then in the tube of the DNA solution, under the impact
of various enzymes, generate a variety of Data Pool to perform computing. Finally, use multifarious molecular biotechnology to solve the computation results.
There are many common techniques, such as polymerase Chain Reaction, Parallel Overlap the Assembly, ultrasonic wave degradation, aﬃnity chromatography,
clone, mutagenesis, gel electrophoresis, Immuno-magnetic beads and so on. The
DNA computing steps are shown in Fig.1.
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Fig. 1. DNA computing steps

2.2

DNA Strand Branch Migration

DNA Strand Branch Migration is based on that the free energy of the DNA
molecule hybridization system always tends to stable states. We can change the
length or the sequence of the input signals to control and trigger the downstream
DNA strand displacement reaction, that is to say, let the long double-stranded
hybridization replace the short double-stranded hybridization through the DNA
strand displacement. The basic process of DNA Strand Branch Migration is
shown in Fig.2. Firstly, two strands A and B of which A is longer than B are part
complementary on the basis of Watson-Crick principle. At room temperature,
add strand C, which is entirely complementary with A. The speciﬁc recognition
regions of strand C will react with toe-hold regions of strand A. In order to get
a steady state, strand C will gradually occupy the binding sites of strand A and
displace strand B. Finally B will be completely displaced and released. Because of
the highly speciﬁc recognition and highly multilevel parallelism, the technique
of DNA Strand Branch Migration has rapidly developed and has become an
important method in the DNA computing research.
2.3

gel electrophoresis

Gel electrophoresis is often used to separate diﬀerent physical properties (such
as size, shape, isoelectric point, etc.) of the molecules. Firstly, we need to prepare
the “gel”, refers to the matrix, which is used to separate molecules. In the separation of proteins or small nucleic acids (DNA, RNA, or oligonucleotide), gel is
usually made up with acrylamide polymerization of diﬀerent concentrations and
crosslinking agent. Secondly, “electrophoretic”, refers to injecting the molecules
into the wells on the gel, and importing the appropriate current, molecules will
move at diﬀerent rates in the gel, the rate directly depends on the molecular
structure and size. After running the electrophoresis, dye the gel with ethidium
bromide staining. The gel electrophoresis result is a number of parallel lanes,
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Fig. 2. The process of DNA Strand Branch Migration

each lane has one or more clear bright bands, each of the bright bands represents a composition.

3
3.1

Experimental methods
Computing models

Reusable OR logic gate
Reusability means the materials can be repeated used. Appropriate reuse can get
higher production eﬃciency, and the resulting lower software cost, higher quality
and better maintainability. In this research, we use the single DNA strands and
the DNA neck ring to implement a preliminarily reusable DNA OR logic gate.
The reusability of the model lies in: ﬁrst, the model can deal with multigroup
logical computing on a common base which ensures parallel computing; Second,
the output signals can be recovered as a raw material for model building, realize
the reuse of materials.
In this model, under the Watson-Crick principle, DNA neck ring A and DNA
single strand B will construct the structure which we take as the OR logic basic
module, as shown in Fig.3. The input signals are DNA single strand b1-1b2-1 and
b3-1b2-1. When the input signals b1-1b2-1 and b3-1b2-1 alone or both imported,
as a result of the speciﬁc recognition, the input signal b1-1b2-1 or b3-1b2-1 can
arises strand displacement reaction with structure AB, the initial basic module
changes, and release the DNA neck ring A as the true output signal. When there
is no input signals, the initial basic module remain unchanged, as the false output
signal. The truth table of the OR logic computing model is shown in Table 1.
From the truth table, we can ﬁnd out that the model works consistently with
the logic OR on theory.
In the design of DNA sequence, we have to avoid the false polymers and
mismatched inside. What is more, the false polymers between the DNA strands
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Fig. 3. The Model of Reusable OR Gate

must be taken into account. The DNA sequence of the OR logic computing
model are shown in Table 2.
Table 1. Truth Table of Reusable OR gate
base
A

input1
input2
output
signal b3-1b2-1
null
A
null
signal b2-1b1-1
A
signal b3-1b2-1 signal b2-1b1-1
A
null
null
Ab1b2b3

Integrative AND / OR gate
We use a clever method, construct an integrative gate, to unify the AND and
OR gate. We use two diﬀerent DNA molecules to represent logical “true” and
“false”. Due to the regularity on the “AND” truth table and the “OR” truth
table, the two gates can be combined in one computing model. In this model, we
take the DNA molecular self-assembly structure A as the basic model, as shown
in Fig.4.
When DNA molecules a and b were used as the signal of true, c and d were
used as the signal of false, the model realize“AND” logic operation. When both
of the signals are true signals, initial DNA self-assembly structure changes, the
output DNA molecular B was regard as “true” of logic operation. When either of
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Table 2. The DNA Sequence
DNA Molecular
A
B
b1-1b2-1
b3-1b2-1

Sequence
GCGACGAAGCAGGGTCAACGGTGTGAGTCCATCTG
CCTAAGCTGCCATCACATTCCGCTCACACCGTTGA
CGGTCTCTTCAGTCATAGCGTGCTTAGGC
AGATGGACAGGTTCAAGTGGTTCAGTG
TCCATCTGCCTAAGCACGCT
ACCTGTCCATCTGCCTAAGC

Fig. 4. The Model of Integrative AND / OR Gate

the signals is false signal, the output DNA molecular C was regarded as “false”
of logic operation.
When DNA molecules a and b were used as the signal of false, c and d
were used as the signal of true, the model realize “OR” logic operation. When
either of the signals is true signal, initial DNA self-assembly structure changed,
the output DNA molecular C was regard as “true”of logic operation. When the
both of the signals are false signal, the output DNA molecular B was regard as
“false” of logic operation.
The truth table of the integrative AND / OR gate is shown in Table 3. From
the truth table, we can ﬁnd out that the model can computes AND and OR
logical operation, which works consistently with the logic.
3.2

Materials and Methods

In the experiment, most of the materials is available, for example, DNA molecules
was purchased from Shanghai SANGON; Tris base, Na2EDTA, ethidium bromide (EB), acrylamide, methylene bisacrylamide, ammonium persulfate, four
methyl ethylene diamine (TEMED) and Stain were all purchased from Sigma
company products; DNA Marker (DNAmarker 20 BP ladder, 50 BPladder),
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Table 3. Truth Table of Integrative AND/OR gate
base input1 input2 output
a
b
B
a
d
B
A
c
b
B
c
d
C

bromophenol blue were purchased from TaKaRa company; 10 PBS buﬀer was
purchased from Beijing cable Leybold company.
However, there are some other materials can not be purchased directly, thus
need to produce, such as TAE/ Mg2+ buﬀer is composed of 0.04 mol/L Trisacetate, 1mmol/LEDTA, 12.5mmol/L Mg , adjust the liquid pH to 8.3; 500mL
acrylamide solution , concentration of 45%, needs 217g acrylamid and 8g methylene bisacrylamide, dissolute in 37 ◦ C, added deionized water and set the volume
to 500 mL.
The Logical model is constructed by adding the corresponding DNA molecular, annealing, then we can get the self-assembly required structures. When the
Logical computing model is constructed successfully, we add the replacement
strands (input signals) into the reaction system of 1:2 molar ratio. After the
replacement reaction is completed, we can read out the computing results, by
carrying out the non-denaturing polyacrylamide gel electrophoresis (PAGE).

4

Results and Discussion

With the help of PAGE electrophoresis, we detect the reusable OR gate, the
electrophoresis result was shown in Fig.5. The ﬁrst well is DNA neck ring A, the
second well is DNA single strand B, the third well is the self-assembly model.
By comparing the motion rates, we ﬁnd that the basic computing module AB
which with a larger molecular weight has been formed. To test the function of the
model, we divided the computing into four cases: no input signal, signal 1, signal
2 and signal (1,2). (1)When no input signal was added, the basic model do not
have any change, as shown in Fig.6, the third well; (2)When input signal 1 (b11b2-1), the input strands will react with the speciﬁc recognition area, replace b2
strand and release the DNA neck ring A as the output signal, which corresponds
to the fourth well in Fig.6. (3)When signal 2 (b3-1b2-1) is inputted, b2 will be
replaced and the DNA neck ring A will be released as shown in the ﬁfth well
of Fig.6. (4)Both signals (1,2) are added, the two input strands react with the
speciﬁc recognition area at the same time from the two points, as a result, b2
is also replaced and the DNA neck ring A is released as output, shown in Fig.6,
the sixth well.
In a word, when adding signal 1and signal 2 or both of signal (1, 2), can lead
to the release of DNA neck ring A. However, no input signal, means no change
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Fig. 5. The formation of OR gate

Fig. 6. The computing result of OR gate

of the model, the PAGE electrophoresis runs consistently with the truth table
of logic OR.

5

Conclusion

In this paper, we have constructed two DNA logic gates with the method of
DNA strand branch. The ﬁrst one implements the parallel OR computing and
the output signals can be reused. The second one implements AND and OR logic
operation by an integrative model. In general, the two computing models work
as follows. First, the single DNA strands assemble into the basic structure which
acts as the computing unit. Second, under the promoting of the input signals
which are equal to computing operand, the basic structure changes and releases
the output signals which give out the operation results. Finally, with the help of
gel electrophoresis, we can read out the correct computing results.
Compared with the previous model, there are several signiﬁcant characters as
follows: (1)Material reusing. In addition to the realization of the normal function,
we also take the reusing of material into account. In this century, facing the
shortage of resources, materials reusing has become an inevitable topic, which
will cause a greater concern in the future. (2)Integrative design. To meet the
increasing demand of smaller devices, integrative design has become a main
concept. In this paper, we integrate the AND and OR in a common computing
model, which preliminary realized the integration design in molecular computing.
(3)Test method. We chose PAGE electrophoresis, which works without human
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intervention, has brought great convenience. Also, compared to other methods,
the PAGE electrophoresis can give us a simple and intuitive result.
However, there are also many insuﬃciencies in this research. First, we just
achieve several single gates, is already far from the molecular computer, even
the molecular circuit, so there is still large room for improving and endeavoring.
Second, some of the design is just staying in the theoretical level; we need more
extra experiments to verify the correctness and rationality.
Although this research is a tiny step in designing practical molecular computer, the success of the model and the conformity of the theory with practice
still prove that DNA strand branch Migration has great potential in DNA computing. With the development of molecular computing theory and experiment
operation, DNA computing is hopeful to apply into practice in the near future,
becoming one of the useful tools for future large-scale complicated information
processing.

Acknowledgements
The work was supported by National Natural Science Foundation of China
(Grant Nos 60971085, 61202011), Natural Science Foundation of Fujian Province
of China (No.2010J01350), Base Research Project of Shenzhen Bureau of Science,
Technology, and Information (JC201006030858A), Ph.D.Programs Foundation
of Ministry of Education of China (20120121120039).

References
[1] Zhang G, Gheorghe M, Li Y. A membrane algorithm with quantum-inspired subalgorithms and its application to image processing. Natural Computing, 11(4):701-717,
2012.
[2] Gupta N. Artiﬁcial Neural Network. Network and Complex Systems, 3(1):24-28,
2013.
[3] Adleman L. Molecular computation of solution to combinatorial problems. Science,
66:1021-1024, 1994.
[4] Ouyang Q, Kaplan P, Liu S, et al. DNA solution of the maximal clique problem.
Science, 278(5337):446-449, 1997.
[5] Qian L, Winfree E. Scaling up digital circuit computation with DNA strand displacement cascades. Science, 332(6034):1196-1201, 2011.
[6] Yang J, Zhang C, Wang H. A Molecule Computing Model for Maximum Independent Set Problem Based on DNA/AuNP Conjugation. Advanced Materials Research,
690:445-449, 2013.
[7] Mao C, LaBean T, Reif J, et al. Logical computation using algorithmic self-assembly
of DNA triple-crossover molecules. Nature, 407(6803):493-496, 2000.
[8] Stojanovic M, Stefanovic D. A deoxyribozyme-based molecular automaton. Nature
biotechnology, 21(9):1069-1074, 2003.
[9] Qian L, Winfree E, Bruck J. Neural network computation with DNA strand displacement cascades. Nature, 475(7356):368-372, 2011.
[10] Zhang D, Winfree E. Control of DNA strand displacement kinetics using toehold
exchange. Journal of the American Chemical Society, 131(47):17303-17314, 2009.

Reusable and Integrative Logic Gates

133

[11] Zhang C, Ma L, Dong Y, et al. Molecular logic computing model based on DNA
self-assembly strand branch migration. Chinese Science Bulletin, 58(1):32-38, 2013.

Quantum Evolutionary Membrane Algorithm
and Its Application for Economic Dispatch in
Power System with Wind Farms
Wenjin Luo, Li Zhang, Manuel Alcazar-Ortega, and Alexander Domijan
Electrical engineering department, University at Buffalo, NY, USA
School of Electrical and Information Engineering, Xihua Universtiy,
Chengdu, Sichuan, China
wenjinlu@buffalo.edu,zhangli.xhu@163.com,
malcazar@buffalo.edu,adomijan@buffalo.edu

Abstract. Wind is a clean, renewable and reliable energy source and
analysis of the economics of wind farms in terms of the cost/MWh energy
provided is a primer topic in electricity economics. This paper presents a
novel evolutionary algorithm named as quantum evolutionary membrane
algorithm, which combines the concept and theory of quantum-inspired
evolutionary algorithm and membrane computation, to solve the economic dispatch problem in power system with on land and offshore wind
farms. The case derived from real data is used for simulation tests. Another conventional evolutionary algorithm is also used to solve the same
problem for comparison. The experimental results show that the proposed algorithm is quick and accurate to obtain the optimal solution
which is the minimum cost for electricity supplied by wind farm system.
Keywords: membrane computation; economic dispatch; on land wind
farm; offshore wind farm; quantum-inspired evolutionary algorithm

1

Introduction

Economic Dispatch (ED) problem is one of the most important problems in
power system operation. It aims to minimum total fuel cost while meeting the
load demand and satisfying various system constraints. This paper studies the
economic dispatch problem for power systems that contain on land and offshore
wind farms. Offshore wind farms have different economic characteristics from
traditional on land wind farms. Compared to on land wind farms, offshore wind
farms have more contribution in terms of electricity supplied to power system
because of better wind speeds acquired in the sea. However, offshore wind farms
are relatively expensive.
There are many methods deployed to solve the ED, such as quadratic programming which can solve nonlinear model relatively accurately[10]. However, it
requires the objective function to be continuously derivative and the final results
depend on the initial values selected to some degree. Dynamic programming has
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Fig. 1. Typical wind turbine power output with steady wind speed.

been developed[3]. However, while the number of units increases, the calculation time increases exponentially. In the Artificial Intelligence field, the Neural
Network[5], Simulated Annealing (SA)[8], Genetic Algorithm (GA)[6] and so on
are effective to find global optimal solution. However, when encountering larger
systems, the computational time is their main drawback.
The Quantum-inspired Evolutionary Algorithm based on P Systems (QEPS)[12]
is adopted in this paper to solve economic dispatch problem, which combine fully
the advantage of the Membrane Computing and Quantum-inspired Evolutionary Algorithm. QEPS gets its concept from quantum computing theory such as
quantum bit and quantum superposition state and uses membrane computing to
determine the basic film number. QEPS has strong ability to find global optimal
solution and escape the local optimal solution trap. Also it is fast to converge,
which is more suitable for solving the economic problem for power system with
on land and offshore wind farms.

2

2.1

MODEL OF ECONOMIC DISPATCH FOR POWER
SYSTEM WITH WIND FARMS
The mathematical model of power generated by wind farm

The output power equation of particular wind speeds is as follows:


0,

 1 ρπr2 V 3 C ,
T W p
f (x) = 2
 Pn ,



0,

if
if
if
if

V < Vcuti n .
Vcuti n < V < Vn .
Vn < V < Vcuto ut
Vcuto ut < V .

(1)

The Figure 1 shows a power distribution curve for a wind turbine considering a
steady wind speed. Here it is shown that the typical wind turbine has a saturation
limit for energy generation. Hence when the speed exceeds a certain limit the
power output remains the same.
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Fig. 2. Power system schematic.

2.2

The mathematical model of power system

Economic dispatch problem aims to minimize generation cost while satisfying
various equality and inequality constraints at the same time. The generation
cost function of traditional heat generator can be formulated as:
2
Fi (PGu ) = ai + bi PGi + ci PGi

(2)

where PGi is the real power output of the ith generator; ai , bi , ci are the
coefficients of the cost function[9].
For the power system in this paper it only contains on land and offshore wind
farms. The renewable energy such as wind energy must be always consumed as
long as it is generating according to the renewable energy law[4]. Unlike heat
generators, there is no fossil fuel cost for wind turbines and the cost after initial
installation is all about maintenance and operation. The Levelized Energy Cost
(LEC) function is used to evaluate the cost of wind farms in this paper[1]. It is
an economic assessment of the cost of the energy-generating system including all
the costs over its lifetime: initial investment, operations and maintenance, cost
of fuel, cost of capital, and is very useful in calculating the costs of generation
from different sources. The cost for fuel consumption will be ignored here. It can
be expressed as:
Pn It +Mt +Ft
LEC =

(1+r)t
Et
t=1 (1+r)t

t=1

Pn

(3)

where LEC is average lifetime levelized electricity generation cost; It is investment expenditures in the year t; Mt is operations and maintenance expenditures
in the year t; Et is electricity generation in the year t; r is discount rate; n is life
of the system.
LECs for typical on land and offshore wind farms is given as the units of
currency per megawatt-hour (AUD/MWh) in Table 1[2].In the power system,
there are ten on land wind farms and ten offshore wind farms. The schematic
diagram of the power system is shown in Figure 2. The offshore wind farms are
far away located from customers and have larger transmission loss and line loss
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than on land wind farms. So their LECs are higher than on land wind farms.
But they have better ability to supply large amount of electricity.
Table 1. Estimated Levelized Cost of Wind Generation(USD/MWh)[10]
LEC Cost Fixed OM Variable OM
On land
wind farm
Off shore
wind farm

Transmission TotalSystem
Investment
Cost

69.2

4.6

0.0

0.7

75

83.9

9.7

0.0

3.7

96.8

2.3

The mathmetical constraints
PNG
PNG
Pjof f = PDt where PDt is
Pion + j=1
Power balance Power balance : i=1
the total power load demand required by the power system users.
min
Generator operating limits Generator operating limits : PGit
≤ PGit ≤
max
min
max
PGit where PGit and PGit are lower and upper limits of real power output
limits for ith wind generator, respectively.

Fig. 3. A membrane structure[13].

In this paper the emphasis is given on the selection of wind farms based on
economic consideration. As shown in Figure 1 when the wind speed is in a certain
range the output power is steady. This feature makes our analysis easier because
it is not necessary to calculate real time wind turbine output power when the
wind speed changes a little and certain values can be set as output power of ten
on land wind farms and ten offshore wind farms during each period (one hour) of
one typical day. The economic dispatch problem in this paper aims to minimum
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total LECs but satisfy the total load demand from customers during each time
period. Each wind farm of the twenty wind farms has two states that is to say
operated and connected to the grid or disconnected to the grid during operation
in a given time period.

3

THE QEPS APPLICATION TO ED PROBLEM

Quantum-inspired evolutionary algorithm based on P systems (QEPS) is an evolutionary algorithm based on membrane computation and quantum computation
concept. In artificial intelligence, evolutionary algorithm (EA) is a subset of evolutionary computation. The underlying idea behind EA is: given a population
of individuals the environmental pressure causes natural selection which means
the fittest individual survives and causes a rise in the fitness of the population.
It is inspired by biological evolution, such as reproduction, mutation, recombination, and selection. As compared to conventional optimization methods, EAs
have stronger ability to solve complex optimization problems.
3.1

Membrane algorithm and P systems

The membrane algorithm will be briefly discussed as follows. Membrane computational model is also called the P system (P systems)[15]. Cell-like P systems
is the most fundamental P system whose membrane structure is illustrated in
Figure 3[11]. This membrane structure of P systems is a hierarchical arrangement of membranes, embedded in the skin membrane, the one which separates
the system from its environment[13].The outer surface of the structure system is
called the skin membrane. It separates the whole system from the environment
outside. The membrane which has no membrane inside is called as the elementary membrane. Each membrane defines a region. For an elementary membrane,
the region is the space that it covers. For a non-elementary membrane, the region
is the space that is between itself and the membranes which lays in it directly.
Each region constitutes a different compartment of the membrane structure and
contains other membranes. A multi-set of objects and a set of transformation
and communication rules exist in the region. In a region, these rules deal with
the objects or the membrane itself which divides the region.
3.2

Quantum-inspired evolutionary algorithm(QEA)

QEA is introduced by K.H. Han in 2000[7]. The main idea of QEA is to analyze
and utilize the superposition of quantum. It is characterized by a Q-bit representation for individuals. In QEA, Q-bit is the smallest information unit and is
defined by a pair of numbers (α, β). A Q-bit individual is represented as a string
of k Q-bits:
q=|

αk
α1 α2
| |...| |
β1 β2
βk

(4)
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[α β]T (i = 1, . . . , k) represents a Q-bit satisfying |αi |2 + |βi |2 = 1. |αi |2 and
|βi | give the probabilities that the Q-bit will be found in the “0” and “1” states,
respectively. The state of a Q-bit may be “0”, “1”, or a linear superposition of
the two. The q is a quantum bit. A Q-gate is defined as a variation operator
of updating the Q-bit individuals. In QEA, quantum bit is used to describe
the problem and the tth generation of the population is represented as Q(t) =
{qt1 , qt2 , . . . , qtn } where n is the size of population diversity. The process for QEA
is shown as follows:
(1) Set the generation counter t=0 and initialize Q(t);
(2)Determine and obtain X(t) by observing Q(t) where X(t) = {X1t , . . . , Xnt }
t
is a group of binary solutions and Xjt is a binary solution. Xj1
= {xtj1 , . . . , xtjn }
t
t 2
where Xji
is binary and obtained by comparing |βji
| to a uniformly distributed
t
random number in the range of 0 to 1. xji is set to 1 if the random number is
t 2
less than |βji
| ; otherwise it is set to 0;
(3)Evaluate X(t) in order to find the fitness value for each binary solution;
(4)Determine whether the termination condition is satisfied or not. If it is
satisfied the calculation comes to an end and the optimal solution will be output.
If not the calculation goes on.
(5)Update Q(t), t = t + 1 by Q-gate and return to step 2 for one more
iteration.
When the population Q(t) is initialized in step 1, the α and β for almost all
Q-bits are set as √12 . In step 5, quantum rotation gate G(θ) is used to update
Q(t) and the equation can be formulated as:
 
  
 
αi
αi
cos(θ) −sin(θ)
αi
= G(θ)
=
(5)
βi
βi
sin(θ) cos(θ)
βi
2

where θ is the rotation degree of quantum gate(Q-gate).
3.3

QEPS

QEPS combines the advantage of QEA and membrane computing[14]. A one
level membrane structure is used for QEPS as shown in Figure 4. Each step for
QEA is described as follows:
(1) Initialize the one level membrane structure and set the number of elementary membranes to m;
(2) Initialize the population Q(t) with size of n, allocate the n individuals
randomly into m elementary membranes satisfying that there is at least one
individual in each elementary membrane and no individual in skin membrane;
(3) Use QEA to search optimal solution and the times of evolutionary generation is set randomly;
(4) Transfer the fittest individual in each elementary membrane to the skin
membrane, compare these m individuals and find the fittest individual. The
fittest individual in this generation is then transferred back to each elementary
membrane and used to update population for next generation. The information
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Fig. 4. A one level membrane structure.

communication between each elementary membrane and skin membrane is also
achieved.
For the ED problem in this paper, we firstly initialize the population of Qbit individuals and scatter them randomly across the membrane structure. The
number m of elementary membranes has effects on the performance of QEPS and
it is set as 15 in this paper for best performance according to reference[14]. There
are totally twenty wind farms in our system. The number n of objects is set as
20 for each region. After each individual is scattered randomly in the elementary
membranes, QEA is used to search optimal solution in each elementary membrane. Then the fittest individual in each elementary membrane is transferred
to the skin membrane and the optimal solution for this generation is acquired.
This process will not stop until the optimal solution does not change for several
generations. Finally, a series of Q-bit is acquired and shows the operation status
of each wind farm. In a series of Q-bit , 1 means that the wind farm will work
in next time period and 0 means that it will be cut off in next time period.

4

COMPUTATION AND SIMULATION ANALYSIS IN
ECONOMIC DISPATCH FOR POWER SYSTEM

The objective function in economic dispatch for this paper can be formulated
as:
M inFT = min(

Ng
T X
X
t=1 i=1

Fit (Pion ) +

NG
T X
X

Fit (Pjof f ))

(6)

t=1 j=1

where FT is the minimal total cost for the power system; T is the time period;
Fit is the LEC cost of a generator; NG is the number of generators in the system;
Pi on is the output power of ith on land wind farm; Pjof f is the output power
of jth offshore wind farm.
In this case, the output power of ten on land wind farms and ten offshore
wind farm is calculated by Equation (1) based on historical wind speed data[10],
and the LEC cost for each wind farm are used as input during each time period.
The LEC cost data for both on land wind farms and offshore wind farms can be
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found in Table 1 and a small random disturbance is added to these data in order
to make the simulation more realistic. One time period stands for one hour and
a typical day is chosen for the simulation such that there are 24 periods in this
simulation. The data for power balance constraint is from Table 2.A part of the
output power of winds farms is shown in Figure 5.
Table 2. Power load demand requirement for all periods at the Dth day(at modified
IEEE 30-Bus 6-Unit System)[11]
Time(h) Load(MW) Time(h) Load(MW)
1
30.8
13
43
2
29.7
14
46.2
3
29.5
15
45.6
4
30.2
16
45.2
5
30.8
17
44.6
6
31
18
43.5
7
35
19
42.6
8
43
20
40.7
9
46
21
37
10
45.5
22
35
11
46.2
23
32
12
45.5
24
30

For the generator operating limits, the output power data in Figure 5 has
already been modified that when the output power does not meet the limit
requirement the wind farm will not be selected. We want to minimize cost while
satisfying the total demand load constraint during each time period by using
QEPS to select wind farms among the twenty given.
After computation, a binary string with twenty digits is obtained. Each of the
twenty wind farms gets its own number from the binary string which represents
its operation state at the beginning of one time period (1 or 0, 1 stands for wind
farm being selected , 0 for not ) . During the whole time period, twenty four
binary strings is obtained and three binary strings are shown in Figure 6. In
these three time periods, the wind speed is faster than, slower than and close
to rated wind speed. At the same time, the optimal total cost is obtained. The
problem can be briefly formulated as:

M inT otalCost = min

24 X
20
X
t=1 i=1

LECiT · Pit · t

(7)

where LECit is the cost for power generating per MWh (AUD/MWh); Pit is
the output power of wind farm; i is the number of wind farms ( 1 to 10 is for
on land wind farms, 11 to 20 is for offshore wind farms); t is the number of time
period during a day.
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Fig. 5. Output power curve of ten on land wind farms.

The number m of elementary membranes has effects on the performance of
QEPS and it is set as 15 in this paper for best performance according to reference
[16]. The population size for QEPS is 20 and maximum iteration is 100. The
maximum generation in each elementary membrane is a random integer in the
range from 1 to 10. For each time period, QEPS runs ten times, ten solutions
are stored and the optimal total cost is calculated as the average value of the
ten solutions. The result is shown in Figure 7. Also QEA is used to deal with
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Wind
Farm
1
2
3
4
5
6
7
8
9
10

3
1
1
0
1
0
0
1
1
0
0

Time Period(h)
11
1
0
1
1
0
0
1
1
0
0

19
1
1
0
1
1
0
0
1
1
1

Wind
Farm
11
12
13
14
15
16
17
18
19
20

3
1
0
0
0
0
1
1
0
0
0

Time Period(h)
11
1
1
1
1
0
0
1
0
1
1
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19
0
1
1
0
1
0
0
1
1
1

Fig. 6. A table of binary strings for wind farm operation status in three time periods.

the same data to compare the solution with QEPS as shown in Figure 8. Figure
9 shows a converging process for best solution in the 11th time period.

Fig. 7. Optimal solution for ED problem.

The experimental results shows that QEPS has better performance than
the conventional evolutionary algorithm (QEA) in Table 4 and also is fast in
converging for solving economic dispatch problem for power system proposed in
this paper as shown in Figure 9.

5

CONCLUSIONS

This paper presents an overview of economic dispatch problem for power system
with wind farms. Then, the quantum-inspired evolutionary algorithm based on P
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Time
Period
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

BS
58.61
60.53
61.65
63.35
62.12
61.76
69.11
75.33
76.64
70.74
69.63
69.91
68.89
63.32
72.01
74.16
76.59
69.41
55.29
65.71
58.28
73.85
64.41
63.23

QEPS
MBS
59.23
62.47
62.59
65.58
63.35
63.96
70.74
77.36
78.55
72.28
71.35
70.73
69.84
65.18
74.6
75.58
77.66
71.14
57.23
66.4
60.25
74.4
65.86
64.68

WS
61.4
63.66
64.75
67.77
65.82
65.45
72.53
78.34
79.27
74.48
71.83
71.05
71.51
66.21
76.61
76.92
78.98
73.25
57.84
66.72
61.06
76.65
67.95
66.5

BS
58.97
62.74
60.8
66.47
61.51
62.47
68.82
75.56
76.67
71.45
70.48
69.45
68.04
64.56
73.69
74.18
77.39
69.65
56.61
64.8
60.87
73.02
65.17
62.88

QEA
MBS
60.61
64.65
63.52
68.02
64.45
65.11
71.07
78.25
78.55
73.66
73.48
71.79
70.34
66.41
75.94
76.64
79.94
71.77
58.67
67.84
62.42
75.9
68.08
65.61

WS
62.37
64.83
64.25
69.08
66.93
65.14
71.2
78.86
80.53
75.87
75.45
73.15
72
67.31
78.24
77.22
82.05
72.31
59.79
69.84
64.78
76.14
70.89
67.97

Fig. 8. Optimal solution comparison between QEPS and QEA Table.

Fig. 9. Converging process for finding optimal solution in 11th time period.

systems, which makes use of quantum bit, quantum gate and membrane structure
during computation process , is proposed to search the optimal solution. The

QEMA and Its Application for ED in Power System with Wind Farms

145

QEPS methodology shows good performance in solving such kind of optimization
problem compared with the conventional QEA. It can be concluded that it is
possible to reduce cost for power system which constituted of on land wind farms
and offshore wind by using QEPS to select and dispatch wind farm in the system
economically.
With the development of renewable energy, the economic dispatch problem
of power system needs more research for cost saving, emission reduction and
so on. How to accommodate novel algorithm such membrane computation in
search optimal solution to this kind of problem is also a challenging issue. In
future works we aim to analyze the economical feature of power system with
energy storage components.
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Abstract. Membrane computing is an emerging area in computer science that has gained inspiration for its computational model from biological cells. The N-queens problem has attracted growing attention because
of its potential applications in different areas, such as parallel memory
storage, image processing, and chemical studies. Previous approaches
using active membrane systems to solve the N-queens problem have encountered some limitations. These approaches defined many membranes
with just one rule inside them. This has resulted in many communication rules to communicate between membranes, which made communications between the cores and the threads a very time-consuming process
because of the need to execute the communication rules, consequently
decreasing processing speed. The proposed approach reduces unnecessary membranes and communication rules by defining two membranes
with many objects and rules inside each membrane. With this structure,
objects and rules can evolve concurrently in parallel, which makes the
model suitable for implementation on a graphics processing unit (GPU).
This study uses GPU to exploit the parallelism of membrane systems for
the N-queens problem. Tiling techniques and shared memory are used
to accelerate the GPU for a membrane-computing model to solve the
N-queens problem. The proposed approach proved to be in some cases
1000 times faster than previous approaches.
Keywords: membrane computing, graphics processing unit, N-queens
problem, parallel processing.

1

Introduction

Membrane computing [1] is a branch of natural computing which drew inspiration for its computational model from cell biology. It can be seen as a general computing architecture in which various types of objects can be processed
by various operations. A membrane system includes membrane structure. Each
membrane surrounds a region that includes objects, rules or may include other
membranes. Rules process objects and membranes [2]. There are variants for
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membrane systems such as cell-like, tissue-like, and spike-like [3–5]. Several simulators have been proposed for implementing membrane computing [6–8]. Cell-like
membrane systems are divided into active, probabilistic, and stochastic membrane systems. In this study, a membrane system with active membranes was
used to develop the proposed model. Membrane computing is used to simulate biological processes [9–11]. For example, it has been applied to molecular
interactions [12, 13], and predicting the evolution of the bearded vulture [14]. Although it is biologically inspired, membrane computing has also been applied to
problems outside biology, including modeling, economics, databases, networks,
and other complex problems. An important application of membrane computing models is solving computationally intensive problems in polynomial or even
linear time [15]. Membrane computing often trades execution time for a large
amount of space when solving these complex problems. The N-queens problem
is encountered in various fields of study, such as parallel memory storage approaches, image processing, physical and chemical studies, and networks [16].
The N-queens problem is classified as a nondeterministic polynomial (NP) class
problem, which is intractable for large N values. The goal when solving the Nqueens problem is to place N queens on an N × N board so that no queen
threatens other queens using standard chess queen moves and so that no more
than one queen is in the same column, row, ascending diagonal, or descending
diagonal. The N-queens problem has been modeled in the membrane systems
framework using active membranes. The first study of the N-queens problem
using membrane computing was published by Gutierrez-Naranjo et al., who applied it to a 4-queens problem that included 65536 elementary membranes [17].
Depth-first search was later introduced into membrane computing by GutierrezNaranjo et al. [18], who used it to solve the N-queens problem. Gutierrez-Naranjo
et al. [19] improved the speed of solving the N-queens problem using membrane
computing as a local search strategy. Previous membrane systems using active
membrane models to address the N-queens problem had several membranes, but
with few objects within each membrane. These membranes need to communicate
with each other, which reduced execution speed. In this study, a new membrane
system with active membranes is defined for solving the N-queens problem. The
proposed active membrane system is an improvement on previous approaches
because it decreases the number of unnecessary communication rules and membranes. The number of rules that can be evolved simultaneously during each
step is also increased in the proposed model, which makes this active membrane
model suitable for parallel implementation. Previous studies simulated membrane systems for solving the N-queens problem using a sequential approach,
but this research uses a GPU to exploit parallelism in membrane systems for the
N-queens problem. Techniques like tiling and shared memory have been used to
improve GPU performance.
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Active membrane systems

An active membrane system is formally defined by a tuple π = (O, H, µ,
w1 , ..., wm , R), where:
Active membrane systems usually have various elements as shown in Fig. 1,
including a skin membrane and delimiting regions where multiple sets of objects
and sets of evolution rules are placed.

Fig. 1. Membrane system structure.

(1) m > 1 (the initial degree of the system that is equal to number of membranes);
(2) O is the alphabet of objects;
(3) H is a finite set of membrane labels;
(4) µ is a membrane structure consisting of m membranes with initially neutral
polarizations and labeled with H elements;
(5) w1 , ..., wm are the strings over O, describing the multi-sets of objects placed
in the m regions of µ;
(6) R is a finite set of rules defined as follows:
(a) Object evolution rules: [a → u]α
h for h ∈ H, α ∈ {+, −, 0} (electrical
charges), a ∈ O and u is a string over O that describes a multiset of
objects associated with membranes that depends on the label and the
charge in the membranes;
β
(b) In communication rules: a[]α
h → [b]h for h ∈ H, α, β ∈ {+, −, 0}, a, b ∈
O. When an object is introduced in the membrane, possibly modified,
and the initial charge, α is changed to β;
β
(c) Out communication rules: [a]α
h → []h b for h ∈ H, α, β ∈ {+, −, 0}, a, b
∈ O. An object is released from the membrane, possibly modified, and
the initial charge , α is changed to β;
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(d) Dissolving rules: [a]α
h → b for h ∈ H, α ∈ {+, −, 0}, a, b ∈ O. A
membrane with a specific charge is dissolved in reaction to an object
( and possibly modified);
β
γ
(e) Division rules: [a]α
h → [b]h [c]h for h ∈ H, α, β, γ ∈ {+, −, 0}, a, b, c ∈
O. A membrane is divided into two membranes. The objects inside the
membrane are replicated, except for a, which may be modified in each
membrane.
These rules are applied according to the following principles:
• All the elements which are not involved in any of the operations to be applied
remain unchanged.
• All rules are applied in a maximally parallel manner (during each step, all
objects that can evolve should evolve). For example assume that currently
multi-set of objects a5 b4 present in same region with rule r1 : a2 → c and
r2 : b3 → d then two parallel application of r1 are needed to consume a4 and
rule r2 should be applied one time to consume b3 in one step and no more
rule can be applied to remaining multi-sets of objects, ab.
• Each object is used by one rule at most during each step.
When more than one rule can use one object one of rules should be chosen non-deterministically. For example assume that currently multi-set of
objects a2 b present in same region with rule r1 : a2 → c, r2 : ab → d and
r3 : a2 b → e then one of them should choose non-deterministically.
• Each membrane is used by one rule at most during each step. Since rules (b)
to (e) involve a membrane, rules (b) to (e) cannot be applied simultaneously
in a membrane during one computation step.
• The rules associated with the membranes labeled with h are applied to the
membranes with that label.
Further information about active membranes systems has been provided by Paun
[20].

3

An active membrane system for the N-queens problem

This paper implements a nondeterministic active membrane system for the Nqueens problem on a GPU. Therefore, it needs to include an active membrane
model with enough parallelism to solve the N-queens problem. Previous approaches [17–19] used several different membranes, with each membrane containing only one object. This meant that each membrane lacked sufficient parallelism.
Several communication rules that are not suitable for parallel implementation
were executed between the membranes.
This paper introduces an active membrane system that reduces unnecessary
communication rules. There are enough objects and rules inside each membrane
that they can evolve concurrently. Based on the definition of active membrane
systems, the proposed model π = (O, H, µ, w1 , ..., wm , R) for solving the Nqueens problem can be described as follows:
-The degree of the proposed system is m = 2.
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-The alphabet of objects for the N-queens problem is O = {R1 , . . . , RN , C1 ,
. . . , CN , u−N +1 , . . . , uN −1 , d2 , . . . , d2N −1 } where Ri ; i = 1, . . . , N represent
the rows on the N × N board, Cj ; j = 1, . . . , N represent the columns on the
board, dq ; q = 2, . . . , 2N and up ; p = −N + 1, . . . , N − 1 are the ascending and
descending diagonals of the N × N puzzle board, where square (i, j) is located in
row i (Ri ) and column j (Cj ) and crossed by descendant diagonal dq ; q = i + j
and ascendant diagonal up ; p = i − j. For example, positions (1,3) and (2,2) are
on the same descendant diagonal d1+3 = d2+2 = d4 and (1,3) and (5,7) are on
the same ascendant diagonal u1−3 = u5−7 = u−2 on the board.
-The label of the model is H = {1, 2} and the initial membrane structure is
a membrane with two compartments µ = [[]02 ]01 and zero polarizations.
-The initial multi-sets are w1 = {Dcnt(q) Ucnt(p) |q = 2, . . . , 2N, p = −N +
1, . . . , N +1} where Dcnt(q) s (Ucnt(p) s) are the counters used to count the number
of descending (or ascending) diagonals present in the skin; these counters are
equal to zero in the initial state. In the initial state, the objects that represent
the rows and columns occur in the membrane with label 2. Therefore, w2 =
{R1 , . . . , RN , C1 , . . . , CN }.
The set of rules (rules (a) to (f )) are as follows:
(a)[Ri Cj → Ri .Cj ]02 ; i = 1, . . . , N, j = 1, . . . , N .
Where Ri is the object for the ith row on the board, Cj is the object for the
th
j column on the board, and Ri .Cj are multi-sets of objects which indicate that
a queen is located in the ith row and the j th column or in square (i, j) on the
board. First, the Ri s (rows on the board) react with the Cj s (columns on the
board) and produce Ri .Cj s (the squares (i, j) where the queens are located).
Rule (a) is executed in a maximally parallel manner. In one step, one object of
a membrane is used by at most one rule (chosen in a nondeterministic manner),
but any object that evolves through any one rule must evolve. Therefore, each
of the two objects produced (for example, Ri .Cj and Rk .Cs ) by rule (a) cannot
be the same, i.e., i 6= k and j 6= s . This result indicates that the queens do not
intersect in the rows (i 6= k ) and columns (j 6= s ) and this property prevails
during the simulation period.
(b)[Ri .Cj ]02 → []02 Ri .Cj ui−j di+j + Dcnt(i+j) + Ucnt(i−j)
Rule (b) sends out objects Ri .Cj from membrane 2 to the skin membrane;
generates objects ui−j and di+j , which represent the ascending and descending
diagonals related to square (i, j); and increases counters Dcnt(q) and Ucnt(p) .
The counters Dcnt(q) (where q = i + j ) and Ucnt(p) (where p = i − j ) in
the skin membrane count the number of queens present in the q th descending
diagonal and the pth ascending diagonal respectively. These counters are used
to calculate the decrease in the number of collisions when a queen is removed
from square (i, j) and the increase in the number of collisions when a queen
is placed on square (i, j) . The total number of collisions on the board is the
number of queens present in the ascending diagonal, with more than one queen,
plus the number of queens that exist in the descending diagonal, with more than
one queen. Therefore, the reduction in the number of collisions when a queen is
removed from (i, j) is as follows:
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 2 Dcnt(i+j) > 1 and Ucnt(i−j) > 1
colliremoved (Ri .Cj ) = 1 Dcnt(i+j) > 1 or Ucnt(i−j) > 1

0 Dcnt(i+j) 6 1 and Ucnt(i−j) 6 1

When a queen is placed in the new square (i, j) , the following intersection
is added to the board:

 2 Dcnt(i+j) > 0 and Ucnt(i−j) > 0
colliplaced (Ri .Cj ) = 1 Dcnt(i+j) = 0 or Ucnt(i−j) = 0

0 Dcnt(i+j) = 0 and Ucnt(i−j) = 0

Therefore, no intersection is added to the board when a queen is placed in a
square with no queen in the diagonals.
(c) [Ri .Cj ui−j di+j Rk .Cs uk−s dk+s Dcnt(i+j) Ucnt(i−j) Dcnt(k+s)
Ucnt(k−s) Dcnt(i+s) Ucnt(i−s) Dcnt(k+j) Ucnt(k−j) →
Ri .Cs ui−s di+s Rk .Cj uk−j dk+j − Dcnt(i+j) − Ucnt(i−j) − Dcnt(k+s)
−Ucnt(k−s) + Dcnt(i+s) + Ucnt(i−s) +Dcnt(k+j) + Ucnt(k−j) ]]+
1;
for i, j, k, s ∈ {1, . . . , N }, i 6= k and colliremoved (Ri .Cj )+
colliremoved (Rk .Cs ) > colliplaced (Ri .Cs ) + colliplaced (Rk .Cj )
Rule (c) allows any possible exchanges (i, j) and (k, s) during each execution time step. According to the principles of membrane computing, one object
in a membrane is used by a maximum of one rule, i.e., each object up (ascending diagonal) and dq (descending diagonal) is used by only one rule (exchange). Therefore, one exchange does not affect other exchanges. The definition of this new active membrane structure and the use of membrane computing principles mean that more than one exchange can be performed during each step and that one exchange does not affect other exchanges. This
rule consumes, Ri .Cj , ui−j , di+j Rk .Cs , uk−s , and dk+s objects, and produces
Ri .Cs , ui−s , di+s Rk .Cj , uk−j , and dk+j objects. The value of changes with
this rule, being reduced (−Dcnt(q) ) when a queen is removed from square (i, j)
where q = i + j and increased (+Dcnt(q) ) when a queen is added to square (i, s)
where q = i + s. Similar changes can be observed for U-counters. Rule (c) is
executed when the number of reduced collisions exceeds the number of added
collisions when exchanging (i, j) and (k, s).
−1
(d) [Dcnt(2) , . . . , Dcnt(2N ) , Ucnt(−N +1) , . . . , Ucnt(N +1) ]+
1 → []1 yes; if all
Dcnt(q) 6 1 and Ucnt(p) 6 1; q = 2, . . . , 2N, p = −N + 1, . . . , N + 1.
Rule (d) sends yes (solved queens board) to the environment and changes
the polarization of the membrane to (-), which stops the execution of all other
rules. This rule executes when all the ascending and descending diagonal queen
counters are equal or less than one (Dcnt(q) 6 1, Ucnt(p) 6 1), which means that
there are no collisions in the ascending and descending diagonals. According
to rule (a), the queens have no collisions in the rows and columns. Therefore,
executing rule (d) amounts to solving the N-queens problem.
+
(e) [Cntrestart ]+
1 → [+Cntrestart ]1 ; if for all i, j, k, s ∈ {1, . . . , N }, i 6= k
have colliremoved (Ri .Cj ) + colliremoved (Rk .Cs ) 6
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colliplaced (Ri .Cs ) + colliplaced (Rk .Cj )
Rule (e) counts the number of steps in which there are no improvements on
the board. During these steps, the number of collisions added to the board is
greater than or equal to the number of collisions removed from the board by all
possible exchanges. In this situation, counter Cntrestart increases. This counter
is used to restart the membrane computing model in rule (f ).
−
(f )[Cntr estart]+
1 → []1 restart; if Cntrestart = U ser Const
When the counter Cntrestart reaches U se Const , rule (f ) restarts the model,
where U ser Const is a constant number determined by the user; the optimum
number obtained experimentally (U ser Const = 5) was used in this experiment.
This indicates that the membrane system should be restarted after a certain
number of unsuccessful efforts to resolve and reduce conflicts on the board.
According to rule (f ), if there are collisions on the board (the model cannot
solve the problem until this point), but there is no exchange available to reduce
the collisions on the N ×N board using rule (c), the membrane model is restarted
by re-initialization. Rule (a) is executed in the initial state and assigns queens
nondeterministically to squares in the initial state. Therefore, each time that the
membrane model is restarted, it is initialized with a new assignment by rule (a).
A simple example of finding the solution to the 4-queens problem using an
active membrane system is shown in Fig. 2. Assume that rule (a) nondeterministically generates multi-sets R3 .C1 , R4 .C2 , , R2 .C3 , and R1 .C4 , as shown
in Fig. 2(a). The number of removed collisions for R4 .C2 and R2 .C3 exceeds
the number of added collisions, or colliremoved (Ri .Cj ) + colliremoved (Rk .Cs ) >
colliplaced (Ri .Cs ) + colliplaced (Rk .Cj ) for i = 4, j = 2, k = 2, s = 3 when these
two multi-sets evolve according to Rule (c). Therefore, Rule (c) consumes the
R4 .C2 and R2 .C3 multi-sets and produces the R4 .C3 and R2 .C2 multi-sets in
Fig. 2(b). In the next step, rule (c) evolves R2 .C2 and R1 .C4 to R2 .C4 and
R1 .C2 and changes the positions of the queens in Fig. 2(b) to those in Fig. 2(c). In
Fig. 2(c), all Dcnt(q) 6 1 and Ucnt(p) 6 1 for q = 2, . . . , 2N, p = −N +1, . . . , N +1
and N = 4 , and N=4, which means that all the descending and ascending diagonals have one or zero queens. Therefore, rule (d) sends yes (this means that it
has found a solution to the 4-queens problem) to the environment and changes
the polarization of the membrane to (-), which stops the execution of all other
rules because the other rules are applied to membranes with charge (+).

4

Complete and partial solutions of the N-queens
problem

There is no complete solution yet for N > 26. The QUEENS@TUD project has
counted all solutions for N = 26 with nine months of computational effort on
massively-parallel FPGA-based devices [21, 22]. Some research has been done on
finding a solution or a partial solution for N-queens (e.g., [23–27]). Some trivial
solutions [28] exist for the N-queens problem, but sometimes one of the queens
must be placed in a special position. Trivial solutions are not generally useful,
and nontrivial solutions are necessary.
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Fig. 2. Example of finding a solution to the 4-queens problem using an active membrane
system: (a) initial state, (b) intermediate state, (c) solution to the 4-queens problem.

4.1

Partial solutions of the N-queens problem by active membrane
systems and their applications

Classical approaches such as backtracking and brute force have been used to
solve the N-queens problem. However, the complexity of these methods increases
exponentially with the size of the problem [29]. Classical approaches can solve
the N-queens problem efficiently for N 6 26 [29, 30, 23]. They are inefficient for
solving large-scale N-queens problems, and large size high in the search tree may
lead to dead ends [31]. Recently, nondeterministic or heuristic approaches, such
as genetic algorithms [23–25], ant-colony algorithms [25], hybrid particle swarm
and simulated annealing algorithms [26], Tabu search [27], and water-drop algorithms [32] have been used to find partial solutions for large-scale N-queens
problems. Finding all solutions for N > 20 is hard [33]; the QUEENS@TUD
project carried out by TUD University required nine months of computational
effort on massively-parallel FPGA-based devices to find the solution count for
the 26-queens problem, and a complete solution for the N-queens problem for
N > 26 is still unknown [21]. In some applications, a partial solution for large N
is desirable, for example, N = 256 in [34]. In addition to trivial solutions [28] for
the N-queens problem, other subsets (partial solutions) of the N-queens problem
may also be desirable. Partial solutions of N-queens obtained by placing one of
the queens in a special position (x, y) are used in [35–37]. Such a solution can be
used to construct maximal partial spreads of many sizes in the three-dimensional
projective space over the finite field Fq (P G(3; q)). Because this solution should
include the special position, a non-trivial solution of N-queens may be needed.
In [34, 38], partial solutions of N-queens are needed to construct the sparse parity check matrices and to generate low-density parity check codes. As another
example, consider a narrow-band directional communication system. To achieve
high communication bandwidth, an array of N transmitter/receivers must be
placed to communicate with the outside world freely in eight directions (i.e.,
two horizontal directions, two vertical directions, and four diagonal directions)
without being obscured by other transmitter/receivers. Now assume that the
positions of one or more of the transmitter/receivers are known and predeter-
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mined. Finding the location of other transmitter/receivers is a solution of the
N-queens problem. Because the positions of some queens have been predetermined, a trivial solution of N-queens may not be a solution of this problem, and
a nontrivial solution of the N-queens problem is needed. In Fig. 3, the position
of one of the transmitter/receivers is known, and the position of another six
transmitter/receivers should be determined so that they are not obscured by
other transmitter/receivers. This involves solving the 7-queens problem. In the
proposed active membrane, in the initial state, membrane 2 (i.e., []2 ) will be
initialized by string R6 .C2 (see Fig. 3; this means that one queen is allocated
to row 6 and column 2), and this string remains unchanged until the end of
processing. Therefore, the proposed active membrane model can find a solution
or several solutions (if run several times) efficiently for N-queens problems.

Fig. 3. Solution by the proposed active membrane model for seven transmitter or
receivers given that the position of one of the transmitter or receivers is predefined
(shaded square).

4.2

Complete solutions by the proposed active membrane system
on a GPU

Graphics Processing Unit Single-instruction multiple-data (SIMD) architectures enable GPUs to process and run several threads simultaneously [39]. The
smallest parts of a GPU are cores. A group of cores is called a streaming multiprocessor (SMP). Cores inside each SMP are synchronized to execute the same
instructions. Each SMP works asynchronously from other SMPs. Each core has a
very small amount of memory, called local memory. Each thread also has access
to a certain number of 32-bit registers. A very small amount of shared memory
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is dedicated to each SMP, and all SMPs can access a large amount of memory as
global memory (Fig. 4). Access to register memory is faster than to shared memory, and access to shared memory is faster than to global memory [39, 40]. From
a programmers viewpoint, instead of cores, SMPs and group of SMPs, threads,
blocks, and the kernel are used. A program contains one or several kernels, and
each kernel may contain one or more blocks. Each block is run on a single SMP,
and all threads within a block can use the same shared memory as well as barrier
synchronization. Synchronization and sharing of shared memory are impossible
across blocks. The programmer creates a program that is called a kernel. The
kernel includes one or several blocks. Execution of blocks in the kernel maps to
SMPs in the GPU.

Fig. 4. Memory and CUDA architecture for GPU.

Complete solutions of N-queens with an active membrane model on
a GPU Classical approaches are inefficient for solving large-scale N-queens
problems, and large size high in the search tree may lead to dead ends [31]. An
active membrane system is a nondeterministic approach that proposes to find
a solution (using partial solutions from several runs) for large-scale N-queens
problems. It is possible to find all solutions by running the system several times
or by running several copies on different cores concurrently. The probability of
finding all solutions using an active membrane system is increased as the number
of runs increases. Some features that make the active membrane systems model
interesting and easy to use to find all solutions for N-queens is that it can run
copies of the model independently on different cores (or computer clusters) and
then collect solutions from them and remove repeated answers. It is not necessary
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to divide the problem into subsections to evaluate them on different cores or
computer clusters as in classical approaches such as backtracking.
Active membrane models are naturally nondeterministic and initialize randomly. Therefore, it is possible to find more or all solutions by running the
proposed model independently a number of times (or by running it concurrently
on different cores or computer clusters). Consequently, the proposed active membrane model can run on several cores or computer clusters without any need for
synchronization or communication between cores or computer clusters. Subset
solutions generated by copies of one active membrane model running independently on different cores will be collected to produce a complete list of solutions
after removing repeated solutions.
To generate partial or complete solutions on a GPU, first assign m copies
of the active membrane model to m thread blocks. Then each model on each
thread block runs L times. L × m possible solutions from the m thread blocks
are gathered and sent to another kernel to remove repeated solutions (see Fig. 5).
The steps of this procedure can be described as follows:
Step1: Assign an active membrane system model to each thread block.
Step2: (Random Ini Kernel) Initialize a random number generator (RNG)
with different seeds to generate a different random number for each active membrane system. Because this step occurs only once to initialize the RNG, using
a separate kernel makes it possible to release used registers and shared memory
by this step for the rest of the simulation. Note that the proposed active membrane system finds solutions using a nondeterministic approach, and therefore it
needs an independent random number generator for each thread to find different
solutions when run independently on different thread blocks.
Step3: (Run ActiveMem Kernel) Run each active membrane model L times
on each thread block to find at most L solutions. Note that some runs do not
lead to a solution, and according to rule (f ) of the proposed active membrane
model, the model should then be restarted. In this kernel, shared memory is
also used to improve GPU performance. In each step thread i − 1; i = 1, . . . , N
is responsible to do computation related to ith row in the board (object Ri )
in each thread block (see Fig. 5). For example in rule (a) thread i − 1 should
choose one object Cj randomly to react with object Ri to generate multi-set
Ri .Cj . In rule (c) each thread i − 1 and thread k − 1 are responsible for related
objects for checking and changing the number of objects related to ith and
k th rows i.e. Ri .Cj , , ui−j , di+j , Rk .Cs , , uk−s , and dk+s and so on. Variables
and arrays for objects are stored in shared memory for fast access. For fast
random number generation, initial seeds and states that produced in previous
step (Random Ini Kernel) loaded from global memory to shared memory. After
random number generated, updated states stored in global memory to release
shared memory. When a solution (Ri .Cj s that have no conflicting on the board)
has been found and checked by rule (d), it stored in a part of array in global
memory. This array allocated in global memory to store at most L solutions
from each thread block to have at most L × m solutions from all thread blocks.
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Fig. 5. Procedure for generating solutions and removing repeated solutions to find all
or partial solutions for the N-queens problem using an active membrane model.
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Fig. 6. Using tiling (subdivision) and shared memory to remove repeated solutions on
a GPU.
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Solutions collected (at most L × m ) from all thread blocks will go to the next
kernel for to removing repeated solutions.
Step4: (Remove Repeated Kernel) At most L × m solutions were generated
in the previous step. These solutions were generated by the nondeterministic
rules of the active membrane system, and therefore some of these solutions may
be repeated solutions. In the approach proposed here, repeated solutions are
discarded in the GPU.
Global memory is slow, and therefore using shared memory instead of global
memory improves performance because the latency of access to global memory
is about 400-800 cycles, while that to shared memory is about 8-22 cycles [39].
A limited amount of shared memory can be accessed by thread blocks within
each streaming multiprocessor (SMP). Therefore, tiling and shared memory can
be used to improve performance. Solutions stored in global memory are divided
into different parts, with each part having q solutions. First, p parts are assigned
to p thread blocks (p and q are determined according to available shared memory
and other GPU resources). Then each solution is compared with the solutions
in the positions after it. Each solution is known to be a unique solution when it
is not repeated in the positions after itself (see Fig. 6).

5

Simulations and results

This study uses a GPU and active membrane systems to solve the N-queens problem. However, previous approaches [17–19] used several different membranes, but
each membrane contained only one object. Therefore, each membrane lacked sufficient parallelism. Several communication rules were also executed between the
membranes, which make this approach unsuitable for implementation on parallel
tools like a GPU. In Section 3, an active membrane system has been introduced
that solves the problems of previous approaches and is suitable for implementation on a GPU.
Because unnecessary communication rules and membranes have been eliminated from the model, it also has better performance in a sequential approach on
a CPU. The simulations of the new active membrane system and of a previous
approach [19] with a Visual C++ program were conducted on a computer with
an Intel Pentium dual-CPU E2200 at 2.20 GHz with 3 GB of RAM. In some
cases, such as N = 200, the new model was almost 1000 times faster than the previous approach shown in Table 1 in finding a solution for the N-queens problem.
Simulation of active membrane systems on a GPU to find all or partial solutions
of the N-queens problem was carried out as follows. The simulations were run
using an NVIDIA GeForce GTX680 graphic card with the specifications listed
in Table 2. Shared memory and data tiling (subdivision) were used to improve
simulation of the active membrane system on a GPU. Several active membrane
systems with different initializations by random number generators were assigned
to different thread blocks to generate subsections of solutions. These subsections
of solutions were collected from different thread blocks, and repeated solutions
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Table 1. Comparison of the evaluation times using proposed active membrane systems
and previous studies to find a solution for the N-queens problem.
Number
Previous approach
of
[19]
queens Average Average time (sec)
number after programming
of
[19]
steps on the our computer
10
20
30
40
50
100
200
300
400
500

141.35
166.25
270.9
272.7
382.4
757.6
1365.25
1980
2652
3100

0.0074
0.061
0.282
0.642
1.793
30.21
530.1
1851
4623
9524

Proposed active
membrane system
Average Average
number time
of
(sec)
steps
13.62
11.79
10.16
9.14
9.00
8.15
7.40
7.01
7.00
7.01

0.0042
0.0077
0.0123
0.0200
0.0291
0.1005
0.3778
0.8499
1.5325
2.5019

were removed to form complete solutions. Details of this algorithm are given in
Section 4.2.
Table 2. Technical specifications of NVIDIA GeForce GTX680 card with computing
capability 3.
Number of SMPs
Maximum number of resident warps per SMP
Maximum number of resident thread blocks per SMP
Maximum number of resident threads per SMP
Maximum number of resident threads per warp
Maximum number of resident threads per thread Block
Maximum shared memory per SMP
Maximum resident 32-bit registers per SMP

8
64
16
2048
32
1024
48k
64k

Simulations for various sizes of N-queens problem on CPU and GPU have
been performed. As the size of the N-queens problem increases, occupancy of the
GPU increases, and as a result, GPU performance also increases. For example,
the speedup using the tiling and shared memory approaches on a GPU with
respect to the sequential approach on a CPU was 15 times for N = 5 and 33
times for N = 9, as shown in Table 3. This study used tiling and shared memory
instead of global memory to improve GPU performance. As shown in Table 3,
the speedup using tiling and shared memory on the GPU was better than the
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usual implementation. For example, the speedup was 10.6 times for the usual
GPU implementation and 33 times for the tiling and shared memory-based GPU
implementation with respect to the sequential approach on a CPU.
Table 3. Finding all solutions with active membrane systems on a GPU.
size
of
board
(N)

5
6
7
8
9
10

No. success No.
No.
of rate thread of
all perce- blocks iter
sol. ntage
in
in
in
GPU each
finding
thread
all
block
sol.

Exection
time
on a
CPU
(sec)

Exection
time
usual
way
on a
GPU
(sec)

10
4
40
92
352
724

0.152
0.283
2.13
3.40
7.62
30.2

0.030
0.046
0.264
0.376
0.714
2.83

99
99
99
99
99
99

32
32
32
32
64
64

4
4
8
32
64
128

Exection
time
by
shared
and
tilling
on a
GPU
(sec)
0.010
0.015
0.085
0.121
0.231
0.913

speed
up
usual
way
on a
GPU
vs.
CPU

speed
up
tilling
an
shared
on a
GPU
vs.
CPU

5.06
6.15
8.06
9.04
10.6
10.6

15
19
25
28
33
33

When the size of problem (N) is increased, the using of available computational resources of GPU also increases as a result of increases in the speed up.
However, computational resources of GPU are limited and for bigger size of the
problem speed up remains constant (for instance it is same speed up for N=9
and N=10 in Table. 3).

6

Conclusions and future work

Membrane system for N-queens in previous approaches [17–19] implemented in
sequential approach on a CPU. This study used many cores of a GPU to extract
parallelism in membrane system model. A GPU was used to increase the speed
of membrane systems in finding solutions for the N-queens problem. To improve
GPU performance, tiling and shared memory were used. The speedup using a
GPU with global memory for N = 10 was 10.6 times, but using tiling and shared
memory, it was 33 times. Previous approaches of membrane systems for solving N-queens problems suffered from lack of parallelism and were not suitable
for parallel implementation. This research reduced unnecessary membranes and
communication rules in the proposed membrane system to increase processing
speed. In the proposed membrane system, a large number of rules can evolve in
parallel in each step. Reducing the number of communication rules decreased the
very time-consuming process of communication between cores and threads. Since
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unnecessary membranes and communication rules eliminated, the new proposed
membrane system model has performed better than previous approach (see Table 1). When size of problem (N) increases number of unnecessary membranes
and communication rules in previous approaches were increased exponentially.
As shown in Table 1 when size of problem (N) increases the consume time for
proposed approach in comparison with previous approach decreased exponentially.
For future work we intend to use isomorphic characteristic of N-queens to
improve speed of membrane model for N-queens in GPU since some solutions
are obtainable from rotation or reflection of other solutions. We also plan to
increase speed of implementation on a GPU with extracting of instruction level
of parallelism of a GPU for our proposed model. We would also investigate the
use of multiple GPUs to have more computation and memory resources and
achieve more speed up for membrane model of N-queens problem.
Acknowledgments. This work has been supported by the Fundamental Research Grant Scheme (FRGS) of the Ministry of Higher Education (Malaysia;
Grant code: FRGS/1/2012/SG05/UKM/ 02/3).
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Abstract. In spiking neural P systems with anti-spikes, integers can be
represented as number of spikes/anti-spikes present in a neuron. Thus
it is possible to represent increment, decrement, relational operations
and assignment statements using spiking neural P systems. With these
basic structures, it is also possible to represent programming language
constructs like conditional construct, iteration construct and diﬀerent
types of execution constructs which are used in parallel programming
language. In this paper we consider a general-purpose parallel programming language that handles integer variables and is implemented using
spiking neural P systems with anti-spikes.
Keywords: spiking neural P systems with anti-spikes, Occam, simulation

1

Introduction

Spiking neural P systems (in short, SN P systems) [4] are computational models
inspired by the spiking activity of neurons in the brain. An SN P system is
represented as a directed graph where nodes correspond to the neurons having
spiking and forgetting rules. The rules involve the spikes present in the neuron
in the form of occurrences of a symbol a. SN P system operates in a locally
sequential and globally maximal manner using a global clock. That is, in each
neuron, at each step, if more than one rule is enabled, then only one of them is
applied non-deterministically. All neurons ﬁre in parallel at the system level. An
SN P system is used as a computing device in various ways - acceptor, transducer
and language generator.
Spiking neural P system with anti-spikes (in short, SN PA system) [7] works
in the same way as standard SN P system but deals with two types of objects
called spikes (a) and anti-spikes (a). There is also an highest priority annihilation
rule (aa → λ) that is implicitly present in each neuron of an SN PA system.
Because of the use of two types of objects, the system can encode binary digits
in a natural way and hence can represent the formal models more eﬃciently and
naturally than the SN P systems. The power of SN PA systems as language
generators is studied in [5]. In [6], the SN PA systems in transducer mode are
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used to simulate Boolean circuits. Here we demonstrate that SN PA systems
are not only eﬃcient in implementing hardware components but also software
components like programming language constructs.
Both spiking neural P systems and artiﬁcial spiking neural networks are
computational devices inspired by the concept of spiking neurons. There are
several relations between these systems. For example, an SN P model for Hebbian learning using concepts borrowed from neuroscience and artiﬁcial neural
network theory is presented in [3]. This paper borrows some concepts present in
[1], where spiking neural networks are used to represent variables and diﬀerent
constructs of a parallel programming language. In this paper we try to simulate
the programming language constructs like if, while, seq, par and alt using SN
PA systems.
This paper is organised as follows. We start with Section 2 by giving a brief
introduction about the SN P systems with anti-spikes. In Section 3, we describe
a very weak version of Occam and the language constructs considered for implementation. Occam is a parallel programming language used in the development
of the VLSI chip called Transputer that can execute concurrent processes [2].
The representation of integer variables, increment, decrement operations and assignment statements are considered in Section 4. In Section 5, we implement all
considered programming language constructs.

2

Spiking Neural P System with Anti-Spikes

We brieﬂy introduce the SN PA systems used in this paper.
Definition 2.1 (SN P system with anti-spikes) A spiking neural P system with
anti-spikes, of degree m ≥ 1, is a construct
Π=(O, σ1 , σ2 , σ3 , . . ., σm , syn , IN, OUT ), where
1. O = { a, a } is a binary alphabet. a is called spike and a is called an antispike.
2. σ1 , σ2 , σ3 ,. . ., σm are neurons, of the form
σi =(ni , Ri ) , 1 ≤ i ≤ m, where
(a) ni is the number of spikes or anti-spikes contained in the neuron σi and
if ni > 0 then the neuron is having ni spikes and if ni < 0 then the
neuron is having ni anti-spikes;
(b) Ri is a ﬁnite set of rules of the form E/br → dp where b, d ∈ {a, a},
r ≥ 1, p ≥ 0, with the restriction that r ≥ p and E is either a regular
expression over a or a regular expression over a;
Like in [7], we avoid using rules ar → ap , but not the other three types,
corresponding to the pairs (a, a), (a, a), (a, a).
/ syn for 1 ≤ i ≤ m
3. syn ⊆ { 1, 2, 3, . . ., m} × { 1, 2, 3, . . ., m} with (i, i ) ∈
(synapses among cells);
4. IN, OUT ⊆ {1, 2, 3, . . . , m} are the set of input and output neurons respectively.
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A rule E/ar → ap is applied as follows. If the neuron σi contains k spikes, and
ak ∈ L(E), k ≥ r, then the rule can fire, and upon application, r spikes are
consumed (thus only k − r remain in σi ) and p anti-spikes are released, which
will immediately exit the neuron. The spikes/anti-spikes emitted by neuron σi
will pass immediately to all neurons σj such that (i, j) ∈ syn. That means
transmission of spikes/anti-spikes takes no waiting time (since the rules do not
specify a time delay), the spikes/anti-spikes will be available in neuron σj in the
next step. There is an additional restriction that a and a cannot stay together,
they annihilate each other. If a neuron has either objects a or objects a, and
further objects of either type (maybe both) arrive from other neurons, such that
we end with aq and as inside, then immediately an annihilation rule aa → λ
(which is implicit in each neuron), is applied in a maximal manner, so that
either aq−s or (a)s−q remain for the next step, provided that q ≥ s or s ≥ q,
respectively. This mutual annihilation of spikes and anti-spikes takes no waiting
time and the annihilation rule has priority over spiking and forgetting rules, so
each neuron always contains either only spikes or anti-spikes. If we have a rule
E/br → dp with L(E) = {br }, then we write it in the simpliﬁed form as br → dp .
If p = 0 in E/ar → ap , they are written as E/ar → λ, where λ represents
an empty string. They are similar to the forgetting rules of the standard SN
P system, but here the forgetting rules also have regular expression associated
with them.
Note that we do not consider here a delay between ﬁring and spiking (i.e.,
rules of the form E/ar → ap ; t with t ≥ 0, when such a rule is applied, the
spikes are sent to the receiving neurons after t steps and during these steps the
sending neuron is idle, no rule is used in it and no spike can enter it), because
we do not need this feature in the implementations below, but such a delay can
be introduced in the usual way. As a consequence, here the neurons are always
open.
The configuration of the system is described by C = ⟨β1 , β2 , . . . , βm ⟩, where βi
is the number of spikes/anti-spikes present in neuron σi . The initial conﬁguration
is C0 = ⟨n1 , n2 , . . . , nm ⟩.
A global clock is assumed and in each time unit, each neuron which can use
a rule should do it (the system is synchronized), but the work of the system is
sequential locally: only (at most) one rule is used in each neuron. For example, if
a neuron σi has two ﬁring rules, E1 /ar → a and E2 /ak → a with L(E1 )∩L(E2 ) ̸=
∅, then it is possible that each of the two rules can be applied, and in that case
only one of them is chosen non-deterministically. Thus, the rules are used in the
sequential manner in each neuron, but neurons function in parallel with each
other. In each step, all neurons which can use a rule of any type, spiking or
forgetting, have to evolve, using a rule.
Using the rules in this way, we pass from one conﬁguration of the system to
another conﬁguration; such a step is called a transition. For two conﬁgurations
C and C ′ of Π we denote by C =⇒ C ′ , if there is a direct transition from C to C ′
in Π.
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A computation of Π is a ﬁnite or inﬁnite sequence of transitions starting from
the initial conﬁguration, and every conﬁguration appearing in such a sequence is
called reachable. A computation halts if it reaches a conﬁguration where no rule
can be used. An SN PA system can be used as a computing device in various
ways. In the generative mode, one of the neuron is considered as output neuron
and it sends output to the environment. The moments of time when a spike is
emitted by the output neuron are marked with 1, the moments of time when an
anti-spike emitted is marked with 0 and no output moments are just ignored.
This binary sequence is called the spike train of the system- it might be inﬁnite
if the computation does not stop. With halting conﬁgurations, we associate the
language generated by the system as the set of binary sequence describing the
spike trains.
If we consider both input and output neurons, then the SN PA system works
as a transducer. In this paper we consider SN PA systems in transducer mode.

3

A Simple Parallel Programming Language

The language described below is a very weak version of Occam handling only
integer variables, and all variables are global. The language considered is similar
to the one in [1].
We will use strings of characters starting with upper case letters as variables
for integers.
The language consists of the following statements.
1. If X is a variable, then X := 0, X := X + 1, and X := X − 1 are statements.
We will say that two statements are independent if no variable which may
be used in one statement is referred to in another.
2. If X and Y are variables, then Y := X and Y := −X are statements. These
are called assignment statements.
3. If X is a variable, then X = 0, X ̸= 0 and X > 0 are the tests.
4. If T is a test, and P and Q are statements then if T then P else Q is a
statement.
5. If T is a test and P is a statement, then while (T ) P is a statement.
6. If P1 , P2 , . . . , Pn are statements then seq{P1 ; P2 ; . . . ; Pn ; } is a statement.
7. If P1 , P2 , . . . , Pn are independent statements then par{P1 ; P2 ; . . . ; Pn ; }, and
alt{P1 ; P2 ; . . . ; Pn ; } are statements.
Statements in this language have a natural denotational semantics, deﬁned as
follows. We deﬁne a valuation to be an assignment of integral values to some
subset of the variables. Then each statement denotes a possibly non deterministic, possibly non terminating, transformation from one valuation to another.
These denotations can be deﬁned by structural recursion on the statements,
as usual. So, for example, the transformation denoted by par{P1 ; P2 ; . . . ; Pn ; }
is obtained by running the transformations denoted by P1 , P2 , . . . , Pn in parallel, and it only terminates when all of them terminate. On the other hand,
the transformation denoted by alt{P1 ; P2 ; . . . ; Pn ; } is obtained by running all
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of the denoted transformations in parallel, and it terminates just when one of
its constituents terminates, the choice being non deterministic if several of them
terminate.
We show in the next section how the transformations denoted by the statements
in this programming language can be implemented in spiking neural P systems
with anti-spikes.

4

Representation of Variables and Implementation of
Various Operators

Each variable X is represented using neuron σX . We use a representation where
variable X has a non negative value n if the corresponding neuron σX has 2n
spikes, X has a value −n if it has 2n anti-spikes and X = 0 if σX has no
spikes/anti-spikes. The four spiking rules in σX , a(aa)+ /a2 → a2 , a(aa)+ /a2 →
a2 , a → a and a → a are used to read the value of X. These rules are ﬁred when
there are odd number of spikes/anti-spikes in σX .
The neuron σX is ﬁred when a spike or an anti-spike is sent in. If the variable
X has a positive value say n, then the number of spikes present in X will be
2n. When σX is activated by sending a spike, the number spikes in σX becomes
odd. So the rule a(aa)+ /a2 → a2 is used until it is left with a spike. Then it uses
the rule a → a to clear its contents. In a similar way, rules a(aa)+ /a2 → a2 and
a → a are used when X has a negative value.
The SN PA system for each statement or construct will have a group of
spiking neurons. To implement the constructs in a uniform way, the SN PA
system is triggered by a spike arriving to an input neuron σin and that upon
completion it activates some termination neuron σout , which eﬀectively passes
control to the next constructor.
Assigning a zero value to the variable X means clearing the contents of the
neuron σX . The implementation is presented in Fig. 1(a). It is done through
sending a spike to the neuron σX . The number of spikes/anti-spikes in σX becomes odd, so the rules are applied until all spikes/anti-spikes in σX are cleared.
The output neuron sends a spike when σX becomes empty. A constant value can
be assigned to the variable X by ﬁrst clearing its contents and passing number
of spikes/anti-spikes equal to twice the constant value.

4.1

Implementation of Increment and Decrement Statements

Incrementing the variable X will mean adding two spikes to neuron σX and
decrementing the variable X will mean adding two anti-spikes to neuron σX . The
implementations of increment and decrement operations are shown in Fig. 1(b)
and Fig. 1(c) respectively. In each case after completion, the output neuron sends
a spike to the next system.
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Fig. 1. Implementation of increment and decrement statements

4.2

Implementation of Testing Statements

The test X = 0 is implemented with an SN PA system ΠT , in Fig. 2(a), with
one input neuron and two output neurons. The output neuron σy is ﬁred if the
test is true and output neuron σn is ﬁred if the test is false. In the ﬁrst step, the
input neuron outputs a spike after it receives a spike from the previous system.
The spike is sent to σ1 and σX . Now, we consider all the three cases.
1. If X = 0, then the neuron σX is initially empty. After the arrival of a spike
from the input neuron, neurons σ1 , σ5 and σX will have a spike. In the
second step, neurons σ1 and σX use their rule a → a and σ5 uses its rule
a → a. The anti-spike from σX and the spike from σ5 are annihilated in both
the neurons σ3 and σ4 . Neuron σ2 will have an anti-spike. σX receives an
anti-spike from σ1 . In the third step σX uses its rule a → a and sends a spike
to σ2 , σ3 and σ4 . σ2 uses its annihilation rule after it receives a spike from
σX . In the next step, σ3 uses its rule a → a and sends a spike to σy where
as σ4 forgets its spike. In the last step, σy spikes by using its rule a → a,
which means that the test is true.
2. If X > 0, say n, then the neuron σX contains even number of spikes. After
the arrival of a spike from the input neuron, neurons σ1 and σ5 have a spike
in each and σX has odd number (2n + 1 ≥ 3) of spikes. σX ﬁres in the second
step using its rule a(aa)+ /a2 → a2 leaving 2n − 1 spikes. The two anti-spikes
are sent to σ2 , σ3 and σ4 . In the same step σ1 ﬁres by sending an anti-spike
to σX and σ5 ﬁres by sending a spike to σ3 and σ4 . Now the neuron σX has
even number (2n − 2 ≥ 0) of spikes since it receives an anti-spike from σ1 .
After the annihilation, both σ3 and σ4 will have an anti-spike. In the third
step, σX will not spike where as σ2 , σ3 and σ4 use their rules a2 → a2 , a → λ
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Fig. 2. Implementation of relational statements

and a → a respectively. In the fourth step, σX is left with 2n spikes and σn
spikes by using its rule a → a, which means that the test X = 0 is false.
3. If X < 0, say −n, then the neuron σX contains even number of anti-spikes.
After the arrival of a spike from the input neuron, neurons σ1 and σ5 have
a spike in each and σX has odd number (2n − 1 ≥ 1) of anti-spikes. σX
ﬁres in the second step using its rules a(aa)+ /a2 → a2 or a → a left with
(2n − 3) ≥ 1 or zero anti-spikes respectively. In the same step σ1 ﬁres and
sends an anti-spike to σX and σ5 ﬁres and sends a spike to σ3 and σ4 . If σX
uses its rules a(aa)+ /a2 → a2 in step 2 (when X ≤ −2), then it sends two
spikes to σ2 , σ3 and σ4 . After the second step, neuron σX has even number
(2n − 2 ≥ 2) of anti-spikes and do not spike in the next step. σ2 , σ3 and σ4
use their rules a2 → a2 , a3 → λ and a3 → a respectively in the third step.
In the fourth step σn spikes to indicate that the condition is false.
If σX uses its rules a → a in step 2, then it sends a spike to σ2 , σ3 and σ4 .
After the second step, neurons σ2 has a spike and both σ3 and σ4 will have
two spikes each and σX has an anti-spike. In the third step σX ﬁres using
its rule a → a and sends a spike to σ2 , σ3 and σ4 . σ2 , σ3 and σ4 use their
rules a2 → a2 , a3 → λ and a3 → a respectively in the fourth step. In the
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ﬁfth step σn spikes. In both cases, at the end, σX is left with 2n anti-spikes
and σn spikes by using its rule a → a, which means that the test X = 0 is
false.
In all the three cases, after reading the contents of σX , it is restored to its original
value.
To simulate the test X ̸= 0, we simply swap the neurons σy and σn in
Fig. 2(a). The SN PA system for the test X > 0 is shown in Fig. 2(b). We can
observe from the case.2 above, that when X > 0, after the step 2, σ3 and σ4 are
left with an anti-spike. In step 3, σ3 sends a spike to σy using its rule a → a. In
the next step σy activates, which means X > 0.
4.3

Implementation of Assignment Statements

The implementation of the assignment statement Y := X is shown in Fig. 3(a).
The neurons σX and σY corresponds to the variable X and Y respectively. The
contents of the neuron σY are cleared before the ﬁrst step of the implementation.
In step one the input neuron sends a spike to the neuron σX . The number of
spikes/anti-spikes in σX becomes odd. Now we again consider all the three cases.
When X = 0, σX is empty. When a spike arrives from the input neuron,
there will be a spike in σX , so it uses the a → a and sends an anti-spike to σ1 ,
σ2 and output neuron. The anti-spikes are converted into spikes in σ1 and σout .
The anti-spike is ignored in σ2 . The spike from σ1 is sent to σ3 . σ3 converts spike
into anti-spike and send it to σ4 . In σ4 , the spike and anti-spike are annihilated.
A spike is sent out to the next construct by the output neuron and both the
neurons σX and σY remain empty, representing that X := 0 and Y := 0.
When X < 0, say X := −n, then σX has 2n anti-spikes. When a spike arrives to σX , it will have odd number (2n − 1) of anti-spikes. It uses the rule
a(aa)+ /a2 → a2 and sends two spikes to σ1 , σ2 and σout . The two spikes are
ignored in σ1 , where as two spikes are stored in σ2 and σout . The process continues until σX is left with an anti-spike (which means 2n − 2 anti-spikes are
sent), then it uses a → a and sends a spike to σ1 , σ2 and σout . The spike from
σ1 is converted to anti-spike and sent to σ3 . Neuron σ3 converts anti-spike to a
spike and sends this spike to neuron σ4 . Neuron σ4 will have two spikes and uses
its rule a2 → a2 sending two anti-spikes to both σX and σY . Here σ2 and σout
will have odd number of spikes. In the next n − 1 steps, σ2 converts two of its
spikes into anti-spikes and send them to σX and σY , where as σout ignores the
two spikes. After these n − 1 steps, σ2 and σout are left with a spike. σ2 ignores
its spike where as output neuron send a spike to the next construct. We can
observe that at the end, σX and σY will have 2n anti-spikes which means that
the contents of X are copied into Y .
When X > 0, say X := n, when a spike arrives to σX , it will have odd
number (2n + 1) of spikes. The system works in the same way as above to copy
the contents of σX into σY , and the extra spike in σX gets annihilated in neuron
σ4 .
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In each case, the contents of the neuron σ4 are restored by receiving a spike
from σout . The implementation of the statement X := −Y is similar to X := Y
with an extra neuron σ5 to complement the output of σ2 and σ4 before copying
it into σY .
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Fig. 3. Implementation of assignment statements

5

if, while, seq, par and alt Constructions

We have the implementations for variables, assignment statements and relational
statements. Using the combinations of these implementations, it is possible to
implement the basic constructions of the programming language described above.
5.1

The if constructor

The statement if T then P else Q is implemented through the SN PA system Πif . It contains three subsystems ΠT , ΠP and ΠQ . ΠP and ΠQ are the
subsystems corresponding to the statements P and Q respectively.
ΠT is a structure of spiking neurons which represents the condition T of
the if statement which, must be satisﬁed if P is to be activated. When the
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Fig. 4. Implementation of if Statement

output neuron of the previous construct ﬁres it sends an input spike to the σin
of ΠT . Whether or not the condition is satisﬁed will determine which output
neuron of ΠT ﬁres. If T is satisﬁed neuron σy is activated, and it will send
a spike to the initiating neuron of the subsystem ΠP that, upon completion
will activate the output neuron of the constructor if . If T is not satisﬁed then
neuron σn is activated and it will send a spike to the initiating neuron of the
subsystem ΠQ . Again upon completion of the subsystem ΠQ , the output neuron
of the constructor if will be activated. In either case, Πif halts after ﬁring of
its output neuron. The implementation of if statement is shown in Fig. 4.
5.2

The while Constructor

The while statement, while (T ) P is implemented in a similar way as the if
statement. Πw is the SN PA system for the while statement. The while constructor must ﬁrst check if a condition T is satisﬁed and then, if it is, allow a process
P to be activated. The cycle continues until the condition represented by T is no
longer met. If at any point T is not met when tested, then the while constructor
passes control to the next process. The implementation of while statement is
shown in Fig. 5.
Again T is the condition of the while statement, P is the process to be
executed while this condition is satisﬁed. Neuron σin is a neuron that triggers
the execution of a process . A spike emitted by σin will activate σw . Upon
completion ΠP emits a spike to the input neuron of Πw . If the condition T is
being met then neuron σy is activated, otherwise neuron σn is activated.
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Fig. 5. Implementation of while Statement

Neuron σy is connected to the input neuron of the process P . If neuron σn
is triggered it will activate the output neuron of σw , passing control to the next
constructor.
5.3

The seq Constructor

The function of the seq constructor is to allow a series of processes to activate
sequentially, with the next process in the list only being activated once the
current process has completed.
Neuron σin is the activation neuron of the constructor. P1 , P2 . . . , Pn is the
sequence of processes to be activated and are implemented by disjoint subsystems; one subsystem for each process. After each process is completed only then
will it send an activation spike to the next process in the sequence. As Fig. 6(a)
shows, σin sends an activation spike to ΠP1 , which in turn sends an activation
spike to ΠP2 , which sends an activation spike to ΠP3 , which upon its completion
will send a spike that activates the next constructor.
5.4

The par Constructor

The par constructor activates a list of processes concurrently. As in Section 5.3,
these are implemented by disjoint subsystems; one subsystem for each process.
Control only passes from a par constructor once all of the listed processes have
completed.

Parallel Programming in Spiking Neural P Systems with Anti-Spikes

ΠP1

ΠP1

ΠP1

out
out

Π P2

a

a

ΠP2

in

Π Pn

ΠPn

(b) PAR

(a) SEQ

177

an

a
a

a

a

Π P2

in

a

n+k

n-1
a

k=0,1,2,..,n-1

Π Pn

(c) ALT

Fig. 6. Implementation of seq, par and alt constructors

Once again σin is the activation neuron of the constructor. When σin spikes,
the spike gets transmitted to the input of each of the processes to be activated.
As each process completes it will send a spike to σout , see Fig. 6(b). When all
processes are completed, neuron σout accumulates n spikes and ﬁres using the
rule an → a, which passes control to the next constructor.
5.5

The alt Constructor

The alt constructor (essentially non-deterministic choice) is given a set of processes implemented on disjoint subsystems, runs them concurrently, and terminates when one of the processes terminates. So the initiating neuron of the alt
sends an initiating impulse to all of the initiating neurons of its constituent processes, and a spike from output neuron of any of the constituent processes is
suﬃcient to trigger a spike from the terminating neuron of the alt. The implementation is shown in Fig. 6(c).

6

Conclusion

In this paper we have represented variables, several operations and diﬀerent programming language constructs using spiking neural P systems with anti-spikes.
The discussion above and the implementations we have done with spiking neural
P systems with anti-spikes suggest the possibility of a compiler which takes a
statement in a simple parallel programming language and constructs an SN PA
system which can execute the computational meaning of the statement. The use
of other variants of SN P systems to simulate the parallel programming constructs can be a scope of further research.
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1

Introduction

A P system is a formal parallel and distributed computational model inspired
by the structure and interactions of living cells, introduced by Păun [21]; for a
recent overview of the domain, see Păun et al.’s recent monograph [22]. Essentially, a P system is specified by its membrane structure, symbols and rules. The
underlying structure is a network such as a digraph, a directed acyclic graph
(dag) or a tree (which seems the most studied case). Each node, here better
known as cell, transforms its content symbols and sends messages to its neighbours using formal rules inspired by rewriting systems. Rules of the same cell
can be applied in parallel (where possible) and all cells work in parallel.
P modules can be asynchronous, in the sense commonly used in distributed
algorithms [13, 23] and in Nicolescu [16], admitting the more traditional synchronous definitions as a special case. We also make a distinction between (i)
generated objects that can be thought, as traditionally in P systems, as being
messaged back to the current cell, at the end of the current step, via a sort of
loopback channel, and (ii) generated objects which become immediately available
for the succeeding rules, as used by ElGindy et al. [7].
In P systems, the practically very important modularity can be achieved
by two distinct complementary ways: (i) an external modularity, for recursively
aggregating groups of cells into higher order P modules, as described by Dinneen
et al. [5] — an approach which is not further discussed here, and (ii) an internal
modularity, possible inside each cell, where we recursively aggregate objects and
rules to form higher-order components, as discussed by Nicolescu et al. [18]
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We have previously used complex objects to successfully model problems in
a wide variety of domains: computer vision [11, 12, 10, 17]; graph theory [20, 7];
distributed algorithms [25]; high-level P systems programming [18], numerical
P systems [18]; NP-complete problems [18].
Here we revise and streamline our previous definition of complex objects [18]
and then continue our investigation, with new or improved solutions for a variety of more advanced problems: a faster SAT solution with a fixed number of
rules, a simple meta-programming facility, a monad template and a termination
detection algorithm. Without actually reviewing these here, we note that all our
previous applications [18] can be easily redefined to use our revised complex
objects definitions; these include fundamental data structures (stacks, queues,
trees, dictionaries), integer arithmetic, high-level control flow (branching, parallel composition, functions), numerical P systems, NP-complete problems (SAT).
Note that the ideas of integer arithmetic, compositional properties and high-level
programming, recall similar ideas also presented (although in different settings)
by Alhazov et al. [3] and Manca et al. [14].
Because of space constraints, for the rest of the paper we assume that the
reader is already familiar with basic definitions used in tissue-like transition
P systems, including state based rules, weak priority, promoters and inhibitors.

2
2.1

P systems with complex objects
Complex objects

Complex objects play the roles of cellular micro-compartments or substructures,
such as organelles, vesicles or cytoophidium assemblies (“snakes”), which are
embedded in cells or travel between cells, but without having the full processing
power of a complete cell. In our proposal, complex objects represent structured
data that have no own processing power: they are acted upon by the rules of
their enclosing cells.
Technically, our complex objects, are Prolog-like first-order terms, recursively
built from atoms and variables. Atoms are typically denoted by lower case letters,
such as a, b, c, possibly with indices, e.g. a1 . Variables are typically denoted by
uppercase letters, such as X, Y , Z, possibly with indices, e.g. X1 .
Terms are either (i) simple atoms, or (ii) atoms (here called functors), followed by parenthesized lists of “arguments”, which are multisets/bags of other
objects (terms or variables). Terms that do not contain variables are called
ground, e.g.:
– Ground terms: a, a(b), a(), a(b, c), a(b, ), a(, c), a(, ), a(b(c)), a(bc), a(bc()),
a(b(c)d(e)), a(b(c), d(e)), a(b(c), d(e())).
– Terms which are not ground: a(b, X), a(b(X)), a(Xc), a(bY ), a(XY ), a(XdY ),
a(Xc()), a(b(X)d(e)), a(b(c), d(Y )), a(b(X), d(e(Y ))).
These objects can be formally defined by the following grammar:
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<term> ::= <atom> | <functor> ’(’ <arguments> ’)’
<functor> ::= <atom>
<arguments> ::=

<bag-argument> (’,’ <bag-argument>)*

<bag-argument> ::=

<term-or-var> (<term-or-var>)*

<term-or-var> ::= λ | <term> | <variable>

All terms (ground or not) can be (asymmetrically) matched against ground
terms, using an ad-hoc version of pattern matching, more precisely, a one-way
first-order syntactic unification, where an atom can only match another copy of
itself, and a variable can match any bag of ground terms, including the empty
bag, λ. This may create a combinatorial non-determinism, when a combination
of two or more variables are matched against the same bag, in which case an
arbitrary matching is chosen. For example:
– Matching a(X, eY ) = a(b(c), def ) deterministically creates a single set of
unifiers: X, Y = b(c), df .
– Matching a(XY ) = a(df ) non-deterministically creates one of the following
four sets of unifiers: X, Y = λ, df ; X, Y = df, λ; X, Y = d, f ; X, Y = f, d.
– However, matching a(XY, Y ) = a(def, e) deterministically creates a single
set of unifiers: X, Y = df, e.
Performance note. If the rules avoid any matching non-determinism, then
this proposal should not affect the performance of P simulators running on existing machines. Assuming that bags are already taken care of, e.g. via hash-tables,
our proposed unification probably adds an almost linear factor. Let us recall that,
in similar contexts (no occurs check needed), Prolog unification algorithms can
run in O(ng(n)) steps, where g is the inverse Ackermann function. Our conjecture must be proven though, as (although unlikely) the presence of multisets
may still affect the performance.
2.2

Numbers

Natural numbers can be represented via bags containing repeated occurrences of
the same atom. For example, considering that l represents the unary digit, then
the following complex objects can be used to describe the contents of a virtual
integer variable a: a() — the value of a is 0; a(l3 ) — the value of a is 3. As we
will show, the arithmetic operations presented by Nicolescu et al. [18] can be
adapted to our new representation in a straightforward manner.
2.3

Generic rules

By default, rules are applied top-down, in the so-called weak priority order.
Rules may contain any kind of terms, ground and not-ground; however, in this
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proposal, cells can only contain ground terms. Rules are matched against cell
contents using the above discussed pattern matching, which involves the rule’s
left-hand side, promoters and inhibitors. Moreover, the matching is valid only
if, after subsituting variables by their values, the rule’s right-hand side contains
ground terms only (so no free variables are injected in the cell or sent to its
neighbours), as illustrated by the following sample scenario:
– The cell’s current content includes the ground term:
n(l10 , n(l20 , f (l30 ), f (l40 )), f (l50 ))
– The following rewriting rule is considered:
n(X, n(Y, Y1 , Y2 ), f (Z)) → v(X) n(Y, Y1 , Y2 ) v(Z)
– Our pattern matching determines the following unifiers:
X = l10 , Y = l20 , Y1 = l30 , Y2 = l40 , Z = l50 .
– This is a valid matching and, after substitutions, the rule’s right-hand side
gives the new content:
v(l10 ) n(l20 , f (l30 ), f (l40 )) v(l50 )
More generally, we consider rules of the following generic format (we call this
format generic, because it actually defines templates involving variables):
current-state objects →α target-state immediate-objects
in-objects out-objects

| promoters ¬ inhibitors,
where
– all objects, promoters and inhibitors are bags of terms, possibly containing
variables (which are matched as previously described);
– out-objects are sent, at the end of the step, to the cell’s structural neighbours;
these objects are enclosed in parentheses which indicate their destinations,
e.g., the most usual scenarious include: (a) ↓i indicates that a is sent to
child i (unicast), (a) ↑i indicates that a is sent to parent i (unicast), (a) ↓∀
indicates that a is sent to all children (broadcast), (a) ↑∀ indicates that
a is sent to all parents (broadcast), (a) l∀ indicates that a is sent to all
neighbours (broadcast);
– both immediate-objects and in-objects remain in the current cell, but there
is a subtle difference: immediate-objects become immediately available to the
succeeding rules (in weak priority order), while in-objects become available
at the end of the current step only (as in traditional P systems — we can
imagine that these are sent via a loopback channel); when using both types,
we enclose the in-objects in parentheses (with no attached destination);
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– α ∈ {min.min, min.max, max.min, max.max}, is a combined instantiation and
rewriting mode, as discussed in Nicolescu et al. [16, 7] (discussion further
adapted below).
To explain our combined instantiation and rewriting mode, let us consider a
cell, σ, containing three counter-like complex objects, c(c(a)), c(c(a)), c(c(c(a))),
and all four possible instantiation.rewriting modes of the following “decrementing” rule:
(ρα ) S1 c(c(X)) →α S2 c(X).
where α ∈ {min.min, min.max, max.min, max.max} (usually, min.min is the default
mode).
1. If α = min.min, rule ρmin.min nondeterministically generates one of the following rule instances:
(ρ01 ) S1 c(c(a)) →min S2 c(a)

(ρ001 )

or

S1 c(c(c(a))) →min S2 c(c(a)).

In the first case, using (ρ01 ), cell σ ends with counters c(a), c(c(a)), c(c(c(a))).
In the second case, using (ρ001 ), cell σ ends with counters c(c(a)), c(c(a)),
c(c(a)).
2. If α = max.min, rule ρmax.min generates both following rule instances:
(ρ02 ) S1 c(c(a)) →min S2 c(a)

(ρ002 )

and

S1 c(c(c(a))) →min S2 c(c(a)).

In this case, using (ρ02 ) and (ρ002 ), cell σ ends with counters c(a), c(c(a)),
c(c(a)).
3. If α = min.max, rule ρmin.max nondeterministically generates one of the following rule instances:
(ρ03 ) S1 c(c(a)) →max S2 c(a)

or

(ρ003 ) S1 c(c(c(a))) →max S2 c(c(a)).
In the first case, using (ρ03 ), cell σ ends with counters c(a), c(a), c(c(c(a))).
In the second case, using (ρ003 ), cell σ ends with counters c(c(a)), c(c(a)),
c(c(a)).
4. If α = max.max, rule ρmin.max generates both following rule instances:
(ρ04 ) S1 c(c(a)) →max S2 c(a)

(ρ004 )

and

S1 c(c(c(a))) →max S2 c(c(a)).

In this case, using (ρ04 ) and (ρ004 ), cell σ ends with counters c(a), c(a), c(c(a)).
The interpretation of min.min, min.max and max.max modes is straightforward.
While other interpretations could be considered, the mode max.min indicates that
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the generic rule is instantiated as many times as possible, without superfluous
instances (i.e. without duplicates or instances which are not applicable) and each
one of the instantiated rules is applied once, if possible.
For all modes, the instantiations are conceptually created when rules are
tested for applicability and are also ephemeral, i.e. they disappear at the end of
the step. P system implementations are encouraged to directly apply high-level
generic rules, if this is more efficient (it usually is); they may, but need not, start
by transforming high-level rules into low-level rules, by way of instantiations.
This type of generic rules allow (i) a reasonably fast parsing and processing
of subcomponents, and (ii) algorithm descriptions with fixed size alphabets and
fixed sized rulesets, independent of the size of the problem and number of cells
in the system (sometimes impossible with only atomic symbols).

3

Arithmetic

Recall our representation for natural numbers. For example, considering that l
represents the unary digit, then the following complex objects can indicate that:
a() — the value of a is 0; a(l3 ) — the value of a is 3.
Fundamental arithmetic operations on natural numbers include:
– c := a + b, destructive addition:
S1 a(X) b(Y ) →min.min S2 c(XY )
– c := a − b, destructive subtraction:
S1 a(XY ) b(Y ) →min.min S2 c(X)
– c := a ∗ b, multiplication, which destroys a:
S1
→min.min S2 c()
S2 a(lX) b(Y ) c(Z) →max.min S2 a(X) b(Y ) c(Y Z)
– c, d := a / b, a % b, division, which destroys a:
S1
→min.min S2 c()
S2 a(XY ) b(Y ) c(Z) →max.min S2 a(X) b(Y ) c(l Z)
S2 a(X)
→max.min S3 d(X)
Complexity. Note that all the above rules use deterministic matchings only.
Thus, additions and subtractions can be performed in single P steps, O(1).
However, multiplications and divisions may take longer. For multiplication, the
number of steps equals the value of a plus one, whereas for division this is the
value of the quotient c plus two.
If desired, non destructive operations can be implemented in a straightforward manner. Alternatively, we can define arithmetic operations using counter
stacks, but this is much slower. These ideas can be extended to define more complete arithmetic packages, e.g. for integer numbers and for rational numbers.
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NP-complete problems

With complex objects, we can solve NP-complete problems using one single cell,
a fixed-sized alphabet and a fixed-sized set of generic rules (typically small). In
contrast, all proposed solutions which are based on traditional P system models
require an exponential runtime number of cells and a polynomial number of symbols and rules (in the size of the input). In fact, a traditional solution describes
a template for an infinite polynomially uniform family of related P systems.
Consider, for example, the SAT problem; see Nagy [15] for a comprehensive
overview of this problem and current state-of-art P solutions. Most traditional
solutions run in linear time, proportional to the length of the formula. One
notable exception is the polynomially uniform family proposed by Gazdac [8],
which runs in linear time, proportional to the number of variables, if the formula
is given via a suitable encoding. However, this is still a traditional solution,
requiring variable numbers of symbols and rules, different for each input formula
size.
Our previous solution [18], based on our earlier complex object definition,
runs in time linear to the input formula size, uses one single cell, and needs a
fixed small number of atomic symbols and rules.
Using our revised complex objects definition (presented here), and encouraged by Gazdac’s result [8], we improve our previous solution. We propose a
simplified and faster solution, which needs a fixed alphabet and a fixed ruleset and runs in linear time, proportional to the number of variables. We still
require a suitable encoding for the input formula; if this is not given, the required encoding can be generated in linear time, proportional to the length of
the formula.
We start with an example. Consider the following formula, with n = 3
boolean variables:
f = (x1 ∨ x¯2 ) ∧ (x1 ∨ x¯3 ).
To map our formula to a fixed vocabulary, we first represent xi by the term
x(li ) and we label the disjunctions by distinct labels, e.g. α for the first conjunction and β for the second.
Our arguments do not require any particular representation of these labels;
we only need that distinct disjunctions are assigned distinct labels (duplicate
disjunctions may even receive the same label). For example, such labels can be
distinct numbers (which can be generated in linear time), but (as suggested
below) the disjunction itself can also serve as a label (possibly using additional
functors); this initial labelling phase is not further detailed here.
Then, our sample formula, f , can be expressed by the following cell contents:
√
√
f = φ( , x1 , α) φ(¬, x2 , α) φ( , x1 , β) φ(¬, x3 , β),
where
– functor φ
√ designates an elementary component of our formula, f ;
– functor indicates identity;
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functor ¬ indicates negation;
xi ’s are convenience shorthands for terms x(li );
√
α is a label indicating the first disjunction, e.g. α = γ(l) or α = ∨( (x1 )¬(x2 ));
√
β is a label indicating the second disjunction, e.g. β = γ(ll) or β = ∨( (x1 )¬(x3 )).

Intuitively, the φ terms can be viewed as rows in a virtual table, φ, with three
columns, one for each argument, as shown in Table (1a).
To check the satisfiability of our formula, f , we use a simple naive brute force
approach and we create 2n = 23 = 8 mappings (dictionaries), corresponding to
all possible truth (0/1) assignments of our n = 3 variables. Each mapping is
represented by a distinct copy of a complex term, µ, and further referred by a
convenience shorthand describing its truth assignments:
µ000
µ001
µ010
µ011
µ100
µ101
µ110
µ111

= µ(m(x(l), 0) m(x(ll), 0) m(x(lll), 0))
= µ(m(x(l), 0) m(x(ll), 0) m(x(lll), 1))
= µ(m(x(l), 0) m(x(ll), 1) m(x(lll), 0))
= µ(m(x(l), 0) m(x(ll), 1) m(x(lll), 1))
= µ(m(x(l), 1) m(x(ll), 0) m(x(lll), 0))
= µ(m(x(l), 1) m(x(ll), 0) m(x(lll), 1))
= µ(m(x(l), 1) m(x(ll), 1) m(x(lll), 0))
= µ(m(x(l), 1) m(x(ll), 1) m(x(lll), 1))

All these 2n mappings can be built by the following rules, in n + 1 parallel
steps, starting from a single empty mapping, µ(), and a variable n(N ), which
indicates the number of boolean variables; if this number is not given, it can be
easily computed by scanning the given formula (this step is not detailed here):
S1 n(lN ) µ(M ) →max.min S1 n(N ) µ(m(x(lN ), 0) M ) µ(m(x(lN ), 1) M )
S1 n()
→max.min S2
For added convenience, we assume the existence of three sets of complex
terms, with functors ¬(, ), ∨(, , ) and ∧(, , ), which can be thought of as builtin
read-only internal “tables” for their corresponding boolean operations:
¬(0, 1) ¬(1, 0)
∨(0, 0, 0) ∨(0, 1, 1) ∨(1, 0, 1) ∨(1, 1, 1)
∧(0, 0, 1) ∧(0, 1, 0) ∧(1, 0, 1) ∧(1, 1, 1)
Next, for each φ term in our initial representation of f , we create 2n new ψ
terms, in 1 parallel step, by appending an additional argument, representing one
of our 2n mappings:
S2 φ(S, X, D) →max.min S3 ψ(S, X, D, µ(M )) | µ(M )
Intuitively, the new ψ terms can be viewed as rows in a new virtual table,
ψ, with four columns, one for each argument; Tables (1b)&(1c) show 4 ∗ 2 = 8
rows of this new “table”, which totals 4 ∗ 8 = 32 rows.

Complex Objects

187

Table 1: Table φ and fragments of table ψ
(a) φ
√
x1 α
¬ x2 α
√
x1 β
¬ x3 β

(b) ψ(1 : 4)
√
x1 α µ000
¬ x2 α µ000
√
x1 β µ000
¬ x3 β µ000

(c) ψ(5 : 8)
√
x1 α µ001
¬ x2 α µ001
√
x1 β µ001
¬ x3 β µ001

Next, we evaluate each of the ψ terms, in 1 parallel step, into a corresponding
σ term, which holds its logical value, its corresponding disjunction label and
mapping (needed later):
√
S3 ψ( , xi , D, µ(m(xi , V ) M ) →max.min S4 σ(V, D, µ(m(xi , V ) M )
S3 ψ(¬, xi , D, µ(m(xi , V ) M ) →max.min S4 σ(W, D, µ(m(xi , V ) M ) | ¬(V, W )
Intuitively, the new σ terms can be viewed as rows in a new virtual table,
σ, with three columns, one for each argument; Tables (2b)&(2c) show 4 ∗ 2 = 8
rows of this new “table”, which totals 4 ∗ 8 = 32 rows.
Next, we aggregate the values hold by the σ terms, separately for each disjunction and mapping, in log(2n ) = n parallel steps:
S4 σ(V1 , D, M ) σ(V2 , D, M ) →max.min S4 σ(W, D, M ) | ∨(V1 , V2 , W )
S4 σ(V, D, M )
→max.min S5 τ (V, D, M )
Intuitively, the new τ terms can be viewed as rows in a new virtual table, τ ,
and represent the values for each formula’s disjunction and mapping. Table (2a)
shows 4 rows of this new “table”.

Table 2: Fragments of tables τ and σ
(a) τ (1 : 4)
1
1
1
0

α
β
α
β

µ000
µ000
µ001
µ001

(b) σ(1 : 4)
√
0 α µ000
¬ 1 α µ000
√
0 β µ000
¬ 1 β µ000

(c) σ(5 : 8)
√
0 α µ001
¬ 1 α µ001
√
0 β µ001
¬ 0 β µ001

Next, we aggregate the values hold by the τ terms, separately for each mapping, in log2n = n parallel steps:
S5 τ (V1 , D1 , M ) τ (V2 , D2 , M ) →max.min S5 τ (W, λ, M ) | ∧(V1 , V2 , W )
S5 τ (V, D, M )
→max.min S6 ω(V, M )
The new ω terms hold the final values of our formula, f , separately for each
mapping. Tables (3a)&(3a) show this new “table”.
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Table 3: Table ω
(a) ω(1 : 4)
1
0
0
0

µ000
µ001
µ010
µ011

(b) ω(5 : 8)
1
1
1
1

µ100
µ101
µ110
µ111

Finally, we can return the answer, where S7 signals success and S8 failure:
S6 →max.min S7 | ω(1, M )
S7 →max.min S8 ¬ ω(1, M )
In our case, the formula f is satisfiable, e.g. for x1 = 0, x2 = 0, x3 = 0 and
all cases where x1 = 1.
√
We have used a single cell, a fixed alphabet, {0, 1, x, l, m, κ, ∨, ∧, ¬, ,
φ, ψ, σ, τ , ω, }, and essentially 11 generic rules and 8 states. In this example,
we used only the most basic brute force approach; however, better variants are
possible.
A similar approach seems to work well for other NP-complete problems, for
example, the graph colouring problem; see Gheorghe et al. [9] for state-of-art
P solutions of this problem. We hold the following conjecture:
Conjecture 1. Any NP-complete problems can be solved by a single cell P module with a fixed sized atomic alphabet and a fixed sized set of generic rules.

5

Parallel composition with interaction

We previously introduced parallel composition in [18]. Here we discuss parallel
composition with interaction of two P systems, Π1 and Π2 , which can be considered as running in parallel Π1 and Π2 , where Π1 “feeds” symbols to Π2 . This
parallel composition is essential for cleanly adding a separate control layer, Π2 ,
over any arbitrary algorithm, Π1 . We use this composition in Section 6, to model
a termination detection algorithm.
Let us consider two P systems, Π1 and Π2 , which satisfy the following conditions:
– Π1 and Π2 use disjoint sets of states (if not, without loss of generality, we
can relabel the states to satisfy this condition);
– Π1
•
•
•

and Π2 share a set of symbols with three conditions:
initially, no left-side symbols or promoters of Π2 are available;
all left-side symbols and promoters of Π2 are generated by Π1 or Π2 ;
no rule of Π2 has empty left-side symbols.
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The parallel composition of Π1 and Π2 with interaction, denoted as Π1 . Π2 ,
is constructed in the following way:
1. the structure of Π1 k Π2 is the same as Π1 and Π2 ;
2. rules of Π1 and Π2 are concatenated, with rules of Π1 having higher priority
than rules of Π2 ;
3. each state Si of Π1 is replaced by complex state Θ(Si , Y ) and each state Si0
of Π2 is replaced by complex state Θ(X, Si0 ).
Example 1 illustrates an example. Π1 loops over three states and each loop
generates one symbol, b, and Π2 loops over two states and each loop transforms
one b to one d. In Π1 . Π2 , Π2 transforms symbol b generated by Π1 in each
loop to symbol d, therefore obtaining one d in each loop.
Example 1.

– Π1 , has 3 states and 3 rules:
S1 a →min S2 b e
S2 e →min S3 f
S3 f →min S1 a

Step-by-step evolution:
S1 a ⇒ S2 b e ⇒ S3 b f ⇒ S1 b a ⇒ S2 b2 e ⇒ · · · ⇒ S1 bn a (after n loops)
– Π2 , has 2 states and 2 rules:
S10 b →min S20 c
S20 c →min S10 d
Step-by-step evolution:
S10 b ⇒ S20 c ⇒ S10 d
– Π1 . Π2 , has 4 (= 2 + 2) states and 5 (= 3 + 2) rules:
Π1 :
Θ(S1 , Y ) a →min Θ(S2 , Y ) b e
Θ(S2 , Y ) e →min Θ(S3 , Y ) f
Θ(S3 , Y ) f →min Θ(S1 , Y ) a
Π2 :
Θ(X, S10 ) b →min Θ(X, S20 ) c
Θ(X, S20 ) c →min Θ(X, S10 ) d
Step-by-step evolution:
Θ(S1 , S10 )a ⇒ Θ(S2 , S10 )be ⇒ Θ(S2 , S20 )ce ⇒ Θ(S3 , S20 )cf ⇒ Θ(S3 , S10 )df ⇒
Θ(S1 , S10 ) d a ⇒ Θ(S2 , S10 ) d b e ⇒ · · · ⇒ Θ(S1 , S10 ) dn a (after n loops)
Π1 . Π2 composition generates 6 states: Θ(S1 , S10 ), Θ(S2 , S10 ), Θ(S3 , S10 ),
Θ(S1 , S20 ), Θ(S2 , S20 ) and Θ(S3 , S20 ). However, some are not reachable due to the
sharing of symbols; only five states are used: Θ(S1 , S10 ), Θ(S2 , S10 ), Θ(S2 , S20 ),
Θ(S3 , S20 ) and Θ(S3 , S10 ).
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Similarly, although the “naive” parallel composed systems, Π1 ×Π2 , generates
M ·N states and O(M ·N ) rules; after removing unreachable states, its simplified
version, Π1 ◦ Π2 , needs only 3 states and 3 rules. Although Π1 ◦ Π2 uses less
states than Π1 . Π2 , it takes more efforts to remove useless states from Π1 × Π2
than Π1 . Π2 .
– Π1 ◦ Π2 , has 3 states and 3 rules:
S11 a →min S21 b e
S21 b e →min S32 f c
S32 f c →min S11 a d
Figure 1 shows state charts for Π1 , Π2 and Π1 ◦ Π2 .
S11

S1
S10

S20
S32

S2

S3
(a) Π1

(b) Π2

S21
(c) Π1 ◦ Π2

Fig. 1: State charts of Π1 and Π2 and Π1 ◦ Π2 .

6

Termination detection

Intuitively, here we want an answer to an interesting philosophical-like problem,
with a metaphorical touch. There are several well defined ways to define the end
of a P systems evolution (algorithm). This can be clearly detected from outside, by an external powerful observer, who can continuously probe all cells and
all communication channels (without interfering with their current processes).
However, can the cells themselves detect this termination?
To ensure this, cells should run a termination detection algorithm, either
when they sense a possible termination or concurrently with their main algorithm. In this section, we present a P systems model of the well-known DijkstraScholten termination algorithm, in its synchronous version. This algorithm runs
as a largely separate control algorithm, in parallel with the main algorithm, but
interacting with this at specific points. To make a clean separation, we describe
this combination as a parallel composition (as described in Section 5).
At any time during the evolution of a P system, a cell is either active, if it
has at least one applicable rule; or passive, if it cannot apply any (more) rule. A
cell is a source cell, if it is active when the P system starts to evolve.
To simply the descriptions of distributed algorithms in this section, the following assumptions are made: (1) a message can be sent only by an active cell;
(2) a passive cell can only become active when a message is received; (3) an
active cell can only become passive after applying a rule.

Complex Objects

191

A P system terminates when all cells are passive (i.e. when no rule is applicable) and all channels are empty. Termination can be
– implicit: no cell knows termination;
– explicit: all cells know termination;
– semi-explicit: for the algorithm having one single source cell, the source cell
knows but not necessarily all cells know termination.
Termination detection and announcement aim to convert an implicitly terminating algorithm, A, into an explicitly terminating algorithm, A0 , which can
be achieved by using two algorithms [23]:
1. a termination detection algorithm that converts A into a semi-explicit terminating algorithm, A∗ , in which the source cell knows but not all cells know
termination;
2. a termination announcement algorithm that converts A∗ into an explicit
terminating algorithm, A0 , in which all cells know termination.
Termination announcement [23] is simple (it can be done by a broadcast
phase) and is not always necessary if not all processes need to know termination;
here we study termination detection.
In order to differentiate algorithm A with the termination detection algorithm
B, A is called the basic algorithm and the messages in A are basic messages. The
termination detection algorithm, B, runs in parallel with the basic algorithm,
A, and detects A’s termination after some delay; the maximum delay between
A’s termination and its detection by B is the detection latency—this is the time
complexity of the termination detection algorithm, B.
We present a P solution for a well-known termination detection algorithm, the
Dijkstra-Scholten algorithm, and apply it to a basic algorithm, synchronous BFS
(SynchBFS) [13], obtaining a semi-explicit terminating algorithm, SynchBFS+DS.
The P solution of SynchBFS+DS, is constructed by parallel composition with
interaction, Π1∗ . Π2 , where Π1∗ and Π2 use the same single source cell, σs .
– Π1∗ , a modified version of the SynchBFS algorithm, Π1 , which is extended
to “feed” symbols to the Dijkstra-Scholten algorithm;
– Π2 , the Dijkstra-Scholten algorithm.
6.1

The Dijkstra-Scholten algorithm

The Dijkstra-Scholten algorithm detects termination by dynamically maintaining a computation tree, which requires an underlying network with duplex channels.
Assume that the basic algorithm is extended with ingredients for the DijkstraScholten algorithm: ds-parents, ds-counters and ds-acknowledgments, the DijkstraScholten algorithm detects termination of the basic algorithm based on the following detection rules.
For the basic algorithm:
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I Initially, each cell initialises its ds-counter to 0 and the source cell, σs , sets
its ds-parent as itself.
II When a (source or non-source) cell, σi , sends a basic message, it increments
its ds-counter by one.
III When a (source or non-source) cell, σi , receives a basic message from σj ,
(a) if σi has no ds-parent, it records its ds-parent as σj (it will later send a
ds-acknowledge to σj );
(b) if σi has its ds-parent, it sends a ds-acknowledgment to σj .
For the Dijkstra-Scholten algorithm:
IV When a (source or non-source) cell receives a ds-acknowledgment, it decrements its ds-counter by one, and deletes the ds-acknowledgment.
V The algorithm looks for a situation where, for each (source or non-source)
cell, σi , two local conditions hold simultaneously: (1) it is passive; and (2) its
ds-counter reaches to 0, i.e. it receives all ds-acknowledgments of its outgoing
basic messages.
a When a non-source cell, σi , satisfies these conditions, it sends a dsacknowledgment to its ds-parent and deletes its ds-parent.
b When the source cell, σs , satisfies these conditions, it knows the algorithm termination.
Rule (V) of the Dijkstra-Scholten algorithm can be only applied when a cell
is passive) in the basic algorithm. In P systems, this is achieved by the parallel
composition with interaction: the rules of the Dijkstra-Scholten algorithm have
lower priority than the rules of the basic algorithm and thus can be only applied
when a cell can not apply any more rules of the basic algorithm, i.e. when a cell
is passive in the basic algorithm.
After a cell deletes its ds-parent, it can set its ds-parent again when it receives
a basic message later. Thus, the computation tree can grow and shrink repeatedly
in different ways [13] as a subtree of the underlying network digraph.
Example 2 shows how to apply the Dijkstra-Scholten algorithm to SynchBFS.
SynchBFS produces a BFS spanning tree in the synchronous mode. Initially, the
source cell broadcasts a visit token. On receiving the visit token, an unvisited
cell marks itself as visited, chooses one of the token sending cells as its parent
and sends its visit token to all non-parent neighbours [4]. The algorithm terminates when no more visit tokens are sent; however, no cell knows the algorithm
termination.
Example 2. Figure 2 shows the evolution of algorithm SynchBFS+DS in the
synchronous mode.
(a) The source cell, σ1 , broadcasts its visit token and sets its ds-counter to 3.
(b) On receiving σ1 ’s visit token, each of the unvisited cells, σ2 , σ3 and σ4 , marks
itself as visited, sets its parent and ds-parent as σ1 , sends its visit tokens to
all non-parent neighbours and sets its ds-counter to 2.
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(c) On receiving visit tokens, each of cells σ2 , σ3 and σ4 sends back a dsacknowledgment to the senders of its received visit tokens because it has
a ds-parent and ignores its received visit tokens because it is visited.
(d) Cells σ2 , σ3 and σ4 receive all expected ds-acknowledgments, i.e. their dscounters reach 0, so each of them sends a ds-acknowledgment to its ds-parent,
σ1 .
(e) The source cell, σ1 , receives all ds-acknowledgments and thus knows the
algorithm termination.
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Fig. 2: An example of SynchBFS+DS in the synchronous mode. Edges with arrows: computation tree arcs; black arrows near edges: basic messages (visit tokens); gray arrows near edges: ds-acknowledgments; the number beside each cell:
its ds-counter.

In the synchronous mode, a cell’s ds-parent is its BFS tree parent and the dsacknowledgments are convergecast along the BFS tree branches to the source.
Thus, the augmenting Dijkstra-Scholten algorithm is actually a supplemented
convergecast phase.
For each basic message from σj to σk , the Dijkstra-Scholten algorithm sends
exactly one control message from σk to σj . Thus, the message complexity is M ,
where M is the number of message of the basic algorithm.
When the basic algorithm terminates, a computation tree is built and this
computation tree takes at most n−1 time units, i.e. O(n), to shrink to the source
cell. Thus, the time complexity of the Dijkstra-Scholten algorithm is O(n) [24].
P Specification 1: The Dijkstra-Scholten algorithm
Input: Assumptions of the basic algorithm are made: (I) the source cell, σs ,
generates one p0s when it starts computation; (II) for each message sending, a
cell generates one w; (III) a cell that receives a basic message from σj records
its ds-parent as p0j if it does not contain p0k or sends an ai to σj if it contains p0k .
Output: The source cell, σs , contains one g, indicating it knows the algorithm
termination.
Symbols and states
Cell σi uses the following symbols:
– p0j indicates its ds-parent, σj ;
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– ai is its ds-acknowledgment;
– w is used for its ds-counter;
– g indicates that it knows the algorithm termination.
Rules
1. S1 aj w →max.min S1
2. S1 p0j →min.min S1 g | s ¬ w
3. S1 p0j →min.min S1 (ai ) lj | ιi w
Rule explanations
The P rules correspond to the detection rules previously discussed.
IV Rule 1.1: when cell σi receives a ds-ds-acknowledgment, aj , it decrements its
ds-counter by deleting one w and removes aj .
V Rules 1.2–3: consider cell σi , which receives all ds-acknowledgments, ¬ w.
a Rule 1.3: if σi is a non-source cell, it sends a ds-acknowledgment, ai , to
its ds-parent, p0j , and deletes p0j .
b Rule 1.2: if σi is the source cell, σs , it generates one g, indicating that it
knows the termination.
6.2

Algorithm SynchBFS+Dijkstra-Scholten (SynchBFS+DS)

P Specification 2: SynchBFS+Dijkstra-Scholten (SynchBFS+DS)
Input: All cells start in the same initial state, S2 , and with the same set of rules.
Each cell, σi , contains an immutable cell ID symbol, ιi , and neighbour pointers,
nj ’s. The source cell, σs , is additionally marked with one symbol, s.
Output: All cells end in the same state, S2 ; neighbour pointer symbols and cell
IDs are intact. Cell σs is still marked with one s. Each cell contains a visited
mark, v, and a spanning tree parent pointer, pj . Specifically, the source cell, σs ,
contains one ps , indicating it is the root of the spanning tree, and contains one
g, indicating it knows the algorithm termination.
Symbols and states
The modified SynchBFS, Π1∗ , uses the following symbols.
Cell σi uses symbols of the SynchBFS algorithm as below:
–
–
–
–

nj indicates its neighbour, σj ;
pk indicates its spanning tree parent, σk ;
f indicates that it is a token holding cell;
v indicates that it is visited.
Cell σi uses symbols specific to the Dijkstra-Scholten algorithm as below:

– p0j indicates its ds-parent, σj ;
– ai is its ds-acknowledgment;
– w is used for its ds-counter.
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Rules
Π1∗ :
1.
2.
3.
4.
5.

rules of modified SynchBFS using complex state object Θ(S2 , Y )
Θ(S2 , Y ) →min.min Θ(S2 , Y ) fi | ιi s ¬ v
Θ(S2 , Y ) fj →min.min Θ(S2 , Y ) f v p0j pj ¬ v p0k
Θ(S2 , Y ) →max.min Θ(S2 , Y ) w (fi ) lk | ιi f nk ¬ pk
Θ(S2 , Y ) f →min Θ(S2 , Y )
Θ(S2 , Y ) fj →max.min Θ(S2 , Y ) (ai ) lj | ιi v p0k

Π2 : rules of the Dijkstra-Scholten algorithm by replacing S1 with Θ(X, S10 )
Initial and final configurations
Table 4 shows the initial and final configurations of P specification 2 for
Figure 2.

Table 4: Initial and final configurations of P specification 2 for Figure 2.
Time σ1
σ2
0
Θ(S2 , S10 ) s ι1
Θ(S2 , S10 ) ι2
n2 n3 n4
n1 n3 n4
4
Θ(S2 , S10 ) s ι1 v p1 Θ(S2 , S10 ) ι2 v p1
n2 n3 n4 g
n1 n3 n4

σ3
Θ(S2 , S10 ) ι3
n1 n2 n4
Θ(S2 , S10 ) ι3 v p1
n1 n2 n4

σ4
Θ(S2 , S10 ) ι4
n1 n2 n3
Θ(S2 , S10 ) ι4 v p1
n1 n2 n3

Rule explanations
The P rules of the modified SynchBFS correspond to the detection rules in
Section 6.1.
I Rule 1.1: the source cell, σs , generates one fs , which is next used to set its
ds-parent, ps , in the same step (rule 1.2).
II Rule 1.3: cell σi generate one w for each fi sending.
III Rules 1.2 and 1.5: consider a cell, σi , which receives fj from σj .
a Rule 1.2: σi generates p0j if no p0k exists.
b Rule 1.5: σi sends ai to σj if p0k exists.
Partial traces
Table 5 shows partial traces of P specification 2 for cell σ3 in Figure 2, highlighting the symbols used for the Dijkstra-Scholten algorithm. Omitted symbols
(. . . ) are ι3 n1 n2 n4 .
The runtime of a termination detection algorithm is the detection latency
of the semi-explicit terminating algorithm, which may change when adapted to
the specific basic algorithm. The runtime of SynchBFS+DS is two time units,
which is the same as the runtime complexity of the Dijkstra-Scholten algorithm,
O(n) [23]. The number of rules of xP specification 1 is three, which is a ninth of
the number of lines of pseudocodes presented in [23].
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Table 5: Partial traces of P specification 2 for cell σ3 in Figure 2.
Fig.
(a)
(b)
(c)
(d)

7

Evolution
{f1 } ⇒ v p1 p01 w2 {f3 }2,4
{f2 f4 } ⇒ {a3 }2 {a3 }4
{a2 a4 } p01 w2 ⇒ {a3 }1

Content
...
v p1 p01 w2 . . .
v p1 p01 w2 . . .
v p1 . . .

Conclusion

Despite their intrinsic theoretical and modelling power, P systems seem to remain a bit britle for modelling complex algorithms or applications, becaure these
seems to require large and varying size unstructured rulesets, that can be difficult to develop and verify. We want to show that this need not be the case, that
there are ways to increase their usability.
The gathered evidence suggests that complex objects enable a higher-level
programming style, with fixed sized and better structured rulesets (and alphabets) and including modern features of functional, parallel and distributed programming. We intend to continue this investigation and make this work more
complete, for example, by modelling a termination detection algorithm for the
more complex asynchronous case.
Although much work remains to be done, our extensions can be directly
mapped on modern computing platforms (bypassing a possible translation to
traditional simpler objects and rules), which opens the way towards more efficient
general purpose simulators.
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9. Gheorghe, M., Ipate, F., Lefticaru, R., Pérez-Jiménez, M., Turcanu, A., Valencia Cabrera, L., Garccia-Quismondo, M., Mierla, L.: 3-col problem modelling using
simple kernel P systems. Int. J. Comput. Math. 90(4), 816–830 (Apr 2013)
10. Gimel’farb, G., Gong, R., Nicolescu, R., Delmas, P.: Concurrent propagation for
solving ill-posed problems of global discrete optimisation. In: Pattern Recognition
(ICPR), 2012 21st International Conference on. pp. 1864–1867 (2012)
11. Gimelfarb, G., Nicolescu, R., Ragavan, S.: P systems in stereo matching. In: Real,
P., Diaz-Pernil, D., Molina-Abril, H., Berciano, A., Kropatsch, W. (eds.) Computer
Analysis of Images and Patterns, Lecture Notes in Computer Science, vol. 6855,
pp. 285–292. Springer Berlin Heidelberg (2011)
12. Gimelfarb, G., Nicolescu, R., Ragavan, S.: P system implementation of dynamic
programming stereo. Journal of Mathematical Imaging and Vision pp. 1–14 (2012)
13. Lynch, N.A.: Distributed Algorithms. Morgan Kaufmann Publishers Inc., San
Francisco, CA, USA (1996)
14. Manca, V., Lombardo, R.: Computing with multi-membranes. In: Gheorghe, M.,
Păun, G., Rozenberg, G., Salomaa, A., Verlan, S. (eds.) Membrane Computing,
Lecture Notes in Computer Science, vol. 7184, pp. 282–299. Springer Berlin Heidelberg (2012)
15. Nagy, B.: On efficient algorithms for SAT. In: Csuhaj-Varjú, E., Gheorghe, M.,
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Abstract. In traditional tissue P systems, each rule has a precise same
execution time. That way of using the rules is not quite realistic from
a biological point of view, because external conditions always change in
an unpredicted manner. In this study, we investigate the use of time in
tissue P systems. The timed tissue P systems is constructed by adding
a time mapping to the rules to specify the execution time for each rule.
Furthermore, a uniform and time-free solution to 3-coloring problem is
proposed, where the execution time of the computational processes involved can vary arbitrarily and the output produced is always the same.
Keywords: membrane computing, tissue P system, time-free solution,
3-coloring problem

1

Introduction

Membrane computing is a new branch of natural computing. It was introduced
by Gh. Păun in the end of 1998 [1]. The computing devices in membrane computing (called P systems) are innovative and inspired by the structure and the
functioning of living cells, as well as the organization of cells in tissues, organs,
and other higher order structures. P systems provide distributed parallel computing models, which were proved to be a rich framework for handling many
problems related to computing [2–6]. Most of the variants of P systems are
computationally universal, and can solve presumably intractable problems in a
polynomial time or even a linear time [7–10]. For the motivation and a detailed
description of various P system models we refer to [11]. A series of applications
of P systems, in biology, linguistics, computer science, management, etc., were
reported (e.g., see [12]).
Tissue P systems, where instead of considering a hierarchical arrangement,
membranes are placed in the nodes of a graph. Tissue P systems are an abstraction of communicating and cooperating cells in tissues [13], where the membrane
structure did not change along the computation. However, alive tissues are not
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static network of cells, since new cells are generated by membrane ﬁssion in a
natural way. Tissue P systems with cell division were introduced in [14] based on
that biological inspiration. Cell division rules can be used to generate exponential workspace in linear time. Thus, tissue P systems with cell division can solve
NP-complete problems in polynomial time (even linear time), e.g., the subset
sum problem [15], the partition problem [16], and the 3-coloring problem [17].
In traditional tissue P systems, rules are used in a non-deterministic parallel way. Global clocks exist to synchronize the execution of diﬀerent parallel
processes. Each rule has the same execution time. Assuming general restrictions
on execution times is not suitable from a biological point of view. The time of
execution of certain biological processes could vary because of external uncontrollable conditions. Therefore, it seems crucial to investigate P systems without
the constrain on the execution time of rules. In this work, timed tissue P systems are considered by adding a time mapping to specify the execution time of
each rule. If for an arbitrary time mapping, the system always generate the same
results, we call this system as time-free tissue P systems. It is quite interesting
because it is independently of the time mapping assignment. A time-free spiking
neural P systems has been introduced in [18] with the investigation of its universality. Finding time-free solutions to hard computational problems has been
discussed in [19] from a theoretical point of view. In [20], a family of time-free P
systems with d division are constructed in a uniform way to solve Hamiltonian
Path Problem (HPP). In this work, we propose a time-free solution for 3-coloring
problem by a family of timed recognizer tissue P systems, which is also a uniform
result.
The paper is organized as follows. Some preliminaries are recalled in section
2 including the deﬁnition of tissue P system; in section 3, we introduce timed
tissue P systems with cell division; in section 4, a uniform time-free solution for
3-coloring problem is proposed with a short overview of the computation and
the informal veriﬁcation of the solution; some discussion is presented in section
4.

2

Preliminaries

In what follows some required concepts of formal language theory are presented
as necessary background for the topics covered in subsequent sections of this
paper.
For an alphabet V , V ∗ denotes the set of all ﬁnite strings of symbols from
V , while the empty string is denoted by λ, and the set of all non-empty strings
over V is denoted by V + .
By N we denote the set of non-positive integers. Let U be arbitrary set.
A multiset (over U ) is a mapping M : U → N. The multiplicity of a in the
multiset M can be denoted by M (a) with any a ∈ U . It can be expressed by
the pair (a, M (a)). If the set U = {a1 , a2 , . . . , an } is ﬁnite, a multiset M over U ,
represented by the set of mappings {(a1 , M (a1 )), (a2 , M (a2 )), . . . , (an , M (an ))}
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M (a1 ) M (a2 )
a2

can also be represented by a string w = a1
permutations.
2.1

M (an )

. . . an
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Tissue P Systems with Cell Division

Formally, a tissue P system with cell division of degree q ≥ 1 is a tuple of the
form [14]
Π = (Γ, Ω, w1 , . . . , wq , R, iout ),
where:
1. q ≥ 1 (the initial degree of the system; the system contains q cells, labeled
with 1, 2, · · · , q; we use 0 to refer to the environment);
2. Γ is the alphabet of objects;
3. w1 , . . . , wq are strings over Γ , describing the multisets of objects placed in
the cells of the system at the beginning of the computation;
4. Ω ⊆ Γ is the set of objects in the environment in arbitrarily copies each;
5. R is a ﬁnite set of rules of the following forms:
(a) Communication rules: (i, u/v, j), for i, j ∈ {0, 1, 2, . . . , q}, i ̸= j, u, v ∈
Γ ∗ (|u| + |v| is called the length of the communication rule (i, u/v, j)).
(b) Division rules: [a]i → [b]i [c]i , where i ∈ {1, 2, . . . , q}, a ∈ Γ and b, c ∈
Γ ∪ {λ}.
6. iout ∈ {0, 1, 2, . . . , q} is the output cell if iout ̸= 0 or the environment if
iout = 0.
The rules of a system as above are used in the non-deterministic maximally
parallel manner. In each step, all cells which can evolve must evolve in a maximally parallel way (in each step the system applies a multiset of rules which
is maximal, no further rule can be added). This way of applying rules has only
one restriction when a cell is divided, the division rule is the only one which is
applied for that cell in that step; the objects inside that cell do not evolve by
means of communication rules. Their labels precisely identify the rules which
can be applied to them.
When applying the division rules [a]i → [b]i [c]i , all the objects in the original
cells are replicated and copies of them are placed in each of the new cells, with
the exception of the object a, which is replaced by b ∈ Γ ∪ {λ} in the ﬁrst new
cell and by c ∈ Γ ∪ {λ} in the second one. The system can solve NP-complete
problem in polynomial time or even linear time, because that the division rules
can generate exponential workspace in linear time.
A conﬁguration of Π at an instant t is described by the multisets of objects over Γ associated with all the cells present in the system at that moment,
and the multiset over Ω associated with the environment at the instant t. All
computations start from the initial conﬁguration (w1 , . . . , wq , ∅) and proceed as
deﬁned above; only halting computations give a result, and the result is encoded
by the objects present in the output cell or the environment iout in the halting
conﬁguration.

202

3

Y. Niu, T. Song, J. Xiao

Timed Tissue P Systems with Cell Division

A timed tissue P system Π(e) = (Γ, Ω, w1 , . . . , wq , R, iout , e) can be constructed
by adding to the tissue P system Π a mapping e : R → N \ {0}, which speciﬁes
the execution time of each rule of the system.
An external clock marks time-units of equal length and starts from instant
0. The rules of a system are used in the non-deterministic maximally parallel
manner. In each step, all cells which can evolve must evolve in a maximally
parallel way. This way of applying rules has only one restriction: when a cell is
divided, the division rules is the only one which is applied for that cell in that
step. The objects inside that cell do not evolve by means of communication rules.
For a cell in system Π(e), if more than one communication rules can be used
in one step, these rules are also used in a non-deterministic maximally parallel
manner (all of the rules must be applied).
Especially, the execution of the rules doesn’t take the same time unit. We
denote e(r) as the time which rule r lasts, that is, execution of rule r takes
e(r) time units to complete. If the execution is started at instant i, the rule is
completed at instant i + e(r) and the resulting objects and membranes become
available only at the beginning of step i + e(r) + 1. A computation halts if it
reaches a conﬁguration such that no rules can be started or executed in any
membrane. The result of computation is always deﬁned based on the objects in
the output membrane or the environment in the halting conﬁguration.
Therefore, by adding diﬀerent time mappings we can obtain a family of timed
tissue P systems. The systems in the same family may produce diﬀerent computation results for having diﬀerent time mapping. A timed tissue P system E(e)
is said to be time-free if and only if for any time mapping e, the system E(e)
produces the same computation result (if any), i.e., the execution time of the
rules have no inﬂuence on the computation result of such systems.
3.1

A Timed Recognizer Tissue P System

A timed recognizer tissue P system with cell division of degree q ≥ 1 is a construct
Π(e) = (Γ, Σ, Ω, w1 , . . . , wq , R, iin , iout , e)
where:
– (Γ, Ω, w1 , . . . , wq , R, iout , e) is a timed tissue P system with cell division of
degree q ≥ 1 (as deﬁned in the previous section).
– The working alphabet Γ has two distinguished objects yes and no, at least
one copy of them present in some initial multisets w1 , . . . , wq , but do not
present in Ω.
– Σ is an input alphabet strictly contained in Γ .
– iin ∈ {1, . . . , q} is the input cell.
– The output region iout is the environment.
– All computations halt.
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– If C is a computation of Π, then either the object yes or the object no (but
not both) must exist in the environment when the computation halts.
The rules of a system as above are used in the non-deterministic maximally
parallel manner. The execution time of rules is determined by the time mapping
e, thus it is possible that there exist one rule whose execution time is inherently
exponential steps. Therefore, we deﬁne concept of a valid step. If in one step
there exist at least one rule of system Π(e) which can start, we say that the step
is valid. The valid computation steps in timed tissue P systems can be deﬁned
based on valid steps. We only consider the valid steps, ignore the others and
denote the valid computation time as the total of the valid steps.
The computations of the system Π with input multiset w ∈ Γ ∗ start from
an initial conﬁguration of the form (w1 , w2 , . . . , win w, . . . , wq , ∅), that is, after
adding the multiset w to the contents of the input cell iin . A computation C
is called an accepting computation (respectively, rejecting computation) if the
object yes (respectively, no) appears in the environment associated to the corresponding halting conﬁguration of C, and only in the last step of the computation.
With the previous deﬁnitions we deﬁne the concepts of time-free soundness,
time-free completeness and time-free polynomially bounding for timed recognizer
tissue P systems. Let Π = {Π(n, e)|n ∈ N} be a family of timed recognizer tissue
P systems. There is a pair of polynomial computable functions (cod, s) over the
problem X such that:
– for each instance u ∈ IX , cod(u) is the input of the system Π(s(u), e) and
s(u) ∈ N;
– the family Π is time-free sound with respect to X, cod, s, that is, for each
instance of the problem u ∈ Ix and any time mapping e, if there exists
an accepting computation of Π(s(u), e) with input cod(u), then we have
ΘX (u) = 1;
– the family Π is time-free complete with respect to X, cod, s, that is, for each
instance of the problem u ∈ Ix and any time mapping e, if ΘX (u) = 1, every
computation of Π(s(u), e) is an accepting computation;
– the family Π is time-free polynomial bounded if there exists a polynomial
function p such that, for each u ∈ IX and any time mapping e, computations
in Π(s(u), e) halt in at most p(|u|) valid steps.
The uniform time-free solution to decision problems is deﬁned as follows.
Let X = (IX , θX ) be a decision problem. A family Π = {Π(s(u), e) | u ∈ Ix }
of timed recognizer tissue P systems is a uniform time-free solution to decision
problem X if the following holds:
– The family Π is polynomially uniform by Turing machines, that is, there
exists a deterministic Turing machine which constructs the system Π(n, e)
for n ∈ N in polynomial time.
– The family Π is time-free polynomially bounded, time-free sound and timefree complete.
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Uniform Solution for 3-Coloring Problem

In this section, a uniform time-free solution for 3-coloring problem by a family of
timed recognizer tissue P systems is presented. The correctness of that solution
does not depend on the execution time of the rules.
A 3-coloring problem of an undirected graph G = (V, E) is a function f :
V → {R, G, B}, where R, G, B stands for red, green and blue respectively. We
say that G is 3-colorable if there exists a 3-coloring, f , such that f (u) ̸= f (v)
for every edge {u, v} ∈ E.
Let us consider a undirected graph γ = (V, E), where V = {v1 , v2 , . . . , vn }
is the set of vertices and E is the set of edges. The input of instant γ can be
deﬁned as cod(γ) = {Ri,j , Gi,j , Bi,j | {vi , vj } ∈ E} and s(γ) = n. We construct
a family of timed recognizer tissue P system of degree 2
Π(n, e) = (Γ, Σ, Ω, w1 , w2 , R, iin , iout , e)
where:
–
–
–
–
–
–
–
–

Γ = Σ ∪ {{Ai , Ti , Ri , Gi , Bi | 1 ≤ i ≤ n}} ∪ {{b, c, d, e, yes, no}}
Σ = {{Ri,j , Gi,j , Bi,j | 1 ≤ i < j ≤ n}}.
Ω = Γ − {{yes, no}}
w1 = {{yes, no}}, w2 = {{A1 , . . . , An , c, e}}.
iin = 2 is the input cell.
The output region iout is the environment.
e : R → N is the time mapping from R to natural numbers.
R is the set of rules:
• r1,i ≡ [Ai ]2 → [Ri ]2 [Ti ]2 , for 1 ≤ i ≤ n.
• r2,i ≡ [Ti ]2 → [Gi ]2 [Bi ]2 , for 1 ≤ i ≤ n.
• r3 ≡ (1, no/λ, 0).
• r4,ij ≡ (2, cRi Rj Ri,j /b, 0), for 1 ≤ i < j ≤ n.
• r5,ij ≡ (2, cGi Gj Gi,j /b, 0), for 1 ≤ i < j ≤ n.
• r6,ij ≡ (2, cBi Bj Bi,j /b, 0), for 1 ≤ i < j ≤ n.
• r7 ≡ (2, e/d, 0).
• r8 ≡ (2, cd/yes, 1)
• r9 ≡ (2, yes/no, 0).

Now let’s brieﬂy describe how the system Π(n, e) works. At the ﬁrst step,
rules r1,i and r3 must be started at the same time. After e(r3 ) steps, the object
no will arrive at the environment. It needs one valid step. By using rules of
r1,i , the system generates 2n membranes labeled by 2 after e(r1,i ) time units.
It takes n valid steps to complete rules of r1,i . After using rules of r2,i , 3n
kinds of coloring schemes are generated and respected by diﬀerent object sets in
membranes labeled by 2. The generation stage needs 2n valid steps.
In the checking stage, the system checks if there exists a pair of adjacent
vertices with the same color in the candidate solution. After the generation
stage, the communication rules in r4,ij , r5,ij , r6,ij and r7 are started in the same
step and in the non-deterministic maximally parallel manner. Their execution
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time can be denoted by e(r4,ij ), e(r5,ij ), e(r6,ij ) and e(r7 ), respectively. Because
there are only one copy of object c and one copy of object e in membranes with
label 2, the checking stage needs only one valid step. If there exists a pair of
adjacent vertices with the same color, the object c will be removed in one step
from membranes with label 2. By using the rule r7 , the object d will reach to
membrane 2 after e(r7 ) steps.
Rule r8 and rule r9 are used to send the right answer to the environment.
According to the above analysis, if object c remain unchanged in a membrane
labeled by 2 when object d arrives in, the candidate solution in this membrane
means a valid 3-coloring. Then we can say that the undirected graph γ is 3colorable. By using rule r8 , the object yes is sent to one of the membranes with
label 2, which represents a valid 3-coloring. This process needs one valid step. By
using rule r9 , object yes will be sent to the environment to exchange for object
no. The system halts with object yes in the environment, which means that the
answer to the decision problem is positive. If the object yes remain in membrane
labeled by 1, it will not be sent to the environment. In that case, the object no
will exist in the environment when the computation halts, which means that the
answer to the decision problem is negative.
4.1

Informal Verification

It is easy to check that the rules of system Π(n, e) can be built in polynomial
time the respect to n. Furthermore, the necessary resources to build an element
of the system are of a polynomial order, as shown below:
–
–
–
–
–

Size of the alphabet: 1.5n2 + 3.5n + 6 ∈ Θ(n2 ).
Initial number of cells: 2 ∈ Θ(1).
Initial number of objects: n + 4 ∈ Θ(n).
Number of rules: 9 ∈ Θ(1).
Maximal length of a rule: 5 ∈ Θ(1).

Therefore, there exists a deterministic Turing machine working in polynomial
time which constructs the system with respect to n.
According to the above analysis, rules of r1,i , r2,i and r3 are started in the
ﬁrst step. The whole generation stage needs 2n valid steps. After the generation
stage, rules from r4,ij , r5,ij , r6,ij and r7 are also started at the same step. Those
process needs one valid step. In the same way, the application of rule r8 and
rule r9 costs two valid steps. Therefore, only 2n + 3 valid steps are needed to
complete the whole computation process.
Theorem 1. A family of timed tissue P system Π = {Π(s(u), e) | u ∈ IX } can
be constructed as a uniform time-free solution to 3-coloring problem. For any
time mapping e, the correctness of the solution does not depend on the execution
time of the rules.
Proof. It is easy to check that the family of timed tissue P systems constructed
above is time-free sound, time-free complete and time-free polynomially bounded.
Therefore, it is a uniform time-free solution to 3-coloring problem.
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Conclusions and Future Remarks

This work introduced the concept of time-free to tissue P systems and constructed timed tissue P systems with cell division. As mentioned before, time-free
tissue P system is particularly interesting because it allows modeling biological
phenomena where the execution time of the processes involved can vary in an
unpredicted manner. The system is robust against environmental changes, which
would aﬀect the execution times of the evolution rules. That is, the execution
time of the rules can be arbitrarily chosen and the output produced by the
system is always the same.
We considered the computational eﬃciency of time-free tissue P system and
obtained a uniform time-free solution to a famous NP-complete problem, 3coloring problem. Although other NP-complete problems can be reduced to 3coloring problem in polynomial time, it still remains open how one can compute
the reduction of an NP-complete problem to another NP-complete problem by
P systems. In the future work, we should give direct time-free solutions to other
NP-complete problems or even PSPACE-complete problems. The computational
completeness of time-free tissue P system is not contained in this study. It remains open if time-free tissue P systems are Turing complete.
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Abstract. Tissue P systems are one of the currently active research topics within the ﬁeld of Membrane Computing. In particular, their computational eﬃciency is being investigated in the case when cell separation
rules are used. In order to complement this study, it is interesting to
provide simulators for this variant of tissue P systems.
The paper presents an extension of P-Lingua speciﬁcation language, in
order to include the class of tissue P systems with cell separation. This
extension involves the reinterpretation of some operators, along with
some new ingredients. In addition, a new built-in simulation algorithm
that has been added to the core library of P-Lingua is also presented.
A case study of a tissue P system with cell separation of type TSC(3)
solving SAT, is used to show the dynamics of the simulator.
Keywords: Simulators, Tissue P systems with cell separation, P-Lingua,
SAT

1

Introduction

Membrane Computing provides a framework for designing distributed parallel
models inspired by some basic features of biological membranes. Since Păun introduced it in [5], many diﬀerent classes of P systems have already been investigated. Most of them are computationally complete/universal, that is, equivalent
in power to Turing machines, as well as computationally eﬃcient, i.e., are able
to trade space for time and solve in this way computationally hard problems
in a feasible time. Some variants of P systems are known as tissue P systems,
based on a representation of membranes placed in the nodes of a graph, inspired
from the cell inter-communication in tissues. Since the initial deﬁnition of tissue
P systems [3] several research lines have been developed and new variants have
arisen. One of the most interesting variants of tissue P systems was presented
in [6] where the deﬁnition of tissue P systems is combined with P systems with
active membranes, yielding the model of tissue P systems with cell division. In
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[6] the ﬁrst uniform and polynomial-time solution for the SAT problem through
a family of tissue P systems is given.
Since tissue P systems are distributed parallel computing devices, it is necessary to design software applications in order to simulate such devices and to
experimentally validate the tissue based models. In order to provide a general
framework to specify, parse and simulate P systems, a programming language,
P–Lingua [1, 10], was designed. The authors of P-Lingua developed a Java library
providing several services, including parsers for input ﬁles and built-in simulators for cell-like P systems. This framework intends to cover as many variants of
P systems as possible, so some additions in the language and a new simulator
were included in P-Lingua [2] to permit the speciﬁcation and simulation of tissue P systems with symport/antiport and cell division rules. In this work a new
extension of P-Lingua has been provided, including some syntactic additions to
deﬁne tissue P systems with cell separation, along with a new built-in simulator
to simulate computations of such new models.
The paper is structured as follows. In Section 2, we introduce some preliminary deﬁnitions about recognizer tissue P systems with symport/antiport rules
and cell separation rules. Section 3 describes the extensions for the P-Lingua
programming language in order to support tissue P systems. In Section 4, we
introduce the simulator for tissue P systems used in this paper, including the
simulation algorithm. Section 5 is devoted to a case study of simulation, based
on the solution of SAT provided in [9]. Finally, conclusions and future work are
discussed in Section 6.

2

Recognizer Tissue P Systems with Cell Separation

Tissue P systems with cell separation are inspired by the fact that alive tissues
are not static networks of cells, since new cells are generated by cell ﬁssion in
a natural way: a cell is divided into two new cells such that the contents of the
initial cell is distributed between two new cells.
In these models, the cells are not polarized; the two cells obtained by separation have the same labels as the original cell, and if a cell is separated, its
interaction with other cells or with the environment is blocked during the separation process.
First, we recall some preliminaries. An alphabet Γ is a non–empty set whose
elements are called symbols. A multiset m over an alphabet Γ is a pair m = (Γ, f )
where f : Γ → N is a mapping. If m = (Γ, f ) is a multiset then its support is
deﬁned as supp(m) = {x ∈ Γ | f (x) > 0}. A multiset is ﬁnite if its support is a
ﬁnite set. If supp(m) = {a1 , . . . , ak } then the multiset m will be denoted as m =
f (a )
f (a )
a1 1 . . . ak k (here the order is irrelevant), and we say that f (a1 ) + . . . + f (ak )
is the cardinal of m, denoted by |m|. The empty multiset is denoted by λ.
Let m1 = (Γ, f1 ) and m2 = (Γ, f2 ) multisets over Γ . The union of m1
and m2 , denoted by m1 + m2 is the multiset (Γ, g), where g = f1 + f2 , that
is, g(x) = f1 (x) + f2 (x) for each x ∈ Γ . The relative complement of m2 in
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m1 , denoted by m1 \ m2 is the multiset (Γ, g), where g(x) = f1 (x) − f2 (x) if
f1 (x) ≥ f2 (x) and g(x) = 0 otherwise.
Definition 1. A tissue P system with cell separation of degree q ≥ 1 is a tuple
Π = (Γ, Γ1 , Γ2 , Σ, E, M1 , . . . , Mq , R, iin , iout ),
where:
1.
2.
3.
4.
5.

Γ is a finite alphabet.
{Γ1 , Γ2 } is a partition of Γ , that is, Γ = Γ1 ∪ Γ2 , Γ1 , Γ2 ̸= ∅, Γ1 ∩ Γ2 = ∅.
Σ ⊆ Γ is an input alphabet, and E ⊆ Γ is an environment alphabet.
M1 , . . . , Mq are multisets over Γ .
R is a finite set of rules of the following forms:
(a) Communication rules: (i, u/v, j), for i, j ∈ {0, 1, . . . , q}, i ̸= j, u, v ∈ Γ ∗ ,
|u| + |v| > 0;
(b) Separation rules: [a]i → [Γ1 ]i [Γ2 ]i , where i ∈ {1, . . . , q}, a ∈ Γ , i ̸= iout .
6. iin ∈ {1, . . . , q} and iout ∈ {0, 1, . . . , q}.
A tissue P system with cell separation of degree q ≥ 1
Π = (Γ, Γ1 , Γ2 , Σ, E, M1 , . . . , Mq , R, iin , iout )
can be viewed as a set of q cells, labeled by 1, . . . , q, with an environment labeled
by 0 such that: (a) M1 , . . . , Mq are ﬁnite multisets over Γ representing the
objects (elements in Γ ) initially placed in the q cells of the system; (b) E \ Σ is
the set of objects located initially in the environment of the system, all of them
appearing in an arbitrary number of copies; and (c) iin represents the input cell,
and iout ∈ {0, 1, . . . , q} represents the region where the output of the system
will be sent (being either a distinguished cell when iout ∈ {1, . . . , q}, or the
environment when iout = 0).
When applying a rule (i, u/v, j), the objects of the multiset u are sent from
region i to region j and, simultaneously, the objects of multiset v are sent
from region j to region i. A separation rule [a]i → [Γ1 ]i [Γ2 ]i is applicable to
cell i if object a is contained in that cell. When applying a separation rule
[a]i → [Γ1 ]i [Γ2 ]i , in reaction with an object a, the cell i is separated into two
cells with the same label; at the same time, object a is consumed; the objects
from Γ1 are placed in the ﬁrst cell, those from Γ2 are placed in the second cell;
the output cell iout cannot be separated.
The rules are used in a non-deterministic maximally parallel manner as customary in membrane computing. At each step, all cells which can evolve must
evolve in a maximally parallel way, that is, we apply a multiset of rules which is
maximal, no further applicable rule can be added, with the following important
remark: when a cell is separated, the separation rule is the only one which is
applied for that cell at that step. The new cells resulting from separation could
participate in the interaction with other region by means of communication rules
at the next step – provided that they are not separated once again. The label of
a cell precisely identiﬁes the rules which can be applied to it.

A P–Lingua based Simulator for Tissue P Systems with Cell Separation

211

A configuration at any instant of Π is described by all multisets of objects
over Γ associated with all the cells present in the system, and the multiset of
objects over Γ \E associated with the environment at that moment. Given a ﬁnite
multiset m over Σ, the initial configuration with input m is (M1 , . . . , Miin +
m, . . . , Mq ; ∅). A conﬁguration is a halting configuration if no rule of the system
is applicable to it. We say that conﬁguration C1 yields conﬁguration C2 in one
transition step if we can pass from C1 to C2 by applying the rules from R following
the previous remarks. A computation of Π is a sequence of conﬁgurations such
that: (a) the ﬁrst term of the sequence is an initial conﬁguration of the system (for
a given input); (b) every other term of the sequence is obtained from the previous
one by applying the rules of the system in a maximally parallel manner with the
restrictions previously mentioned; and (c) if the sequence is ﬁnite (called halting
computation), then the last term of the sequence is a halting conﬁguration.
A tissue P system is a recognizer system if all its computations verify the
following property: either object yes or object no (but not both) must have
been released into the environment, and only at the last step of the computation
(hence, we also impose the condition that all computations halt for any possible
input). We say that C is an accepting (respectively, rejecting) computation if
object yes (respectively, object no) appears in the environment associated with
the corresponding halting conﬁguration of C.
Let us recall that a decision problem is a pair (IX , θX ) where IX is a language
over a ﬁnite alphabet (whose elements are called instances) and θX is a total
boolean function over IX . Next, we deﬁne what means solving a decision problem
in the framework of tissue P systems eﬃciently and in a uniform way. Bearing
in mind that they provide devices with a ﬁnite description, a countable family
of tissue P systems will be necessary in order to solve a decision problem.
Definition 2. We say that a decision problem X = (IX , θX ) is solvable in a
uniform way and polynomial time by a family Π = {Π(n) | n ∈ N} of recognizer
tissue P systems with cell separation if the following holds:
1. The family Π is polynomially uniform by Turing machines, that is, there
exists a deterministic Turing machine working in polynomial time which
constructs the system Π(n) from n ∈ N.
2. There exists a pair (cod, s) of polynomial-time computable functions over IX
such that:
(a) for each instance u ∈ IX , s(u) is a natural number and cod(u) is an
input multiset of the system Π(s(u));
(b) for each n ∈ N, s−1 (n) is a finite set;
(c) the family Π is polynomially bounded with regard to (X, cod, s), that
is, there exists a polynomial function p, such that for each u ∈ IX every
computation of Π(s(u)) with input cod(u) is halting and it performs at
most p(|u|) steps;
(d) the family Π is sound with regard to (X, cod, s), that is, for each u ∈ IX ,
if there exists an accepting computation of Π(s(u)) with input cod(u),
then θX (u) = 1;
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(e) the family Π is complete with regard to (X, cod, s), that is, for each
u ∈ IX , if θX (u) = 1, then every computation of Π(s(u)) with input
cod(u) is an accepting one.
From the soundness and completeness conditions above we deduce that every P
system Π(n) is confluent, in the following sense: every computation of a system
with the same input multiset must always give the same answer.
Let R be a class of recognizer tissue P systems. We denote by PMCR the
set of all decision problems which can be solved in a uniform way and polynomial
time by means of families of systems from R. The class PMCR is closed under
complement and polynomial–time reductions [8].

3

P-Lingua Syntax for Tissue P Systems with
Cell Separation

In the version of P-Lingua presented in [2], only one type of tissue P systems was
allowed to be deﬁned in P-Lingua ﬁles: tissue P systems with cell division. This
is the starting point for the current syntax, that has been extended as explained
below, in order to support tissue P systems with cell separation rules.
Definition of the P System Model
In order to deﬁne a tissue P system with cell separation, the ﬁrst line of the
P-Lingua ﬁle should be as follows: @model<TSCS>
Definition of the Working Alphabet Partition
In order to deﬁne the ﬁrst partition of the working alphabet, the following
sentence should be written: @ms1 += OBJECTS; where OBJECTS is a commaseparated list of objects.
Similarly, in order to deﬁne the second partition of the working alphabet, the
same sentence should be written, but using @ms2 instead.
The symbol += indicates the parser to add objects to the corresponding
partition. It is also possible to use the symbol = whose eﬀect is to deﬁne a
partition exclusively with the objects of the comma-separated list.
Definition of Cell Separation Rules
Cell separation rules are deﬁned with the syntax: [a]’h --> []’h[]’h; where
a is the object that triggers the separation rule and h is the label of the cell to
be separated.
Finally, the syntax of communication rules and the remaining elements of the
language are the same as the ones used for the deﬁnition of tissue P systems
with cell division rules [2].
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A Software Simulator for Tissue P Systems with
Cell Separation

The pLinguaCore library has been expanded to include a built-in simulator for
tissue P systems with cell separation rules. This simulator reproduces only one
possible computation of the deﬁned P system since the simulator is designed to
work with recognizer P systems. Recall that in the case of recognizer P systems
from a family that solves a problem according to Deﬁnition 2, all computations
for a given input must generate the same output, due to the conﬂuence property.
The current pLinguaCore library is 4.0 and it can be downloaded from [10].
4.1

Simulation Algorithm

The simulation algorithm described below generates one possible computation
for a tissue P system with cell separation rules.
I. Initialization
1. Let C0 be the initial conﬁguration with n cells denoted by c1 , . . . , cn .
2. Let c0 be a virtual cell with label 0 representing the environment, where all
initial objects have inﬁnite multiplicity.
3. Let Rsel = {} be a set of tuples containing the selected rules to be executed
at each step of computation, the identiﬁers of involved cells and the number
of times that each rule will be executed.
4. Let Ct = C0 be the current conﬁguration.
II. Selection of communication rules
1. For each communication rule (i, u/v, j) do
(a) For each cell ck1 ∈ Ct with label i do
i. Let N be the greatest number such the multiset of ck1 contains N
copies of the multiset u.
ii. For each cell ck2 ∈ Ct with label j, while N > 0 do
– Let M be the greatest number M ≤ N such the multiset of ck2
contains M copies of the multiset v
– Remove M copies of u from the multiset of ck1
– Remove M copies of v from the multiset of ck2
– Add ⟨ck1 , ck2 , (i, u/v, j), M ⟩ to Rsel
– Let N = N − M
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III. Selection of separation rules
1. For each separation rule [a]i → [Γ1 ]i [Γ2 ]i do
(a) For each cell ck ∈ Ct with label i such ck does not appear in Rsel do
i. If a is contained in the multiset of ck , then
– Remove one instance of a from the multiset of ck
– Add ⟨ck , [a]i → [Γ1 ]i [Γ2 ]i ⟩ to Rsel
IV. Execution of rules
1. For each tuple ⟨ck1 , ck2 , (i, u/v, j), M ⟩ from Rsel do
(a) Add M copies of v to the multiset of ck1
(b) Add M copies of u to the multiset of ck2
2. For each tuple ⟨ck , [a]i → [Γ1 ]i [Γ2 ]i ⟩ from Rsel do
(a) Create a new cell c′k with label i and empty multiset.
(b) Copy in the multiset of c′k the objects of Γ2 contained in the multiset of
ck
(c) Remove from the multiset of ck the objects of Γ2
V. Ending
1. If Rsel ̸= ∅, then
– Let Ct+1 = Ct
– Let Rsel = {}
– Go to II
2. End.

5
5.1

A Case Study: a Family of Tissue P Systems with
Cell Separation Solving SAT
Description of the Family

In this section, a solution of SAT problem running in polynomial time is presented, according to Deﬁnition 2, in the framework of tissue P systems with
cell separation. This solution was originally presented in [9], and follows a brute
force approach. Starting from a certain formula given as an input, a system from
the family is selected, together with an associated input multiset (as it will be
explained below). The computation is structured as follows:
– Generation stage: All possible truth assignments associated with the input
formula are produced by using cell separation in an adequate way. Thus, an
exponential amount of space (in terms of number of cells of the system) will
be generated. Each cell codiﬁes one truth assignment.
– Checking stage: Inside each cell, it is checked wether or not the formula is
satisﬁable by the truth assignment encoded by that cell.
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– Output stage: The system sends the right answer to the environment, depending on the existence or not of some cell codifying a truth assignment
making the given formula true.
In order to design a family of tissue P systems with cell separation solving
SAT, a function is considered, codifying the pair of parameters characterizing
the instances of the problem. These instances are the propositional formulas in
simpliﬁed conjunctive normal form, and the needed parameters are the numbers
of variables and clauses. So let us consider this polynomial-time computable
function pair function: ⟨m, n⟩ = ((m + n)(m + n + 1)/2) + m, which is a primitive
recursive and bijective function fron N × N to N. This way, for each natural
number t there exist only two natural numbers m and n such that t = ⟨m, n⟩;
that is, each natural number t identiﬁes a number of variables and a number of
clauses.
Next, the family Π = {Π(t) : t ∈ N} of recognizer tissue P systems with
cell separation from TSC(3) is deﬁned, such that its rules have a maximum
length of 3. Each system Π(t) of the family will process all instances φ of SAT
(that is, propositional formulas in simpliﬁed CNF form) with n variables and m
clauses, where t = ⟨m, n⟩, provided that the appropriate input multiset cod(φ)
is supplied to the system. This multiset is placed in the corresponding input cell,
and identiﬁes the speciﬁc propositional formula with n variables and m clauses.
For each (m, n) ∈ N × N, the following recognizer tissue P system with cell
separation from TSC(3) is considered:
Π(⟨m, n⟩) = (Γ, Γ1 , Γ2 , Σ, E, M1 , M2 , M3 , R, iin , iout )
• The input alphabet is Σ = {xi,j , xi,j : 1 ≤ i ≤ n , 1 ≤ j ≤ m}.
• The working alphabet is Γ = Σ ∪ Γ1 ∪ Γ2 , where
Γ1 = {Ai , Bi : 1 ≤ i ≤ n + 1} ∪ {ai , bi , Ti , Fi , yi , vi , wi : 1 ≤ i ≤ n} ∪
{ci , ti , fi , si , zi : 1 ≤ i ≤ n − 1} ∪ {Ej : 1 ≤ j ≤ m + 1} ∪
{αi : 0 ≤ i ≤ 3n + 2m + 1} ∪ {βi : 0 ≤ i ≤ 3n + 2m + 2} ∪
{xi,j , xi,j , ei,j , ei,j : 1 ≤ i ≤ n , 1 ≤ j ≤ m} ∪
{di,j,k , di,j,k : 1 ≤ i ≤ n , 1 ≤ j ≤ m , 1 ≤ k ≤ n} ∪
{qi,j , ri,j , ui,j : 1 ≤ i, j ≤ n − 1} ∪ {q0 , S, yes, no}
Γ2 = {A′i , Bi′ : 1 ≤ i ≤ n + 1} ∪ {a′i , b′i , Ti′ , Fi′ : 1 ≤ i ≤ n}
• The alphabet of the environment is:
E = {S} ∪ {Ai , Bi , A′i , Bi′ : 2 ≤ i ≤ n + 1} ∪
{Ti , Fi , Fi′ , yi , wi : 1 ≤ i ≤ n} ∪ {ai , a′i , bi , b′i , vi : 2 ≤ i ≤ n} ∪
{Ti′ , ci , ti , fi , si , zi : 1 ≤ i ≤ n − 1} ∪ {Ej : 1 ≤ j ≤ m + 1} ∪
{αi : 1 ≤ i ≤ 3n + 2m + 1} ∪ {βi : 1 ≤ i ≤ 3n + 2m + 2} ∪
{qi,j , ri,j , ui,j : 1 ≤ i ≤ n − 1 , 1 ≤ j ≤ n − 1} ∪
{ei,j , ei,j : 1 ≤ i ≤ n , 1 ≤ j ≤ m} ∪
{di,j,k , di,j,k : 1 ≤ i, k ≤ n , 1 ≤ j ≤ m}
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• The initial multisets are: M1 = A1 B1 ; M2 = a1 a′1 b1 b′1 v1 q1,1 α0 yes no; and
M 3 = β0 .
• The set R consists of the following rules:
(1) (1 , Ai / ai a′i , 2), for 1 ≤ i ≤ n, and (1 , An+1 / E1 , 2).
(2) (1 , A′i / ai a′i , 2), for 1 ≤ i ≤ n, and (1 , A′n+1 / E1 , 2).
(3) (1 , Bi / bi b′i , 2), for 1 ≤ i ≤ n.
(4) (1 , Bi′ / bi b′i , 2), for 1 ≤ i ≤ n.
(5) (1 , Ti / ti , 2), for 1 ≤ i ≤ n − 1.
(6) (1 , Ti′ / ti , 2), for 1 ≤ i ≤ n − 1.
(7) (1 , Fi / fi , 2), for 1 ≤ i ≤ n − 1.
(8) (1 , Fi′ / fi , 2), for 1 ≤ i ≤ n − 1.
(9) (1 , ti / Ti Ti′ , 0), for 1 ≤ i ≤ n − 1.
(10) (1 , fi / Fi Fi′ , 0), for 1 ≤ i ≤ n − 1.
(11) (1 , bi / Bi+1 S , 0), for 1 ≤ i ≤ n, and (1 , Bn+1 / λ , 0).
′
′
(12) (1 , b′i / Bi+1
, 0), for 1 ≤ i ≤ n, and (1 , Bn+1
/ λ , 0).
(13) (1 , ai / Ti Ai+1 , 0), for 1 ≤ i ≤ n.
(14) (1 , a′i / Fi′ A′i+1 , 0), for 1 ≤ i ≤ n.
(15) (2 , Ai / ci , 0), for 1 ≤ i ≤ n − 1, and (2 , Ai / λ , 0), for n ≤ i ≤ n + 1.
(16) (2 , A′i / ci , 0), for 1 ≤ i ≤ n − 1, and (2 , A′i / λ , 0), for n ≤ i ≤ n + 1.
(17) (2 , Bi / ci , 0), for 1 ≤ i ≤ n − 1.
(18) (2 , Bi′ / ci , 0), for 1 ≤ i ≤ n − 1.
(19) (2 , ci / bi+1 b′i+1 , 0), for 1 ≤ i ≤ n − 1.
(20) (2 , vi / yi2 , 0), for 1 ≤ i ≤ n.
(21) (2 , yi / zi wi , 0), for 1 ≤ i ≤ n − 1, and (2 , yn / wn , 0).
(22) (2 , zi / vi+1 , 0), for 1 ≤ i ≤ n − 1.
(23) (2 , wi / ai+1 a′i+1 , 0), for 1 ≤ i ≤ n − 1, and (2 , wn / E1 , 0).
(24) (2 , q1,1 / r1,1 , 0).
2
, 0), for 1 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1.
(25) (2 , qi,j / ri,j
(26) (2 , ri,j / si ui,j , 0), for 1 ≤ i, j ≤ n − 1.
(27) (2 , si / ti fi , 0), for 1 ≤ i ≤ n − 1.
(28) (2 , u1,j / q1,j+1 q2,j+1 , 0), for 1 ≤ j ≤ n − 2.
(29) (2 , ui,j / qi+1,j+1 , 0), for 2 ≤ i, j ≤ n − 2.
(30) (2 , ui,n−1 / λ , 0), for 1 ≤ i ≤ n − 1.
(31) (2 , Ti / λ , 0), for 1 ≤ i ≤ n − 1.
(32) (2 , Ti′ / λ , 0), for 1 ≤ i ≤ n − 1.
(33) (2 , Fi / λ , 0), for 1 ≤ i ≤ n − 1.
(34) (2 , Fi′ / λ , 0), for 1 ≤ i ≤ n − 1.
(35) [ S ]1 −→ [ Γ1 ]1 [ Γ2 ]1
(36) (2 , αi / αi+1 , 0), for 0 ≤ i ≤ 3n + 2m.
(37) (3 , βi / βi+1 , 0), for 0 ≤ i ≤ 3n + 2m + 1.
(38) (3 , xi,j / d2i,j,1 , 0), (3 , x̄i,j / d¯2i,j,1 , 0), for 1 ≤ i ≤ n, 1 ≤ j ≤ m.
(39) (3 , di,j,k / d2i,j,k+1 , 0),
(3 , d¯i,j,k / d¯2i,j,k+1 , 0), for 1 ≤ i ≤ n, 1 ≤ j ≤ m, 1 ≤ k ≤ n − 1.
(40) (3 , di,j,n / ei,j , 0), (3 , d¯i,j,n / ēi,j , 0), for 1 ≤ i ≤ n, 1 ≤ j ≤ m.
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(41) (1 , Ti Ej / ei,j , 3), (1 , Fi Ej / ēi,j , 3),
(1 , Ti′ Ej / ei,j , 3), (1 , Fi′ Ej / ēi,j , 3), for 1 ≤ i ≤ n, 1 ≤ j ≤ m.
(42) (1 , ei,j / Ti Ej+1 , 0), (1 , ēi,j / Fi Ej+1 , 0), for 1 ≤ i ≤ n, 1 ≤ j ≤ m − 1.
(43) (1 , ei,m / Em+1 , 0), (1 , ēi,m / Em+1 , 0), for 1 ≤ i ≤ n.
(44) (3, Ti / λ , 0), (3 , Fi / λ , 0), (3 , Ti′ / λ , 0), (3 , Fi′ / λ , 0), for 1 ≤ i ≤ n.
(45) (3 , Ej / λ , 0), for 1 ≤ j ≤ m.
(46) (1 , Em+1 / yes α3n+1+2m , 2).
(47) (1 , yes / β3n+1+2m+1 , 3).
(48) (2 , α3n+1+2m / β3n+1+2m+1 , 3).
(49) (2 , no β3n+1+2m+1 / λ , 0).
(50) (3 , yes / λ , 0).
• The input cell is iin = 3.
• The output region is the environment, iout = 0.
5.2

A P-Lingua Source Code

The P–Lingua source code that deﬁnes a tissue P system belonging to the family
speciﬁed above is available for download at [10].
5.3

Results

We have simulated several P systems of the deﬁned family solving diﬀerent
instances of the SAT problem. Following, a table of selected results is provided,
including the execution time for each simulation.
n
2
2
3
3
4
4

m
3
3
4
4
5
5

SAT
F
T
F
T
F
T

5

6

F

5

6

T

Table 1. Formulas - Satisfiability and simulation time
Time (s) Formula
0,23
(x̄1 + x̄2 ) · x1 · x2
0,05
(x̄1 + x̄2 ) · x2 · (x̄1 + x2 )
0,14
(x1 + x2 ) · (x1 + x2 + x̄3 ) · x̄1 · x̄2
0,15
(x̄1 + x2 ) · x̄1 · x3 · (x̄1 + x3 )
0,53
(x1 + x4 ) · (x1 + x̄4 ) · x3 · (x2 + x̄3 + x4 ) · x̄1
0,56
(x3 + x̄4 ) · (x̄1 + x2 + x̄3 + x4 ) · (x1 + x2 ) · (x̄1 + x2 + x3 +
x4 ) · (x̄1 + x3 )
2,16
(x1 + x̄2 + x3 + x5 ) · (x̄1 + x4 ) · (x̄2 + x̄4 ) · x4 · x2 · (x̄1 +
x2 + x̄3 + x4 )
1,99
(x3 + x4 ) · (x4 + x̄5 ) · (x̄1 + x2 + x̄3 + x̄4 ) · (x1 + x̄2 + x4 )·
(x1 + x̄3 + x4 ) · (x3 + x5 )
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n
6

m
7

SAT
F

Time (s)
8,58

6

7

T

8,07

7

8

F

28,92

7

8

T

29

8

9

F

119,3

8

9

T

121,2

9

10

F

406,95

9

10

T

417,38

Formula
(x3 + x5 + x6 ) · (x3 + x̄4 + x5 + x̄6 ) · x̄3 · x̄6 · (x1 + x̄2 +
x̄3 + x5 + x6 ) · (x1 + x4 + x5 ) · (x̄5 + x6 )
(x̄1 + x̄2 +x5 )·(x2 +x3 )·(x3 + x̄5 + x̄6 )·(x̄1 +x2 + x̄3 +x4 +
x5 +x6 )·(x̄2 +x̄3 )·(x2 +x3 +x6 )·(x1 +x̄2 +x3 +x4 +x5 +x6 )
(x̄5 +x̄6 +x̄7 )·(x3 +x̄4 +x7 )·(x̄1 +x3 +x5 +x6 +x̄7 )·(x1 +x3 +
x̄5 +x6 +x7 )·(x2 +x6 )·(x2 + x̄6 )· x̄2 ·(x2 +x3 +x4 + x̄5 +x7 )
(x̄2 + x5 + x6 + x7 ) · (x2 + x̄4 + x̄5 + x̄7 ) · (x1 + x2 + x̄3 +
x̄6 + x7 ) · (x1 + x2 + x3 + x̄5 + x6 + x̄7 ) · (x̄3 + x̄5 + x6 + x̄7 ) ·
(x1 + x2 + x̄3 + x̄7 ) · (x̄1 + x2 + x̄4 + x̄6 ) · (x3 + x5 + x6 + x̄7 )
(x3 + x4 + x̄6 + x̄8 ) · (x6 + x̄7 ) · (x̄2 + x3 + x̄4 + x5 + x8 ) ·
x7 · (x1 + x̄2 + x5 + x̄7 + x̄8 ) · (x2 + x7 + x8 ) · (x̄6 + x̄7 ) ·
(x1 + x5 + x̄8 ) · (x1 + x̄4 + x5 + x̄6 + x7 )
(x1 + x̄5 + x̄6 + x̄7 + x̄8 ) · (x2 + x3 + x4 + x̄6 + x̄7 + x8 ) ·
(x3 + x4 + x̄5 + x̄6 + x̄7 + x̄8 ) · (x̄1 + x̄3 + x̄4 + x̄5 + x6 +
x̄7 + x8 ) · (x̄3 + x̄7 ) · (x4 + x5 + x̄7 ) · (x1 + x3 + x̄4 ) · (x1 +
x̄2 + x̄3 + x̄4 + x̄5 + x̄6 + x̄7 ) · (x4 + x̄5 + x̄6 + x7 + x̄8 )
(x̄2 + x̄3 +x5 +x7 )·(x2 +x5 +x6 +x7 +x9 )·(x̄3 +x5 +x7 +
x8 ) · (x1 + x̄4 + x̄5 + x6 + x8 ) · (x̄2 + x3 + x5 + x7 + x8 + x̄9 ) ·
(x̄2 + x̄4 + x7 + x9 ) · (x̄2 + x4 + x6 + x9 ) · x1 · x5 · (x̄1 + x̄5 )
(x3 +x8 )·(x1 +x̄2 +x5 +x̄6 +x9 )·(x3 +x6 +x9 )·(x3 +x5 +x̄6 +
x̄8 )·(x1 +x2 +x̄5 +x7 +x̄8 +x̄9 )·(x̄1 +x2 +x̄4 +x5 +x̄6 +x̄7 +
x9 )·(x1 +x2 +x4 +x̄6 +x8 +x̄9 )·(x̄1 +x2 +x̄3 +x̄4 +x7 +x̄8 )·
(x̄1 +x2 +x3 +x5 + x̄6 +x8 + x̄9 )·(x2 + x̄3 +x4 + x̄6 + x̄7 + x̄9 )

We have validated our simulator with 48 instances of the problem of diﬀerent
size and input. Grouping the formulas by the number of variables and clauses, we
can calculate the average simulation times depending on the size of the instance
of the problem. The result is shown in Table 2.

n/m 2 3
4
5
6
7
8
9
3 0.5
4
0.14
5
0.52
6
2.06
7
8.57
8
29.42
9
117.64
10
417.25
Table 2. Simulation time depending on the size of the formula
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Conclusions and Future Work

In this paper a new extension of P-Lingua has been presented, adding a new variant, tissue P systems with cell separation. Besides, a new simulation algorithm
has been designed and implemented, taking into account the special features
of tissue P systems with symport/antiport rules and cell separation. This new
simulator has been included into the library pLinguaCore, and checked by simulating a family of tissue P systems with cell separation taken from the literature:
a uniform solution to SAT.
Since the new simulator is available, it could be interesting to develop or
adapt visual environments oriented to end users working with models based on
tissue P systems with cell separation. These tools could provide an easy way
to experimentally validate models, such as the aforementioned solution to SAT
problem, which have been formally validated. A possible approach could be the
generation of a custom interface based on MeCoSim [7, 11].
Another promising pending work is related to the comparison of diﬀerent
models inside the framework of tissue P systems, such as tissue P systems with
cell division and tissue P systems with cell separation. This comparison could
lead to relevant conclusions regarding the practical tractability of TSC(3) and
TDC(3) models, both from a theoretical point of view and regarding the running
times of the simulators for the two variants.
On the other hand, it is important to note that the developed simulator
is based on sequential technologies, so the inherent parallelism assumed by the
theoretical devices cannot be exploited. This limitation cannot be overcomed because a real implementation of P systems does not exist, but some performance
improvement can de achieved by means of some parallel architectures and programming models, such as GPGPU. This technology has been successfully applied to some previous simulators, including one based on tissue P systems with
cell division, so it could be interesting to develop a new one for cell separation.
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6. Păun, G., Pérez-Jiménez, M.J., Riscos-Núñez, A.: Tissue P Systems with Cell Division. International Journal of Computers Communications and Control 3(3), 295–
303 (2008)
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8. Pérez-Jiménez, M.J., Romero-Jiménez, A., Sancho-Caparrini, F.: Complexity classes
in models of cellular computing with membranes. Natural Computing 2(3), 265–285
(2003)
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Abstract. An approximate algorithm combining P system and active
evolution algorithm to solve traveling salesman problem (TSPs) is proposed in this paper. The novel algorithm uses the same membrane structure, subalgorithms and transporting mechanisms from Nishidas algorithm, but adopts two classes of active evolution operators and a good
initial solution generating method. Computer experiments show that the
AEAPS gets better solutions than Nishida’s shrink membrane algorithms
and similar solutions with Zhangs algorithms in solving TSPs. But the
necessary number of iterations using AEAPS is much less than both of
them.
Keywords: P systems, active evolution algorithm, traveling salesman
problems

1

Introduction

Membrane computing as a milestone in natural computing was introduced by
Gheorghe Pǎun [1] in 1998. This computational model, which was inspired by the
structure and the behavior of living cells, was proposed. In the following more
than ten years, a sizeable group of researches were seduced by membrane computing. Membrane algorithm is one of the research hotspots after Nishida [2–4]
ﬁrst proposed this conception by combining P systems and meta-heuristic search
methodologies. It shows to be an eﬃcient approximate algorithm in solving NPcomplete optimization problems. Huang [5, 6] and Zhang [7] adopted genetic
algorithms into membrane algorithm to solving some single- and multi-objective
optimization problems. Quantum-inspired evolutionary algorithm based on P
systems is proposed to solve some classical theory problems [8, 9] and practical problems [10–17]. Also some novel membrane algorithms based on particle
swarm optimization [18] and artiﬁcial ﬁsh swarm algorithms [19] are proposed.
Evolution Algorithms are widely used optimization algorithm based on Darwinism. In Darwinism, evolution is based on survival of the ﬁttest. Creatures do
not have the ability of deciding their mutation directions and choosing advantageous gene to their oﬀspring. But based on the researches in biology, this stochastic evolution theory could not explain some problems in creature’s adaptability.
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The modern biology research shows that the evolution process is not completely
stochastic [20–22]. Such as stress-induced mutation mechanisms were proposed.
Speciﬁcally, when creatures are maladapted to their environment, that is, when
they are stressed, stress-induced mutation mechanisms produce mutations [23–
26]. This theory could be introduced into evolution algorithms in solving some
optimization problems [27].
In this paper, an approximate algorithm combining P systems and active
evolution algorithm (AEAPS) is proposed in order to solve traveling salesman
problems (TSPs) in the special case of complete graphs with Euclidean distance.
It follows the nested membrane structure adopted by Nishida [2], and adopts
genetic algorithm (GA), tabu search and active evolution algorithm (AEA) as the
subalgorithms. The experiments results are compared with Nishida’s algorithms
and some others.
In Section 2, a brief introduction of P system and membrane algorithm is
given. Details of AEA designed for TSPs and AEAPS are discussed in Section
3. The experiment results and analysis are mentioned in Section 4. Conclusions
are drawn in Section 5.

2
2.1

P System and membrane algorithms
P System

P systems could be divided into three groups: cell P systems, tissue P systems
and neural P systems [28]. The structure of a cell P system is the basic structure
of other P systems. The membrane structure of a cell P system is shown in
Fig. 1. The outermost membrane is the skin membrane. Outside of the skin
membrane is the environment. Usually, there are some other membranes inside
the skin membrane. We call the spaces between membranes regions. The region
just inside the skin membrane is the outermost region, and the region in an
elementary membrane is an elementary region. In membrane computing, regions
contain multisets of objects and sets of evolution rules.
The objects and communication rules of a cell P system are formally deﬁned
as follows [1, 29]:
Π = [V, T, µ, w1 , . . . , wm , R1 , . . . , Rm , i0 ] .

(1)

where:
(i) V is an alphabet, its elements are called objects;
(ii) T ⊆ V is the output alphabet;
(iii) µ is a membrane structure consisting of m membranes, m is called the degree of Π;
(iv) wi , 1 ≤ i ≤ m, are strings representing multisets over V associated with the
regions, 1, 2, . . . , m of µ;
(v) Ri , 1 ≤ i ≤ m, are ﬁnite sets of evolution rules associated with the regions,
1, 2, . . . , m of µ;
(vi) i0 is a number between 1 and m which speciﬁes the output membrane of Π.
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Fig. 1. The membrane structure of a cell P system

2.2

Membrane algorithm for TSPs

Membrane algorithm is a kind of approximate algorithm using P system paradigm
proposed by Nishida based on cell P systems (nested membrane structures) [2].
Nishida also proposed some improved membrane algorithms based on tissue P
systems, such as compound membrane algorithms [3] and shrink membrane algorithm [4]. All the based conceptions of improved algorithms are based on
membrane algorithm. For example, compound membrane algorithms have two
phases. The ﬁrst phase is using membrane algorithms generating good initial solutions for phase 2; and the second phase is also similar to membrane algorithms
but using good initial solutions. The shrink membrane algorithms incorporate
dynamic membrane structure into compound membrane algorithms. The membrane algorithm with nested membrane structure is a special case of multi-deme
evolutionary algorithm [30]. In this paper, we only research membrane algorithms
with this structure.
In membrane algorithm, nested membrane structures, rules in membrane separated regions and transporting mechanisms through membrane from P systems
are adopted. The structure of membrane algorithm is shown in Fig. 2.

Fig. 2. Membrane structure of membrane algorithm
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In solving TSPs, the overall membrane algorithm looks like:
1. Generate one initial solution in region 0 and two initial solutions in all regions
from 1 to m − 1 respectively;
2. In one iteration, the solution in region 0 updated by tabu search and the solutions in regions from 1 to m − 1 updated by genetic algorithm, simultaneously;
3. For regions from 1 to m − 2, sends the best solution to adjacent inner region,
and the worst solution to adjacent outer respectively. Region 0 sends the worst
solution to region 1 and region m − 1 sends the best solution to region m − 2.
4. Erases solutions but the best two in region from 1 to m − 1 and the best one
in region 0.
5. Jump to step 2 if the termination condition is not satisﬁed; otherwise the
output of the algorithm is the solution in region 0.

3

AEAPS for TSPs

In this section we propose two classes of active evolution conditions and show
how to solve these conditions at ﬁrst; then give a simple method of obtaining
good initial solutions; at last, every step of AEAPS is described.
3.1

1st class active evolution

TSP is one of the well-known combinatorial optimization problems. In graph
theory, TSP could be considered as ﬁnding the Hamilton cycle (optimal cycle)
or the optimum tour in a given weighted undirected connected graph (G, w).
w could be associated with distance, time, money, energy, etc.. Here we use
distance as w, for this kind of TSP is symmetric, means w(i, j) = w(j, i). In the
two dimensional space, the distance between vertex i and vertex j is
√
w(i, j) = (xi − xj )2 + (yi − yj )2 .
(2)
where i has coordinates (xi , yi ) and j has the coordinate (xj , yj ).
And the value of one solution is
V =

N
−1
∑

w(i, i + 1) + w(N, 1).

(3)

i=1

When w is the distance, (G, w) satisﬁes triangle inequality. It means w(i, j) ≤
w(i, k) + w(j, k), i ̸= j, ∀k ∈ V (G)/ {i, j}, where V (G) is the vertex-set of graph
(G, w), ∀k ∈ V (G)/ {i, j} means k is a vertex in (G, w) but i and j, shown in
Fig. 3.
In the idea of classical 2-Opt iterative improvement scheme [31–33], we test
many TSPs and ﬁnd out the strict solutions (optimum tours) for these TSPs do
not have crossings. It means any path from one city to another in the strict solution does not cross with any other paths. Then we study on TSPs with only 4
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Fig. 3. Triangle inequality for (G, w)

cities. Draw a line to link four cities could be divided into two conditions: convex
quadrilateral and concave quadrilateral. In the condition of concave quadrilateral, these could not be any crossing in any solution. So we only discuss the
condition of convex quadrilateral. In Fig. 4, we select city a as the starting
city, and these could be 6 possible solutions. Solutions abcda and adcba have
no crossings, and solutions abdca, acbda, acdba and adbca have crossings. We
could prove the solutions without crossings are better than those with crossings
though triangle inequality. For example, in solution abdca, the path w(a, b) and
w(d, c) are overlapped with solution abcda (w(d, c) = w(c, d)). In solution abdca,
w(b, d) = w(b, o) + w(o, d) and w(c, a) = w(c, o) + w(o, a). According to triangle
inequality, we get
w(b, d) + w(c, a) = w(b, o) + w(o, d) + w(c, o) + w(o, a)
= w(b, o) + w(c, o) + w(o, d) + w(o, a)
≥ w(b, c) + w(a, d)

(4)

So we found solution abcda without crossings is better than solution abdca
with crossings. In this method, other solutions with crossings could also ﬁnd a
better solution without crossings. So we propose a hypothesis: There is always
a solution without crossings better than solutions with crossings for TSPs with
Euclidian distance.

Fig. 4. TSP with 4 cities in condition of convex quadrilateral

In APAGS for TSP, if we ﬁnd some cross paths, it means the solution is
maladapted to the environment. So we should do some stress-induced mutation
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to this solution. This mutation is diﬀerent from the theory of evolution. It’s a
kind of active evolution. In one solution, if the path from city i to the next city
i+1 crosses other existing path, i is called the 1st class active evolution city. The
method of revising 1st class active evolution city is brieﬂy described as follows:
1. Find out the nearest N1 cities to i and compose these cities as set A;
2. Select one city from set A randomly and name it as j;
3. Find out city j + 1 which is the next city after j in the solution;
4. Invert the cities between i and j + 1 (include i and j + 1);
5. If the value of the new solution is less than the old one, keeps the new one,
otherwise keeps the old one.
Details of revising a 1st class active evolution city are shown in Fig. 5.

Fig. 5. Details of revising a 1st class active evolution city

3.2

2nd class active evolution

In a solution, if the distance from city i to the next city i + 1 is larger than
some set value D, i is called the 2nd class active evolution city. For this point,
we could ﬁnd some appropriate transition city and insert it between i and i + 1.
Di = e × total distancei /(N − 1), where e is a set parameter, total distancei is
the total distance between city i and the other cities. N is the number of city.
The idea is similar to 2.5-Opt iterative improvement scheme [34]. In APAGS
for TSP, if we ﬁnd this kind of cities, it also means the solution is maladapted
to the environment. We should also do some stress-induced mutation to this
solution.
The method of revising 2nd class active evolution city is brieﬂy described as
follows (i is a 2nd class active evolution city, i + 1 is the next city after i in the
solution):
1. Find out the nearest N2 cities to i and compose these cities as set A, and then
ﬁnd out the nearest N2 cities to i + 1 and compose these cities as set B;
2. Select one city from the intersection set A and B randomly and name as j;
3. Eliminate j from the solution and inset it between i and i + 1;
4. If the value of the new solution is less than the old one, keeps the new one,
otherwise keeps the old one.
Details of revising a 2nd class active evolution city are shown in Fig. 6.
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Fig. 6. Details of revising a 2nd class active evolution city

3.3

Initial solutions

Nishida proposed a kind of improved membrane algorithms named compound
membrane algorithms, which have two phases. The function of the ﬁrst phase is
producing good solution as the initial solution for phase two. The better output
of compound membrane algorithms means better initial solutions could improve
the output. As Nishida said the computation time of compound membrane algorithms is much longer than that of membrane algorithms on a single processor.
We propose a much simpler and faster method of generating good initial solutions. The method looks like:
1. Select one city randomly as the starting city, and name it as the current city;
2. Find the nearest-neighbor of the current city which is not selected, and name
it as the current city;
3. Repeat step 2 till all cities are selected, and then get a good initial solution.
Repeat the above steps for 2 × m − 1 times, we get enough initial solutions
for each region (We have one solution in region 0 and two solutions in regions
from 1 to m − 1).
3.4

Algorithm flow of AEAPS

AEAPS follows the basic conception of membrane algorithm proposed by Nishida.
Nested membrane structure with m regions is adopted. We still use tabu search
in region 0 and genetic algorithms in region 1 to m − 1 as the subalgorithms.
At last, the same transporting mechanisms between adjacent regions are borrowed, like sending best and worst solutions to adjacent inner and outer regions
respectively. Diﬀerent from Nishida’s algorithm, AEAPS adds two classes of active evolution operators in every region and use a new initial solution generation
method.
The overall algorithm is shown as follows:
1. Generate initial solutions though the method mentioned in Section 3.3, one
for region 0 and two for every region from 1 to m − 1;
2. Modify solutions simultaneously in each region from 1 to m − 1 using the
genetic algorithms, simultaneously;
3. Find out all 1st class active evolution cities in every solution and revise them
all; then ﬁnd out all 2nd class active evolution cities and also revise them all;
4. Use tabu search in region 0;
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5. Using transporting mechanisms between adjacent regions proposed by Nishida.
6. Remove all solutions but the best one in region 0 and best two in each region
from 1 to m − 1;
7. Jump to step 2 if the number of iterations is not satisﬁed; otherwise the output
of algorithm is the solution in region 0.

4

Experiments and Results

We have implemented AEAPS using the C programming language, and tested
the algorithm on one computer. In order to test the searching eﬃciency of
AEAPS, we test benchmark problem eil51 (51 cities) and kroA100 (100 cities)
from TSPLIB [35] for 10 times respectively. The parameters in experiments are
chosen as follows: m = 50, e = 0.1, N1 = 25, N2 = 35. The number of iterations
is 300. Table 1 shows the results. The comparisons of simulated annealing (SA),
shrink membrane algorithm (SMA) and AEAPS are shown in Table 2.
Table 1. Results of AEAPS for eil51 and kroA100
1
2
3
4
5
6
7
8
9
10
eil51 431 429 428 428 426 430 429 428 429 427
kroA100 21282 21282 21320 21282 21389 21282 21373 21379 21282 21282
Table 2. Comparisons of SA, SMA and AEAPS
SA
SM A
AEAP S
Best Average W orst Best Average W orst Best Average W orst
eil51
430
438
445 429
430
433 426
429
431
kroA100 21369 21763 22564 21299 21504 21750 21282 21315 21389
Results of SA and SMA from [4] are shown in the tables. From Table 1 and
2, we can see AEAPS gets better results than SA and SMA for both eil51 and
kroA100. Fig. 7 shows the curves of average value of all solutions and value
of solution in region 0 for the kroA100 problem solved by AEAPS. For initial
solutions which are generated in the method in Section 3.3, the average value
of initial solution in AEAPS is much smaller than membrane algorithm [4]. It
could reduce the maximal number of iterations. Compare with Nishida’s ﬁgure
of solving same problem by a membrane algorithm with 50 membranes, AEAPS
converges to remarkably good solutions in fewer steps, only about 50 steps.
Zhang [36, 37] proposed an approximate algorithm combining P systems and
ant colony optimization (ACOPS) for TSPs, which uses smaller number of function evaluations to achieve better solutions. Experimental comparisons between
the Nishida’s algorithm, ACOPS and AEAPS are listed in Tables 3. Results of
Nishida’s algorithm and ACOPS are from [36]. In solving ulysses22, eil51, eil76,
eil101 and kroA100 problems, the parameters of AEAPS are assigned as m = 50,
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Fig. 7. Curves of solving kroA100 problem by AEAPS

e = 0.1, N1 = 25, N2 = 35, and the maximal number of iterations is 300. In solving ch150, gr202 and tsp225 problems, the parameters of AEAPS are assigned
as m = 50, e = 0.1, N1 = 40, N2 = 50, and the maximal number of iterations is
500. The results of the AEAPS are obtained from 10 independent runs.
Table 3. Comparisons of Nishida’s algorithm, ACOPS and AEAPS

N ishida′ s algorithm
ACOP S
AEAP S
Best Average W orst Best Average W orst Best Average W orst
ulysses22 75.31 75.31 75.31 75.31 75.32 75.53 75.31 75.31 75.31
eil51
429
434
444
429
431
434
426
429
431
eil76
556
564
575
546
551
558
543
545
547
eil101
669
684
693
641
647
655
631
638
643
kroA100 21651 22590 24531 21285 21320 21427 21282 21315 21389
ch150
7073
7320
7633 6534
6560
6584 6549
6554
6565
gr202 509.7 520.1 528.4 489.2 492.7 497.1 491.3 496.1 498.9
tsp225 4073.1 4153.6 4238.9 3899.6 3938.2 4048.2 3938.7 3992.3 4034.1
As compared with Nishida’s algorithm, AEAPS uses much smaller number of
iterations to achieve better solutions. As compared with ACOPS, AEAPS also
uses much smaller number of iterations and gets better results for the ﬁrst 5
TSPs, similar results for ch150 problem, and slightly worse results for the last 2
TSPs.
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Conclusions

This work is the ﬁrst attempt to discuss the interaction between P systems and
active evolution algorithm. We present an approximate algorithm combining
nested membrane structure, rules in membrane separated regions and transporting mechanisms in P systems, and the two classes of active evolution operators and good initial solution generating method. The AEAPS is used to solve
Euclidian TSP, a well-known NP-hard problem. The experiment results show
that AEAPS performs better than SA and Nishida’s membrane algorithms and
similar with ACOPS, which requires much smaller number of iterations.
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Abstract. A variant of array P systems (Ceterchi et al (2003)), known
as parallel array P system is introduced here. The generative power of
this model is compared with certain array grammars generating array
languages. Generation of certain geometric arrays such as hollow rectangles and hollow squares is possible in parallel array P system with a
priority relation on the rules. An advantage is that the number of membranes is reduced in the constructions in array generation in the proposed
variant.
Keywords: Two-dimensional array, Array grammar, Array P system,
Parallel rewriting

1

Introduction

Inspired by the structure and functioning of living cells, Pǎun [13] introduced
a framework, now known as P systems, based on the membrane structure. This
has proved to be a versatile model and many variants have been proposed [14]
for investigating diﬀerent kinds of problems in a variety of areas related to computing. The basic model is made of several membranes, hierarchically arranged
within a membrane called the skin membrane. The regions delimited by the
membranes can contain objects, which can evolve according to certain evolution
rules associated with the regions. In a single computation step, the objects in all
regions are simultaneously processed by the rules in the regions in a nondeterministic and maximally parallel manner, and at each step all the objects which
can evolve should evolve. All the objects evolved are then communicated to other
regions, with the communication being speciﬁed by a target indication in or out
associated with each rule. If the target indication is here, the object remains in
the same membrane. A computation halts when no further rule can be applied.
Among diﬀerent kinds of P systems, rewriting P systems have been investigated
extensively [3, 9, 13, 27]. In these systems objects are given as ﬁnite strings over
an alphabet and the evolution rules are given as context-free rewriting rules.
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On the other hand, the study of two-dimensional grammar models [10, 15, 16,
26] is an area of investigation, motivated by diﬀerent problems in the framework of image analysis and picture processing. Extending the rewriting feature
in Chomsky’s string grammars in formal string language theory [17, 19] several
array grammar models have been proposed (see for example [10, 15, 16, 26] and
references therein) for generation of picture arrays in the two-dimensional plane.
Extending the string-rewriting P systems to arrays, Ceterchi et al [4] introduced
array P systems using context-free type of rules. Subsequently, several P system
models of isometric and non-isometric variety for array generation, have been
considered in the literature (see for example [22]).
In formal string language theory, parallel rewriting of strings has been extensively studied. The diﬀerent kinds of Lindenmayer system constitute a classic
example of such parallel rewriting systems [18]. In the area of string-rewriting
P systems, the case of parallel rewriting of a string in a region has been investigated [1, 2, 11, 12]. Here we consider the feature of parallel rewriting of arrays in
the regions of the array P system and introduce a variant of the array P system,
called parallel array P system. We would like to point out that the array P system proposed here is a mathematical construct just as the P systems considered
in [1, 2, 11, 12, 4] are mathematical formulations describing string or array languages. The interesting aspect is that these studies including the present study
illustrate the versatile nature and the adaptability of the the biologically inspired
P system model.
We compare the generative power of our model of parallel array P system with
certain array generating grammars. An advantage of using the proposed array P
system model is that the number of membranes is small in many constructions,
although by deﬁnition, a P system can have any ﬁnite number of membranes or
regions. We also examine the problem of generating digitized geometric objects
such as hollow rectangles and hollow squares which cannot be generated even
by context-free array grammars [26]. In order to generate such geometric arrays,
we need a priority relation on the array rules, but regular array rules are then
suﬃcient. We note that the kind of array grammar rules that we consider in this
paper is of the isometric variety consistent with the array P system in [4], in the
sense that the arrays in the left and right sides of a context-free array rule are
geometrically identical in shape. In the non-isometric case, array P systems that
involve sequential as well as parallel rewriting of arrays by suitable rules have
been studied (see for example [22] and references therein). In [24, 20], a class of
array P systems of the non-isometric variety, called sequential/parallel rectangular array P system, is considered in order to generate languages of rectangular
picture arrays. As an application of our parallel array P systems, we discuss the
generation of a language of certain “ﬂoor designs”, which enables us to make a
comparison with the array P systems in [24, 20] as well.
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Basic definitions and results

For notions and results related to formal language theory we refer to [17, 19]
and those related to array grammars and two-dimensional languages we refer to
[5, 7, 8, 10]. An array in the two-dimensional plane Z2 consists of ﬁnitely many
symbols placed in the points of the plane. The symbols belong to a given alphabet
V. The other points of the plane that are not marked with the symbols of V
are assumed to be marked with the blank symbol # ∈
/ V . More formally, an
array is a mapping A : Z2 −→ V ∪ {#} with a ﬁnite support, supp(A), where
supp(A) = {v ∈ Z2 | A(v) ̸= #}. An array can therefore be speciﬁed by giving
the pixels v of the support, along with their associated symbols from V. More
speciﬁcally, an array A is speciﬁed by a set of elements of the form {(v, A(v)},
for v ∈ supp(A). For example, for the T shaped array in Figure 1, this kind of
speciﬁcation is given as follows:
{((0, 5), a), ((1, 5), a), ((2, 5), a), ((3, 5), a), ((4, 5), a), ((5, 5), a),
((6, 5), a), ((7, 5), a), ((8, 5), a), ((9, 5), a), ((10, 5), a), ((11, 5), a), ((12, 5), a),
((6, 0), a), ((6, 1), a), ((6, 2), a), ((6, 3), a), ((6, 4), a)}
For example, the leftmost symbol of the upper horizontal arm of T is the pixel
(0, 5) and the lowermost symbol in the vertical arm is the pixel (6, 0). The nonblank labels of the T shaped array are pictorially indicated in Figure 1, since
only the relative positions of non-blank pixels in the array really matter for us.
aaaaaaaaaaaaa
a
a
a
a
a

Figure 1: T-shaped array with equal arms
Given two arrays α, β, array β is called a subarray of α if there exists a vector
v ∈ Z such that for the translation τv it follows that τv (supp(β)) ⊆ supp(α)
where the translation τv : Z → Z, given by τv (w) = w + v for all v ∈ Z. In other
words, all labelled pixels of β coincide with the corresponding labelled pixels of
α when β is placed on α after a suitable translation of the pattern supp(β).
The set of all two-dimensional non-empty ﬁnite arrays over V is denoted by V +2 .
The empty array is denoted by λ. The set of all arrays over V is V ∗2 = V +2 ∪{λ}.
Any subset of V ∗2 is called an array language.
An array production or array rule p over V is a triple p = (W, A, B), where
W is a ﬁnite subset of Z2 and A, B are arrays with their supports included in
W . We write the rule as A → B and in the pictorial representation, all pixels of
W which are not in supp(A) will be indicated as marked by #. For two arrays
C, D over V and a production p as above, we write C =⇒p D if D can be obtained by replacing by B, a subarray of C identical to A, in the sense that the
subarray of C is geometrically identical to A and and the corresponding pixels in
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the subarray and A have the same label. In other words, the subarray of C and
A coincide under a suitable translation in the plane. The reﬂexive and transitive
closure of the relation =⇒ is denoted by =⇒∗ . Note that the array production
p = (W, A, B) is a representative of equivalent array productions that can be
obtained by translating together the arrays A and B in the plane. Note also that
the manner in which the array production is described here is suﬃcient for our
purposes as only relative positions of the symbols diﬀerent from blank symbol
are taken into account while describing an array.
For example, the array

B a A
C

derives the array

1. A # → a A , 2. # B → B a , 3.

aaaaa
a
a

by applying the rules

C
a
→ , 4.A → a, 5.B → a, 6.C → a
#
C

The derivation is shown in Figure 2, where the sequence of rules applied is
1,2,3,4,5,6 in this order.
B a A
C

=⇒

B a aA
C

aA
B a a a A =⇒ B a a
a
C
C
aa a aa
aaaaa
a
a
=⇒
a
C

=⇒

=⇒

B a a aa
a
C

=⇒

Figure 2: Illustration of an array derivation
An array production p = (W, A, B) is called context-free, if supp(A) ⊆ supp(B)
and card(supp(A)) = 1, where card(Z) is the number of labelled cells in the
array Z. Also an array rule is called regular if it is in any one of the following
#
B A
a
forms: A # → a B, # A → B a,
→ ,
→ , A → B, A → a, where
A
a #
B
A, B are nonterminals and a is a terminal. Since we deal with context-free and
regular array rules only in the sequel, we have recalled only these cases. For
other kinds of array productions, we refer to [5, 8].
An array grammar is a construct G = (N, T, #, {((0, 0), S)}, P ), where N, T
are disjoint sets symbols, respectively called nonterminal symbols and terminal
symbols, # ∈
/ N ∪ T is the blank symbol, S ∈ N and P is a ﬁnite set of array
rewriting rules A → B such that at least one pixel of A is marked with an element of N ; usually, the axiom array {((0, 0), S)} will be simply written as S.
An array grammar is context-free or regular if all its rules are context-free or
regular respectively. There is a unique non-blank pixel marked with a nonterminal in the left hand array of each context-free or regular rule.
The array language generated by G is
L(G) = {A ∈ T ∗2 | {((0, 0), S)} =⇒∗ A}.
The families of array languages generated by context-free, and regular array
grammars are denoted by ACF, AREG respectively. The following strict inclusion is known [4, 7]: AREG ⊂ ACF .
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We now recall the basic model of an array-rewriting P system introduced in
[4].
Definition 1. An array P system (of degree m ≥ 1) is a construct
Π = (V, T, #, µ, F1 , . . . , Fm , R1 , . . . , Rm , io ),
where V is the alphabet of nonterminals and terminals, T ⊆ V is the terminal alphabet, # ∈
/ V is the blank symbol, µ is a membrane structure with m membranes
labelled in a one-to-one way with 1, 2, . . . , m, F1 , . . . , Fm are finite sets of arrays
over V associated with the m regions of µ, R1 , . . . , Rm are finite sets of array
rewriting rules over V associated with the m regions of µ; the array-rewriting
rules (context-free or regular) of the form A → B(tar) have attached targets
“here”, “out”, “in”, “inj ” (in general, we omit mentioning “ here”); finally, io
is the label of an elementary membrane of µ which is the output membrane.
A computation in an array P system is deﬁned in the same way as in a string
rewriting P system [13] with the successful computations being the halting ones.
Every array, from each region of the system, which can be rewritten by a rule
associated with that region (membrane), should be rewritten; the rewriting is
sequential at the level of arrays, which means that one rule is applied; the array
obtained by rewriting is placed in the region indicated by the target associated
with the rule used (here means that the array remains in the same region, out
means that the array exits the current membrane and thus, if the rewriting was
done in the skin membrane, then it exits the system; arrays leaving the system
are “lost” in the environment), inj means that the array is immediately sent
to the directly lower membrane with label j and in means that the array is
immediately sent to one of the directly lower membranes, nondeterministically
chosen if several exist; if no internal membrane exists, then a rule with the target
indication in cannot be used.
A computation is successful only if it stops and a conﬁguration is reached where
no rule can be applied to the existing arrays. The result of an halting computation consists of the arrays composed only of symbols from T placed in the output
membrane with label io in the halting conﬁguration. The set of all such arrays
computed or generated by a system Π is denoted by AL(Π). The families of all
array languages generated by array P systems as above, with at most m membranes, with CF and regular array rules are respectively denoted by EAPm (CF )
and EAPm (REG).
An array P system generating the array language Lstar consisting of the starshaped arrays over {a}, with each of the stars having four arms of equal length,
is given in [23]. In other words,
Lstar =

a
a
a
a
a
a
{ a a a , a a a a a , a a a a a a a , · · · }.
a
a
a
a
a
a
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We recall here this illustration to explain the working of an array P system. We
note that this kind of picture language over two symbols {a, b} is considered for
the ﬁrst time in [6] while studying a diﬀerent kind of array generating rules.
We now describe the array P system [23] generating the star-shaped arrays of
Lstar . Let Πs1 = (V, {a}, #, µ, A1 , A2 , A3 , A4 , A5 , R1 , R2 , R3 , R4 , R5 , 5), where
V = {A, B, C, D, B ′ , C ′ , D′ , X1 , X2 , X3 , X4 , a}, µ = [ 1 [ 2 [ 3 [ 4 [ 5 ] 5 ] 4 ] 3 ] 2 ] 1 . The
axiom sets are given by A1 = {M1 =

A
D a B,
C

M2 =

A4 = A5 = ∅. The sets of rules are given by
R1 = {r1,1 :

X1
X4 a X2
X3

}, A2 = A3 =

#
A
→ (in), r1,2 : X1 → a (in)},
A
a

R2 = {r2,1 : B # → a B ′ (in), r2,2 : B ′ → B (out), r2,3 : X2 → a (in)},
R3 = {r3,1 :

C
a
→ ′ (in), r3,2 : C ′ → C (out), r3,3 : X3 → a (in)},
#
C

R4 = {r4,1 : # D → D a(out), r4,2 : # D → D′ a(in), r4,3 : X4 → a (in)},
R5 = {r5,1 : A → a, r5,2 : B ′ → a, r5,3 : C ′ → a, r5,4 : D′ → a}.

Intuitively, in a computation in Πs1 the array moves from region 1 to region 4
with each arm of the star-shaped array growing one step by the symbol a. The
array either comes back to region 1 from region 4 or is sent to region 5. In the
former case, the process repeats; while in the latter case, the desired array is
formed over {a} and is collected in the language.
Lemma 1. [23] Lstar ∈ EAP5 (REG).
The array grammars with context-free or regular array rules are known as the
isometric variety in the sense that in an array production, the arrays in the left
and right sides of the rule are geometrically identical in shape. In contrast to
this, in the non-isometric variety, the rules that rewrite or generate arrays are
analogous to the string grammar rules in the sense that application of a rule u →
v, u, v are either strings or arrays, would mean that enough ‘space’ is created by
‘pushing’ symbols, if needed, for v to replace u. There are many array grammar
models of the non-isometric variety generating m × n (m, n ≥ 1), rectangular
arrays of symbols with m number of rows and n number of columns and among
these we recall here the two-dimensional right-linear grammar (2RLG) (originally
introduced in [21]). We follow the description as in [10]. There are two sets
of rules in a 2RLG grammar: horizontal and vertical rules that correspond to
Chomsky regular grammars. This model operates ﬁrst generating a (horizontal)
string using the horizontal rules and then the vertical rules are applied in parallel
generating a rectangular array.
Definition 2. A two-dimensional right-linear grammar (2RLG) is
G = (Vh , Vv , ΣI , Σ, S, Rh , Rv ) where
1. Vh is a finite set of horizontal nonterminals,
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2.
3.
4.
5.
6.

Vv is a finite set of vertical nonterminals,
ΣI ⊂ Vv is a finite set of intermediates,
Σ is a finite set of terminals,
S ∈ Vh is the start symbol,
Rh is a finite set of horizontal rules of the form X → AY, X → A, X, Y ∈
Vh , A ∈ ΣI
7. Rv is a finite set of vertical rules of the form B → aD, B → a, B, D ∈
Vv , a ∈ Σ

There are two phases of derivation in a 2RLG. In the ﬁrst phase, starting with S,
the horizontal rules are applied (as in a regular grammar) generating strings over
intermediates. In the second phase each intermediate in such a string serves as
the start symbol for the second phase. The vertical rules are applied in parallel in
this phase for generating the columns of the rectangular arrays over terminals.
The terminating vertical rules of the form B → b are to be applied together
in the vertical generation. Note that a 2RLG generates rectangular arrays of
symbols. We denote the family of array languages generated by two-dimensional
right-linear grammars by L(2RLG).

3

Parallel Array P Systems

In formal language theory, the concept of rewriting in parallel, all symbols in a
string, is well-known and well-investigated [17]. In the area of string-rewriting
P systems, the case of all strings in a region being processed with application
of a rewriting rule being sequential in the level of the string in the sense that
only one rule is applied to a string which can be rewritten, has been studied in
detail [3, 9, 13, 27]. The case of rewriting in parallel all symbols in a string in a
region has also been investigated [1, 2, 11, 12]. In the array P system introduced
in [4], the sequential analog is used in the sense that only one context-free array
rule is used in processing an array in a region. So it is natural to introduce and
examine the feature of parallel rewriting of arrays in the regions of the array P
system. This is done here in the following deﬁnition by introducing a variant of
the array P system, called Parallel array P system.
Definition 3. A parallel array P system is a construct
Π = (V, T, #, µ, F1 , . . . , Fm , R1 , . . . , Rm , io ),
where the components are defined as in an array P system (Definition 1 ) except
that the application of context-free rules in processing an array in a region is
done in a parallel manner as described below: We require that context-free array
rules are applied to all the nonterminals in the array being processed in a region.
In other words for every nonterminal A in an array being processed in a region,
if there is a context-free array rule that can rewrite a subarray containing this
nonterminal A with other pixels in this subarray having the blank symbol #, then
a set of such rules is used to rewrite all the nonterminals in the array.
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Since every rule in a region has one of the target indications “here”, “in”, “out”,
we require that all the context-free array rules applied to an array in a region
should have the same target indication. If in a region, no set of rules having the
same target indication is available for rewriting all the nonterminals in an array in that region, then the array is not processed and remains in the same region.
Also, if two context-free array rules A → B, C → D when applied to an array overlap in their application in the sense that arrays C and D have to use
some common pixels for successfully applying the rules, then the array is not
rewritten. In other words, we consider only the overlap-free case.
The families of all array languages generated by parallel array P systems as
above, with at most m membranes, with CF and regular array rules are respectively denoted by P APm (CF ) and P APm (REG).
Remark 1. The requirement that all the rules applied in parallel to an array has
the same target indication, is done in order to take care of a kind of deadlock
situation that might arise when a set of context-free rules with diﬀerent target
indications are applied to an array. This feature of deadlock has been suitably
handled in the string case [2].
We now illustrate the working of a parallel array P system.
Example 1. Consider the following parallel array P system
Π1 = ({A, B, a}, {a}, #, [ 1 [ 2 ] 2 ] 1 , { A
a B } , ∅, R1 , R2 , 2), with
#
A
R1 = {1.
→ , 2. B # → a B, 3. B → a (in), 4. A → a(in)}, R2 = ∅
A
a
a
a
a
a
a
aaaaaa

Figure 3: L-shaped array with equal arms
Starting with the axiom array A
a B in region 1, the vertical arm and the horizontal arm are grown together, one symbol at a time, by applying in parallel
the rules 1 and 2 as many times as needed. Note that both these rules have the
same target indication (here). When the rules 3 and 4 (having the same target
indication) are used, the derivation halts and the array in the shape of L with
equal arms (Fig.3) enters region 2, where it is collected in the language generated. Note that there are no rules in region 2 and hence no array in region 2 can
evolve further.
In order to generate the language Lstar , an array P system with ﬁve membranes
was needed (as noted in Lemma 1). If we use a parallel array P system, the
number of membranes required is only 2, thus yielding a considerable reduction
in the number of membranes required.
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Lemma 2. Lstar ∈ P AP2 (REG)
Proof. We now deﬁne a parallel array P system generating the star-shaped arrays
of Lstar . Let Πs2 = (V, {a}, #, µ, A1 , A2 , R1 , R2 , 2) where V = {A, B, C, D, a},
A
µ = [ 1 [ 2 ] 2 ] 1 . The axiom set is given by A1 = {M1 = D a B , }, A2 = ∅. The sets
C
of rules are given by
#
A
C
a
R1 = {r1 :
→ , r2 : B # → a B, r3 :
→ , r4 : # D → D a, r5 : A →
A
a
#
C
a(in), r6 : B → a(in), r7 : C → a(in), r8 : D → a(in)}; R2 = ∅.
The axiom array is in region 1. The context-free array rules r1 , r2 , r3 , r4 in region
1, can be used in parallel as they have the same target indication. The parallel
application of these rules grows all the four arms together, one symbol in each
arm at one step of application of the rules. When the rules r5 , r6 , r7 , r8 , having
the same target indication in are applied in parallel, the resulting array which is
an element of Lstar enters the region 2, where it will be collected in the language
generated. Note that there are no rules in region 2.
⊓
⊔
We now compare the generative power of P AP with AREG and L(2RLG).
Theorem 1. P AP2 (REG) − AREG ̸= ∅
Proof. The array language consisting of arrays over {a} in the shape of L, with
equal horizontal and vertical arms (Fig. 3) is generated by a PAP with 2 membranes and regular array rules as seen in Example 1. But it is clear that no regular array grammar can generate this language, since in a regular array grammar
only one nonterminal symbol in an array is rewritten at a time, which means
that the horizontal and vertical arms cannot be grown equally by regular array
productions.
⊓
⊔
Lemma 3. L(2RLG) ⊆ P AP3 (CF ).
Proof. Given a G = (Vh , Vv , ΣI , Σ, S, Rh , Rv ), we construct a PAP with three
membranes and CF array rules as follows:
Π2 = (Vh ∪ Vv ∪ {A′ |A ∈ ΣI } ∪ Σ, Σ, #, [ 1 [ 2 [ 3 ] 3 ] 2 ] 1 , {S}, ∅, ∅, R1 , R2 , R3 , 3),
with
R1 = {X # → A′ Y, A′ → A′ |X → AY ∈ Rh , X, Y ∈ Vh , A ∈ ΣI }
∪{X → A(in) |X → A ∈ Rh , X ∈ Vh , A ∈ ΣI }
∪{A′ → A(in) |A ∈ ΣI }

R2 = {

B
a
→
|B → aD ∈ Rv , B, D ∈ Vv , a ∈ Σ}
#
D

∪{B → a(in) |B → a ∈ Rv , B ∈ Vv , a ∈ Σ},
R3 = ∅.
We note that the rules of R1 simulate the derivations in the horizontal phase of
G generating strings of intermediates. In fact, the rules with target indication in

242

K.G. Subramanian, et al.

terminate a derivation whenever termination happens in the ﬁrst phase of G and
the string is sent to region 2. In this region, the rules of R2 simulate the parallel
derivation of the second vertical phase of G, generating rectangular arrays of
the array language generated by G with the arrays being sent to region 3, where
they are collected in the language. These arrays cannot further evolve as there
are no rules in region 3.
Lemma 4. P AP3 (CF ) − L(2RLG) ̸= ∅.
Proof. The proper inclusion of L(2RLG) in P AP3 (CF ) can be seen as follows:
Consider the parallel array P system
Π3 = (V, Σ, #, [ 1 [ 2 [ 3 ] 3 ] 2 ] 1 , {AB}, ∅, R1 , R2 , R3 , 3),
with V = {A, B, X, Y, X ′ , Y ′ , a, b}, Σ = {a, b},
R1 = {#A → AX ′ , B# → Y ′ B, X ′ → X ′ , Y ′ → Y ′ , }
∪{A → X(in), B → Y (in), X ′ → X(in), Y ′ → Y (in), },
R2 = {

X
a Y
b
→ ,
→ , X → a(in), Y → b(in)},
#
X #
Y
R3 = ∅.

Starting with the axiom array AB in region 1, the array rules of R1 generate
strings (one dimensional arrays) of the form X n Y n , n ≥ 1 with the processing
ending in region 1 by the application of array rules with target indication in.
These strings are sent to region 2 where the array rules applied to X n Y n generate
in parallel n columns of strings of a′ s followed by n columns of strings of b′ s. In
other words m × 2n, m, n ≥ 1 rectangular arrays of the form shown in Figure
4 are generated. No 2RLG can generate the language of such arrays, since the
ﬁrst horizontal phase can handle only regular languages whereas {X n Y n |n ≥ 1}
is a non-regular language.
a
a
a
a
a
a

a
a
a
a
a
a

a
a
a
a
a
a

b
b
b
b
b
b

b
b
b
b
b
b

b
b
b
b
b
b

Figure 4: A rectangular array with 3 columns of a′ s
followed by 3 columns of b′ s
As a consequence of Lemmas 3 and 4, we obtain the following Theorem.
Theorem 2. L(2RLG) ⊂ P AP3 (CF )
Generation of geometric ﬁgures such as rectangles and squares is one of the
problems of interest and investigation in the study of two-dimensional picture
grammars. In [26], it is shown that hollow rectangles or squares made of a′ s
(rectangular frames with the region inside the rectangle or square hollow) cannot
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be generated by even a context-free array grammar. We examine the problem
of generation of such hollow rectangles of a′ s as well as hollow squares of a′ s in
the context of parallel array P system. We use the technique of having a strong
priority of application of rules in a region with the same target indication. For
example, specifying r1 : A # → a A, r2 : A → a with r1 > r2 would mean
that rule r2 can be applied only when rule r1 cannot be applied. This kind of
specifying priority has been studied in string rewriting P systems [13]. We denote
the families of all array languages generated by parallel array P systems with
at most m membranes, with context-free or regular array rules and a priority
relation > (as mentioned above) on the rules, respectively by P APm (CF, pri)
and P APm (REG, pri).
Theorem 3. The array language LH consisting of hollow rectangles of a′ s belongs to P AP2 (REG, pri).
Proof. We construct a parallel array P system Π3 having two nested membranes with regular array rules and a priority speciﬁed on the rules, in order
to generate LH . Deﬁne Π4 = (V, Σ, #, [ 1 [ 2 ] 2 ] 1 , {AaB}, ∅, ∅, R1 , R2 , 2), V =
{A, B, C, D, A′ , B ′ , D′ , a}, Σ = {a}
R1 = {A → A, B# → aB,

#
A′
#
B′
→
(in),
→
(in), C → C,
A
a
B
a

#D → Da, C → a(in), #D → D′ a(in) > D → a(in)}
R2 = {

#
A′ #
B′ ′
, ′ →
, A # → aC(out), #B ′ → Da(out)}.
′ →
A
a B
a

Starting with the axiom AaB, the array rules in region generate a horizontal
string of the form Aan B which will be the bottom row of the hollow rectangle
to be generated. When the leftmost and rightmost ends of this string begin
growing one step up by the application of the rules with target indication in, the
array is sent to region 2. Here the leftmost and rightmost columns of the hollow
rectangle are grown equally, until A′ # → aC(out), #B ′ → Da(out) are applied,
which begin growing the upper row one step from the left and right. The array
is sent back to region 1 where upper row is grown from the right. The correct
application of the rules C# → a(in), D → a(in) generates the hollow rectangle
over a′ s (Fig.5) which is then sent to the output region 2. The priority relation
#D → D′ a(in) > D → a(in) ensures that any premature application of the
rules C# → a(in), #D → D′ a(in) will result in the nonterminal D′ appearing
in the row which cannot be removed and hence this array is not collected in the
array language.
aaaaaaa
a
a
a
aaaaaaa

a
a
a
a
a

Figure 5: A hollow rectangle of a′ s.
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Theorem 4. The array language LH consisting of hollow squares of a′ s belongs
to P AP3 (REG, pri).
Proof. We construct a parallel array P system Π4 having three nested membranes with regular array rules and a priority speciﬁed on the rules, in order to
generate LS . Deﬁne
Π5 = ({A, B, C, D, D′ a}, {a}, #, [ 1 [ 2 [ 3 ] 3 ] 2 ] 1 , { A
a B } , ∅, ∅, R1 , R2 , R3 , 3),
R1 = {
R2 = {C# → aC,

#
A
#
D
→ , B# → aB,
→ (in), A# → aC(in)},
A
a
B
a
#
D
#
D′
→ , C# → aa(in),
→
(in) > D → a(in)}, R3 = ∅.
D
a
D
a

Starting with the axiom array A
a B the left column and bottom row of the hollow
square to be generated are grown equally using the array rules in region 1 until
the rules with target indication in and which start the generation of the upper
row and right column, are used. The array is sent to region 2 where the upper row
and right column are grown until they meet in a correct sequence of application
of the rules in this region, with the hollow square of a′ s generated. Again the
#
D′
priority relation
→
(in) > D → a(in) will ensure that a wrong application
D
a
will result in the nonterminal D′ getting stuck in the upper row and thus such
an array is not collected in the language.

4

Applications

As an application of the parallel P system model, we consider the problem of
generation of a language Lf of picture arrays describing certain “ﬂoor designs”.
The ﬁrst three members of the ﬂoor designs (in terms of increasing size) are
shown in Figure 6. We construct a PAP system πf with three membranes to
generate Lf . Deﬁne
πf = (V, {a, b}, [1 [2 [3 ]3 ]2 ]1 , F1 , F2 , F3 , R1 , R2 , R3 , 3)
where V = {A, B, C, D, A1 , B1 , C1 , D1 , X, Y, Z, W },
{A b B}
{X b Y }
F1 = b a b , F2 = b a b , F3 = ∅;
C b D

{
R1 = r1,1 :
{
∪ r1,3 :

###
###
## A

## C
###
###

→

→

Z b W

A1 b a
b a b (in),
a b a

a b a
b a b (in),
C1 b a

r1,2 :

r1,4 :

###
###
B ##

D ##
# ##
# ##

→

→

a b B1
b a b
a b a

a b a
b a b
a b D1

}
(in)

}
(in)
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R2 = {r2,1 : A1 → A(out), r2,2 : B1 → B(out)}
∪ {r2,3 : C1 → C(out), r2,4 : D1 → D(out)}
∪ {r2,5 : A1 → a(in), r2,6 : B1 → a(in), r2,7 : C1 → a(in), r2,8 : D1 → a(in)}
∪ {r1 : X → a(in), r2 : Y → a(in), r3 : Z → a(in), r4 : W → a(in)}
R3 = ∅.
z

z

z

z

z

z

z

z

z
z

z
z

z
z

z

z

z
z

z
z

z

z

z

z
z

z

z

z

z
z

z

z
z

z

z

z

z
z

z

z

z
z

z

z

z

z

z
z

z
z

z

z

z
z

z

z

z
z

z
z

z

z

z

Figure 6: The ﬁrst three ﬂoor design patterns generated by πf .
The parallel array P system generates the language Lf consisting of arrays over
{a, b}, the ﬁrst three members (in terms of increasing size) of which are shown
in Fig. 7. With the interpretation that a stands for z and b stands for a blank
square, the arrays of the language Lf describe “ﬂoor design” patterns, the ﬁrst
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three members of which are shown in Fig. 6.

aba
bab
aba

abababa
babbbab
abababa
bbbabbb
abababa
babbbab
abababa

ababbbbbaba
babbbbbbbab
abababababa
bbbabbbabbb
bbababababb
bbbbbabbbbb
bbababababb
bbbabbbabbb
abababababa
babbbbbbbab
ababbbbbaba
Figure 7: The ﬁrst three ﬂoor design patterns generated by πf .
In [24, 20], a sequential/parallel array P system (S/P RAP ) is considered. In this
system the rules in a membrane are either context-free or regular string type rules
with (horizontal) sequential rewriting as in Chomsky string grammars [17, 19]
or the rules in a membrane are string type right-linear rules with rewriting in
parallel in the vertical direction as in the two-dimensional (2D) matrix grammars
[21, 10] and pictures that are rectangular arrays are generated. We note that the
language Lf cannot be generated by any S/P RAP system, since any array in
Lf is a square array and has the feature of having a′ s in all the cells in both
the diagonals of the array. A S/P RAP system, can at the most generate arrays
that involve a row having the same symbol since the rewriting in parallel in the
vertical direction uses only right-linear type rules and hence has no component
that can keep track of the varying depth of a symbol in a diagonal counting from
the top row of the square array describing the ﬂoor design.

5

Conclusion

A variant of array P system, known as parallel array P system, is introduced here
and some of its properties related to generative power are obtained. A problem
of interest is to examine whether the number of membranes in the constructions
described, can be further reduced. Comparisons with other array generating
models can also be made. One can also examine the applicability of P system
model in handling shape grammars [25], which were introduced for generative
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speciﬁcation of a class of paintings or sculptures. It will also be of interest to
examine the possibility of making use of array P system models for generating
more complex objects.
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Abstract. Fault diagnosis method based on adaptive fuzzy spiking neural p systems (in short, AFSN P systems) is presented to improve the
eﬃciency and accuracy of diagnosis in this paper. AFSN P systems are
a novel kind of computing models with parallel computing and learning
ability. This paper focuses on AFSN P system inference algorithms and
learning algorithms and builds the fault diagnosis model based on AFSN
P systems for diagnosing eﬀectively. The process of diagnosis based on
AFSN P systems is expressed by matrix successfully so that the rate
of diagnosis is improved eminently. Furthermore, particle swarm optimization algorithm is introduced into the learning algorithm of AFSN P
systems, thus the convergence speed of diagnosis has a big progress. An
example of 4-node system is given out to verify the eﬀectiveness of this
method. Compared with the existing methods, this method own faster
diagnosis speed, higher accuracy and better capacity of the grid topology.
Keywords: AFSN P systems, fault diagnosis, reasoning algorithm, learning algorithm, particle swarm optimization algorithm

1

Introduction

With the continuous development of national economy, people’s requirement for
power quality is highly increasing. Simultaneously, more and more automated
devices are applied to power systems with the unceasing expansion of grid. When
the grid fails, these automated devices will generate a lot of alarm information.
Especially, the diagnosis work will be more diﬃcult while complex faults or
uncertainty factors occur. When the SCADA system of dispatching center can
not provide complete and correct alarm information, that is protection relays
and current breakers operate incorrectly and the action messages lose or make
a mistake because of signal patch. In this case, the validity of diagnosis will be
poor and the power blackout will be caused more severely. Therefore, it owns a
big signiﬁcance for researching an excellent fault diagnosis system to deal with
the uncertainty of action messages about protective relays and breakers.
Up to now, a large number of diagnosis methods have been presented, such as
expert system [1, 2], artiﬁcial neural networks [3, 4], optimization algorithm [5],
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fuzzy reasoning [6] and so on. Fault diagnosis method based on expert system
has a bottleneck of knowledge acquisition, fault tolerance, maintenance diﬃcult.
Fault diagnosis method based on neural network requires many samples to train,
lack the ability to explain their own behavior and export results, and is diﬃcult
to model for large-scale network. Moreover, it is diﬃcult to establish reasonable mathematical models of transmission network using fault diagnosis method
based on a variety of optimization algorithm. In the meantime, there is a diﬃcult problem of establishing the right of fuzzy rules and membership functions
in fault diagnosis method based on fuzzy theory.
Membrane computing is inspired by the structure and the functioning of the
living cell as well as from the cooperation of cells in tissues, organs. Scholars
build various computing models of P systems according to the functions and
features of the living cells and tissues, or the methods of computer and math.
Currently, P systems can be classiﬁed into three categories: cell-like P systems,
tissue-like P systems and neural-like P systems. In recent years, the applications of P systems are mainly reﬂected in dealing with the complex and diﬃcult
problems of biology, and the classiﬁcation and scheduling problems of computer
science, and computer graphics. Many scholars use P systems to design approximate optimization calculation for solving problems in practical applications. For
example, Wang et al. proposed a membrane computing optimization algorithm
based on mutated PSO to deal with nonlinear control systems [7]. In [8], artiﬁcial
ﬁsh swarm algorithm based on P systems is employed in function optimization.
In order to deal with the representation of fuzzy knowledge and complete fuzzy
reasoning, several extended spiking neural P systems have been proposed by the
authors of this paper in recent years [9, 10]. Furthermore, fuzzy reasoning spiking
neural P system is applied in fault diagnosis in ref [11].
For these points, a fault diagnosis model based on AFSN P systems is proposed in this paper. A transfer function is led into the model so that the diagnosis is more accurate. Moreover, the process of fault diagnosis based on AFSN
P systems is represented by matrix to improve the diagnosis rate obviously. In
addition, particle swarm optimization algorithm is introduced into the learning
algorithm of AFSN P systems, thus the convergence speed of diagnosis has a big
progress.
The rest of this paper is organized as follows. Section 2 reviews the AFSN
P systems. Section 3 presents the matrix representation of AFSN P systems.
Section 4 describes a fault diagnosis model based on AFSN P systems. A fault
diagnosis example is provided in Section 5. Learning of AFSN P systems for
fault diagnosis is discussed in Section 6, and conclusions are drawn in Section 7.

2

AFSN P Systems

In this section, we brieﬂy review the weighted fuzzy production rules and fuzzy
reasoning based on AFSN P systems. More details about AFSN P systems can
be found in Ref.[12].
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An AFSN P system (of degree m ≥ 1) is a construct of the form
Π = (A, Np , Nr , syn, I, O)
The weighted fuzzy production rules of the following three types are concerned.
Type 1: IF p1 THEN p2
Type 2: IF p1 AND p2 AND · · · AND pn THEN pn+1
Type 3: IF p1 OR p2 OR · · · OR pn THEN pn+1
The weighted fuzzy production rules of the three types can be modeled by
three AFSN P systems respectively, shown in Fig.1. According to dynamic ﬁring
mechanism of AFSN P systems, the fuzzy reasoning process of weighted fuzzy
production rules of the three types can be described as follows.
{
fα (α1 ) · γ, if α1 ≥ τ
– Type 1: α2 =
0,
 ( n if α1 <)τ
(∑
)
n
∑


αi · ωi ≥ τ
 fα ( αi · ωi ) · γ, if
i=1
( i=1
)
– Type 2: αn+1 =
n
∑


0,
if
αi · ωi < τ

i=1
{
max(fα (αj ) · γj ), if αj ≥ τj , j ∈ J
– Type 3: αn+1 =
0,
if αj < τj , j = 1, 2 . . . , n

1

1
1

r1

2

p2

r1

p2

(a)

r1

p1

p1

1

2
p1

1

1

p3

2

p2

(b)

p3

2
r2

(c)

Fig. 1. AFSN P systems of weighted fuzzy production rules of three types (a) type 1.
(b) type 2. (c) type 3.

The reasoning algorithm in this paper is diﬀerent from the prime reasoning
algorithm of AFSN P systems. A transfer function fα (x) is added to rule neural
to make the results more accurate.

3

Matrix representation of AFSN P systems

Matrix representation of AFSN P systems is presented in this Section. Moreover,
it introduces how the fuzzy reasoning algorithm of AFSN P systems can be
represented by operations with matrices, and that is called matrix reasoning
algorithm based on AFSN P systems.
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Deﬁnition 1. P = (α1 , α2 , · · · , αm ) is proposition vectors, where αi expresses
fuzzy truth value of the proposition neuron σpi , 1 ≤ i ≤ m. Initial proposition
vector is denoted by P0 .
Deﬁnition 2. R = (α1 , α2 , · · · , αn )is called rule vectors, where αi expresses
fuzzy truth value of the rule neuron σri , 1 ≤ i ≤ n.
Deﬁnition 3. Incidence matrix. The incidence matrix reﬂects the relationship between proposition neurons and rule neurons, and is denoted by IM =
[ωij ]m×n , where the rows number of incidence matrix is the number of proposition neurons, and the columns number of incidence matrix is the number of
rule neurons, and ωij indicates the weight between proposition neuron i and rule
neuron j. For the Fig.2, the incidence matrix is

0.5
0
 0.5
0 



0.5 
IM =  0

 0
0.5 
−0.95 −0.9


The positive sign in IM expresses the pointing to the rule neuron from proposition neuron. The negative sign in IM expresses the pointing to the proposition
neuron from rule neuron. ωij is the weight on the synapse if proposition neuron
i and rule neuron j have connection. Otherwise, ωij = 0.
Z

0 .5 V r 1

V p1
V p2

0.5

V p3

0.5

V p4

0. 5

J

V p5

0.95

V r2
0.9

Fig. 2. An AFSN P systems model

We assume that the fuzzy truth value of each proposition neuron in Fig.2 is
αp1 = 0.8564, αp2 = 0.9833, αp3 = 0.4, αp4 = 0.75, αp5 = 0, and fα (x) = x,
then αp5 = 0.92293 via the fuzzy reasoning algorithm of AFSN P systems.
The reasoning process of AFSN P systems can be represented by the computing of matrix as follows.
P0 = (0.8564, 0.9833, 0.4, 0.75, 0)


0.5 0
 0.5 0 


+

R = fα (P0 ·IM ) = (0.8564, 0.9833, 0.4, 0.75, 0)· 
 0 0.5  = (0.9198, 0.57)
 0 0.5 
0 0
(
)
′
0 0 0 0 0.95
P = R · (IM − )T = (0.91985, 0.57) ·
= (0, 0, 0, 0, 0.92293)
0 0 0 0 0.9
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′

P1 = P0 + P = (0.8564, 0.9833, 0.4, 0.75, 0) + (0, 0, 0, 0, 0.92293) = (0.8564,
0.9833, 0.4, 0.75, 0.92293)
So αp5 = 0.92293.
Where IM + retains the positive elements in IM , and the negative elements
in IM are changed to zero. IM − retains the absolute values of negative elements
in IM , and the positive elements in IM are changed to zero.
The speciﬁc step of matrix reasoning algorithm based on AFSN P systems
is as follows.
(1) Compute the certain factors of rule neurons, R = fα (P0 · IM + ), that
n
∑
implement the formula fα (( αi · ωi )).
i=1

(2) Make a comparison between the certain factors of rule neurons and ﬁring
threshold τ . If they are bigger than τ , then the certain factors are reserved, else
they are 0.
′
(3) Calculate the certain factors of next proposition neurons, P = R ·
− T
(IM ) .
(4) Count the certain factors of all the current proposition neurons, P1 =
′
P0 + P .
(5) Replace the P0 in step 1 by the P1 in step 4, and repeat the above steps
until the certain factors of proposition neurons do not change. That is Pk = Pk−1 ,
and export Pk .

4

Fault Diagnosis Model Based on AFSN P Systems

In this paper, three types of fault diagnosis are mainly considered: line, bus
and transformer. Here, AFSN P systems are used to build the three types of
fault diagnosis models. Symbol conventions are as follows: B, L, CB and T
represents bus, line, circuit breaker and transformer respectively. As to Lxy , its
ﬁrst subscript s and r represents the sending and receiving terminals respectively,
and the second subscript m, p and s represents main, ﬁrst backup and second
backup protective relays respectively. The fault diagnosis model based on AFSN
P systems is shown in Fig.3.
In the above mentioned three fault diagnosis models based on AFSN P systems, the certain factors of operated protective relays and circuit breakers are
as the input of the corresponding proposition neurons, the probability of fault
denoted by the fuzzy truth value of conclusion proposition neurons is acquired
through using the fuzzy reasoning algorithm.

5

Application Example

In this part, a relatively complex example of fault diagnosis of power systems
is provided, and the exploited fault diagnosis models are adopted to deal with
the fault diagnosis problems. Simultaneously, the diagnosis results are compared
with Ref. [13, 14]. The sketch map of protective relay system of power system
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0.5

V p12

0.5

V r14

V p13

0.5
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0.5
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0.5

V r16

B

V r2
0.9
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0.5

0.5
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0.5
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0.5
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0.5
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Fig. 3. The fault diagnosis model based on AFSN P systems (a) line. (b) bus. (c)
transformer.

[5] is shown in Fig.4, in which 28 system elements, 84 protective relays and 40
circuit breakers are included.
We assume that ﬁring threshold of every proposition neuron is λ = 0 and
ﬁring threshold of every rule neuron is τ = 0.2. In the meantime, the inﬂuence
degree of tripped protective relays and circuit breakers for rule neurons is set to
the same, that is ω = 0.5. When the rule neurons are related to second backup
protective relays, γ = 0.9, in other cases, γ = 0.95. It is fault element if the
2
fuzzy truth of element value is over 0.4. In this paper, fα (x) = e−4.5(x−1) . The
certain value of the operated protective relays and tripped circuit breakers is as
same as Ref. [15]. They are shown in Table 1 and Table 2.
Table 1. The certain value of the operated protective relays and tripped circuit breakers
main protective
ﬁrst backup
second backup
relays
protective relays
protective relays
element
protective circuit protective circuit protective circuit
relays
breakers
relays
breakers
relays
breakers
line
0.9913
0.9833
0.8
0.85
0.7
0.75
bus
0.8564
0.9833
0.7
0.75
transformer 0.7756
0.9833
0.75
0.8
0.7
0.75
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L4
20

L6
22

23
T 5 CB24 B6 CB27

CB33

CB31 B8 CB34

27
T7

CB36
CB38

A3

B5

CB28

CB21
CB23
7

T6
24

CB25

CB29
8 9 CB30

25
L7

CB32

26
L8

CB39

B7
CB35

A4
T 8 CB37
12
28

CB40 10 11

Fig. 4. A sketch map of protective relay system of power system
Table 2. The certain value of the not operated protective relays and tripped circuit
breakers
main protective
ﬁrst backup
second backup
relays
protective relays
protective relays
element
protective circuit protective circuit protective circuit
relays
breakers
relays
breakers
relays
breakers
line
0.2
0.2
0.2
0.2
0.2
0.2
bus
0.4
0.2
0.4
0.2
transformer
0.4
0.2
0.4
0.2
0.4
0.2

Thirteen kinds of detected information of protective relays and circuit breakers are used to verify the validity of the proposed method. The diagnosis results
are shown in Table 3.
Table 3: Fault diagnosis results
Nu- Action message
mb- of protective
er relays and
circuit breakers
1

Missing
message

Operated protec- No
tive relays:B1m ,
L2rs ,L4rs
Tripped circuit

Diagnosis
results
B1

proba- Judgment
bility of incorreof fault ct operation and rejecting act
0.82280 CB6 is

B2

0.19604 rejecting

Diagnosis Diagnosis
results of results of
Ref. [8] Ref. [9]

B1 :0.703 B1 :0.999972
B2 :0.00003
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breakers:CB4 ,
CB5 ,CB7 ,CB9 ,
CB12 ,CB27
Operated protec- No
tive relays:B1m ,
L1sp ,L1rm
Tripped circuit
breakers:CB4 ,
CB5 ,CB6 ,CB7 ,
CB9 ,CB11
Operated protec- No
tive relays:B1m ,
B2m ,L1sm ,L1rp ,
L2sp ,L2rm
Tripped circuit
breakers:CB4 ,
CB5 ,CB6 ,CB7 ,
CB8 ,CB9 ,CB10 ,
CB11 ,CB12
Operated protec- No
tive relays:T3p ,
L7sp ,L7rp
Tripped circuit
breakers:CB14 ,
CB16 ,CB29 ,CB39

L2

0.08741 act

L4
B1

0.12310
0.92293 L1sm is

B1 :0.967

L1

0.93226 rejecting

L1 :0.972

Operated protec- No
tive relays:T5s ,
T6s
Tripped circuit
breakers:CB22 ,
CB23 ,CB24 ,CB25
Operated protec- No
tive relays:T7m ,
T8p ,B7m ,B8m ,
L5sm ,L5rp ,L6ss ,
L7sp ,L7rm ,L8ss
Tripped circuit
breakers:CB19 ,
CB20 ,CB29 ,CB30 ,
CB32 ,CB33 ,CB34 ,
CB35 ,CB36 ,CB37 ,
CB39
Operated protec- No
tive relays:L1sm ,

A3

act

B1

0.92293 L1rm ,L2sm B1 : 0.967

B2

0.92293 are reject- B2 : 0.985

L1

0.93226 ing act

L1 :0.972

L2

0.93226

L2 :0.972

T3

0.75646 T3m ,L7sm , T3 :0.938

L7

0.88172 L7rm are

L7 :0.938

rejecting

L5
L6
L7
L8
B7
B8
T7
T8

act
0.64039 A3m is
rejecting
act,CB24 ,
CB25 are
incorrect
operation
0.93226 L5rm ,L7sm ,
0.15931 T8m ,CB31 ,
0.93226 CB40 are
0.15931 rejecting
0.78911 act
0.78911
0.88986
0.71665

L1

0.93226 L1rm ,L2sm , L1 :0.972

A3 :0.648 A3 :0.833151

L5 :0.972
L7 :0.972
L8 :0.693
B7 :0.703
B8 :0.985
T7 :0.99
T8 :0.938
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8

9

10

11

12

L1rp ,L2sp ,L2rp ,
L7sp ,L7rm ,L8sm ,
L8rm
Tripped circuit
breakers:CB7 ,
CB8 ,CB11 ,CB12 ,
CB29 ,CB30 ,CB39 ,
CB40
Operated protective relays:B1m ,
T1m ,T2m ,L1sm ,
L1rp
Tripped circuit
breakers:CB2 ,
CB3 ,CB4 ,CB5 ,
CB6 ,CB7 ,CB9 ,
CB11
Operated protective relays:B1m ,
L4rs
Tripped circuit
breakers:CB4 ,
CB7 ,CB9 ,CB12 ,
CB27
Operated protective relays:T3p ,
L7rp
Tripped circuit
breakers:CB14 ,
CB16 ,CB29 ,CB39
Operated protective relays:T8p ,
B7m ,B8m ,L5rp ,
L6ss ,L7sp ,L7rm
Tripped circuit
breakers:CB19 ,
CB20 ,CB29 ,CB30 ,
CB32 ,CB33 ,CB34 ,
CB35 ,CB36 ,CB37 ,
CB39
Operated protective relays:B1m ,
T2m ,L1sm ,L1rp
Tripped circuit
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L2

0.88172 L2rm ,L7sm L2 :0.938

L7

0.93226 are reject- L7 :0.972

L8

0.94999 ing act

B1

0.92293 L1rm is

B1 :0.941542

T1

0.88986 rejecting

T1 :0.751081

T2

0.88986 act

T2 :0.751081

L1

0.93226

L1 :0.999175

L2rs ,
CB5
in
case
1 are
missing
L7sp
in
case
4 is
missing

B1

0.67294 CB6 is

L2 :0.000043
B1 :0.999986

B2

0.06962 rejecting

B2 :0.00003

L2

0.08741 act

L4
T3

0.12310
0.58495 T3m ,L7sm ,

L7

0.88172 L7rm are

T7m ,
L5sm ,
L8ss
in
case
6 are
missing

L5
L6
L7
L8
B7
B8
T7
T8

0.58495
0.15931
0.93226
0.15931
0.78911
0.78911
0.61931
0.71665

T1m ,
CB6
in
case

B1

0.82313 L1rm is

T1

0.61931 rejecting

No

L8 :0.99

rejecting
act
L5rm ,L7sm
T8m ,CB31 ,
CB40 are
rejecting
act

B1 :0.941384
T1 :0.312753
T2 :0.751081
L1 :0.999175
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breakers:CB2 ,
CB3 ,CB4 ,CB5 ,
CB7 ,CB9 ,CB11
Operated protective relays:B2m ,
L2rs ,L4rs
Tripped circuit
breakers:CB4 ,
CB5 ,CB7 ,CB9 ,
CB12 ,CB27

8 are
missing
B1m
in
case
1 is
missing
B2m
is
superﬂuous

T2

0.88986 act

L1
B1

0.93226
0.45134 CB6 is

B2

0.3489 rejecting

L2

0.08741 act

L4

0.12310

L2 :0.000043

(1) Case 1 to case 8 are the situation that the provided information is complete, and incorrect operation and rejecting act of protective relays and circuit
breakers are existed. Diagnosis results indicate that the diagnosis elements, incorrect operation and rejecting act can be judged accurately by this method.
Therefore, this method owns well tolerance while have incorrect operation and
rejecting act.
(2) Case 9 to case 12 are the situation that the information provided by
SCADA system is incomplete. Diagnosis results show that this method also has
well tolerance for this state.
(3) Case 13 is the situation that the information provided by SCADA system
is incomplete. Simultaneously, superﬂuous information is oﬀered. In this case,
the provided method is also eﬀective.
In summary, in the case of complete, incomplete and superﬂuous information,
this method can diagnose the fault elements exactly because of the well tolerance.
Diagnosis results in this paper are compared with Ref. [13, 14] as follows.
The results of case 1 to case 9 and case 12 are the same as Ref. [13, 14] basically. However, in case 6, the fault probability of L8 is 0.15931 in this paper,
and L8 is judged no fault. But L8 is judged fault in Ref. [13] because the fault
probability of L8 is 0.15931. Actually, the second backup protective relays L8ss
operate as the second backup protective relays of B7 , while L8 do not malfunction. Consequently, the diagnosis result of this paper is right, while the result of
Ref. [13] is wrong. Here, the method comparison of this method with Ref. [13,
14] is in Table 4.

6

Learning algorithm of AFSN P systems

The learning ability of adjust automatically is another highlight of AFSN P
systems. Weights of AFSN P systems can be trained by imitating the learning
algorithm of neural networks. Thus the diagnosis results are more in line with
actual situation. Here, the AFSN P systems model of bus shown in Fig.5 is as
an example to train the weights.

Application of AFSN P systems in Fault Diagnosis of Power Systems

259

Table 4. Method comparison
Method

Degree of
Accurate of diagnosis capacity of the grid
computation
results
topology
The
Fast computing rate every case in Table 3
Not need to
proposed
because of matrix
can obtain a correct re-modeling, so has
method
representation
result
good capacity of the
grid topology
The
Can be expressed by Case 9 to case 12 in Need to re-modeling
method of
matrix
Table 3 can not get the
Ref. [13]
correct results, and
result of the case 6 is
wrong
The
Formula reasoning every case in Table 3 Need to re-modeling
method of
of Bayesian
can obtain a correct
and re-training
Ref. [14]
result

R1 Z1 V r1

0.95

Z2
R2 Z3 V r 2

CB1

CB2

Z4

B
0.9

Fig. 5. The fault diagnosis model of bus

6.1

Error back propagation algorithm of AFSN P systems

In our paper, the learning algorithm of AFSN P systems adopts the idea of
error back propagation algorithm of BP neural networks. The detail step of the
proposed algorithm is as follows.
(1) Initialize the weights.
(2) The training samples which include input samples and ideal output samples should be certain. Input samples are the certain values of operated protective relays and tripped circuit breakers, ideal output samples are determined
artiﬁcially.
(3) Calculate the actual output samples. According to the speciﬁc stricture
of AFSN P systems, the actual output samples can be acquired by the fuzzy
reasoning algorithm.
(4) Adjust the weights. The diﬀerentials between current actual output and
ideal output should be computed, and the weights will be modiﬁed by the error
back propagation algorithm of AFSN P systems constantly until the diﬀerentials
meet requirements. The weight updating representations of error back propagation algorithm is as follows.
ω(t + 1) = ω(t) + ηfα′ (x)e(t)x(t)

(1)
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E(t) = y ∗ − y(t)
fα (x) = e−4.5(x−1)

(2)
2

(3)

where t is iteration number, ω(t) is weight while iteration number is t, η
is learning rate, fα (x) is transfer function, E(t) is diﬀerentials, x(t) is input
samples, y ∗ (t) is ideal output samples, y(t) is current actual output samples
while iteration number is t.
Table 5. Training data.
Number
1
2
3
4
5
6
7
8

Input samples
Initial output sample Initial output sample
0.8564, 0.9913, 0.4, 0.2499
0.9255
1
0.8564, 0.6555, 0.42, 0.45
0.7266
0.8
0.8564, 0.3277, 0.5600, 0.6
0.4492
0.5
0.8564, 0.7375, 0.28 0.3
0.7891
0.85
0.8564, 0.49165, 0.42, 0.45
0.5889
0.65
0.4, 0.3277, 0.4, 0.2499
0.1538
0.1
0.4, 0.2458, 0.4, 0.2499
0.1207
0.1
0.4, 0.3277, 0.175, 0.1875
0.1538
0.1

The (a), (b), (c) in Fig.6 shows the training process of weight ω1 , weight ω2
and mean square error e respectively. The two weights converge to ω1 =0.5221,
ω2 =0.5258 when the iteration is around 400, and e=0.00177. Therefore, the
diagnosis results are more in line with actual situation via utilizing the error
back propagation algorithm of AFSN P systems.
6.2

Learning algorithm of AFSN P systems based on particle
swarm optimization

Back propagation algorithm of AFSN P systems has the problems that low
learning eﬃciency and slow convergence speed. In this paper, particle swarm optimization (PSO) algorithm [16] is applied to optimize the Learning algorithm of
AFSN P systems. The thought of this new method is based on the back propagation algorithm and the initial weights of AFSN P systems are optimized by PSO
so that the convergence can be obtained fast and accurately. The dimension of
particle is the number of weights that need to update. Each particle is a solution
of weights of the mean square error. The best initial weights which own the best
ﬁtness are acquired by the particle optimization. The ﬁtness of particle is the
mean square error. Speciﬁc algorithm process is as follows.
(1) Initialize a set of particle swarm.
(2) The mean square error obtained by learning algorithm of AFSN P systems
in part 6.1 is acted as ﬁtness of particle.
(3) The particle with best ﬁtness which is the optimal initial weight can be
acquired by evolution mechanism of PSO algorithm.
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(b)
0.03

0.025

e

0.02

0.015

0.01

0.005

X: 167
Y: 0.00177
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600
iteration

700
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(c)

Fig. 6. The learning results (a) ω1 . (b) ω2 . (c) e.

(4) Take the weights training as part 6.1, but the weight in step (1) of part
6.1 is replaced by the optimal initial weight in step (3) of this part.
These two algorithms are applied to fault diagnosis respectively. 20 times
tests are carried on the two algorithms and the results shown in Table 6. The
comparison parameters are the iteration numbers of weights and mean square
error reach to converge, and the iteration number is fewer, the convergence speed
is faster and the eﬃciency is higher. The best convergence curve of the two
algorithms in 20 times tests is compared in Fig.7.
In the 20 times tests, the best result of error back propagation algorithm
of AFSN P systems is iteration number t=95. Nevertheless, the best result of
learning algorithm of AFSN P systems based on particle swarm optimization is
iteration number t=4. Seen from Table 6 and Fig.7, the convergence speed of
learning algorithm of AFSN P systems based on particle swarm optimization
is faster than error back propagation algorithm of AFSN P systems obviously.
Therefore, the introduction of PSO algorithm has substantially improved the
learning eﬃciency of AFSN P systems.
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Table 6. Results comparison

Algorithm
Comparison
parameters
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

7

Error back propagation algorithm
of AFSN P systems
ω1

ω2

e

Learning algorithm of AFSN P
systems based on particle swarm
optimization
ω1
ω2
e

491
516
473
542
351
454
523
420
491
338
388
438
379
468
481
509
397
463
482
491

570
504
551
621
429
532
511
408
479
417
376
427
367
456
559
497
385
542
561
570

248
252
230
299
108
211
259
156
228
95
124
175
115
204
238
246
133
220
239
248

97
129
5
102
158
82
74
5
5
8
59
125
7
11
128
38
66
168
87
7

176
118
6
181
146
160
152
4
5
67
138
203
7
9
117
26
55
156
165
8

6
5
5
5
8
6
7
4
4
7
6
4
6
9
4
4
4
6
8
6

Conclusion

AFSN P systems are applied to fault diagnosis of power systems successfully
in this paper. The situations of complete, incomplete and superﬂuous information oﬀered by SCADA system are analyzed respectively. Diagnosis results show
that this method can diagnose fault elements and judge incorrect operation and
rejecting act accurately. Furthermore, compared with other method, the diagnosis process can be expressed by matrix so that its expression is more intuitive,
simple and diagnosis speed is faster. The diagnosis precision is higher through
introducing transfer function into the initial rule neurons of AFSN P systems.
This method owns better capacity of the grid topology because it is not need
to re-modeling. The convergence speed of this algorithm is improved obviously
after PSO algorithm is successfully leaded into learning algorithm of AFSN P
systems.
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Abstract. This paper discusses the application of fuzzy reasoning spiking neural
P systems with trapezoidal fuzzy numbers (tFRSN P systems) to fault diagnosis
of power systems, where a matrix-based fuzzy reasoning algorithm based on the
dynamic firing mechanism of neurons is introduced to develop the inference ability of tFRSN P systems from classical reasoning to fuzzy reasoning. Case studies
show the effectiveness of the presented method. We also briefly draw comparisons between the introduced method and several fault diagnosis approaches from
the perspectives of knowledge representation and inference process.
Keywords: Fuzzy reasoning spiking neural P system with trapezoidal fuzzy number, fuzzy reasoning, fault diagnosis, trapezoidal fuzzy number, linguistic term

1

Introduction

Membrane computing, formally introduced by Gh. Păun in [1], is an attractive research
field of computer science aiming at abstracting computing models, called membrane
systems or P systems, from the functioning and structures of living cells, as well as
from the way the cells are organized in tissues or higher order structures. In recent years,
much attention is paid to an important class of P systems, spiking neural P systems (SN
P systems) [3]-[10], which can be described as a directed graph. An SN P system, introduced in [2], is a kind of distributed and parallel computing models inspired by the neurophysiological behavior of neurons sending electrical impulses (spikes) along axons
from presynaptic neurons to postsynaptic neurons. The features of SN P systems, such
as inherent mechanism, understandability, dynamics, synchronization/asychronization,
non-linearity and nondeterminacy [3], [4], are regarded as great suitability for solving
various engineering problems.
Until now, only a few of investigations focus on the use of SN P systems to solve engineering problems. In [3], a fuzzy reasoning spiking neural P system with real numbers
(rFRSN P system) was presented to fulfill diagnosis knowledge representation and reasoning. In [11], An rFRSN P system was used for fault diagnosis of power systems and
three examples were used to verify its effectiveness. The studies in [3,11] used certainty
factors and truth degree values, which are described by real numbers obtained based on
⋆

Corresponding author.

266

T. Wang, G. Zhang

the frequency of occurrences from historical data, to deal with the fault diagnosis problem. As a matter of fact, it is difficult to obtain and process real-time statistical data
from giant power networks and the knowledge of dispatchers and experts of electrical
power systems usually contain linguistic terms with some degree of uncertainty, so how
to modify rFRSN P systems to solve fault diagnosis problems with a certain degree of
uncertainty is worth further discussing.
This paper discusses the extended version of rFRSN P systems, i.e., fuzzy reasoning
spiking neural P systems with trapezoidal fuzzy numbers (tFRSN P systems), and its
application to fault diagnosis of power systems. To adapt tFRSN P systems to solve fault
diagnosis problems, a matrix-based fuzzy reasoning algorithm (MBFRA) is introduced
according to the dynamic firing mechanism of neurons. Given initial pulse values of
all input neurons of a tFRSN P system, MBFRA can perform fuzzy inference to obtain
the pulse values contained in other neurons and export reasoning results represented
by trapezoidal fuzzy numbers. To make MBFRA suitable for multiple faults diagnosis
of power systems, a defuzzification method is used to deal with reasoning results to
obtain crisp numbers corresponding to them. Case studies show the effectiveness of the
presented method. We also briefly draw comparisons between tFRSN P systems and
several fault diagnosis approaches from the perspectives of knowledge representation
and inference process.
The remainder of this paper is organized as follows. Section 2 presents the definition
of tFRSN P systems and MBFRA. Section 3 discusses the application of tFRSN P
systems to fault diagnosis of power systems. Discussions on several fault diagnosis
methods are made in Section 4. Conclusions are finally drawn in section 5.

2

tFRSN P systems

A tFRSN P system of m ≥ 1 is a construct
Π = (O, σ1 , . . . , σm , syn, in, out)
where:
(1) O = {a} is the singleton alphabet (a is called spike);
(2) σ1 , . . . , σm are neurons, of the form σi = (θi , ci , ri ), 1 ≤ i ≤ m, where:

(a) θi is the potential value of spikes (i.e. value of electrical impulses) contained in
neuron σi and is expressed by a trapezoidal fuzzy number in [0,1];
(b) ci expresses the fuzzy truth value corresponding to neuron σi and is represented
by a trapezoidal fuzzy number in [0,1];
(c) ri represents a firing (spiking) rule contained in neuron σi with the form E/aθ →
aβ , where E is the firing condition which will be further explained later, θ and
β are also expressed by trapezoidal fuzzy numbers in [0, 1].

(3) syn ⊆ {1, 2, . . . , m} × {1, 2, . . . , m} with i ̸= j for all (i, j) ∈ syn, 1 ≤ i, j ≤ m,
is a directed graph of synapses between the linked neurons;
(4) in, out ∈ {1, 2, . . . , m} indicate the input neuron set and the output neuron set of
Π, respectively.
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tFRSN P systems, in which the definition of neurons and pulse values are extended,
is a novel class of SN P systems. In tFRSN P systems, the neurons are extended to four
types, i.e., proposition neurons and three rule neurons: general, and and or, and the
pulse value contained in each neuron is no longer the number of spikes represented by
a real value, but a trapezoidal fuzzy number in [0, 1], which can be interpreted as the
potential value of spikes contained in neuron σi . If θi > 0, the neuron σi contains a
spike with a value θi ; otherwise, the neuron contains no spike and the potential value
of σi is set as AF . The firing condition E = an means that the spiking rule, E/aθ →
aβ , contained in neuron σi , can be applied if and only if neuron σi receives n spikes,
otherwise, the firing rule cannot be applied. More details about tFRSN P systems can
refer to the preliminary work [9].
Fuzzy production rules consist of five types:
Type 1: Ri (ci ) : pj (θj ) → pk (θk ); θk = θj ⊗ ci .
∧ 2 (θ2 )⃝
∧ . . . ⃝p
∧ k−1 (θk−1 ) → pk (θk ); θk = (θ1 ∧ θ2 ∧
Type 2: Ri (ci ) : p1 (θ1 )⃝p
. . . ∧ θk−1 ) ⊗ ci .
∧ 3 (θ3 )⃝
∧ . . . ⃝p
∧ k (θk ); θ2 = θ3 = . . . θk =
Type 3: Ri (ci ) : p1 (θ1 ) → p2 (θ2 )⃝p
θ1 ⊗ ci .
∨ 2 (θ2 )⃝
∨ . . . ⃝p
∨ k−1 (θk−1 ) → pk (θk ); θk = (θ1 ∨ θ2 ∨
Type 4: Ri (ci ) : p1 (θ1 )⃝p
. . . ∨ θk−1 ) ⊗ ci .
∨ 3 (θ3 )⃝
∨ . . . ⃝p
∨ k (θk ).
Type 5: Ri (ci ) : p1 (θ1 ) → p2 (θ2 )⃝p
where Ri represents the ith fuzzy production rule; ci is the certainty factor of the
rule Ri ; pi is a proposition appearing in the antecedent or consequence part of a rule,
1 ≤ i ≤ k (k is the number of propositions in a rule-based system); θj in Type 1
represents the jth proposition, 1 ≤ j ≤ k − 1; θi represents the fuzzy truth value corresponding to the ith proposition [13]. ci and θi are trapezoidal fuzzy numbers defined in
∧ and ⃝
∨ represent the and and or operathe universe of discourse [0, 1]. The symbols ⃝
tors of trapezoidal fuzzy numbers, and ∧ and ∨ are the minimization and maximization
operators, respectively. Because rules Type 5 are unsuitable for diagnosis, they are not
considered in the following texts. tFRSN P system models for rules Type 1 to Type 4
are shown in Fig. 1.
The trapezoidal fuzzy number in tFRSN P systems can be characterized as a 4-tuple
T˜f = (a, b, c, d), shown in Fig. 2, where a and d represents the left hand and right
hand width of the trapezoidal distribution and (b, c) denotes the interval in which the
membership value is equal to 1 [12]. Let Ã and B̃ be two trapezoidal fuzzy numbers,
Ã = (a1 , b1 , c1 , d1 ) and B̃ = (a1 , b2 , c2 , d2 ). The arithmetic operations of Ã and B̃ are
listed as follows [13]:
1. Addition ⊕:
Ã ⊕ B̃ = (a1 , a2 , a3 , a4 ) ⊕ (b1 , b2 , b3 , b4 )=(a1 + b1 , a2 + b2 , a3 + b3 , a4 + b4 );
2. Subtraction ⊖:
Ã ⊖ B̃ = (a1 , a2 , a3 , a4 ) ⊖ (b1 , b2 , b3 , b4 )=(a1 − b1 , a2 − b2 , a3 − b3 , a4 − b4 );
3. Multiplication ⊗:
Ã ⊗ B̃ = (a1 , a2 , a3 , a4 ) ⊗ (b1 , b2 , b3 , b4 )=(a1 × b1 , a2 × b2 , a3 × b3 , a4 × b4 );
4. Division ⊘:
Ã ⊘ B̃ = (a1 , a2 , a3 , a4 ) ⊘ (b1 , b2 , b3 , b4 )=(a1 /b1 , a2 /b2 , a3 /b3 , a4 /b4 ).
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Fig. 1. tFRSN P system models for fuzzy production rules. (a) Type 1; (b) Type 2; (c) Type 3; (d)
Type 4.
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Fig. 2. A trapezoidal fuzzy number.

The defuzzification method in [14] is chosen to obtain a crisp number tf associated
with a trapezoidal fuzzy number M , which is shown in (1), where e and f are the
extreme values of the whole fuzzy set range. In this study, e and f equal to 0 and 1,
respectively.
tf =

(d − e) + (c − e)
((d − e) + (c − e)) − ((a − f ) + (b − f ))

(1)

To adapt tFRSN P systems to solve fault diagnosis problems, we introduce MBFRA
in the following description.
Given initial truth values of propositions corresponding to all input neurons in an
tFRSN P system, MBFRA can perform fuzzy reasoning to obtain the fuzzy truth values
of other neurons with unknown pulse values and output reasoning results. Assume that
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the tFRSN P system contains l proposition neurons and n rule neurons, each of which
may be general, and or or rule neurons, m = l + n, where m is the number of all the
neurons in this system.
In order to clearly present the reasoning algorithm, we first introduce some parameter vectors and matrices as follows.
1) θ = (θ1 , θ2 , . . . , θl )T is a fuzzy truth value vector of the l proposition neurons,
where θi represents the pulse value contained in the ith proposition neuron, 1 ≤ i ≤
l, and is expressed by a trapezoidal fuzzy number in [0, 1]. If there is not any spike
contained in a proposition neuron, its pulse value is “unknown” or (0, 0, 0, 0).
2) δ = (δ1 , δ2 , . . . , δn )T is a fuzzy truth value vector of the rule neurons, where
δj represents the pulse value contained in the jth rule neuron, 1 ≤ j ≤ n, and it is
expressed by a trapezoidal fuzzy number [0, 1]. If there is not any spike contained in a
rule neuron, its pulse value is “unknown” or (0, 0, 0, 0).
3) C = diag(c1 , c2 , . . . , cn ) is a diagonal matrix, where cj is the certainty factor of
the jth fuzzy production rule, 1 ≤ j ≤ n, and it is expressed by a trapezoidal fuzzy
number.
Algorithm 1 MBFRA
Input: D1 , D2 ,D3 , E, C, θ0 and δ0 , where θ0 and δ0 represent the initial values of proposition
neurons and rule neurons, respectively.
1: Set the termination condition 0 = (unknown, unknown, . . . , unknown)Tn
2: Let t = 0, where t represents the reasoning step
3: while (δt ̸= 0) do
4:
if the firing condition E = an of each input neuron (t = 0) or each proposition neuron
(t > 0) is satisfied then
◦ t−1 ) ⊕
5:
the neuron fires and compute the fuzzy truth value vector δt via δt = (DT1 ⃝θ
∗ t−1 )
(DT2 ⊙ θt−1 ) ⊕ (DT3 ⃝θ
6:
if there is a postsynaptic rule neuron then
7:
each input neuron (t = 0) or each proposition neuron (t > 0) transmits a spike to
the next rule neuron
8:
else
9:
just accumulate the value in each input neuron (t = 0) or each proposition neuron
(t > 0)
10:
end if
11:
end if
12:
if the firing condition E = an of each rule neuron is satisfied, the rule neuron fires then
13:
the rule neuron fires and compute the fuzzy truth value vector θt via θt =
∗
◦ t ) and transmits a spike to the next proposition neuron
ET ⃝(C
⃝δ
14:
end if
15:
t=t+1
16: end while
Output: θt−1 , where represents the final states of pulse values contained in proposition neurons.

4) D1 = (dij )l×n is a synaptic matrix representing the directed connection between
proposition neurons and general rule neurons. If there is a directed arc (synapse) from
the proposition neuron σi to the general rule neuron σj , dij = 1, otherwise, dij = 0.
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5) D2 = (dij )l×n is a synaptic matrix representing the directed connection between
proposition neurons and and rule neurons. If there is a directed arc (synapse) from the
proposition neuron σi to the and rule neuron σj , dij = 1, otherwise, dij = 0.
6) D3 = (dij )l×n is a synaptic matrix representing the directed connection between
proposition neurons and or rule neurons. If there is a directed arc (synapse) from the
proposition neuron σi to the or rule neuron σj , dij = 1, otherwise, dij = 0.
7) E = (eji )n×l is a synaptic matrix representing the directed connection between
rule neurons and proposition rule neurons. If there is a directed arc (synapse) from the
rule neuron σj to the proposition neuron σi , eji = 1, otherwise, eji = 0.
Subsequently, we introduce some multiplication operations as follows.
T
◦ : C⃝
◦ δ = (c1 ⊗ δ1 , c2 ⊗ δ2 , . . . , cn ⊗ δn )T , D ⃝
◦ θ = (d¯1 , d¯2 , . . . , d¯n )T ,
1) ⃝
where d¯i = di1 θ1 +di2 θ2 + . . . +dil θl , i = 1, 2, . . . , n.
2) ⊙: DT ⊙ θ = (d¯1 , d¯2 , . . . , d¯n )T , where d¯i = di1 θ1 ∧di2 θ2 ∧ . . . ∧dil θl , i = 1, 2,
. . . , n.
T
∗: E ⃝
∗ δ = (e¯1 , e¯2 , . . . , e¯l )T , where e¯i = ei1 δ1 ∨ ei2 δ2 ∨ . . . ∨ ein δn , i =
3) ⃝
1, 2, . . . , l.
Thus, we list the pseudocode of MBFRA as shown in Algorithm 1.

3

Application Examples and Results

In this section, a power system with 14-buses, chosen from [15] and shown in Fig. 3,
is applied as an example to describe how to use tFRSN P systems with MBFRA to
solve the fault diagnosis problem. The system contains 34 system sections, including
14 buses and 20 transmission lines. The buses are marked as Bpp and the transmission
lines are represented as Lppqq , where 0 ≤ p, q ≤ 9. The protection system of the
14-bus system contains 174 protective devices consisting of 40 circuit breakers (CBs),
40 main transmission line relays, 40 first backup transmission line relays, 40 second
backup transmission line relays and 14 bus relays. A local part, which is composed of
a transmission line L1314 , its adjoining two buses, B13 and B14 , and its adjoining three
transmission lines, L1213 , L0613 and L0914 , of the protection system is given to describe
its structure and symbols of protection devices. The local system is shown in Fig. 4. The
operational rules of the protective devices are descried as follows [15].
The main transmission line relay M LR1314 protects the entire line L1314 and it
will operate to trip its associated CB, i.e., CB1314 , to clear a fault on the line L1314 .
The bus relay BR13 protects the bus B13 and it will operate to trip the three CBs,
i.e., CB1312 , CB1306 and CB1314 , if there is a fault occurs on the bus B13 . The first
backup transmission line relay BLR1314 is a local backup of the relay M LR1314 and
has the same protection zone as M LR1314 . The relay BLR1314 will operate to trip
CB1314 to clear a fault if the fault clearance by the relay M LR1314 fails. Secondary
backup transmission line relays SLR1213 and SLR0613 are the remote backups of the
relays M LR1314 and BLR1314 . They will operate to trip their corresponding CBs,
i.e., CB1213 and CB0613 , respectively, to clear a fault if the fault clearance by both
M LR1314 and BLR1314 fails. The relays SLR1213 and SLR0613 are also two remote
backups of the relay BR13 and they will operate to trip CBs, i.e., CB1213 and CB0613 ,
respectively, to clear a fault if the fault clearance by the relay BR13 fails. The functions

Application of Fuzzy Reasoning Spiking Neural P Systems to Fault Diagnosis
B13

B12

CB1213

CB1206

B14
CB1314

CB1312

L1213

CB1213

CB1206

L1314

CB1306

CB0612

L0914
L1011

CB0613
L0611

CB0611

CB1110

CB1106

L0910
CB1011

CB1009

B11

B06

CB0910

CB0506

L0709

L0407

CB0409

CB0504

CB0407

CB0405

CB0704

B05
CB0402

CB0502

CB0403

L0205

CB0709

B07

B04

CB0501

B09

CB0904

L0409
L0405

CB0914

B10

CB0605
L0506

271

CB0708
L0708

L0304

L0105
B01

CB0105

CB0102

L0204

L0102

L0203

CB0302

CB0807

CB0304

B03
CB0205

CB0201

CB0204

B08

CB0203

CB08G 2

CB01G1
B02

G2

G1

Fig. 3. The power system with 14 buses.
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Fig. 4. A local part of the protection system of the 14-bus power system.

of the four relays, M LR1413 , BLR1413 , SLR0914 and BR14 , and three CBs, CB1413 ,
CB1409 and CB0914 , in the process of protecting the line L1314 and the bus B14 are
similar and the protection systems for other sections in the 14-bus power system have
the same protection rules, so it is not necessary to repeatedly describe their operation
rules.
The protection rules described above show that when a fault occurs on a certain
section of a power system, protection devices will reach certain statuses to protect the
section. Meanwhile, the relay trip signals and CBs status signals, used as inputs of fault
diagnosis of sections, can be obtained from remote terminal units (RTUs) of supervisory
control and data acquisition (SCADA) systems. The diagnostic strategy in this study is
to build one tFRSN P system diagnosis model for each candidate fault section of a
power system and each model performs MBFRA by using SCADA data, i.e., relay trip
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Fig. 5. Fault diagnosis model of transmission line L1314 based on a tFRSN P system.

signals and CBs status signals, to get a trapezoidal fuzzy number which represents the
fault confidence level of the section. In a single fault case, the section with the highest
fault confidence level is the faulty section. In multiple faults cases, several sections
with fault confidence levels which are greater than a threshold, which is set as real
number 0.5 in this study, are regarded as faulty sections. Thus, to obtain real numbers
for easily comparing the fault confidence levels with the threshold, a defuzzification
method shown in (1) is used to process the reasoning results represented by trapezoidal
fuzzy numbers. In addition, the fault confidence levels of faulty sections in multiple
faults cases are ranked from high to low to help operators to decide a repair order of the
sections.
Fig. 5 and Fig. 6 show the tFRSN P diagnosis models for L1314 and B13 , respectively. It is worth noting that there are several assistant arcs (synapsises) in the figures.
For illustration purposes, we take arcs, from σ2 to σ25 and from σ2 to σ26 , as examples.
The meanings of the two arcs are that if CB1314 opens, the operation of its corresponding second backup protective devices, including relays (SLR0613 and SLR1213 ) and
CBs (CB0613 and CB1213 ), is invalid; otherwise, the operation of the second backup
protective devices is valid. In what follows we take transmission line L1314 as an example to show the fuzzy reasoning process of MBFRA based on tFRSN P systems.
Case 1: transmission line L1314 has a fault. Operated relays: M LR1314 , BLR1314 ,
SLR0613 , SLR1213 , M LR1413 . Tripped CBs: CB1413 , CB1213 , CB0613 .
The tFRSN P system for L1314 is Π1 and its corresponding tFRSN P system diagnosis model is shown in Fig. 5.
Π1 = (O, σ1 , σ2 , . . . , σ36 , syn, in, out)
where
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Fig. 6. Fault diagnosis model of bus B13 based on a tFRSN P system.

1) O = {a} is the singleton alphabet (a is called spike);
2) σ1 , σ2 , . . . , σ22 are proposition neurons corresponding to the propositions with
fuzzy truth values θ1 , θ2 , . . . , θ22 ;
3) σ23 , σ24 , . . . , σ36 are rule neurons, where σ23 , σ25 , . . . , σ29 are and rule neurons,
σ30 , σ36 are or rule neurons and σ31 , σ32 , . . . , σ35 are general rule neurons;
4) syn = {(1, 23) , (2, 23), (2, 24), (2, 25), (2, 26), (3, 24), (4, 25), (5, 25), (6, 26),
(7, 26), (8, 27), (9, 27), (9, 28), (9, 29), (10, 28),(11, 29),(12, 29),(13, 30),(14, 30),(15,
31), (16, 32), (17, 33), (18, 34), (19, 35), (20, 36), (21, 36), (23, 13), (24, 14), (25, 15),
(26, 16), (27, 17),(28, 18),(29, 19),(30, 20), (31, 20), (32, 20), (33, 21), (34, 21), (35,
21), (36, 22)};
5) in = {σ1 , σ2 , . . . , σ12 }, out = {σ22 }.
The knowledge of dispatchers in power systems may contain linguistic terms and
the statuses of devices may have a certain degree of uncertainty. Table 1 shows an example of linguistic terms and their corresponding trapezoidal fuzzy numbers. In the
tFRSN P system Π1 , input neurons σ1 , σ2 , . . . ,σ12 are assigned as the empirical values V H, AF, H, M H, M H, M H, M H, V H, V H, L, AF, AF , respectively. Certainty
factors corresponding to rule neurons σ23 , σ24 , . . . , σ36 are given values V H, V H, H,
H, V H, H, H, V H, V H, V H, V H, V H, V H, V H, respectively.
According to Table 1, we obtain the trapezoidal fuzzy numbers θ0 and δ0 .
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Table 1. Linguistic terms and their corresponding trapezoidal fuzzy numbers
Linguistic Terms
absolutely-false (AF)
very-low (VL)
low (L)
medium-low (ML)
medium (M)
medium-high (MH)
high (H)
very-high (VH)
absolutely-high (AH)

Trapezoidal Fuzzy Numbers
(0, 0, 0, 0)
(0, 0, 0.02, 0.07)
(0.04, 0.1, 0.18, 0.23)
(0.17, 0.22, 0.36, 0.42)
(0.32, 0.41, 0.58, 0.65)
(0.58, 0.63, 0.80, 0.86)
(0.72, 0.78, 0.92, 0.97)
(0.975, 0.98, 1, 1)
(1, 1, 1, 1)




(0.975, 0.98, 1, 1)


(0, 0, 0, 0)


(0.72, 0.78, 0.92, 0.97)


(0.58, 0.63, 0.80, 0.86)


(0.58, 0.63, 0.80, 0.86)


(0.58, 0.63, 0.80, 0.86)



θ0 = 
,
(0.58, 0.63, 0.80, 0.86)
 (0.975, 0.98, 1, 1) 


 (0.975, 0.98, 1, 1) 


 (0.04, 0.1, 0.18, 0.23) 




(0, 0, 0, 0)




(0, 0, 0, 0)
O
22×1

[ ]
δ0 = O 14×1 .

When t = 1, we get the results



(0, 0, 0, 0)


((0, 0, 0, 0)


(0.58, 0.63, 0.80, 0.86)


(0.58, 0.63, 0.80, 0.86)

δ1 = 
,
 (0.975, 0.98, 1, 1) 


 (0.04, 0.1, 0.18, 0.23) 




(0, 0, 0, 0)
O
14×1


O
(0.4176, 0.4914, 0.736, 0.8342)i=15 


 (0.4176, 0.4914, 0.736, 0.8342) 


θ1 = 
.

(0.9506, 0.9604, 1, 1)


 (0.0288, 0.078, 0.1656, 0.2231) 
O
22×1

When t = 2, we obtain the results
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O
(0.4176, 0.4914, 0.736, 0.8342)j=9 


 (0.4176, 0.4914, 0.736, 0.8342) 


δ2 = 
,

(0.9506, 0.9604, 1, 1)


 (0.0288, 0.078, 0.1656, 0.2231) 
O
14×1


O
(0.4072, 0.4816, 0.736, 0.8342)i=20 

θ2 = 
.


(0.9268, 0.9412, 1, 1)
O
22×1

When t = 3, we have the results
[

O
δ3 =
(0.9268, 0.9412, 1, 1)

]
O
, θ1 =
.
(0.9036, 0.9224, 1, 1) 22×1
14×1

]

[

When t = 4, we get the results
[ ]
δ4 = O 19×1 .

Thus, the termination condition is satisfied and the reasoning process ends. We obtain the reasoning results, i.e., the fuzzy truth value (0.9036,0.9224,1,1) of the output
neuron σ22 . The transmission line L1314 is a faulty section with a confidence level
(0.9036,0.9224,1,1).
tFRSN P systems and MBFRA are also suitable for multiple faults diagnosis problems in power systems. In what follows we take an example of the power system in Fig.
3 to show the effectiveness of the method in diagnosing multiple faults.
Case 2: multiple faults. Operated relays: M LR1314 , M LR1413 , BLR0613 , SLR1213 .
Tripped CBs: CB1314 , CB1413 , CB0613 , CB1213 .
According to the SCADA data, four candidate fault sections, i.e., L1314 , B13 , L0613
and L1213 , are selected. The tFRSN P systems of the four sections are established to perform MBFRA, respectively. After the fuzzy reasoning, fault confidence levels, (0.9036,
0.9224, 1, 1), (0.6673, 0.7341, 0.92, 0.97), (0.6673, 0.7341, 0.92, 0.97) and (0.2165,
0.299, 0.623, 0.7849), represented by trapezoidal fuzzy numbers of sections L1314 ,
B13 , L0613 and L1213 are obtained. According to (1), we obtain their corresponding
real numbers, i.e., 0.92, 0.7595, 0.7595 and 0.475. Thus, there are three faulty sections,
i.e., L1314 , B13 and L0613 . The results are summarized in Table 2.

4

Discussions

A tFRSN P system is a novel graphic model for representing fuzzy knowledge and information. This study employs it to diagnose the faults of power systems. The fault
diagnosis ability of a method is usually associated with the knowledge availability and
the reasoning process. Thus, in what follows, we make a comparison between tFRSN
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Table 2. Relay trip signals and CBs status signals observed, and diagnosis results
Candidate
fault section
L1314
B13
L0613
L1213

Confidence
level
(0.9036,0.9224,1,1)
(0.6673,0.7341,0.92,0.97)
(0.6673,0.7341,0.92,0.97)
(0.2165,0.299,0.623,0.7849)

Corresponding
real number
0.92
0.7595
0.7595
0.475

Ranking
1
2
3
-

Fault
section
Yes
Yes
Yes
No

P systems and several fault diagnosis approaches from the aspects of knowledge representation and inference process.
(1) Expert systems (ESs). Both ES and the fault diagnosis method based on tFRSN
P systems (FDM-tFRSNP) can make full use of experts’ knowledge. Their differences
are: ES needs long response time and the maintenance of its knowledge base is difficult
[16]; FDM-tFRSNP possesses parallel reasoning ability and adopts graphical knowledge representation and reasoning, which can avoids the main limitation of ES.
(2) Fuzzy set theory (FST). FST is an effective way to represent uncertain information but the definition of membership function is a hard job [16]. The FST-based
method and FDM-tFRSNP both possess the ability to deal with uncertainty of protective devices. In addition, linguistic terms used in both methods make them more closer
to the way of human thinking compared with the methods using crisp numbers. The
main differences between them are that FDM-tFRSNP makes a fast reasoning speed
and the matrix reasoning process is easier to describe diagnostic process as well as its
programming.
(3) Artificial neural networks (ANNs). ANNs can be regard as opaque black boxes
and is easily used. The main problems of ANNs lie in the difficult acquisition of a
complete samples set and a tedious training process needing extra time consumption.
In addition, premature convergence is also a problem. FDM-tFRSNP neither needs a
training process with a set of comprehensive training data nor has a premature convergence problem [11]. Besides, FDM-tFRSNP can intuitively represent the relationships
between faults and operations of protection devices. This feature is very helpful for
operators to analyze and summarize failure processes.
(4) Fuzzy Petri nets (FPNs). Both FPNs and tFRSN P systems have graphical knowledge representation and parallel computing ability. However, the mechanism of tFRSN
P systems is originated from neurophysiological behavior of neurons or/and living cells.
Thus, working principle of different types of neurons or/and cells may provide new
inspirations for extending SN P systems (or tFRSN P systems), which can increase
the ways of knowledge representation and reasoning to solve new problems in power
systems [4]. In addition, tFRSN P systems with trapezoidal fuzzy numbers have three
proposition neurons types,i.e., general, and and or, and one rule neuron type, while
FPNs only contain same places and transition types. Thus, more differen types of neurons make FDM-tFRSNP have better flexibility and trapezoidal fuzzy numbers (linguistic terms) make tFRSN P systems more understandable to operators of power systems.
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Conclusions

In this study, tFRSN P systems and their fault diagnosis algorithm, MBFRA, are introduced to extend the application area of SN P systems in fault diagnosis of power
systems. The proposal of MBFRA is based on the dynamic firing mechanism of neurons. Given initial pulse values of all input neurons of a tFRSN P system, MBFRA
can obtain the pulse values of other neurons by performing fuzzy reasoning. To make
MBFRA suitable for fault diagnosis in power systems, a defuzzification method is employed to treat reasoning results represented by trapezoidal fuzzy numbers. Application
examples show that tFRSN P systems with MBFRA is effective in correctly diagnosing
faulty sections of power systems.
The aim of this study is to construct a tFRSN P system diagnosis model for each candidate fault section. The scale of each diagnosis model depends on protective devices
connections of the candidate fault section rather than the scale of power systems. Thus,
the introduced method can be used for large-scale power systems. This study focuses
on the effectiveness and correctness of the fault diagnosis method. To test the speed
and accuracy of tFRSN P systems and MBFRA in diagnosing faulty sections of power
systems, our future work will simulate them on MATLAB, P-Lingua or MeCoSim.
Moreover, how to verify and realize the parallelism of tFRSN P systems and MBFRA
on hardware such as FPGA and CUDA is also our further task.
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6. Cavaliere, M., Ibarra, O.H., Păun, Gh., Egecioglu, O., Ionescu, M., Woodworth, S.: Asynchronous Spiking Neural P Systems. Theoretical Computer Science, 410(24-25), 2352–2364
(2009)
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A Modified Membrane-Inspired Algorithm
Based on Particle Swarm Optimization for
Mobile Robot Path Planning
Xueyuan Wang, Gexiang Zhang, and Junbo Zhao
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P.R. China

Abstract. To solve the multi-objective mobile robot path planning in
a dangerous environment with dynamic obstacles, this paper proposes
a modiﬁed membrane-inspired algorithm based on particle swarm optimization (mMPSO), which combines membrane systems with particle
swarm optimization. In mMPSO, a dynamic double one-level membrane
structure is introduced to arrange the particles with various dimensions
and perform the communications between particles in diﬀerent membranes; a point repair algorithm is presented to change an infeasible
path into a feasible path; a smoothness algorithm is proposed to remove
the redundant information of a feasible path; inspired by the idea of
tightening ﬁshing line, a moving direction adjustment for each node of
a path is introduced to enhance the algorithm performance. Extensive
experiments conducted in diﬀerent environments with three kinds of grid
models and ﬁve kinds of obstacles show the eﬀectiveness and practicality
of mMPSO.
Keywords: Membrane computing, evolutionary membrane computing,
particle swarm optimization, variable dimensions, mobile robot path
planning, membrane systems.

1

Introduction

As a branch of natural computing, membrane computing(MC), initiated by
Păun in 1998, aims to abstract the distributed and parallel computing models,
also called P systems or membrane systems, from the compartmentalized structure and interactions of living cells [1, 2]. There are three main areas in this
community [3]: theoretical study including computing models and their computing power and eﬃciency; applications such as modeling biological processes and
approximately solving engineering optimization problems; software and hardware realization. In the past fourteen years, much attention was paid to the
theoretical aspects, but the applications are worth further discussing, especially
for solving real-world engineering problems [4].
Evolutionary algorithms (EAs) are a class of probabilistic search methods
with many advantages such as ﬂexibility, easy-understanding, convenient application and robust performance. while the outstanding characteristics of MC are
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that the distributed and parallel computing models can provide ﬂexible evolution rules and parallel-distributed framework [5]. Until now, diﬀerent kinds
of membrane-inspired evolutionary algorithms (MIEAs) has been established.
In [6], a certain number of nested membrane structures in the skin membrane
were combined with EAs for multi-objective optimization problems. In [7], Brownian and genetic algorithms (GA) were combined for the solution of traveling
salesman and job-shop scheduling problems. A novel MIEA, called QEPS, combining quantum-inspired evolutionary algorithms with P systems to solve a class
of well-known combinatorial optimization problems, knapsack problems, image
processing, was presented in [8, 9]. In QEPS, a one-level membrane structure
(OLMS) was introduced. Particle swarm optimization (PSO) with OLMS were
used to solve broadcasting problems of P systems and radio spectrum allocation, respectively [10, 13]. In [11, 12], Xiao et al. applied the bio-inspired algorithm based on membrane computing for engineering design problems and DNA
sequence design, respectively.
The investigations verify the usefulness of the introduction of P systems
into EAs to solve various real-world applications. To the best of our knowledge,
there is not any work focusing on the use of a MIEA to solve mobile robot
path planning problems (MR3P), which is one of very important real-world
applications.
In this paper, a modiﬁed membrane-inspired algorithm based on particle
swarm optimization (mMPSO) is proposed to solve MR3P. The main contributions of this paper can be summarized as follows:
1. In this study, the solving process of MR3P is considered as a dimensionreducing optimization procedure and therefore a PSO with variable dimensions (vPSO) is introduced into mMPSO, and further a dynamic double
OLMS (D-OLMS) with membrane division and dissolution is presented to
combine with vPSO to arrange the particles and execute the communications
between regions delimited by membranes.
2. Mobile robot path planning is a multi-objective optimization problem. This
study considers three objectives, distance, safety and smoothness, instead of
a single (path length) [14, 17, 20, 24–26] or bi-objectives (path length and
risk degree) [16,27,31]. A point repair algorithm and a smoothness approach
are presented to eﬀectively trade-oﬀ multiple objectives and speed-up the
mMPSO convergence. The point repair algorithm can change an infeasible
path into a feasible path. The smoothness approach can remove the redundant information of a feasible path.
3. Inspired by the idea of tightening ﬁshing line, a moving direction adjustment
for each node of a path is introduced to enhance the algorithm perfor mance,
together with the point repair algorithm.
4. Extensive experiments are carried out by considering various environments
with diﬀerent grid models and diﬀerent obstacles to verify the eﬀectiveness
and practicality of mMPSO.
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This rest of this paper is organized as follows. Section 2 describes MR3P. In
Section 3, we present mMPSO for solving MR3P. Section 4 discusses parameter
setting and provides experimental results. Conclusions are drawn in Section 5.

2

Mobile Robot Path Planning Problems

This section will give a brief description of MR3P and then summarizes its
related work.

2.1

Problem Statement

MR3P is to ﬁnd a reasonable collision-free path for mobile robots from its
starting position to target position through an environment containing static
or dynamic obstacles. It is proved that MR3P is an NP-complete problem [28].
Mobile robots are very useful for the dangerous or abominable environments
that humans are not able to reach. So, in recent years, mobile robotics ﬁeld is
a very heated and also challenging research area. As one of important research
themes in the mobile robotics ﬁeld, MR3P, launched at the 1960s, has become
an attractive area since the work in [14].
Generally, the criterion for planning a mobile path has to consider many factors, such as the shortest distance, safety degree, smoothness, the lowest energy
cost and minimum time, based on the characteristics of a special robot with the
minimal turning radius, acceleration and the limited velocity and the features of
the environment, such as the distances between obstacles, the shapes of obstacles, the occurrence probabilities of dynamic obstacles. Thus, the optimization
of a mobile robot path in a static or dynamic environment is very complicated.
To realize the real time robot path planning in a dynamic environment or the
consideration that a robot can dynamically track the motion target, at least
three aspects should be carefully considered together due to their interactions
between each other.
(I) An eﬃcient and eﬀective optimization approach is very important for
planning a good mobile robot path. Aiming to MR3P with a dynamic environment, this study proposes mMPSO to solve it.
(II) A simple and good objective function is very important for planning a
good mobile robot path. In this study, the objective function is to minimize the
path length, to maximize the smoothness and to maximize the distances between
a robot and the obstacles or dangerous sources, and can be expressed as
f = Kd · Dis + Kf · S + Ks · SD

(1)

where Kd , Ks , Kv are the weighing factors of path length, smoothness and
safety degree, respectively. The detailed description of path length, smoothness
and safety degree are as follows:
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1. Path length: Path length Dis is the sum of distances between n nodes from
the starting point to the end point and can described as
Dis =

n−1
∑

L (i, i + 1)

(2)

i=0

where L(i, i + 1) is the distance between nodes i and i + 1, L(i, i + 1) =
√
(xi+1 − xi )2 + (yi+1 − yi )2 , where xi and xi+1 are the x-axis values of
nodes i and i + 1; yi and yi+1 are the y-axis values of nodes i and i + 1,
respectively.
2. Smoothness: Smoothness refers to the sum of the reﬂection angles formed
by any three neighboring nodes of a path. As usual the direct calculating
method of smoothness is a time-consuming process, so this study uses an
indirect approach, i.e., uses the ratio Sc of the number of deﬂection angles
less than the given expected value to the total number of deﬂection angles
and the ratio Sp of the number of path segments more than the number of
the segments in the path with the smallest number of path segments in a
group to the total number of path segments to evaluate the smoothness of a
path. Smoothness can be calculated by using the following formula:
S = α · Sc + β · Sp

(3)

l
min
where Sc = 1 − NDA
; Sp = 1 − SN
, where Nf is the total number of path
f −1
f
segments; DAl is the number of deﬂection angles greater than the expected
value; Smin is the number of the segments in the path with the smallest
number of path segments in a group; α and β are two weighting coeﬃcients.
3. Safety degree: Safety degree (SD) is the sum of deviation degrees Ci (i =
1, 2, . . . , N ) between any segment in a path and its nearest obstacle. SD is
deﬁned as
n−1
∑
SD =
(4)
Ci

Ci =

{

i=1

0
eλ−di

di ≥ λ
di < λ

(5)

where di is the minimal distance between the ith segment and its nearest
obstacle; λ is the threshold of safty degree.
(III) The establishment of an environment model is the foundation of MR3P
and decides the environment feature (static or dynamic), how to choose an evaluation method and an optimization approach to implement the path planning
for a mobile robot. There are three main environment models: vector (obstacles
represented by polygons), grid (occupancy cell) and graph (Voronoi diagram or
visibility graph). As compared with vector and graph, grid is simple and has extensibility. This study uses grid environment. The main idea of the grid model is
that a two-dimensional environment is divided into a certain number of squares.
There are two ways using to represent a grid-based environment. One is X-Y
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coordinates plane [15, 16] and the other is an orderly numbered grid [17], which
has been widely used. We adopt the latter way, in which a square environment
is evenly divided into a certain number of squares, i.e., the x-axis and y-axis is
divided equally into m parts, thus, we get m × m grids, where one or more grids
are used to represent the obstacles. An example of the 10 × 10 grids is shown in
Fig.1, where the grid map is encoded by using Matlab and a robot moves from
the starting grid 1 to the target grid 100. This study considers the actual size
of a robot rather than treated as a material point and the size of the used grid
must be the integer multiple of the robot diameter.
The mapping relations between coordinates (x, y) and the serial number p
beginning from one can be identiﬁed by the two formula:
p = n · N oC + m
{
m = f ix(x/SoG)
n = f ix(y/SoG)

(6)
(7)

where N oC is the number of columns; SoG is the size of a grid; the function
f ix(t) rounds the elements of t to nearest integers towards zero.
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Fig. 1. Grid-based environment with 10 × 10 grids

2.2

Related work

Since the pioneering work of T.Lozano-Pérez [14], a number of algorithms
to solve the path planning problems were reported in the past 30 years. These
algorithms can be generally divided into two main approaches: classic and heuristic [28]. The classical methods are dedicated to getting the solution to the problem by solving the mathematical equation through a few general approaches,
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such as cell decomposition, road maps, potential ﬁelds and mathematical programming [19]. The well-known road maps are Voronoi diagram [32], Silhouette,
and visibility graph [20]. The potential ﬁelds can be deﬁned as the sum of an
attractive force pulling the robot to goal position, and a repulsive force pushing
the robot away from the obstacles [23]. MR3P can be formulated as a mathematical optimization problem that ﬁnds a curve between the start and goal
conﬁgurations minimizing a certain scalar quantity by using the mathematical
programming approach. A comprehensive review on classic MR3P methods can
be found in [21].
Path planning problems have been proved to be NP-complete problems [22].
Although the classic approaches can be used to solve this problem, they may suffer from some drawbacks, such as easily falling into local minima, high complexity in high dimensions. In order to overcome these problems of classic methods,
heuristic algorithms have been developed.
The representative heuristic approaches for solving MR3P are neural networks, genetic algorithms [24], ant colony optimization, fuzzy logic [25], tabu
search, simulated annealing [26], particle swarm optimizer [31], probabilistic road
maps, rapidly exploring random trees, etc. Although heuristic methods do not
guarantee to ﬁnd an optimal solution, they may be faster and may have higher
eﬃciency than classical methods. On the other hand, as reported in the survey
paper [28], more attention will be paid to the heuristic methods than the classic
methods in the near future considering the advantages of the heuristic methods.
The studies in [29–31] has shown that the interest in PSO-based meta heuristics algorithms is growing in mobile robotics. Particularly interesting is the work
in [30,31] for solving the static or dynamic MR3P. According to the reports in the
literature, the dimensions of the search space are set to a ﬁxed value and remain
constant throughout the entire optimization process in almost all of PSO-based
algorithms for solving MR3P, so that the solving ability of the algorithms is limited to a single individual’s dimension and can not ﬁnd the optimal solutions.
In MR3P, the dimensions of the search space decide the number of nodes of
the optimal path. High dimensions may result in the decrease of the searching
eﬃciency, while low dimensions may cause the case that it is impossible to get
barrier-free path. In order to ﬁnd a proper dimension for a path and improve the
search eﬃciency to self-adapt the dynamic environment with randomly appearing or disappearing obstacles, mMPSO with variable dimensions is introduced
to solve MR3P and will be presented in the next section.

3

mMPSO for MR3P

This section starts with a brief description of standard PSO, and then we
describe mMPSO and how to use it to solve MR3P.
3.1

Standard Particle Swarm Optimization

Inspired by the movement of a ﬂock of birds searching for food, Eberhart and
Kennedy proposed an evolutionary optimization algorithm, called PSO [33]. In
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PSO, each particle represents a possible solution to the optimization task and
j
accelerates in the direction of its own personal best solution Pbest
(t) found so far,
as well as in the direction of the global best position Gbest (t) discovered so far
by any of the particles in the swarm. The position and velocity of each particle
are updated according to the following formula:
(
)
j
(t) − Xj (t) + c2 · r2 (Gbest (t) − Xj (t)) (8)
Vj (t + 1) = ρ · Vj (t) + c1 · r1 Pbest
Xj (t + 1) = Xj (t) + Vj (t + 1),

j = 1, 2, ..., N

(9)

where Vj (t) and Vj (t + 1) are the velocities of the particle at generation t and t+
1, respectively; Xj (t) and Xj (t + 1) are the positions of the particle at generation
t and t + 1, respectively; ρ is the inertia weight factor, which is used to control
the impact of the previous history of velocities on the current velocity and the
value of this factor usually decreases linearly from 0.9 to 0.4 [34]; as usual, a
large ρ is helpful for a global search, whereas a small ρ tends to facilitate local
search [35]; c1 and c2 , named cognitive and social parameters, are the acceleration
j
factors which determine the inﬂuence of Pbest
(t) and Gbest (t) in determining new
solutions; r1 and r2 represent the functions that generate independently random
numbers, which are uniformly distributed between 0 and 1; N is the number of
swarms in each iteration.
3.2

mMPSO

This study considers a gird-based environment, in which moving obstacles
or dangerous ranges may appear or disappear. To adapt the abominable environment, mMPSO uses a variable dimension PSO and a dynamic membrane
structure with membrane division and dissolution. To improve the mMPSO
performance such as eﬀectiveness, eﬃciency and extensibility, we introduce a
point repair algorithm, a smoothness approach and a moving direction adjustment technique. In what follows, we ﬁrst present variable dimensions and then
describe the point repair algorithm and the smoothness approach. Finally, we
summarize the mMPSO algorithm.
Variable Dimensions In mMPSO, each particle represents a feasible path,
instead of an infeasible path in other heuristic approaches such as genetic algorithms. If the dimension of each particle is ﬁxed, the search eﬃciency is often
bad due to the following reasons:
1. Population initialization, i.e., obtaining a population of initially feasible
paths through randomly searching each node row by row, is time-consuming,
especially for large grids or complex environments with circuitous route phenomenon.
2. The search process of the algorithm with ﬁxed dimensions is also timeconsuming, as compared with the dimension-reducing methods, because the
variable dimensions in this study consider the removal of redundant information at each iteration.
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3. Due the complex or abominable environment, the optimization algorithms
with ﬁxed dimensions has low eﬃciency and poor adaptability.
To overcome these shortcomings, a set of high-dimension particles are needed
at the beginning and the dimension of the best solution, i.e., the optimal path,
is usually quite low. Thus, the dimensions of each particle in mMPSO are considered to be variable. In mMPSO for solving MR3P, the initial population P of
particles (feasible paths) are classiﬁed into several subpopulations Pmin ,...,Pmax ,
where Pmin is the subpopulation with lower dimensions, which represent the
shorter path that passes round fewer obstacles, and Pmax is the subpopulation
with higher dimensions, which denote the longer path passing round more obstacles. At the beginning, the population size Smin of Pmin may be similar to
the one Smax of Pmax , and the particles in Pmax may search a feasible path
through passing round external obstacles, while the particles in Pmin may go to
the contrary case. As the algorithm goes forward, Smin will become bigger and
bigger and Smax will become smaller and smaller. In general, a particle with
low dimensions produces a shorter path, while a particle with high dimensions
corresponds to a longer path. However, there are still some exceptions. But in
mMPSO, the point repair algorithm, the smoothness approach and the moving
direction adjustment technique can rectify the exceptions. The implementation
of variable dimensions motivates the dynamic membrane structure of mMPSO.
Point Repair Algorithm In the process of searching the optimal path, some
nodes may move into obstacles and some path segments may cross obstacles,
which results in infeasible paths and it is necessary to repair them. This study
introduces a point repair algorithm to change the infeasible paths into feasible
paths. We ﬁrst deﬁne some special grids in the environment model. In Fig.2, p1 ,
which is surrounded by the three peripheral grids, 19, 25 and 26, and p2 , which is
surrounded by the three peripheral girds 1, 2 and 7, are the vertexes of obstacle
O. All the peripheral girds have two kinds of coeﬃcients, γ1 and γ2 , which are
randomly selected and are controlled by the weighing factors, Kd , Ks and Kf
in (1). γ1 related to lateral grids {2, 7, 19, 26} is mainly controlled by Kd . The
coeﬃcient γ2 related to the diagonal grids {1, 25} is mainly controlled by Ks and
Kf , where Kd + Ks + Kf = 1, 0.6 ≤ Kd ≤ 1, 0 ≤ γ1 ≤ 1, 0 ≤ γ2 ≤ 1, γ1 +γ2 = 1.
The relationship between γ1 and γ2 is shown in Fig.3. For example, if Kd = 0.8,
Ks = Kf = 0.1, we obtain γ1 = 0.5 and γ2 = 0.5. If Kd = 1, Ks = Kf = 0, we
get γ1 = 1 and γ2 = 0.
Two types of infeasible paths are shown in Fig.4(a)-(b), where d1 is the point
to point distance between node 2 and p1 ; d2 is the point to point distance between
node 2 and p2 ; d3 is the point to line distance between p1 and L; d4 is the point
to line distance between p2 and L; d1 , d2 , d3 and d4 decide which peripheral
grids will be selected. In Fig.4(a), the node 2 in the path {1, 2, 3, 4} (Type 1)
must be repaired. In Fig.4(b), the path segment L crossing the obstacle (Type
2) must be broken. The point repair process is as follows.
1. Judge a path found. If it is feasible, we skip the repair process, otherwise,
we perform the repair process.
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Fig. 2. Peripheral girds and vertexes of an obstacle
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Fig. 3. The relationship between γ1 and γ2

2. Judge the type of an infeasible path, Types 1 or 2.
3. If the infeasible path is Type 2, go to Step 4, otherwise, conduct the following
steps:
(a) Calculate the distance between the infeasible point p0 and the vertex pi
of the obstacle, then get the value(s) of di , i = 1 (the obstacle is in the
corner) or i = 1, 2 (the obstacle is located at the edge of the map) or
i = 1, 2, 3, 4 (the obstacle is located in the middle of the map). Next,
sort di in an increasing order.
(b) Select unused pi by using the corresponding smallest value in di and get
the peripheral grids pjg i , j = 1, 2, 3.
(c) Randomly select unused pjg i by using γ1 and γ2 and get the center Pxy i
of the grid pjg i .
(d) Replace the value of the infeasible node with Pxy i .
(e) Judge the path again. If it is feasible, the repair process terminates,
otherwise, go to step 2.
4. Type 2 is repaired according to the following steps:
(a) Calculate the distance between the infeasible path segment L and the
′
vertex pi of the obstacle, get the value(s) of di , i = 1 (the obstacle is in
the corner) or i = 1, 2 (the obstacle is located at the edge of the map)
or i = 1, 2, 3, 4 (the obstacle is located in the middle of the map). Next,
′
sort di in an increasing order.
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′

(b) Select unused pi by using the corresponding smallest value in di and get
the peripheral grids pjg i , j = 1, 2, 3.
(c) Randomly select unused pjg
of the grid pjg i .

i

′

by using γ1 and γ2 and get the center Pxy

i

′

(d) Insert a new node Pxy i between the two nodes of the infeasible path
segment and get two new path segments paths 1 and paths 2 .
(e) Judge each of the two paths paths 1 and paths 2 . If it is not feasible, go
to step 4, otherwise, the repair process terminates.
There are three cases of infeasible paths shown in Fig.5 (dash line) and
Fig.4(a)-(b). We use the introduced point repair algorithm to process the three
cases and obtain the corresponding results shown in Fig.5 (solid line) and Fig.4(c)(d), respectively. E.g., the path segment {3, 4} across the obstacle O in the infeasible path represented by the nodes {1, 2, 3, 4, 5, 6} in Fig.5 should be modiﬁed.
If γ1 ≫ γ2 , the path segment {3, 4} is replaced by two path segments {3, 8}
and {8, 4} in the ﬁrst modiﬁcation, but the modiﬁed path segment {3, 8} is still
infeasible and must be modiﬁed further. In the second modiﬁcation, the segment
{3, 8} is replaced by the path segments {3, 7} and {7, 8}. Thus, all the path segments are feasible
{ and the new
} path
{ is {1, 2,}3, 7, 8, 4, 5, 6}. In Fig.4(c), the new
′

′′

′

feasible path is 1, 2 , 2 , 3, 4 or 1, 2 , 3, 4 under the condition γ1 = 0,γ2 = 1
or γ1 = 1,γ2 = 0.
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Fig. 5. An example for point repair algorithm and smoothness algorithm (The dash
line represents the infeasible path segment. The black solid line is the repaired feasible
path; The red line is the smoothed path)

Smoothness Algorithm Smoothness algorithm is used to get rid of those
redundant nodes of a feasible path. The smoothness process is described as
follows:
1. Sort the nodes in a path from the starting node to the goal node and get a
sequence ni , i = 1, 2, ..., m, where m is the dimensions of a particle; n1 and
nm are the starting and goal nodes, respectively.
2. Judge the path segment Lij between ni and nj (at the beginning, i = 1, j =
3), if Lij is infeasible, insert the nodes i and j − 1 into the node set Pf of
the smoothed path, i.e., Pf ={i, j − 1} and let i = j − 1 and j increase 1, the
algorithm continues to judge the path segment Lij , otherwise, let j increase
1, continue to judge the feasibility of the path segment Lij till it is infeasible,
insert the nodes i and j − 1 into the node set Pf of the smoothed path and
let i = j − 1. Repeat this step till j = m.
As shown in Fig.5, we use the introduced smoothness algorithm to remove the
redundant nodes in the path {1, 2, 3, 7, 8,{4, 5, 6} and} obtain{ the smoothed
path
}
′
′′
′
{1, 8, 6}. Similarly, the smoothed paths 1, 2 , 2 , 4 and 1, 2 , 4 come from
{ ′ ′′
}
{ ′
}
the paths 1, 2 , 2 , 3, 4 and 1, 2 , 3, 4 , respectively, as shown in Fig.4(c)-(d).
The point repair algorithm and smoothness algorithm have several advantages:
1. The two objectives, the shortest distance and safety, can be simply and
eﬀectively traded-oﬀ by introducing two coeﬃcients γ1 and γ2 .
2. Through using the numbered grid-based model environment, the point repair
algorithm and smoothness algorithm can adapt the abominable environment
and can be used to on-line plan the path for mobile robots because infeasible
paths can be automatically repaired in the dynamic environment.
3. The algorithms can be used to produce new populations by applying lager
weights ρ.
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4. The drawback of the grid-based model can be overcome by reducing an
exponential time to a linear time.
mMPSO In mMPSO, a dynamic membrane structure (speciﬁcally, OLMS, as
shown Fig.6(a), alternates with D-OLMS shown in Fig.6(b)) is introduced to
arrange a population of particles, each of which is a feasible path for a mobile robot, and specify various rules, such as membrane division, transformation
and communication-like rules, and membrane dissolution. The dimension of each
particle is variable in the process of evolution. The point repair algorithm described above is used to change infeasible paths into feasible ones. The repair
process may increase the dimensions of each particle. The smoothness algorithm
presented in this section is applied to remove the redundant nodes of a path and
the process may decrease the dimensions of each particle. In addition, a moving
direction adjustment technique is presented to accelerate the algorithm convergence. The pseudocode algorithm of mMPSO is shown in Fig.7, where each step
is described in detail as follows:

(OHPHQWDU\PHPEUDQH



5HJLRQ

(OHPHQWDU\UHJLRQ



6NLQPHPEUDQH



5HJLRQ
(OHPHQWDU\PHPEUDQH



6XEPHPEUDQH





P

P

(QYLURQPHQW

(a) OLMS

6NLQPHPEUDQH
(QYLURQPHQW

(b) D-OLMS

Fig. 6. Two membrane structures

Step 1 : An OLMS [[]1 []2 ...[]m ]0 composed of a skin membrane denoted by 0
and m + 1 regions inside the skin membrane is constructed. How to choose the
parameter m will be discussed in Section 4.
Step 2 : A particle swarm X with m particles in a D-dimensional search space
is randomly generated and each particle is put inside an elementary membrane
in OLMS, where D represents the number of nodes in a feasible path; X =
{x1 , x2 , ..., xm }, where xi is an arbitrary individual in X and denotes a feasible
path, xi = (xi1 , xi2 , ..., xiD ).
Step 3 : In this step, a moving direction adjustment technique is introduced to
produce n particles inside each elementary membrane. To be speciﬁc, we modify
the velocity of the particle inside each elementary membrane to generate a new
particle by using (10) and (11),
V (g + 1) = ρ1 · Vr (g) + ρ2 · Vf (g)

(10)

X(g + 1) = X(g) + V (g + 1)

(11)
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Begin:

t ¬1
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

Initialize membrane structure
Initialize populations
Produce new particles in each elementary membrane
While (not termination condition) do
Divide each elementary membrane
Evaluate every particle
id
Find Pbest
(t )
Find local best particle Gijb (t )
Execute communication rules (a)
Find global best particle Gdb (t )
Execute communication rules (b)
Update particle’s velocity V(t)
Update particle’s position X(t)
Execute point repair algorithm
Execute smoothness algorithm
Adjust each particle’s moving direction
Dissolve elementary membrane

t ¬ t +1
End
End

Fig. 7. The pseudocode algorithm for mMPSO

T

S

Fig. 8. Direction of each dimension of the individual
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where ρ1 and ρ2 are the inertia weighting factors and usually are set to larger
values for exploring the global solutions; Vr (g) is the randomly produced velocity
of the gth particle (at the beginning for each elementary membrane, g=0); Vf (g)
is the adjusted velocity of the gth particle by using the idea of tightening ﬁshing
line and the moving directions of each node in the gth particle is shown in
Fig.8; V (g + 1) is the velocity of the (g + 1)th particle; X(g) and X(g + 1) are
positions of the gth and (g + 1)th particles. Inspired by the idea of tightening
ﬁshing line, we consider a feasible path as a ﬁshing line and tighten the line
from the target node, thus, each node except for the target one in the path will
show a moving direction toward the next node (the target node is the ﬁrst one).
The moving directions of all the nodes in the path construct the velocity Vf (g).
This step is repeated for n times to produce n new particles for each elementary
membrane and used together with the point repair algorithm and smoothness
algorithm. The dimensions of new particles may be greater than or less than D.
Thus, the swarm have m × n particles in total. Fig.9 shows an example that one
particle with 20 dimensions (in thick line) inside a certain elementary membrane
produces 10 particles with 6–10 dimensions (in thin line). As compared with the
randomness approach, the production of the new particles can remove redundant
nodes of a path and has better adaptability in an abominable environment,
especially in the circuitous route environment.

Fig. 9. An example of the generation of new particles

Step 4 : The maximal number of iterations is used as the termination condition.
Step 5 : This step ﬁrst classify the n particles inside the ith elementary membrane into ki clusters according to the dimension of each particle and then divide
the ith elementary membrane into ki membranes, each of which contains the particles with the same dimension, i = 1, 2, . . . , m. Thus, OLMS becomes D-OLMS.
Step 6 : Each particle is evaluated by using (1) and assigned a ﬁtness value.
id
(t), which is the best solution of each particle in its history
Step 7 : Find Pbest
with respect to the ﬁtness values.
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Step 8 : Find the locally best solution Gbij (t) in the jth elementary membrane
inside the ith membrane, i = 1, 2, . . . , m, j = 1, 2 . . . , ki , in terms of ﬁtness
values.
Step 9 : Perform communication rules (a), which ﬁrst send all the locally best
solutions Gbij (t) (j = 1, 2 . . . , ki ) out into the ith submembrane, i = 1, 2, . . . , m,
and further send out into the skin membrane.
Step 10 : Find the globally best solution Gbd (t) by comparing Gbij (t) with the
same dimension d, d ∈ {1, 2, . . . , D}, i = 1, 2, . . . , m, j = 1, 2 . . . , ki .
Step 11 : Perform communication rules (b), which send Gbd (t) back into the
elementary membrane containing d-dimension particles across certain submembrane.
Step 12 : Update the velocities of the d-dimension particles using (12).
)
(
)
(
( id
(t) − Xid (t) + c2 · r2 · Gbij (t) − Xid (t)
Vid (t + 1) = δ1 · ρ · Vid (t) + c1 · r1 · Pbest
))
( b
+c3 · r3 · Gd (t) − Xid (t) + δ2 · Vidf (t)
(12)
where Vid (t) and Vid (t + 1) are the velocities of the particle at generation t and
id
t + 1, respectively; Pbest
(t) is the best solution of the particle at generation
t; Xid (t) is the position the particle at generation t; Gbij (t) is the locally best
solution with the same dimension d at generation t; Gbd (t) is the globally best
solution with the same dimension d at generation t; Vidf (t) is the adjusted velocity
of the particle at generation t; δ1 and δ2 are proportion coeﬃcients; ρ is an
inertia weighting factor; r1 , r2 and r3 represent the functions that generate
independently random numbers, which are uniformly distributed between 0 and
1; c1 , c2 and c3 are acceleration coeﬃcients.
Step 13 : Update the positions of the d-dimension particles using (13).
Xid (t + 1) = Xid (t) + Vid (t + 1)

(13)

where Xid (t) and Xid (t + 1) are the positions of the particle at generation t and
t + 1, respectively; Vid (t + 1) is the velocity of the particle at generation t.
Step 14 : Execute point repair algorithm for each particle.
Step 15 : Execute smoothness algorithm for each particle.
Step 16 : Adjust the moving direction of each particle by using the moving
direction adjustment technique.
Step 17 : This step dissolves all the elementary membranes and releases their
particles into their corresponding submembranes. Thus, D-OLMS becomes the
original OLMS.

4

Experimental Results

The mMPSO performance is tested by using MR3P. We ﬁrst discuss how
to set the number m of elementary membranes in OLMS by using 20 × 20 grid
model environment with 6, 8 and 10 obstacles, respectively. Then, 16 × 16 grid
model environment with 9 static obstacles are applied to compare mMPSO with
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its counterpart vPSO and GA [24]. Subsequently, the complex environments,
32×32 and 64×64 grid model environments with 20 static obstacles, are applied
to further test the mMPSO performance. In these experiments, one dynamic
obstacle representing a moving obstacle or a dangerous range occurring suddenly
is employed to analyze the mMPSO behavior.

(a) Six obstacles

(b) Eight obstacles

(c) Ten obstacles

Fig. 10. The near shortest paths in three environments (20 × 20 grid with obstacles 6,
8 and 10, respectively)

4.1

Parameter setting

In this subsection, we use 20 × 20 grid model environment with three kinds
of obstacles shown in Fig.10 to discuss how to choose m. Fig.10(a)-(c) have 6, 8,
10 static obstacles (shaded areas), respectively. In the following experiments, the
population size is set to 100; In (12), c1 = c2 = c3 = Gsize /Vmax , where Gsize ,
Gsize = 0.08, is the size of a grid and Vmax is the maximal distance allowing
a node to move in a step; The proportion coeﬃcients δ1 = 0.65, δ2 = 0.35; ρ
is deﬁned as a variable, which varies from 0.246 to 0.157 along the logarithm
function log10 (y). In (10), ρ1 and ρ2 are set to random values between 0.4 and
0.6.
In what follows, m varies from 2 to 20 by the interval 2, thus, we ﬁrst generate
m particles in Step 2 and in Step 3 for the ﬁrst m − 1 elementary membranes we
produce round(100/m) particles and 100 − (m − 1) ∗ round(100/m) particles for
the mth elementary membrane, where round(.) is a function for rounding its element towards nearest integer. In the experiments, if a given near-optimal solution
is reached, mMPSO stops. Because the optimal solution to MR3P is usually unknown, we set Kd = 1, Ks = Kf = 0 in (1) and independently perform mMPSO
for 30 times, with the termination condition that the maximal number of iterations is set to 2000, to ﬁnd the near-optimal solution. Fig.10(a)-(c) show the
near shortest paths, {0, 67, 88, 331, 352, 399}, {0, 67, 88, 171, 249, 331, 352, 399},
{0, 67, 88, 128, 149, 150, 171, 249, 331, 352, 399}, of the model environment with
diﬀerent obstacles, 6, 8 and 10, respectively.
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The mMPSO performance for each of the 19 cases is evaluated by using
the mean of the elapsed time in 30 independent runs. The experimental results
are shown in Fig.11, where the elapsed time for three environments has a ﬁrst
general decrease and then an increase as the value of m goes up. These experimental results indicate that m could be assigned as 13 by considering the three
environment.
4.2

MR3P Experimental Results

To investigate the mMPSO performance, this subsection uses three grid models, 16 × 16, 32 × 32 and 64 × 64, to carry out the experiments and considers ﬁve
environments: 16 × 16 with 9 static obstacles (Os = 9), 16 × 16 with Os = 9 and
one dynamic obstacle (Od = 1), 32 × 32 with Os = 20, 32 × 32 with Os = 20 and
Od = 1, 64 × 64 with Os = 20. The place for the possible occurrence of the dynamic obstacle is set to the near center, which has great possibility to block the
feasible paths. The model with 16 × 16 grids is applied to compare mMPSO with
its counterpart PSO (vPSO) and GA in [24]. The models with 32×32 and 64×64
grids are used to further discuss the mMPSO performance in diﬀerent complex
environments. The setting of the parameters in mMPSO except for Kd , Ks , Kf
is the same as in Subsection 4.1. m=13. The termination condition is designated
as the maximal number 2000 of iterations. All the experiments are run on the
PC with CPU 1.7GHz, 512MB RAM, and the software platform MATLAB7.4
and Windows XP OS.
We ﬁrst use the model with 16 × 16 grids to compare mMPSO with vPSO
(when m = 1, mMPSO becomes vPSO) and GA in [24]. We consider three cases
for Kd , Ks , Kf as follows:
– Case 1: Kd = 1, Ks = Kf = 0, γ1 = 1, γ2 = 0;
– Case 2: Kd = 0.6, Ks = Kf = 0.2, γ1 = 0, γ2 = 1;
– Case 3: Kd = 0.8, Ks + Kf = 0.2, γ1 + γ2 = 1.
The experimental results of mMPSO are shown in Fig.12. In Fig.12(a), the
blue line is the best path in Case 1 considering only one objective, path length,
and the red line is the best result in Case 2 by trading-oﬀ safety and smoothness.
Fig.12(b) illustrates 8 near optimal paths (8 colors) through balancing the path
length, safety and smoothness. The paths in Fig.12(c) are obtained by considering one dynamic obstacle and the blue line is the best path in Case 1 considering
only one objective, path length, and the red line is the best result in Case 2 by
trading-oﬀ safety and smoothness.
To draw a comparison with GA in [24] and vPSO, let Kd =1 and the experiment is executed for 100 independent runs. Tables. 1 and 2 show the experimental
results of GA, vPSO and mMPSO for the environments with static obstacles and
the environments with static and dynamic obstacles. In Tables. 1 and 2 , NoO,
NoNO, NoI, Fv, Gn, St represents the number of optimal solutions, the number
of near optimal solutions, the number of infeasible solutions and the ﬁtness value
in 100 trials, the average generations for ﬁnding the optimal solution and the
mean of the elapsed time (s) in each trial, respectively
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Fig. 11. Experiment results for parameter setting
T

r1=0,r2=1
r1=1,r2=0

S

(a) Results of Cases 1-2

!

T

r1=0,r2=1
r1=1,r2=0

S

(b) 8 near optimal (c) Results of Cases 1-2
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Fig. 12. Experimental results of mMPSO in the environments 16 × 16 grids, Os = 9
and Od = 1.

As it can be clearly seen from Table. 1 and Fig.12, mMPSO ﬁnds much more
optimal paths and near optimal paths, while it spends small computing time than
GA. There are some infeasible solutions in GA, while there is not any infeasible
solution in vPSO and mMPSO because the point repair algorithm have repaired
the infeasible path. On the other hand, vPSO also ﬁnds more optimal paths
and near optimal solutions than GA, but the elapsed time is far larger than GA.
mMPSO is better than vPSO with respect to optimal and near optimal solutions
and the elapsed time, which indicates the advantage of the combination of a
membrane system with PSO. Tables. 2 shows similar conclusions to those in
Tables. 1.
To further analyze the mMPSO performance in more complex environments,
more experiments are conducted in the environments with 32 × 32 and 64 × 64
grids containing 20 or 21 obstacles, as shown in Fig.13 (a-d). The environment
with 32 × 32 grids and 20 static obstacles are shown in Fig.13 (a). Fig.13(b)-(c)
show the environment with 20 static obstacles and one dynamic obstacle. In
Fig.13 (c), the three objectives, path length, smoothness and safety, are considered. The parameters of mMPSO are the same as above except for the population
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Method NoO NoNO NoI
Fv
Gn St
GA[36]
9
78
13 24.68 16 1.68
vPSO
83
108
0
24.95 65 2.97
mMPSO 94
239
0
24.26 27 0.84
Table 1. Comparisons of three methods in the environment with static obstacles,
shown in Fig.12 (a). NoO, NoNO, NoI, Fv, Gn, St represents the number of optimal
solutions, the number of near optimal solutions, the number of infeasible solutions, the
ﬁtness value, the average generations and the solution time (s), respectively

Method NoO NoNO NoI
Fv
Gn St
GA[36]
32
68
0
24.71 12 0.69
vPSO
81
103
0
28.56 73 3.12
mMPSO 92
235
0
27.43 34 0.97
Table 2. Comparisons of three methods in the environment with static and dynamic
obstacles, shown in Fig.12 (c). NoO, NoNO, NoI, Fv, Gn, St represents the number of
optimal solutions, the number of near optimal solutions, the number of infeasible solutions, the ﬁtness value, the average generations and the solution time (s), respectively

Environment
NoO NoNo
Fv
Gn St
32 × 32, Os = 20, Od = 0 86
242 28.79 36 1.72
32 × 32, Os = 20, Od = 1 82
225 31.53 45 1.93
64 × 64,Os = 20, Od = 0
83
247 28.14 59 2.68
Table 3. Experimental results of mMPSO in diﬀerent environments in Fig.13. NoO,
NoNO, Fv, Gn, St represents the number of optimal solutions, the number of near
optimal solutions, the ﬁtness value, the average generations and the solution time (s),
respectively
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Fig. 13. Experimental results of mMPSO in the environments 32 × 32, 64 × 64 grids,
Os = 20 and Od = 1.

size 150 and m = 15. All the tests are executed for 100 independent runs. For
each test we also record the number of optimal solutions (NoO), the number
of near optimal solutions (NoNO), the average ﬁtness value (Fv), the average
generations (Gn) and the mean of the elapsed time (St). Table III shows the
results.
It can be seen from Tables. 1-3 that the optimal solutions of mMPSO drop
from 94 to 83, the elapsed time rises from 0.84 to 2.68 and the average generations
vary from 27 to 59 as the number of grids increases from 16 × 16 to 64 × 64 and
the static obstacles go up from 9 to 20. The elapsed time and average generations
increase a little with the dynamic obstacle. To sum up, as the number of model
grids increases by 4n (n = 1, 2, 3...) and the static obstacles double, the increase
of the elapsed time is quite small, instead of an exponential increase. mMPSO
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maintains good search capability to ﬁnd the optimal solution in both static and
dynamic environments, which indicates mMPSO has good adaptability to MR3P
under complex environments.

5

Conclusions

This paper discusses a feasible combination of membrane systems and PSO
to solve MR3P. The outstanding novelty is to justify the introduced dynamic
membrane structure to be suitable for solving MR3P with variable dimensions.
mMPSO uses the alternation of OLMS and D-OLMS to integrate a PSO with
variable dimensions, point repair algorithm, smoothness algorithm and moving
direction adjustment. A large number of experiments are carried out on several MR3P with various environments and the results show that mMPSO can
achieve much better solutions than its counterpart PSO and GA reported in the
literature.
The discussion of this paper is limited to planar (two dimensions) environments. Following this work, some issues need to be further investigated, such as
how to extend the proposed method into three dimensional spaces, how to use
mMPSO to solve more diﬃcult path planning problems (mobile robots follow the
tracks of moving targets in abominable environments), how to combine mMPSO
with numerical P systems to control mobile robots and how to apply the thought
of variable dimension PSO to solve more engineer application problems.
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Abstract. This paper designs arithmetic P systems which are equivalent to 8-bit processor and adopt positional encoding. Compared with
natural encoding in other the existing arithmetic P systems, the numbers
of objects in our designed P systems can decreased greatly, so that these
systems can easier implement arithmetic operations for large operands.
At the same time, we make full use of the parallel characteristic of membrane system that the time complexity of arithmetic units is polynomial.
Keywords: Arithmetic operation, Cell-like P systems, Arithmetic P
systems, Complement arithmetic, Positional encoding

1

Introduction

Membrane computing is an area of computer science aiming to abstract computing ideas and models from the structure and the functioning of living cells,
as well as from the way the cells are organized in tissues or higher order structures [1]. A P system consists of a membrane structure, in the compartments of
which one places multisets of objects which evolve according to given rules in
a synchronous,non-deterministic, maximally parallel manner. Membrane computing is applied many ﬁelds such as computer graphics, parallel architectures,
NP-complete problems, etc since introduced by Pǎun in 1998. But arithmetical
operation is a fundamental problem in the research on converting the theoretical research to computing technology. In this paper, we research on arithmetic
operation in membrane system.
Although arithmetic is a kind of fundamental and key operation in computing models, the researches on arithmetical operations in P system are still
weak. Ciobanu [2] deﬁnes various arithmetical operations over multisets in the
framework of membrane systems, indicating their complexity and presenting the
membrane systems which implement the arithmetic operations, and he also discusses and compares various sequential and parallel software simulators of the
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membrane systems, emphasizing their speciﬁc features. Atanasiu [3] ﬁrstly constructs arithmetical P systems with operands encoded in base two and the four
basic operations are performed in a way which seems to have a lower complexity
than when implemented on usual computer chips. But their structures will be
complex when the number of bits becomes large. Guo [4] design arithmetic P
systems and give a group of evolution rules without priority for arithmetical operations. Ciobanu [2] builds P systems to implement the arithmetical operations
over the numbers encoded by a simple and natural encoding (each object of a
membrane represents a unit, and n objects are used to represent the number n).
His work simpliﬁes the structure of the systems. Unlike using rules with priority relation in Ciobanus P systems. Literature [5] designs multilayer P systems
without priority rules and lowers the complexity of the operations. The P systems for addition, subtraction and multiplication consists of three membranes
respectively while the one for division consists of ﬁve membranes. Literature
[6] proposes arithmetic P systems without priority rules based on cell-like P
systems and designs an algorithm to construct expression P systems according to arithmetical expressions and the design transmission rules. To positive
operands, literature [7] implements arithmetic operation in a single membrane
without priority rules. It not only simpliﬁes the structure greatly, but also improves the eﬃciency of computations. Literature [8] discusses various number
encodings and operations, and studies their properties using elements of combinatorics over multisets, as well, constructs P systems that implement their
associated operations. Guo [9] constructs multi-membrane P systems for signed
arithmetical operations and extends the operational range of P system to the
whole integer ﬁeld. Taking neural-like P systems as devices for arithmetical operations starts from literature [10] and Chen [11] uses such system to solve signed
arithmetical operations by encoding the input and output as binary forms.
Compared to other forms of arithmetic operations in membrane system, we
adopt decimal encoding to implement addition, subtraction, multiplication, and
division. It can decrease the number of objects in membrane system and the
structure of the systems does not change when the number of bits becomes large
, so that it is easier to implement large number of operations. At the same times,
we make full use of the parallel characteristic of membrane system that the time
complexity of systems is constant.

2

Definitions and Notations

The P systems can be classiﬁed as cell-like, tissue-like, and neural-like systems.
In this paper, our work is based on cell-like P systems, hence we give the basic
concepts about cell-like P systems ﬁrstly.
Fig.1 illustrates the structure of cell-like P systems. A cell-like P system [12]
is a hierarchically arranged set of membranes which are identiﬁed by labels from
a given set of labels, contained in a distinguished external membrane which is
called a skin membrane. In the models we consider in this paper the labeling
of membranes is injective, i.e., diﬀerent membranes get diﬀerent labels. The
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number of membranes is called the degree of a membrane structure. Several
membranes can be placed inside the skin membrane; a membrane without any
other membrane inside it is said to be elementary(such as membranes 8 and 9 in
Fig.1). Each membrane determines a compartment, also called region delimited
by an elementary membrane or a compartment delimited by a non-elementary
membrane (membrane 6 in Fig.1) and all of its lower neighbors(as in Fig.1,
membrane 8 is a lower neighbor of membrane 6 which is the upper neighbor
for both membrane 8 and membrane 9, which therefore are siblings). The space
outside the skin membrane is called the environment which is not a region.

elementary membrane

skin
5

regions

membranes

2

8

9
6

environment

environment
7
3

4
1

Fig. 1: The structure of cell-like P system [12].

The representation of cell-like P system is:
Π = (V, C, H, µ, ω1 , ω2 , · · · , ωm , R1 , R2 , · · · , Rm )

(1)

where,
1) m ≥ 1, representing the degree of the P system.
2) V is a nonempty ﬁnite alphabet(the total alphabet of the system), each
symbol represents one kind of substance called object in the membrane structure;
V ∗ is the ﬁnite and non-empty multiset over V where λ is empty string, V + =
V ∗ − {λ}.
3) C ⊆ V , C is the catalyst alphabet.
4) H = {1, 2, · · · , m} is a ﬁnite set of labels for membranes.
5) µ is a membrane structure, consisting of m membranes, labeled with elements of H; there is a (unique) membrane 1 called skin; all the other membranes
are inside of skin. Which could be represented by nested structure, e.g. for the
membrane structure from Fig.1: [1 [2 ]2 [3 ]3 [4 [5 ]5 [6 [8 ]8 [9 ]9 ]6 [7 ]7 ]4 ]1 .
6) ωi (1 ≤ i ≤ m) are string which represent multiset over V associated with
the region 1, 2, · · · , m of µ; for example, ωi = u5 v 3 represent that there are 3
copies of object u and 5 copies of object v in membrane i; ωi = λ means that
there is no object in membrane i.
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7) R1 , R2 , · · · , Rm are ﬁnite sets of possible evolution rules over V associated
with the regions 1, 2, · · · , m of µ. The forms of rules are the following as:
(a) u → v, where u is a multiset of objects over V , in other words, u ∈ V +
and v are a multiset over V × {here, out, in, inj |1 ≤ j ≤ m}.Thus, each
element of v is of the form (a, tar), where a is an multiset from V and tar
is either here or out or in or inj . The meaning of these target indications
is as follows: if tar = here, then a remains in the region where the rule
resides; if tar = out, then a is sent to the upper neighbor of the region
where the rule resides (recall that the upper neighbor of the skin region is
the environment); If tar = in, then a is sent non-deterministically to one
of the lower neighbors; If tar = inj , then a is sent the indicated lower
neighbor j. Note that elementary regions do not have lower neighbors,
and so a rule including tar = in residing in an elementary region cannot
be applied.
(b) cu → cv, u and v are the same as in the rule (a), c only assists u in
evolving into v, but c itself is not undergoing any transformation, namely,
c ∈ C.
(c) u → v|b , u and v are the same as in the rule (a), this rule can only be
applied when b resides, so b is a promoter in the rule, b ∈ C.
With these rules, imitating biologic system, which are able to change one
object or some kinds of objects into other objects in designated membrane, or
can sent objects into a membrane and also can sent objects out of a membrane
under some conditions. Essentially, in each evolution step, all rules which can
be applied have to be applied to all possible objects, because of which, the
distribution and maximal parallelism can be guaranteed.
For convenience of statement, rules in membrane will be represented as follows: (u → v, k). Where, u → v is the evolving rule, k represents the priority of
the rules. The smaller the k value shows the higher the priority of a rule. At any
moment, the rules with highest priority always execute ﬁrstly.

3

Arithmetic P Systems

In this section, we discuss the arithmetic P systems based on decimal encoding.
3.1

Positional encoding and the rules for preprocessing

In this paper, membrane system is equivalent to 8-bit processor which adopts
complement code and shifting to implement the arithmetic operations.
(1) Positional encoding
In this paper we adopt positional encoding [8] where the digits of the number
are encoded using diﬀerent objects for each digit. E.g., if the number is n =
1103 + 2102 + 3101 + 4100, we could represent it as a1 b2 c3 d4 , where, object a
represents the ﬁrst digit, and object b represents the second one and so on.
(2) The complement code for positional encoding
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There are three codes mentioned in our P systems, namely, original code,
complement code and anti-code. For an 8-bit number, the most signiﬁcant bit
in its original code is the sign, “0” means that the number is nonnegative and
“9” means negative. The anti-code of a nonnegative number is the same as the
original code, and the anti-code of a negative one can be obtained by subtracting
it by “9999999” except the sign bit; The complement code of a negative number
is the value of anti-code plused by “1” with the sign bit remained unchanged. For
example, the original code, anti-code and complement code of the number −9801
are 90009801, 99990198, and 99990199 respectively; the original code, anti-code
and complement code of the number 9801 are same, namely, 00009801. In this
paper, arithmetic P systems adopt complement codes to perform arithmetic
operations.
(3) The rules for obtaining complement code
We use the object β to denote the sign, it means that the number is negative
if β occurs, otherwise, its positive. Multisets αi9 and γ01 are used to obtain anticode and complement code respectively.
Rule set Re is used to obtain the complement code of the operand and it can
be designed as:
Re = {r1 : (ai αi → aii |β , 1), r2 : (γi → αi |β∧aii , 2),
r3 : (γi → αi γi+1 |β∧¬aii , 2), r4 : (αi → λ|β∧¬aii ∧γi+1 , 2)}
where, ai denotes one digit.
Rule r1 are prior to rules r2 , r3 and r4 (priorities of r2 , r3 and r4 are same).
By applying rule r1 , objects ai , αi are consumed with object aii produced. We
can determine whether a carry should be required according to aii . The amount
of the remaining object αi is value of the i-bit in the anti-code. By rule r2 , object
γi will produce the object αi if object aii exists, it means that the sum of αi
and the carry γi is less than “9”, so no carry is needed. If object aii does not
exists, rule r3 will be applied, the sum of αi and the carry γi is greater than “9”
and the carry γi+1 will be produced, so the amount of object αi is equal to “0”
(at this time, the copies of object αi are consumed completely by rule r4 ). The
amount of the remaining object αi is value of the i-bit in the complement code.
For example, the original code of the number −9801 is 90009801. Its anticode is 99990198 by application of rule r1 . And its complement is 99990199 by
applying rule r2 .
3.2

Addition (Subtraction)

Subtraction is equivalent to add a negative number, so subtracter is the same as
the adder. And the adder is designed as Fig.2.
Fig.2 describes the initial conﬁguration of this P system. Membrane 1 keeps
the ﬁnal results; the complement of summand and addend are respectively processed in membranes 2 and 3. Objects ai and bi denote respectively summand
and addend; αi , γ0 and β are the same as 3.1 section. The set of adder (subtractor) rules are as following:
R = R1 ∪ R2 ∪ R3

(2)

Arithmetic P Systems with Fixed Length Operands

Į9i

Ȗ 10
ai




307

ȕ

Į 9i

bi
Į9i

ȕ
Ȗ01

Ȗ10



Fig. 2: Adder (subtractor) P System

Where,
9
R1 = Re ∪ {r1 : (d10
i → ai+1 , 1), r2 : (d7 → β, 2), r3 : (αi → di |β , 4),
r4 : (di → ti , 4)}
R2 = Re ∪ {r1 : (αi → ai |β , 3), r2 : (ai → (di , out), 3), r3 : (bi → (di , out), 3)}
R3 = Re ∪ {r1 : (αi → bi |β , 3), r2 : (bi → (bi , out), 3)}
R1 , R2 and R3 are rules sets of the corresponding membrane i. The Re in
R1 , R2 and R3 is the rules of complement code in section 3.1, but ai in the Re
is replaced by the corresponding number which will be solved complement code.
Example,(−10) + (−3)
First, there are to implement simultaneously complement arithmetic in membranes 2 and 3 by rules Re . This generates complement codes of summand and
addend respectively in membranes 2 and 3. That is, complement codes of −10
and −3 equal to 99999990 and 99999997 respectively. Complement code of −3
entering ﬁrstly into membrane 2 by rules in {r1 : (αi → bi |β , 3), r2 : (bi →
(bi , out), 3)} is sent into membrane 1 by r3 in {r1 : (αi → ai |β , 3), r2 : (ai →
(di , out), 3), r3 : (bi → (di , out), 3)}, and complement code of −10 enters into
membrane 1 by r1 and r2 in {r1 : (αi → ai |β , 3), r2 : (ai → (di , out), 3), r3 : (bi →
(di , out), 3)}. In membrane 1, the number of di is the sum of corresponding bit of
9
complement codes of −10 and −3. By rule r1 in {r1 : (d10
i → ai+1 , 1), r2 : (d7 →
β, 2), r3 : (αi → di |β , 4), r4 : (di → ti , 4)}, d7 · · · d0 = 99999987, d7 equals to 9,
9
which shows negative. So rule r2 in {r1 : (d10
i → ai+1 , 1), r2 : (d7 → β, 2), r3 :
(αi → di |β , 4), r4 : (di → ti , 4)} runs to generate the object β, and then rules in
Re of R1 run, that generates the complement code of the sum, that is, 90000013.
As the object lies in membrane 1, so the sum equals to −13.
3.3

Multiplication

Multiplication is equivalent to many times additions and shiftings. A multiplier
is designed as Fig.3.
Fig.3 describes the initial conﬁguration of this P system. Membrane 1 keeps
the ﬁnal results; while multiplication operation is processed in membranes 2,3,4
and 5.Objects γ, α, c, εm , βi , α0 are auxiliary. α and c are to count; βi , α0 are in
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Fig. 3: Multiplier P System

order to make multiplicand ani and multiplier bni into membrane 3, βi and αi and
are equal; εm shows bit number of multiplier, namely, m is equal to the amount
of bits of multiplier; The object β denotes the sign, if β occurs in membranes 4
and 5, multiplicand ani and multiplier bni are negative, otherwise, positive. When
no rules apply, the system stops.
The set of multiplication rules are as following:
R = R1 ∪ R2 ∪ R3 ∪ R4 ∪ R5

(3)

Where,
R1 = ∅
R2 = {r1 : αc → (α, in), r2 : (d10
i → di+1 , 1), r3 : (rd0 → r(tj , out), 2)
(j equals to the amount of e in membrane 2), r4 : (εr → λ, 3),
r5 : (di → fi−1 |ε∧r , 4)(i = 1, · · · , 7), r6 : fi → di ,
r7 : di → (tj+1 , out)|¬ε (j equals to the amount of e in membrane 2,
i = 1, · · · , 7), r8 : β → (β, out), r9 : γ → (γ, in2 )|¬ε }
R3 = {r1 : (c → (c, out)|bi , 1), r2 : (di → (di , out)|bi , 1), r3 : (bi α → cδ(α, out), 3),
r4 : (pi → (di , out)|bi ∧δ , 3), r5 : βi → βi pi |¬pi ∧bi ,
r6 : (cα → α(cα, in4 )|¬bi ∧¬pi ∧¬di , 2), r7 : βi → (βi , in3 )|¬bi ∧¬γ∧¬di ,
r8 : (c → c(re, out)|¬bi , 3), r9 : di pi → λ|¬bi ∧c , r10 : pi → λ|¬bi ∧di ,
r11 : (β 2 → λ, 1), r12 : (β → (β, out), 2), r13 : δ → λ|¬pi }
R4 = {r1 : ai βi → ai (βi pi di , out), r2 : β → (β, out)}
R5 = {r1 : b0 α0 → α0 (b0 , out), r2 : αaj → αj+1 , r3 : bi αj+1 → αj+1 (bi , out)
(j = 0, · · · , 5; i = 1, · · · , 6; i = j + 1), r4 : c → (c, out),
r5 : β → (β, out)}
The system apples above rules until no rules cannot be used, number tni
in membrane 1 is the product which is negative if object β exists, otherwise,
positive.
Now we give the example (1389×3012) about multiplication in the multiplier
P system. Fig.5 (see in Appendix) shows the every step of computing process of
(1389 × 3012) by multiplier P system.
Applying rules in process of (1389 × 3012) by multiplier P system are as
following:
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Initial Conﬁguration:
R4 = {r1 : ai βi → ai (βi pi di , out)}
R5 = {r1 : b0 α0 → α0 (b0 , out), r4 : c → (c, out)}
the 1st step:
R3 = {r1 : (c → (c, out)|bi , 1), r2 : (di → (di , out)|bi , 1),
r3 : (bi α → cδ(α, out), 3)}
the 2nd step:
R2 = {r1 : αc → (α, in)}
R3 = {r1 : (c → (c, out)|bi , 1), r4 : (pi → (di , out)|bi ∧δ , 3)}
the 3rd step:
R2 = {r2 : (d10
i → di+1 , 1)}
R3 = {r3 : (bi α → cδ(α, out), 3), r5 : βi → βi pi |¬pi ∧bi , r13 : δ → λ|¬pi }
the 4th step:
R2 = {r1 : αc → (α, in)}
R3 = {r7 : βi → (βi , in3 )|¬bi ∧¬γ∧¬di , r8 : (c → c(re, out)|¬bi , 3),
r10 : pi → λ|¬bi ∧di }
the 5th step:
R2 = {r3 : (rd0 → r(tj , out), r4 : (εr → λ, 3), r5 : (di → fi−1 |ε∧r , 4)}
R3 = {r6 : (cα → α(cα, in4 )|¬bi ∧¬pi ∧¬di , 2), r13 : δ → λ|¬pi }
R4 = {r1 : ai βi → ai (βi pi di , out)}
the 6th step:
R2 = {r6 : fi → di }
R3 = {r10 : pi → λ|¬bi ∧di }
R5 = {r2 : αaj → αj+1 , r3 : bi αj+1 → αj+1 (bi , out), r4 : c → (c, out)}
the 7th step:
R3 = {r1 : (c → (c, out)|bi , 1), r2 : (di → (di , out)|bi , 1),
r3 : (bi α → cδ(α, out), 3)}
the 8th step:
R2 = {r1 : αc → (α, in), r2 : (d10
i → di+1 , 1)}
R3 = {r7 : βi → (βi , in3 )|¬bi ∧¬γ∧¬di , r8 : (c → c(re, out)|¬bi , 3),
r10 : pi → λ|¬bi ∧di }
the 9th step:
R2 = {r3 : (rd0 → r(tj , out), r4 : (εr → λ, 3), r5 : (di → fi−1 |ε∧r , 4)}
R3 = {r6 : (cα → α(cα, in4 )|¬bi ∧¬pi ∧¬di , 2), r13 : δ → λ|¬pi }
R4 = {r1 : ai βi → ai (βi pi di , out)}
the 10th step:
R2 = {r6 : fi → di }
R5 = {r2 : αaj → αj+1 , r4 : c → (c, out)}
the 11th step:
R3 = {r8 : (c → c(re, out)|¬bi , 3), r9 : di pi → λ|¬bi ∧c }
the 12th step:
R2 = {r3 : (rd0 → r(tj , out), r4 : (εr → λ, 3), r5 : (di → fi−1 |ε∧r , 4)}
R3 = {r6 : (cα → α(cα, in4 )|¬bi ∧¬pi ∧¬di , 2),
r7 : βi → (βi , in3 )|¬bi ∧¬γ∧¬di }
R4 = {r1 : ai βi → ai (βi pi di , out)}
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the 13th step:
R2 = {r6 : fi → di }
R4 = {r1 : ai βi → ai (βi pi di , out)}
R5 = {r2 : αaj → αj+1 , r3 : bi αj+1 → αj+1 (bi , out), r4 : c → (c, out)}
the 14th step:
R3 = {r1 : (c → (c, out)|bi , 1), r2 : (di → (di , out)|bi , 1),
r3 : (bi α → cδ(α, out), 3)}
the 15th step:
R2 = {r1 : αc → (α, in), r2 : (d10
i → di+1 , 1)}
R3 = {r1 : (c → (c, out)|bi , 1), r4 : (pi → (di , out)|bi ∧δ , 3)}
the 16th step:
R2 = {r2 : (d10
i → di+1 , 1)}
R3 = {r3 : (bi α → cδ(α, out), 3), r5 : βi → βi pi |¬pi ∧bi , r13 : δ → λ|¬pi }
the 17th step:
R2 = {r1 : αc → (α, in)}
R3 = {r1 : (c → (c, out)|bi , 1), r4 : (pi → (di , out)|bi ∧δ , 3)}
the 18th step:
R2 = {r2 : (d10
i → di+1 , 1)}
R3 = {r3 : (bi α → cδ(α, out), 3), r5 : βi → βi pi |¬pi ∧bi , r13 : δ → λ|¬pi }
the 19th step:
R2 = {r1 : αc → (α, in)}
R3 = {r7 : βi → (βi , in3 )|¬bi ∧¬γ∧¬di , r8 : (c → c(re, out)|¬bi , 3),
r10 : pi → λ|¬bi ∧di }
the 20th step:
R2 = {r3 : (rd0 → r(tj , out), r4 : (εr → λ, 3)}
R3 = {r6 : (cα → α(cα, in4 )|¬bi ∧¬pi ∧¬di , 2), r13 : δ → λ|¬pi }
R4 = {r1 : ai βi → ai (βi pi di , out)}
the 21th step:
R2 = {r7 : di → (tj+1 , out)|¬ε , r9 : γ → (γ, in2 )|¬ε }
R3 = {r7 : βi → (βi , in3 )|¬bi ∧¬γ , r10 : pi → λ|¬bi ∧di }
R5 = {r2 : αaj → αj+1 , r4 : c → (c, out)}
the 22th step:
R4 = {r1 : ai βi → ai (βi pi di , out)}
the 23th step:
R3 = {r9 : di pi → λ|¬bi ∧c , r10 : pi → λ|¬bi ∧di }
stop: No rules apply, the system halts.
According to the ﬁnal status , t47 t16 t85 t34 t63 t62 t81 in membrane 1 is the computing
result, namely, (1389 × 3012 = 4183668).
3.4

Division

Division is equivalent to subtracting repeatedly divisor, that is to say, dividend
adds repeatedly the complement code of divisor, so a divider is exactly a summator. A divider is designed as follows:
Fig.4 describes the initial conﬁguration of this P system. In membrane 3,
objects αi9 and γ01 are used to solve the complement code of divisor. Dividend
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Fig. 4: Divider P System

and divisor lie respectively in membranes 2 and 3 where are object β, then they
are negative, otherwise they are positive number; Objects p and θ are subsidiary
object. Membrane 1 keeps the ﬁnal results; while division operation is processed
in membranes 2 and 3. When no rules can apply in the system, the divisor will
stop.
The set of division rules are as following:
R = R1 ∪ R2 ∪ R3

(4)

Where,
R1 = ∅
R2 = {r1 : (ai → di , 1), r2 : (bi → di , 1), r3 : (d10
i → di+1 , 1),
r4 : (θ → (θ, in)|¬d7 , 2), r5 : (θ → (α, in)|¬d7 , 2), r6 : (pc → λ|d7 , 2),
r7 : (c → (c, out), 3), r8 : (pi di → λ, 3), r9 : (di → (di , out), 4),
r10 : (β 2 → λ, 1), r11 : (β → (β, out), 2)}
R3 = Re ∪ {r1 : β → (β, out), r2 : (θαi → θβi (bi , out), 3),
r3 : (θ → (cθ, out)|βi , 4), r4 : (ααi → α(pi , out), 4), r5 : (βi → αi , 5)}
R1 , R2 and R3 are rules sets of the corresponding membrane i. The Re in
R3 is the rules of complement code in section 3.1, but ai in the Re is replaced
by bi because it need solve the complement code of divisor.
The system apples above rules until rules cannot be used. In the membrane
1, the amount of the object c is absolute value of quotients, and di is remainder,
if the object β lies in, quotients is negative, otherwise, positive.
Now we give the example (10 ÷ (−3)) about multiplication in the divider P
system. Fig.6 (see in Appendix) shows the every step of computing process of
(10 ÷ (−3)) by divider P system.
In membrane 1, the amount of c is absolute value of quotients, di is remainder.
As β lies in membrane 1, quotients equals to −3, and remainder equals to 1.
Applying rules in process of (10 ÷ (−3)) by divider P system are as following:
Initial Conﬁguration:
R2 = {r1 : (ai → di , 1)}
R3 = Re ∪ {r1 : β → (β, out)}
the 1st step:
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R2 = {r11 : (β → (β, out), 2)}
R3 = {r2 : (θαi → θβi (bi , out), 3)}
the 2nd step, the 5th step, the 8th step:
R2 = {r2 : (bi → di , 1), r3 : (d10
i → di+1 , 1)}
R3 = {r3 : (θ → (cθ, out)|βi , 4), r5 : (βi → αi , 5)}
the 3rd step, the 6th step, the 9th step:
R2 = {r4 : (θ → (θ, in)|¬d7 , 2)}
the 4th step, the 7th step, the 10th step:
R3 = {r2 : (θαi → θβi (bi , out), 3)}
the 11th step:
R2 = {r2 : (bi → di , 1)}
R3 = {r3 : (θ → (cθ, out)|βi , 4), r5 : (βi → αi , 5)}
the 12th step:
R2 = {r5 : (θ → (α, in)|¬d7 , 2), r6 : (pc → λ|d7 , 2)}
the 13th step:
R2 = {r7 : (c → (c, out), 3)}
R3 = {r4 : (ααi → α(pi , out), 4)}
the 14th step:
R2 = {r8 : (pi di → λ, 3), r9 : (di → (di , out), 4)}
stop: No rules apply, the system halts.
From the above instance analysis, we can see that all the rules of adder,
divider and multiplier are applied in maximal parallelism and non-determined
manners. The time complexity is polynomial.

4

Conclusions

In this paper, we propose arithmetic P system adopting position encoding based
on cell-like P system. Compared to other forms of arithmetic operations in membrane system, it is accord with peoples thinking way, and can decrease the number of objects in membrane system, so that it is easier to implement arithmetic
operations for large number. At the same times, we make full use of the parallel
characteristic of membrane system.
In order to prove the feasibility of arithmetic P systems, we use the instance
validation method, the writing of the simulator will be the next step work . And
arithmetic P systems in this paper are 8-bit, 16-bit arithmetic P systems will be
emphasis in future.
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Abstract. Membrane system is a computing model which imitates natural process at cellular level. Recent results show that this model is a
promising framework. Arithmetic operations are fundamental in computing models. This paper presents arithmetic P systems for performing
addition, subtraction, multiplication and division. In these P systems,
we put the digits of an integer directly in membranes without converting
them to other format, and design evolution rules with priority for single
digit operations according to the arithmetic formula tables. Decimal integers arithmetic operations as examples are given to illustrate how to
compute the integer numbers in these P systems and the results show
that the P systems with these rules can eﬃciently carry out correctly
arithmetic computations of integers.
Keywords: Membrane computing, Arithmetic P systems, Arithmetic
operation, Natural encodings, Arithmetic formula tables

1

Introduction

Membrane systems (Also called P systems) introduced by Pǎun in 1998, which
is an emerging branch of nature computing as a kind of distributed parallel
computing model, represent a new abstract model inspired by cell compartments
and molecular membranes[1]. It is aiming to abstract computing models from
the structure and the functioning of living cells and from their interactions in
tissues or higher order biological structures. A membrane system is composed of
various compartments, and all of them working simultaneously to accomplish a
more general task of the whole system.
A detailed description of the membrane systems can be found in [2]. A membrane system consists of a hierarchy of membranes with the skin membrane
surrounding them all. There is a unique region associated with each membrane.
Regions contain multisets of objects, evolution rules and possibly other membranes. These objects are assumed to evolve, and the rules in a region delimited
by a membrane only act on the objects in that region. A priority relation between evolution rules can be considered. The evolution is done in parallel for all
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objects able to evolve. When no objects can further evolve, the computation of
P System is ﬁnished. It is claimed in [3] that an attractive feature of P system is
the intrinsic parallelism that all objects having access to a rule should use that
rule, moreover, all membranes work in parallel.
After Pǎun ﬁrst proposed P system and proved that P system based on active
membrane can solve one of NP-complete problems, such as SAT problem[4, 5],
many variants of P systems has been developed and successfully used to design
solutions to other NP-complete problems, such as QSAT[6], Subset-Sum[7] etc.
Compared with using membrane computing to solve NP problems, researches
on arithmetic operations in P systems are relatively weak. Arithmetic operations
are fundamental in computing modes. As far as we know, Atanasiu [8] ﬁrst
constructs arithmetic P systems with operands encoded in base two and the four
basic operations are performed in a way which seems to have a lower complexity
than when implemented on usual computer chips. But there is a defect that their
APS structures are complex when the number of bits becomes large and it is
hard to adapt to other base.
With cell-like P systems, some researchers have used natural encoding to
build P system to implement the arithmetic operations. The natural way means
that each object in a membrane represents a unit, and n copies of the object
are used to represent the value of the integer operand. For instance, Ciobanu [9]
builds a P system to implement the arithmetic operations in this way. Compared
with the encoding in base two, the structure of the P system is simpliﬁed. Bonchis[10] discussed some encodings method for basic operations over multisets. We
[11] designed a multilayer P system without priority rules in natural encoding
for basic operations and lower the complexity of the operations. Furthermore,
we [12] design a single membrane without priority rules to perform arithmetic
operation resulting in simplifying the structure greatly and improving eﬃciency
of the computations. In addition, we [13] construct multi-membrane P systems
for signed arithmetic operations and extend the operational range of P system to
the whole integer ﬁeld. We have constructed P system for expression evaluation
with natural encoding [14] .
As above mentioned, except Atanasiu using encoding in base two, most arithmetic operations are performed in natural encoding. In this paper, we construct
P systems with priority rules to perform four basic arithmetic operations using encoding in base q, which q is set 10, combined with natural encoding. The
operands are directly represented in decimal format without converting it to
binary format. Some evolution rules for single digit operation are deﬁned according to arithmetic formula tables. For example, we all have known that there
is a 9 × 9 multiplication formula table for decimal integers, with which we can
perform multiplication easily. Thus, we introduce this idea into deﬁning evolution rules. For addition, subtraction, multiplication, we deﬁne evolution rules
for single digit operation respectively according to its arithmetic formula table. Through illustrating the examples, it can be found that the total steps are
reduced, and the complexity is lowered.
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The rest of this paper is organized as: background knowledge of P system
is introduced in Section two; Arithmetic membranes for arithmetic operations
are constructed in Section three, with evolution rules presented and discussed in
detail; Final conclusions are drawn in Section four.

2

Background

Up to know, there are many variants of P system already introduced. Our work
in this paper only concerns the cell-like P system and Fig.1 shows the membranes
structure. As shown in Fig.1, the structure of a cell-like P system is a hierarchically arranged set of membranes which are usually identiﬁed by labels from
a given set of labels and contained in a distinguished external membrane called
skin. Several membranes can be placed inside the skin. A membrane, without any
other membrane inside it, is said to be elementary. Each membrane determines
a region delimited from above by it and from below by the membranes placed
immediately inside it. The correspondence membrane-region is one-to-one. Some
objects are contained in its region with speciﬁed evolution rules for objects, and
with given input-output prescriptions. Any object, alone or together with one
more object, evolves, can be transformed into other objects, can pass through
one membrane, and can dissolve the membrane into which it is placed. It is noted
that all objects evolve in parallel at the same time, and all membranes are active
in parallel.
objects
rules
skin
regions
environment

abc
abėd

membranes
Elementary
membrane

Fig. 1. The structure of cell-like P system

Formally, a cell-like P system of degree m is a construct of the form:
∏
= (O, T, µ, w1 ,w2 ,...,wm , (R1 , ρ1 ), (R2 , ρ2 ),..., (Rm , ρm ),i0 )

(1)

where,
(1) O is the ﬁnite and non-empty alphabet of objects. O∗ is the ﬁnite and
non-empty set of strings over O, λ is empty string and O+ is the subset of O∗ ,
namely, O+ = O∗ − {λ} .
(2) T ⊆ O, is the terminal alphabet.
(3) µ is a membrane structure, consisting of m membranes, labeled with
1,2,...,m; and m is called the degree.
(4) i0 is one of the labels 1,2,...,m, the region of membrane labeled with
i0 is the output region of the P system. If the i0 is omitted, the result of a

322

R. Yang et al.

computation is collected in the environment of the system in the order of their
expelling of the system.
(5) wi is multisets which the objects of region i consist, i=1,2,...,m. The
number of copies of an object is given by the number of occurrences of the
corresponding symbol in the string. wi = λ means that there is no object in the
membrane.
(6) Ri is the ﬁnite sets of evolution rules associated with membrane i, The
rules in Ri are of the form u → v, with u ∈ O+ , v ∈ (O × T ar)∗ , and T ar =
{here, inj , out|1 ≤ j ≤ m}. T ar indicates where the product v will be sent to:
here, which can be omitted, means that the products stays in its membrane; inj
means the product will be sent to membrane j which is contained in membrane
i; out means the product will be sent into the outer membrane which contains
membrane i. ρi deﬁnes a partial order relation over Ri , specifying a priority
relation among rules of Ri . If ρi = {ac → b > a → d} and both a and c are
available, then only ac → b can be applied.
In each membrane of P system, rules are applied according to the following
principle:
(1) Maximal parallelism. All of available rules must be applied simultaneously
in a step and a rule can be applied for several times in a step.
(2) Non-determinism. Suppose n rules compete for the reactants which can
only support m (less than n) rules to be applied, and then the m rules are chosen
non-deterministically.
In this paper, we call cell-like P system, for convenience, as P system.

3

Arithmetic P Systems by Formula Tables

Arithmetic operations are fundamental in almost all of computing systems, In
this section, we discuss how to implement four basic operations in Arithmetic
P Systems based on arithmetic Formula Tables, FT-APS or APS for short, in
which integers are encoded in decimal format. For convenience, in this paper we
always treat the decimal case.
A integer operand x in base q can be represented as:
x = ak ak−1 ...a1 = ak ∗ q k−1 + ak−1 ∗ q k−2 + ... + a1

(2)

where ai ∈ {0, 1, ..., q − 1}, k ≥ 1 ,q = 10.
With such an integer operand x we associate a P system of the following
form:
Π = (O, T, µ, w1 , w2 , ..., wm , R)
(3)
The degree of P system m is greater than or equal the number of digits
of x. the examples of this paper use, without loss of the generality, the values
m = k +1 or k +2; wi is a multisets of objects, and R is a set of rules, unspeciﬁed
in this stage; T = 0, 1, . . . , q − 1, where, q = 10.
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Addition

In this subsection, we shall consider that skin membrane s contains two APS,
each of them encoding a nonnegative integer. A special object v will be the trigger
of the operation: the addition of the integers encoded by the two FT-APS will
start in the moment when v is placed in this membrane s .
The addition of two decimal numbers a+b is obtained by adding step by step
the digits situated in the same position in their representations. The operation
begins with the least signiﬁcant digit. One membrane initially contains only one
digit or other objects. A digit from the membrane i is more signiﬁcant than all
digits situated in the membranes j with j < i.
The case we consider here is the addition of two nonnegative integers. The
sum is obtained outside the skin.
The algorithm of addition is described as :
(1) Initiate the APS A and B with two integers.
(2) Move one digit of each integer into membrane s.
(3) Perform the addition of two digits in membrane s. if the sum is over 10,
the carry digit is produced.
(4) the result of addition of two digits is expelled from skin.
(5) repeat step (2) to (4) until there is not any digit left in APS A and B.
Structure of P System
Let a = ak ak−1 ...a1 , b = bl bl−1 ...b1 be two decimal integers. We construct a
larger P system which contains two APS, where:
µ = [s [a [1 ...[k [k+1 ]k+1 ]k ...]1 ]a [b [1 ...[l [l+1 ]l+1 ]l ...]1 ]b ]s
APS A consists of a hierarchy of membranes with membrane a surrounding
them all. APS B consists of a hierarchy of membranes with the membrane b
surrounding them all.
Objects of membranes
Objects of membranes are set by:
(1) For membrane s , ws = v. v is a special object which will be the trigger
of the addition operation.
(2) For membrane 1 to k in APS A, the digits of operand a with object c are
placed respectively.
(3) For membrane k + 1 in APS A, a special object f with c are placed.
(4) For membrane 1 to l in APS B, the digits of operand b are placed with
c respectively.
(5) For membrane l + 1 in APS B, a special object f and c are placed.
For example, the sum of 37 and 265 can be represented as :
[s v[a [1 c7[2 c3[3 cf ]3 ]2 ]1 ]a [b [1 c5[2 c6[3 c2[4 f c]4 ]3 ]2 ]1 ]b ]s

324

R. Yang et al.

Rules of Membranes
In this paper, we deﬁne evolution rules according to addition formula table of
9+9 for decimal integers. Addition table is as follows:
0+0=0,..., 0+9=9,
1+1=2,..., 1+9=10,
2+2=4,..., 2+9=11,
...,
9+9=18.
We deﬁne rules setRAdd which includes the following rules:
00 → λ|cc , 01 → r|cc , 02 → r2 |cc , 09 → r9 |cc , ...,
11 → r2 |cc , ..., 19 → r10 |cc ,
...
99 → r18 |cc .
The sum of two digits is accomplished by these rules. A number of copies of
r are produced. The rules of RAdd are applied in membrane s .
The set Rs of s membrane also contains the following rules:
(1) v → (v, ina )(v, inb ): which will trigger the operation.
(2) r10 → (r, ina )|m : when the sum of two digits is over 10, the carry digit
object is produced.
(3){r9 → (9, out)|k >, ..., > r → (1, out)|k } > k → v(0, out)|¬r > k → v|r :
the digits of result are expelled from skin membrane.
(4) f f cc → λ > cc → m: the operation will be ﬁnished.
(5) m → k, k → v.
(6) f 1 → f r, f 2 → f r2 , ..., f 9 → f r9 : one of the two APS has already
dissolved all its membranes with digits. It leaves in the skin the object f , then
the sum is accomplished by f and the digits left by the other APS.
The set Ra of membrane a contains the following rules:
(1) vε → cε > v → (u, in) .
(2) c → (c, out).
(3) r → (r, out) .
(4) 0 → (0, out), 1 → (1, out), ..., 9 → (9, out).
(5) f → ε(f, out) .
The set Ra1 of membrane 1 to k + 1 in A contains the following rules:
(1) u → δ: which dissolve 1 to k + 1 membranes.
The set Rb of membrane b contains the same rules of Ra .
The set Rb1 of membrane 1 to k + 1 in B contains the same rules of Ra1 .
Example 1 Let us consider the decimal integers 37 and 265. The initial conﬁguration of P system is:
[s v[a [1 c7[2 c3[3 cf ]3 ]2 ]1 ]a [b [1 c5[2 c6[3 c2[4 f c]4 ]3 ]2 ]1 ]b ]s
This conﬁguration will be transformed step by step. All conﬁgurations are
listed in Appendix A1. The ﬁnal conﬁguration is:
203[s [a ε]a [b ε]b ]s
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As listed in Appendix A1, In conﬁguration step 1, the object v is sent to
membrane a and b to trigger the computation. From step 2 to 7, two corresponding digits from two operands are sent to membrane s, and the addition of
two digits are performed and the result is expelled from membrane s. In step
5, after some rules of Radd are applied,the sum of two digits is gotten as r12 .
When the sum of two digits is over 10, the rule (2) of Rs is applied, and the
carry digit object is produced, for example, in step 6, this rule is applied. In rest
steps, other digits are performed. When rule (3) of Rs is applied, the result is
expelled from skin membrane, such as step 7, 14, 21. When objects f f cc appear
in membrane s, the operation will be ﬁnished, and rule (4) of Rs is applied .
The number obtained as the result of addition is given in the reverse order.
So, the result of 37+265 is 302. The complexity of the addition is constant:O(n0 ),
in which n0 is a constant ﬁxed in advance and equals max(k, l) , where k and l
are the number of digits of two integers respectively.
3.2

Subtraction

In this subsection, we shall construct P system for subtraction, which contains
two FT-APS, each of them encoding a nonnegative integer. Consider two decimal
nonnegative integers a = ak ak−1 ...a1 and b = bl bl−1 ...b1 contained by the APS A
and B respectively. The subtraction of two decimal numbers a − b is obtained by
subtracting step by step the digits in the same position in their representations.
The operation begins with the least signiﬁcant digit. We assume that a and
b have the same numbers of digits. If the digits of a is less than b, we put 0 in
the high-order digits, vice versa. If corresponding digit of a is less than one of b,
it is needed to get a borrow digit from more signiﬁcant digit. If a is less than b,
the complement of result is obtained.
The algorithm of addition is described as :
(1) Initiate APS A and B with two integers.
(2) Move digits in APS B to A.
(3) Subtract step by step the digits in the same position. A borrow digit
may be produced if the digits of minuend is less than that of subtrahend. If the
minuend is less than the subtrahend, a special ﬂag will be produced in most
inner membrane of APS A.
(4) If the special ﬂag appears, the complement of result is computed.
(5) the ﬁnal result is expelled from skin.
Structure of P System
Let a = ak ak−1 ...a1 and b = bk bk−1 ...b1 be two decimal integers. We construct
a P system, where:
µ = [s [a [1 ...[k [k+1 ]k+1 ]k ...]1 ]a [b [1 ...[k [k+1 ]k+1 ]k ...]1 ]b ]s
APS A consists of a hierarchy of membranes with membrane a surrounding
them all. APS B consists of a hierarchy of membranes with the membrane b
surrounding them all.
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Objects of Membranes
Objects of membranes are set by:
(1) For membrane s , ws = v. v is a special object which will be the trigger
of the subtraction operation.
(2) For membranes 1 to k in APS A, each digit of operand a with objects a10
are placed respectively. Objects a10 represents the borrow digit from high-order
digits.
(3) For membrane k + 1 in APS A, a object f is placed.
(4) For membranes 1 to k in APS B, each digit of operand b is placed respectively. For distinguishing the digits of b from a, we use xi (0 ≤ i ≤ 9) to
represent the digits of b while the subscript i is equal to the value of the digit.
For example, the digit 6 is represented with x6 .
(5) For membrane k + 1 , a special object f is placed.
For example, the P system structure of subtraction of 284-579 can be represented as :
[s v[a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [1 x9 [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]1 ]b ]s
Rules of Membranes
In this paper, we deﬁne evolution rules according to subtraction formula table
of 9-9 for decimal integers. Subtraction table is as follows:
0 − 0 = 0, ..., 0 − 9 = −9,
1 − 1 = 0, ..., 1 − 9 = −8,
...
9 − 1 = 8, ..., 9 − 9 = 0.
We deﬁne rules set RSub which includes the following rules:
a9 0x0 → ua9 , ..., a9 0x9 → u,
...,
a9 9x0 → ua18 , ..., a9 9x9 → ua9
The subtraction of two digits is accomplished by these rules. The copies of
object a are prepared to be borrow digit. The rules of RSub are included in Ra1 .
The set Rs of membrane s contains the following rules:
(1) v → (v, inb ): v is used to trigger the operation.
(2) f → (f, ina ) .
(3) xi → (xi , ina ): the digits of operand b move into APS A.
(4) {9 → (9, out), ..., 1 → (1, out)}: the digits are expelled from skin.
(5) − → (−, out): this sign is expelled from skin for negative integer.
The set Ra of membrane a contains the following rules:
(1) e → λ;
(2) d → (eθ, in): this rule is used in computing the complement of result.
(3) xi → (xi , in);
(4) v → (v, out) ;
(5) f → (f, in);
(6) {9 → (9, out)|β , ..., 1 → (1, out)|β }: the digits are expelled from a membrane.
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(7) − → (−, out)|β : this sign is expelled from a membrane for negative
integer
The set Ra1 of membranes 1 to k of APS A contain the following rules:
(1) f → (f, in);
(2) a10 u → v > a → r|u > u → v(b, in);
(3) ab → λ ;
(4) xi → (xi , in);
(5) RSub > xi → (xi , in);
(6) er → e;
(7) d → (de9 , out): this rule is used in computing the complement of result.
(8) v → (v, out);
(9) {e9 → (β9, out)|θ , ..., e → (β1, out)|θ } > θ → (β0, out)(θ, in)|¬e > θ →
(θ, in);
(10) {9 → (9, out)|β , ..., 1 → (1, out)|β } : when β exists, the terminal objects
are sent to outer membrane.
The set Ra2 of membrane k + 1 of APS A contain the following rules:
(1) bf f → −d : when objects bf f appear in membrane k + 1 of APS A , it
means the complement is needed. The result is negative, so −d are introduced.
(2) d → (de9 , out): this rule is used to compute the complement.
(3) θ− → (β−, out);
The set Rb of membrane b contains the following rules:
(1) xi → (xi , out) ;
(2) v → u;
(3) f → (f, out) ;
The set Rb1 of membranes 1 to k + 1 of APS B contain the following rules:
(1) u → δ .
Example 2 Let us consider the subtraction of two decimal integers, 284-579.
A digit from the membrane i is more signiﬁcant than all digits situated in the
membranes j with j < i. Because the result is negative, the complement is
obtained. The initial conﬁguration of P system is:
[s v[a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [1 x9 [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]1 ]b ]s
This conﬁguration will be transformed step by step. All conﬁgurations are
listed in Appendix A2. The ﬁnal conﬁguration is:
592 − [s [a β[1 β[2 β[3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
As listed in Appendix A2, In conﬁguration step 1, object v is sent to membrane b, then the subtraction is triggered. In step 2 to 6, a digit of operand b
is sent to membrane a. In step 7, the rules of Rsub are applied, the subtraction
of two digits is performed. In step 8 to 10, the object v is produced again and
sent to membrane s. In step 11, object v is sent to membrane b,then in step 12
to 17, another digit of b is sent to APS A to perform the subtraction. When the
digit from operand a is less than from operand b, a borrow digit is gotten from
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more signiﬁcant digit. For example, in step 6, membrane 1 of APS A contains
objects 4 and x9 . Up to step 45, the digits of operand b and object f are sent
to APS A, and the subtraction is performed. In step 45, objects bf f appear in
membrane 4 of APS A, it means the result is negative. Thus in step 45, the rule
(1) of Ra2 is applied, then from step 46 to 51, rule (2) of Ra2 , rule (6)and (7)
of Ra1 are applied, the complement is obtained. In rest steps, the digits of ﬁnal
result are expelled from skin, when rule (3) of Ra2 , rule (9)and(10) of Ra1 , rule
(6) and (7) of Ra and rule (4) and (5) of Rs are applied.
The number obtained as the result of subtraction is given in the reverse order
out of skin. So the result of 284-579 is -295.
The complexity of the subtraction is constant: O(n0 ), in which n0 is a constant ﬁxed in advance and equals max(k, l) , where k and l are the number of
digits of two integers respectively.
3.3

Multiplication

In this subsection, we shall construct P system for multiplication, which contains
two FT-APS, each of them encoding a nonnegative integer.
Generally,to multiply two integers means to add one of the numbers with
itself a number of times of the second number. This is a very simple idea. Other
work has implemented this idea in single membrane with natural encoding[12].
But for large integers it becomes diﬃcult to be accomplished eﬃciently.
Atanasiu[8] constructed a P system according to the binary operation rules
after converting integer to binary format. By contrary, we construct P systems
encoding operands in base 10, without converting the integer operand into binary
format.
The case we consider here is the multiplication of two integers, and the product is obtained outside the skin.
The algorithm of multiplication is described as :
(1) Initiate the APS A and B with two integers.
(2) Move one digit in B to A.
(3) One digit of multiplier is multiplied with the multiplicand in APS A. In
the process, some digits of result are expelled from skin.
(4) Repeat step (2) and (3) until there is not any rules which can be applied
on any objects in APS A.
Structure of P System
Let multiplicand a = ak ak−1 ...a1 and multiplier b = bl bl−1 ...b1 be two decimal
integers. Then
a × b = a × bl × q l−1 + a × bl−1 × q l−1 + ... + a × b1
For example, the product of two decimal integers 253 and 575 can be gotten
by
253 × 575 = 253 × 5 × 100 + 253 × 7 × 10 + 253 × 5 = 145475
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.
It means multiplicand is multiplied with each digit of multiplier, then sum
up the products. So, we construct a P system, where:
µ = [s [a1 [a2 ...[ak [ak+1 ]ak +1 ]ak ...]a2 ]a1 [b [b1 [b2 ...[bl [bl+1 ]bl+1 ]bl ...]b2 ]b1 ]b ]s
Membranes a1 to ak+1 are denoted by APS A, and Membranes b to bl+1 are
denoted by APS B.
Objects of Membranes
Objects of membranes are set by:
(1) For membrane s, ws = v. v is a special object which will be the trigger of
the operation: the multiplication of two integers will start in the moment when
v is placed in the b-membrane.
(2) For membrane a1 to ak , the digits of multiplicand a are placed respectively.
(3) For membrane ak+1 , a special object f is placed.
(4) For membrane b, no object is initially placed.
(5) For membrane b1 to bl , the digits of multiplier b are placed with objects
bc respectively.
(6) For membrane bl+1 , a special object s is placed.
In order to distinguish the digits of operand a from b, we use yi and xi to
represent the value of each digit respectively. For example, digit 1 is replaced
by y1 in operand a, and digit 2 is replaced by x2 in operand b. For example,
membrane structure of 253 × 575 can be represented as
µ = [s v[a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b1 cbx5 [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b1 ]b ]s
Rules of Membranes
In this paper, we deﬁne evolution rules according to multiplication formula table
of 9 × 9 for decimal integers. Multiplication table is as follows:
1 × 1 = 1, 1 × 2 = 2, ..., 1 × 8 = 8, 1 × 9 = 9
2 × 2 = 4, 2 × 3 = 6, ..., 2 × 9 = 18
...
8 × 8 = 64, 8 × 9 = 72
9 × 9 = 81
We deﬁne rules set RM ulti which contains the rules of multiplication:
y1 x1 → r(x1 , in), y1 x2 → r2 (x2 , in), ..., y1 x9 → r9 (x9 , in),
y2 x1 → r2 (x1 , in), y2 x2 → r4 (x2 , in), ..., y2 x9 → r18 (x9 , in),
...
y9 x9 → r81 (x9 , in),
where, xi is transported into inner membrane. The rules of RM ulti are included in Ra .
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The set Rs of membrane s contains the following rules:
(1) bcxi → c(bxi , ina1 ): objects bxi are move into membrane a1 for multiplication. Object b is used to judge whether xi exists in membranes of APS
A.
(2) c → k|¬b ,k → u(ε, ina1 ): when b not exists in membrane s, k is introduced
by c. In next step, u and ε in membrane a1 are introduced by k.
(3) u → v, v → (v, inb ): v is introduced again and used to start the next
computation for next digit of multiplier.
(4) r9 → 9 >, ..., > r → 1, p → 0: the result is expelled from membrane s.
(5) s → (s, ina1 ): object s is transported into APS A.
(6) yi → λ.
The set Ra of membrane a1 to ak+1 contains the following rules:
(1) b → (b, in): objects b is transported into inner membrane. Its priority is
lower than rules in set RM ulti whose rules will be applied these membranes.
(2) r10 → (r, in)|b : r represents a carry digit and are transported into inner
membrane.
(3) r → (r, out)|ε > f ε → f > ε → (p, out)(ε, in)|¬rp > ε → (ε, in): when ε
existing, r is expelled from the membrane which it exists. if there is no r and p
, p is introduced.
(4) p → (p, out)|ε : object p is transported into outer membrane.
(5) r → (r, out)|s > s → (p, out)(s, in)δ|¬rp > s → (s, in)δ.
(6) f bxi → f, sf → λ: it represents the digit of multiplier reaches the end of
A.
The set Rb of membrane b contains the following rules:
(1) v → (v, in) : object v is transported into inner membrane.
(2) cbxi → (cbxi , out): objects bxi are transported into membrane s.
(3) s → (s, out) : object s is transported into membrane s, which means there
is no digit in B.
The set Rb1 of membrane b1 to bl+1 contains the following rules:
(1) v → δ: the membranes are dissolved one by one and its objects are
absorbed by membrane b.
Example 3 Let us consider the decimal integers 253 and 575. The initial conﬁguration of P system is:
[s v[a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b1 cbx5 [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b1 ]b ]s
This conﬁguration will be transformed step by step. All conﬁgurations are
listed in Appendix A3. The ﬁnal conﬁguration is:
574541[s [a4 ]a4 ][b ]b ]s
As listed in Appendix A3, In conﬁguration step 1, object v is sent to membrane b, which trigger the computation. In the next steps, the digits of multiplier
are sent to APS A. From step 2 to 5, the ﬁrst digits of multiplier is sent to membrane a1 . In step 6, when the rules of Rmulti are applied, the multiplication of
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two ﬁrst digits of operands is performed, and the ﬁrst digit of multiplier are
sent into inner membrane. From step 7 to 9, the rest digits of multiplicand is
multiplied with the ﬁrst digit of multiplier. In step 9, when the rule (4) of Rs are
applied, the ﬁrst digit of result is expelled from skin membrane. Up to step 29,
when object s appears in membrane membrane a1 , all digits in APS B are sent
to APS A. In these steps, each digit of multiplier is multiplied with multiplicand.
Up to the end, the rest digits of result are expelled from skin.
The number obtained as the result of multiplication is given in the reverse
order. The product of two integers 253 and 575 is 145475. The complexity of
the multiplication is constant: O(n0 ), in which n0 is a constant ﬁxed in advance
and equals k × l, where k and l are number of digits of two integers respectively.
Compared to works[8, 11–13],the complexity is lowered sharply.
3.4

Division

In this subsection, we shall construct P system for division, which contains two
FT-APS, each of them encoding a nonnegative integer. Consider the decimal
nonnegative integers a = a1 ...ak−1 ak as a dividend, b = bl bl−1 ...b1 as a divisor
contained by the APS A and B respectively. We assume the dividend is greater
than the divisor, ie, a > b. For a dividend, the most signiﬁcant digit resides
in outermost membrane; on the contrary, the most signiﬁcant digit of a divisor
resides in innermost membrane.The quotient of a ÷ b is obtained by transferring
the b from APS B to APS A and performing the division from most signiﬁcant
digit to least signiﬁcant digit.
Structure of P System
We construct a P system for division, where:
µ = [s [a [1 ...[k [k+1 ]k+1 ]k ...]1 ]a [b [1 ...[k [k+1 ]k+1 ]k ...]1 ]b ]s
Membranes a and all membranes surrounded by a are denoted by APS A,
and Membranes b and all membranes surrounded by b are denoted by APS B.
The division of two integers is a little more complicated. The algorithm of
division is separated in the following steps:
(1) Construct P system, which contains APS A and B,which are initiated
with a dividend and a divisor.
(2) Transfer the digits of the divisor from APS B to A and its digits reside in
membranes of A respectively. The most signiﬁcant digit of divisor resides with
most signiﬁcant digit of dividend in same membrane.
(3) Test if the division can perform. If the most signiﬁcant of the dividend
equals zero, the dividend moves one position to the outer. If the value of corresponding digits of the dividend is less than that of divisor, the digits of divisor
move one position to the inner. If the value of corresponding digits of the dividend is greater than that of divisor, the divisor subtracts from dividend until the
divisor is greater than the value of corresponding digits of the dividend. Through
these subtractions, a digit of quotient is obtained.

332

R. Yang et al.

(4) If least signiﬁcant digit of divisor reside with the least signiﬁcant of dividend and the divisor is greater than the remains of dividend , the computation
is ﬁnished, then the quotient is obtained and the remainder reside in the APS
A; else Go to step 3.
Objects of Membrane
Objects of membranes are set by:
(1) For membrane s, v is a special object which will be the trigger of the
division operation.
(2) For membrane a, a object ! is placed.
(3) For membranes 1 to k of APS A, each digit of dividend a is placed
respectively. For distinguishing the digits of a from b, we use yi (0 6 i 6 9) to
represent the digits of dividend a while the subscript i is equal to the value of
the digit. For example, the digit 6 is represented with y6 .
(4) For membrane k + 1 of APS A, a special object c is placed.
(5) For membranes 1 to k of APS B, each digit of divisor b is placed respectively. For distinguishing the digits of b from a, we use xi (0 6 i 6 9) to
represent the digits of b while the subscript i is equal to the value of the digit.
For example, the digit 6 is represented with x6 .
(6) For membrane k + 1 of APS B, a special object c is placed.
For example, membrane structure of 325 ÷ 15 can be represented as:
[s v[a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [1 x5 [2 x1 [3 c]3 ]2 ]1 ]b ]s

Rules of Membranes
Because of the division is a little more complicated, for convenience, we have
some conventions for evolution rules in the rest of the paper. Besides mentioned
in Section 2, the rules with priority are also described as the form (U → V, φ),
where, U → V is rewrite rule, and φ indicates the priority. The smaller value
φ is set, the higher priority of the corresponding rule is. When φ = 0, the
corresponding rule will have the highest priority. For example, there are two
rules in membrane s: r1 : (ab → y, 0) and r2 : (ac → x, 1), and the priority of
r1 is higher than r2, so the r1 will be applied ﬁrstly when both of them can
be applied. When φ = 0, the priority and the parentheses can be omitted. For
example, (ab → y, 0) equals ab → y.
The set Rs of s membrane contains the following rules:
(1) v → ε(p, inb ) : v is a special object which will be the trigger of the
operation.
(2) cε → (dw, ina ) : starting the division operation.
(3) (εt → (p, inb )(tz, ina ), 1);
(4) z → (!, ina ) ;
(5) xi → (xi , ina )|εt : xi is sent to membrane a, which prepared for subtraction
from dividend;
(6) o → (0, out): object 0 is expelled from skin;
(7) r9 → 9 > r8 → 1 >, ..., > r → 1 : terminal objects are introduced.
The set Ra of membrane a contains the following rules:
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(1)
(2)
(3)
(4)
(5)
(6)
(7)

z → (z, in);
t → (t, in)|s ;
xi → (xi , in)|s ;
(s → (ε, out), 1);
(d → (d, in), 1);
(& → r(d, in), 1);
g → λ;

(8) r → (r, out)|f ! ;
(9) (f ! →!(h, in), 1);
(10) j → (td, in) ;
(11) l → (d, in) ;
(12) (p! → λ, 1);
(13) t → λ|p ;
(14) s → λ|p ;
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(15) d → λ|p ;
(16) r → λ|p ;
(17) & → (o, out)|p ;
(18) (pp → p, 2);
(19) w → (w, in) ;

The set Ra1 of membranes 1 to k + 1 of APS A contains the following rules:
(1) z → (z, in)|t ;
(2) (z → (s, out), 1);
(3) t → (t, in)|s ;
(4) xi → (xi , in)|s ;
(5) (s → (s, out), 1);
(6) (db → b(e, in)|β , 1);
(7) (d → (d, in)|β , 2);
(8) (β → λ, 3);
(9) e → (e, in)|β ;
(10) (e → g(&, out), 1);
(11) (d → g(&, out), 3);
(12) (r → λ|g , 1);
(13) (g → a(g, out)|¬b , 2);
(14) (g → (g, out), 3);
(15) &ab → (&, out);
(16) (&a → %b10 a(a&, out), 1);
(17) ab → λ|% ;
(18) (bi → yi |g , 1);
(19) (& → (&, out), 2);
(20) (% → λ, 1);
(21) (da → af, 1);
(22) (f → (f, out), 1);

(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)

hb → b(, in);
ηc → c(p, out);
(η → (j, out), 2);
(η → (η, in)|t , 1);
(p → (p, out), 1);
a → (a, in)|j ;
t → (t, in)|j ;
(j → (j, out), 1);
ha → (n, in);
(yi → (yi , out)|n , 1);
(n → (n, in)|t , 2);
nc → c(p, out);
(n → (l, out)δ, 3);
l → (l, out);
(ht → (h, in)δ, 1);
t → λ|p ;
axi → i|p > xi → λ|p ;
ct → cp(p, out);
(w → (w, in)|t , 1);
(w → p, 2);
w → λ|x ;

(44) Subtraction rules RSub2 of subtraction of two digits is similar to RSub :
y1 x1 → βx1 , y2 x1 → βbx1 , ...y9 x1 → βb8 x1 ,
y1 x2 → βax2 , ..., y1 x9 → βa8 x9 ,
...,
y9 x9 → βx9 ;
When dt or et exists, these rules can be applied.
The set Rb of membrane b contains the following rules:
(1) p → (tp, in) ;
(2) xi → (xi , out);

(3) t → (t, out);
(4) c → (c, out);

The set Rb1 of membranes 1 to k + 1 of APS B contain the following rules:

334

R. Yang et al.

(1) ct → c;

(2) p → δ;

Example 4 Let us consider the decimal integers 325 ÷ 15. For a dividend, the
digit from the membrane labeled by i is more signiﬁcant than all digits situated
in the membranes labeled by j with j > i. The initial conﬁguration of P system
is:
[s v[a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [1 x5 [2 x1 [3 c]3 ]2 ]1 ]b ]s
This conﬁguration will be transformed step by step. All conﬁgurations are
listed in Appendix A4. The ﬁnal conﬁguration is:
21[s [a [1 1[2 [4 c]4 ]2 ]1 ]a [b ]b ]s
As listed in Appendix A4, In conﬁguration step 1, when rule (1) in Rs is
applied, the operation is triggered. From step 2 to 4, the x5 is transfered from
APS B to membrane s when rule (1) in Rb , rule (2) in Rb1 , rule (2),(3) in Rb
are applied. In step 5, when rule (3) in Rs is applied, objects tzx5 are introduced
in membrane a. From step 6 to 8, x5 is transfered to membrane 1 of APS A,
and another digit x1 in APS B is transfered to membrane s. Up to step 14,
the x1 and x5 of the divisor are transfered to membrane 1 and 2 of APS A
respectively. In step 15, objects dw appear in membrane a. Rule (5)and (19)
will be applied in Step 16, which will trigger the subtraction from dividend. In
step 16, because objects dt appear in membrane 1 of APS A, Rules Rsub2 can
be applied to perform subtraction. Up to step 35, the ﬁrst stage of division by
much times subtraction is ﬁnished, and the ﬁrst digit 2 of result is expelled from
skin. Up to the end, the second stage of division is ﬁnished, and the second digit
1 of result is expelled from skin.
The number obtained as the result of division is given in the normal order.
The quotient is 21 and the remainder residing in the APS A is 10. The complexity
of the division is related to the value of quotient.
3.5

Discussion

Unlike most arithmetic P systems which four basic fundamental operations are
performed in natural encoding, we propose P systems to perform arithmetic
operations encoding in decimal format. With These P Systems, there are some
advantages:
(1) Without convert the integer into binary format, the digits of an integer
are directly placed in the membranes, one digit one membrane. The P system
can adapt to other base, for example, base q = 10, or 9, 8, etc.
(2) The evolution rules RAdd , RSub , RM ulti , RSub2 for single digit operation
are deﬁned according to the arithmetic formula tables which widely used by
humans daily and division is accomplished by a number of subtractions.
(3) The complexity of add, subtraction and multiplication is constant, which
is related to the number of digits of two operands and not to the value of
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operands. Thus the complexity is reduced sharply compared to the works [8,
11–13].
However, there are some disadvantages:
(1) Compared to P systems in natural encoding[11, 12], The P system proposed in this paper may contain much more rules, because of using arithmetic
formula table.
(2) Compared to the single membrane we proposed before [12], These P systems may need more steps to ﬁnish the computation of addition and subtraction.

4

Conclusions

Membrane computing is a new computing model from the structure and the
functioning of living cells. Computation of arithmetic operations is a fundamental problem in the research on computing technology.
In this paper, we present P systems for performing four fundamental arithmetic operations: addition, subtraction, multiplication, division. The operands
are directly represented in decimal format without using natural encoding or
converting it to binary format. Evolution rules for single digit operation are
deﬁned according to the arithmetic formula tables which are widely used by humans daily. The computing process is illustrated using decimal integers. The P
systems can eﬃciently carry out correctly arithmetic computation of integers.
Especially for multiplication, the total steps are reduced, and the complexity is
lowered sharply.
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Appendix
A1. Configurations of addition transformed step by step
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

[s [a v[1 c7[2 c3[3 cf ]3 ]2 ]1 ]a [b v[1 c5[2 c6[3 c2[4 f c]4 ]3 ]2 ]1 ]b ]s
[s [a [1 uc7[2 c3[3 cf ]3 ]2 ]1 ]a [b [1 uc5[2 c6[3 c2[4 f c]4 ]3 ]2 ]1 ]b ]s
[s [a c7[2 c3[3 cf ]3 ]2 ]a [b c5[2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
[s c7c5[a [2 c3[3 cf ]3 ]2 ]a [b [2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
[s mr12 [a [2 c3[3 cf ]3 ]2 ]a [b [2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
[s kr2 [a r[2 c3[3 cf ]3 ]2 ]a [b [2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
2[s vr[a [2 c3[3 cf ]3 ]2 ]a [b [2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
2[s r[a v[2 c3[3 cf ]3 ]2 ]a [b v[2 c6[3 c2[4 f c]4 ]3 ]2 ]b ]s
2[s r[a [2 uc3[3 cf ]3 ]2 ]a [b [2 uc6[3 c2[4 f c]4 ]3 ]2 ]b ]s
2[s r[a c3[3 cf ]3 ]a [b c6[3 c2[4 f c]4 ]3 ]b ]s
2[s rc3c6[a [3 cf ]3 ]a [b [3 c2[4 f c]4 ]3 ]b ]s
2[s r10 m[a [3 cf ]3 ]a [b [3 c2[4 f c]4 ]3 ]b ]s
2[s k[a r[3 cf ]3 ]a [b [3 c2[4 f c]4 ]3 ]b ]s
20[s vr[a [3 cf ]3 ]a [b [3 c2[4 f c]4 ]3 ]b ]s
20[s r[a v[3 cf ]3 ]a [b v[3 c2[4 f c]4 ]3 ]b ]s
20[s r[a [3 ucf ]3 ]a [b [3 uc2[4 f c]4 ]3 ]b ]s
20[s r[a cf ]a [b c2[4 f c]4 ]b ]s
20[s rcf c2[a ε]a [b [4 f c]4 ]b ]s
20[s r3 f m[a ε]a [b [4 f c]4 ]b ]s
20[s r3 f k[a ε]a [b [4 f c]4 ]b ]s
203[s f v[a ε]a [b [4 f c]4 ]b ]s
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22.
23.
24.
25.
26.

203[s f [a vε]a [b v[4 f c]4 ]b ]s
203[s f [a cε]a [b [4 uf c]4 ]b ]s
203[s f c[a ε]a [b f c]b ]s
203[s f f cc[a ε]a [b ε]b ]s
203[s [a ε]a [b ε]b ]s

A2. Configurations of subtraction transformed step by step
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

[s [a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b v[1 x9 [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]1 ]b ]s
[s [a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [1 x9 u[2 x7 [3 x5 [4 f ]4 ]3 ]2 ]1 ]b ]s
[s [a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b x9 [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s x9 [a [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a x9 [1 a10 4[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 a10 4x9 [2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 a5 u[2 a10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 r5 v[2 ba10 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a v[1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s v[a [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b v[2 x7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [2 ux7 [3 x5 [4 f ]4 ]3 ]2 ]b ]s
[s [a [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b x7 [3 x5 [4 f ]4 ]3 ]b ]s
[s x7 [a [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a x7 [1 r5 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 x7 [2 a9 8[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 [2 a9 8x7 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 [2 a10 u[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 [2 v[3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 v[2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a v[1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s v[a [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b v[3 x5 [4 f ]4 ]3 ]b ]s
[s [a [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [3 ux5 [4 f ]4 ]3 ]]b ]s
[s [a [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b x5 [4 f ]4 ]b ]s
[s x5 [a [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a x5 [1 r5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 x5 [2 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 x5 [3 a10 2[4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 [3 a10 2x5 [4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 [3 a7 u[4 f ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 [3 r7 v[4 bf ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 v[3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 v[2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a v[1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s v[a [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b [4 f ]4 ]b ]s
[s [a [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b v[4 f ]4 ]b ]s
[s [a [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b [4 uf ]4 ]b ]s
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39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
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[s [a [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b f ]b ]s
[s f [a [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a f [1 r5 [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 f [2 [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 f [3 r7 [4 bf ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 [3 r7 f [4 bf ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 [3 r7 [4 bf f ]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 [3 r7 [4 −d]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 [3 de9 r7 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 [2 de9 [3 e2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 r5 de9 [2 e9 [3 e2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a de9 [1 e4 [2 e9 [3 e2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a [1 θe5 [2 e9 [3 e2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a β5[1 [2 θe9 [3 e2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
[s 5[a β[1 β9[2 [3 θe2 [4 −]4 ]3 ]2 ]1 ]a [b ]b ]s
5[s [a β9[1 β[2 β2[3 [4 θ−]4 ]3 ]2 ]1 ]a [b ]b ]s
5[s 9[a β[1 β2[2 β[3 β − [4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
59[s [a β2[1 β[2 β − [3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
59[s 2[a β[1 β − [2 β[3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
592[s [a β − [1 β[2 β[3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
592[s −[a β[1 β[2 β[3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s
592 − [s [a β[1 β[2 β[3 β[4 ]4 ]3 ]2 ]1 ]a [b ]b ]s

A3. Configurations of multiplication transformed step by step
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

[s [a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b v[b1 cbx5 [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b1 ]b ]s
[s [a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b1 vcbx5 [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b1 ]b ]s
[s [a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b cbx5 [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
[s cbx5 [a1 y3 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
[s c[a1 y3 bx5 [a2 y5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
[s k[a1 y3 r15 [a2 y5 bx5 [a3 y2 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
[s u[a1 εy3 r5 [a2 y5 r26 [a3 y2 bx5 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
[s vr5 [a1 y3 [a2 εy5 r6 [a3 y2 r12 [a4 bx5 f ]a4 ]a3 ]a2 ]a1 ][b [b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
5[s [a1 y3 r6 [a2 y5 [a3 εy2 r2 [a4 rf ]a4 ]a3 ]a2 ]a1 ][b v[b2 cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
5[s [a1 y3 r6 [a2 y5 r2 [a3 y2 [a4 εrf ]a4 ]a3 ]a2 ]a1 ][b [b2 vcbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b2 ]b ]s
5[s [a1 y3 r6 [a2 y5 r2 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b cbx7 [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
5[s cbx7 [a1 y3 r6 [a2 y5 r2 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
5[s c[a1 y3 bx7 r6 [a2 y5 r2 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
5[s k[a1 y3 r27 [a2 y5 bx7 r2 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
5[s u[a1 εy3 r7 [a2 y5 r39 [a3 y2 rbx7 [a4 f ]a4 ]a3 ]a2 ]a1 ][b [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
5[s vr7 [a1 y3 [a2 εy5 r9 [a3 y2 r18 [a4 bx7 f ]a4 ]a3 ]a2 ]a1 ][b [b3 cbx5 [b4 s]b4 ]b3 ]b ]s
57[s [a1 y3 r9 [a2 y5 [a3 εy2 r8 [a4 rf ]a4 ]a3 ]a2 ]a1 ][b v[b3 cbx5 [b4 s]b4 ]b3 ]b ]s
57[s [a1 y3 r9 [a2 y5 r8 [a3 y2 [a4 εrf ]a4 ]a3 ]a2 ]a1 ][b [b3 vcbx5 [b4 s]b4 ]b3 ]b ]s
57[s [a1 y3 r9 [a2 y5 r8 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b cbx5 [b4 s]b4 ]b ]s
57[s cbx5 [a1 y3 r9 [a2 y5 r8 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b4 s]b4 ]b ]s
57[s c[a1 y3 bx5 r9 [a2 y5 r8 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b4 s]b4 ]b ]s
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22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

57[s k[a1 y3 r24 [a2 y5 bx5 r8 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b4 s]b4 ]b ]s
57[s u[a1 εy3 r4 [a2 y5 r35 [a3 y2 bx5 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b [b4 s]b4 ]b ]s
57[s vr4 [a1 y3 [a2 εy5 r5 [a3 y2 r14 [a4 bx5 f ]a4 ]a3 ]a2 ]a1 ][b [b4 s]b4 ]b ]s
574[s [a1 y3 r5 [a2 y5 [a3 εy2 r4 [a4 rf ]a4 ]a3 ]a2 ]a1 ][b v[b4 s]b4 ]b ]s
574[s [a1 y3 r5 [a2 y5 r4 [a3 y2 [a4 εrf ]a4 ]a3 ]a2 ]a1 ][b [b4 vs]b4 ]b ]s
574[s [a1 y3 r5 [a2 y5 r4 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b s]b ]s
574[s s[a1 y3 r5 [a2 y5 r4 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b ]b ]s
574[s [a1 sy3 r5 [a2 y5 r4 [a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b ]b ]s
574[s y3 r5 [a2 y5 r4 s[a3 y2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b ]b ]s
5745[s y5 r4 [a3 sy2 r[a4 f ]a4 ]a3 ]a2 ]a1 ][b ]b ]s
57454[s y2 r[a4 sf ]a4 ][b ]b ]s
574541[s [a4 ]a4 ][b ]b ]s

A4. Configurations of division transformed step by step
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

[s ε[a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b p[1 x5 [2 x1 [3 c]3 ]2 ]1 ]b ]s
[s ε[a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [1 ptx5 [2 x1 [3 c]3 ]2 ]1 ]b ]s
[s ε[a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b tx5 [2 x1 [3 c]3 ]2 ]b ]s
[s tεx5 [a ![1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [2 x1 [3 c]3 ]2 ]b ]s
[s [a !tzx5 [1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b p[2 x1 [3 c]3 ]2 ]b ]s
[s [a !tx5 [1 zy3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [2 ptx1 [3 c]3 ]2 ]b ]s
[s [a !stx5 [1 y3 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b tx1 [3 c]3 ]b ]s
[s εtx1 [a ![1 ty3 x5 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [3 c]3 ]b ]s
[s [a !tzx1 [1 ty3 x5 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b p[3 c]3 ]b ]s
[s [a !tx1 [1 zty3 x5 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b [3 ptc]3 ]b ]s
[s [a !tx1 [1 ty3 x5 [2 zy2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b c]b ]s
[s c[a !tx1 [1 sty3 x5 [2 y2 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s c[a !stx1 [1 y3 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s cε[a ![1 ty3 x1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !dw[1 ty3 x1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 dwty3 x1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 dtβb2 x1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 tb2 x1 [2 ety2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 tb2 x1 [2 ta3 x5 [3 ey5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 tb2 x1 [2 &ta3 x5 [3 gy5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a ![1 a&tb2 x1 [2 %b10 ta3 x5 g[3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a &[1 tbx1 g[2 ty7 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !rg[1 dty1 x1 [2 ty7 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 dtβx1 [2 ty7 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 tx1 [2 dty7 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 tx1 [2 dtβb2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 tx1 [2 tb2 x5 [3 ey5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 tx1 [2 tb2 x5 &[3 gy5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r[1 tx1 &[2 tb2 x5 g[3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r&[1 tx1 g[2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !r2 g[1 dtax1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
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[s [a !r2 [1 f tax1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s [a !f r2 [1 tax1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
[s r2 [a ![1 htax1 [2 ty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tx1 [2 nty2 x5 [3 y5 [4 c]4 ]3 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 ty2 x1 [2 lty5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 lty2 x1 [2 ty5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a l![1 ty2 x1 [2 ty5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 dty2 x1 [2 ty5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 dtβbx1 [2 ty5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tbx1 [2 ety5 x5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tbx1 [2 etβx5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tbx1 [2 tx5 [4 ec]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tbx1 [2 tx5 &[4 gc]4 ]2 ]1 ]a [b ]b ]s
2[s [a ![1 tbx1 &[2 tx5 g[4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !&[1 tbx1 g[2 tax5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !rg[1 dty1 x1 [2 tax5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !r[1 dtβx1 [2 tax5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !r[1 tx1 [2 tdax5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !r[1 tx1 [2 tf ax5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !r[1 f ax1 [2 tx5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s [a !rf [1 f ax1 [2 tx5 [4 c]4 ]2 ]1 ]a [b ]b ]s
2[s r[a ![1 hax1 [2 tx5 [4 c]4 ]2 ]1 ]a [b ]b ]s
21[s [a ![1 ax1 [2 ntx5 [4 c]4 ]2 ]1 ]a [b ]b ]s
21[s [a ![1 ax1 [2 tx5 [4 nc]4 ]2 ]1 ]a [b ]b ]s
21[s [a ![1 ax1 p[2 [4 c]4 ]2 ]1 ]a [b ]b ]s
21[s [a !p[1 1[2 [4 c]4 ]2 ]1 ]a [b ]b ]s
21[s [a [1 1[2 [4 c]4 ]2 ]1 ]a [b ]b ]s
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Abstract. Due to the reason of iterative calculation, there are some
drawbacks for the existing image segmentation methods based on region
growing, such as large computation cost and low real-timing. Membrane
computing (known as P systems) is a novel class of distributed parallel
computing models inspired by the structure and functioning of living
cells as well as from the cooperation of cells in tissues. Thus, a few
region-based color image segmentation methods under P systems have
been proposed to deal with these problems in recent years. However,
the segmentation results for only artiﬁcial images rather than real-life
images were addressed in these works. In order to overcome the drawbacks of the existing region-based color image segmentation methods, a
novel region-based color image segmentation method under P systems is
proposed in this paper. A tissue-like P system designed specially applies
evolution and communication mechanisms of the objects to achieve an
adaptive selection of target regions. The proposed image segmentation
method based on tissue-like P systems is evaluated on several real-life
color images.
Keywords: Membrane computing; Tissue-like P systems; Color image
segmentation; Region-based segmentation

1

Introduction

Image segmentation is one of the most important issues in computer vision and
video applications. It is a process of dividing an image into several regions according to speciﬁc rules [1]. These regions are mutually non-overlapped, meaningful and have the same properties. The purpose of segmenting an image is to
use these regions to recognize and understand the image. In the past decades,
a large number of image segmentation algorithms have been developed [2–4].
These algorithms can be roughly classiﬁed into three categories: threshold-based
segmentation methods, edge-based segmentation methods and region-based segmentation methods. The threshold-based methods are one of the oldest, simple
⋆
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and popular techniques for image segmentation, which usually use the image
histogram to select the appropriate threshold(s) by some criteria to divide an
image into two or more pixel collections. Its underlying assumption is that an
image consists of diﬀerent regions corresponding to the gray-level ranges. It has
been used widely as a tool to segment the gray images, but only a few works
on color image segmentation have been addressed. The main advantage of this
technique lies in its simple computation. However, the threshold-based methods
ignore the spatial relationship information of pixels. The edge-based segmentation methods are extensively utilized for gray-level image segmentation, which
are based on the detection of discontinuity in gray level. An edge or boundary
is a place where there is a more or less abrupt change in the gray level. The
popular edge detection operators have Roberts operator, Sobel operator, GuassLaplace operator and Canny operator, and so on. The region-based segmentation
methods usually have two forms: region-growing and splitting-merging. Region
growing polymerizes image’s pixels or sub-regions that are considered as seeds
into larger regions according to some criteria [5]. The characteristics of pixels
and the adjacency of spatial distribution are fully considered in region growing.
However, because of its iterative calculation process, region growing has high
computing cost and low real-timing.
Membrane computing, as a new branch of natural computing, is a novel
class of computing models inspired by the structure and functioning of living
cells as well as from the cooperations between cells in tissues and organs [6]. The
computing models are also known as P systems. Generally, a P system includes
three ingredients: (i) membrane structure, (ii) multisets of objects and (iii) evolution rules. The multisets of objects are placed in compartments surrounded by
membranes, and evolved by some given rules [7]. According to the membrane
structure, P systems can be roughly classiﬁed into three categories: cell-like P
systems, tissue-like P systems and neural-like P systems. Since then, a large
number of P systems and their variants have been proposed [8–13]. Tissue-like
P systems as a class of P systems, are inspired by the intercellular communication and cooperation between cells, where the cells are considered as nodes
(processors) and communications of objects between the cells indirectly reﬂects
their connection relationships. Thus, tissue-like P systems can be considered as a
net of processors dealing with symbols and communicating them along channels
speciﬁed in advance. In addition to the advantage of distributed parallel computing, tissue-like P systems have evolution and communication mechanisms of
objects, which allow the evolution of objects as well as the exchange and sharing
of objects between elementary membranes.
Recently, a few works on application of membrane computing to image segmentation have been addressed. Dı́az-Pernil et al. [14] developed an image segmentation method on 2D images using P systems, which was applied to medical
image segmentation. This method regarded the pixels in an image as the objects
in the designed membranes. Christinal et al. [15] presented an image segmentation method based on tissue-like P systems, which segmented the images using
the 4-neighborhood relation of pixels in the 2D-image. However, they only ad-
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dressed the segmentation results of artiﬁcial images rather than real-life images.
Wang et al. [16] proposed an optimal single-level thresholding method based on
P systems. Peng et al. [17] presented a three-level thresholding method based
on cell-like P systems for image segmentation. Zhang et al. [18] developed an infrared object segmentation method with membrane computing, which was used
to obtain the optimal parameters quickly. Peng et al. [19] proposed an optimal multi-level thresholding method based on tissue-like P systems and fuzzy
entropy. Dı́az-Pernil et al. [20] proposed a parallel implementation of a new
algorithm for segmenting images with gradient-based edge detection by using
techniques from membrane computing. Yang et al. [21] developed a region-based
segmentation method with membrane computing, which eﬀectively segmented
gray image. However, the method can not be extended to color image.
This paper focuses on how to use the inherent mechanisms and parallel computing advantage of tissue-like P systems to overcome the drawbacks of the
existing region-based color image segmentation methods, and propose a novel
region-based color image segmentation method under P systems. A tissue-like P
system designed specially applies evolution and communication mechanisms of
the objects to achieve an adaptive selection of target regions and target regional
processing. The motivation behind this work is realize a region-based color image
segmentation method based on tissue-like P systems.
The rest of this paper is organized as follows. In Section 2, we review the
deﬁnition and mechanism of tissue-like P systems. In Section 3, we ﬁrstly review
the color space and the principle of region segmentation used in this work, and
then move on to describing the proposed image segmentation method based
on tissue-like P systems. Experimental results are provided in Section 4. The
conclusions and future work on the topic are discussed in Section 5.

2

Tissue-like P systems

Tissue-like P systems are inspired by the intercellular communications and cooperations between neurons [22]. In this section, we brieﬂy review the deﬁnition
and mechanisms of tissue-like P systems. More detailed descriptions of tissue-like
P systems can be found in [7, 8, 23, 24].
Formally, a tissue-like P system (of degree d ≥1) with symport/antiport rules
is a construct
Π = (Γ, Σ, ε, ω1 , . . . , ωd , R, io )
(1)
where
(1) Γ is the alphabet of objects.
(2) ε = Γ − Σ is the alphabet of objects in the environment (labeled by 0).
(3) wi , 1≤ i ≤ d, are ﬁnite sets of strings over Σ associated with the regions
1, 2, . . . , d. They represent multisets of objects initially present in the regions.
(4) R is a ﬁnite set of rules, which includes the following rules of three types:
(a) Evolution rule: u → v, where u, v ∈ Γ ∗ .
(b) Division rule: [ ]i → [ ]i [ ]s1 · · · [ ]si , where i, s1 , . . . , si ∈ {1, 2, . . . , q}.
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(c) Communication rules: (i, u/v, j), where u, v ∈ Γ ∗ , i ∈ {0, 1, 2, . . . , q}.
(5) i0 is a label of a membrane, which indicates the output region of the system.
The tissue-like P system consists of d cells, which are placed in the environment. The model can be viewed as a net of processors dealing with objects and
communicating these objects along channels speciﬁed in advance. Object processing is accomplished by the evolution rules. Each membrane usually contains
a or several evolution rules. The evolution rules are of form u → v, u, v ∈ Γ ∗ .
The application of the rule u → v means that u will be evolved to v. In order
to deal with some real-world problems, the evolution rules usually need to be
specially designed according to the domain knowledge.
The object communications are realized by the communication rules between
two membranes or between a membrane and the environment. The object communications implicitly reﬂect the connection relationships between these cells.
There are the communication rules of two types: symport rule and antiport rule.
The symport rule is of form (i, u/λ, j) with i ̸= 0, j ̸= 0, which provides a virtual arc from cell i to cell j. The application of the rule means that u will be
communicated from cell i to cell j. A communication rule (i, u/v, j) is called an
antiport rule if u ̸= λ and v ̸= λ. An antiport rule (i, u/v, j), with i ̸= 0, j ̸= 0,
provides two arcs: one from cell i to cell j and the other from cell j to cell i. The
application of this rule means that the objects in the multisets represented by u
and v respectively will be interchanged among the two cells. In this context, the
environment can be considered as a virtual node of the graph such that its connections are deﬁned by communication rules of the form (i, u/v, j), with i = 0
or j = 0.
In addition, there are also other kinds of rules, such as division rule. The
division rule is used to split a membrane into several membranes.
A computation in a tissue-like P system is a sequence of steps which start
with the cells 1, . . . , d containing the multisets w1 , . . . , wd and where, in each
step, one or more rules are applied to the current multisets of symbol objects.
A computation is successful if and only if it halts. When it halts, it produces a
result in output cell.
The inherent mechanisms of tissue-like P systems can provide a ﬂexibility
to deal with real-world problems. In this work, we will apply these mechanisms
to realize a region-based color image segmentation method by using a specially
designed tissue-like P system.

3
3.1

The proposed region-based color image segmentation
method
The color space

A color model is an abstract mathematical model describing the way that colors
can be expressed as tuples of numbers, typically including three or four values
or color components. Usually, a color image is speciﬁed in RGB components
because human visual system works in a way that is similar to an RGB color
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space. RGB (red, green and blue) is deﬁned based on the color of the human eye
recognition, and it represents the most of the colors. But it is diﬃcult to separate
the three quantities of hue, brightness and saturation from the RGB space. Due
to the high correlation among R, G and B components, the RGB model is
not good for color analysis, so the RGB components always are transformed
into other color spaces in image processing and analysis, such as Y Cb Cr , Y IQ,
Y U V , HIS.
The Y Cb Cr color space has been extensively used for color segmentation [4].
In this work, we choose the Y Cb Cr color space for processing because of the
little inﬂuence of value Y on the distribution in the Cb Cr plane and the linear
transform between the Y Cb Cr color space and RGB color space.
The Y Cb Cr color space is a scaled version of Y U V , where Y , U and V
represent luminance, color and saturation, respectively. The Cb , Cr are the differences between the blue, red (respectively) components and a reference value.
The transform of Y Cb Cr color space to RGB is linear transform. The formula
converting Y Cb Cr to RGB is
R = Y + 1.402 × Cr

G = Y − 0.344 × Cb − 0.714 × Cr
B = Y + 1.772 × Cb

(2)
(3)
(4)

And the formula converting RGB to Y Cb Cr is
Y = 0.2999 × R + 0.587 × G + 0.114 × B
Cb = 0.564 × (B − Y )
Cr = 0.713 × (R − Y )

3.2

(5)
(6)
(7)

The method for automatic target point selection

We consider a pixel as target point if it satisﬁes two criteria given below. In this
work, the used judgement method of target points is a modiﬁed version of the
method in literature [25].
Criteria 1 : The similarity of the pixel with its neighbors is higher than a
threshold value T1 .
For a color image, the similarity of a pixel with its neighbors is calculated as
follows. As shown in Fig.1, if we want to calculate the similarity of the pixel at
(i, j), we consider the eight pixels in red.
According to the 3 × 3 neighborhood, the standard deviations of Y , Cb , Cr
components are calculated respectively by:
v
u 9
u1 ∑ (
)2
(8)
σx = t
xi − x̄
9 i=1
∑9
where x can be Y or Cb or Cr, and x̄ = 91 i=1 xi is the average value of all
the nine pixels in the 3 × 3 window. The standard deviation of each pixel is
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(i-1, j-1)

(i, j-1)

(i+1, j-1)

(i+2, j-1)

(i-1, j)

(i, j)

(i+1, j)

(i+2, j)

(i-1, j+1)

(i, j+1)

(i+1,j+1)

(i+2,j+1)

(i-1, j+2)

(i, j+2)

(i+1,j+2)

(i+2,j+2)

Fig. 1. The yellow point is the pixel that will be calculated.

calculated by:
σ = σY + σCb + σCr

(9)

Next, standard deviation of each pixel is normalized as follows:
′

σx = σx /σmax

(10)

where σmax is the maximum value of standard deviations of all sliding windows.
Finally, the similarity value Hx of each pixel to its neighborhood is deﬁned as:
′

Hx = 1 − σx

(11)

We get the threshold value T1 using Otsus method. The between-class variance
of the sliding window is seen as the threshold value T1 .
Criteria 2 : The maximum distance of the pixel to its neighbors is less than
a threshold value T2 .
The relative Euclidean distances of a pixel to its neighbors are calculated as
follows:
√
(Y − Yi )2 + (Cb − Cbi )2 + (Cr − Cri )2
di =
(12)
Y 2 + Cb2 + Cr2
where i = 1, 2, . . . , 8. Thus, the maximum distance of the pixel to its neighbors
is calculated by
dmax = max8i=1 {di }
(13)
In our experiment, the value T2 does not be got automatically. For a color image,
if its a pixel satisﬁes the above two conditions, we consider the pixel as a target
point.
3.3

The processing of target regions

After the selection of target points, we label the target regions by A1 , A2 , . . . , An ,
where Ai represents the ith region and its area is denoted by Si . When the size
of a target region is smaller than 1/500 of the whole image, we will discard this
target region, that is, this region is no longer considered as target. The processing
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way of target regions is suitable for using the designed tissue-like P system to
achieve the region-based segmentation.
Based on the selected target points, the pixels which have a certain similarity
with the seed points are merged to form new seed regions. The process of region
growing can be described as follows:
(1) Set the ﬂags of all target points to be 1 to determine initial seed regions.
(2) Scan the whole image line by line. For each pixel, if its ﬂag is 1, each pixel in
its 8-adjacent neighborhood is processed as follows: set its ﬂag to be 1 and
put it into the corresponding seed region when it has a similarity with the
seed point and its ﬂag is 0.
(3) Repeat step (2) until all seed regions are no longer growing.
If the relative Euclidean distance of a pixel to its neighbor is less than the
threshold value T2 , we said that the pixel has a similarity with its neighbor.
3.4

The proposed segmentation algorithm under P systems

The region-based image segmentation method proposed in this paper is based
on a tissue-like P system. The tissue-like P system has a specially designed
membrane structure and objects. The tissue-like P system applies its evolution
rules and communication rules to achieve target regional selection for color image segmentation. Therefore, for a color image, the tissue-like P system is able
to complete image segmentation automatically. With the advantage of parallel
computing of P systems, the proposed image segmentation method can eﬀectively overcome the large computation cost problem of traditional region-based
image segmentation method. The several main components of the tissue-like P
system for color image segmentation are described in detail as follows.
Membrane structure The tissue-like P system designed specially consists of
three elementary membranes, which are labeled by 1, 2 and 3, respectively. Fig.2
shows its membrane structure. As usual in tissue-like P systems, the environment is labeled by 0. Each elementary membrane contains a number of objects
and evolution rules. The communication rules between elementary membranes
perform the exchange of objects. In the tissue-like P system, membrane 1 deals
with the automatic selection of target points, while membrane 2 achieves the
processing of target regions. Membrane 2 is ﬁssionable. It can be split into n + 1
membranes. The value n is determined according to the objects in the system.
Membrane 3 is the output membrane of the system. When the system halts, the
objects in the output membrane are the results of the whole system.
Objects in membranes Usually, a tissue-like P system completes the information processing through evolution and communication of the objects. In this
paper, these mechanisms of tissue-P systems are used to achieve a region-based
segmentation. For an image with n × m pixels (n, m ∈ N ), let C ⊆ N be the set
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Fig. 2. Membrane structure of the tissue-like P system.

of its all value levels (Y is [16, 235], and Cb and Cr are [16, 240]) and they are
in a certain order. There are ﬁve types of objects in the designed tissue-like P
system:
(1) Object aij , 1 ≤ i ≤ m, 1 ≤ j ≤ n, a ∈ C. The object aij denotes the pixel
with value Y or Cb or Cr at (i, j), a ∈ C.
(2) Object Hij , 1 ≤ i ≤ m, 1 ≤ j ≤ n, H ∈ E. Each pixel corresponds to a
similarity value, which indicates the degree of similarity of the pixel with its
neighboring pixels. Therefore, the similarity value can be seen as the feature
value of the pixel, which is encoded by Hij . Here, E ⊂ R denotes the set of
these feature values. Initially, set Hij = 0.0.
(3) Object Dij , 1 ≤ i ≤ m, 1 ≤ j ≤ n, D ∈ F . Each pixel corresponds to a
distance value, which indicates the maximum distance of the pixel to its
neighboring pixels. Similarly, the distance value can be seen as another feature value of the pixel, which is encoded by Dij . Here, F ⊂ R denotes the
set of these feature values. Initially, set Dij = 1000.0.
Rt
t
(4) Object AR
ij , 1 ≤ i ≤ m, 1 ≤ j ≤ n, t ∈ C. Aij is the output object of whole
system, and it will be communicated into membrane 3 as an output object
when object aij is identiﬁed as a target point or a point in some target
regions. The label Rt indicates that the point Aij is in the tth target region.
Initially, set t = 0.
(5) Object c, c ∈ N . The object c is used to count the target regions. It is
changed by the evolution rules during the processing of the target regions.
Initially, set c = 0.
The designed tissue-like P system For each color image with n × m pixels
(n, m ∈ N ) we design a tissue-like P system of degree d = 3 to achieve a regionbased segmentation. The tissue-like P system can be described as follows:
Π = (Γ, Σ, ε, ω1 , ω2 , ω3 , R, io )
where,

(14)

∪
t
(1) Γ is the alphabet of objects, Γ = Σ {AR
ij | 1 ≤ i ≤ n, 1
∪≤ j ≤ m, A ∈
C, t ∈ C}, where Σ =∪{aij | 1 ≤ i ≤ n, 1 ≤ j ≤ m, a ∈ C} {Hij | 1 ≤ i ≤
n, 1 ≤ j ≤ m, H ∈ E} {Dij | 1 ≤ i ≤ n, 1 ≤ j ≤ m, D ∈ F }.
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(2) ε = Γ − Σ is the alphabet of objects in the environment.
(3) ω1 = Σ, ω2 = aij , ω3 = ∅ are initial multisets of objects.
(4) R is a ﬁnite set of rules, which includes the following rules of three types:
(a) Evolution rules:
(i) The Eq. (11) and Eq. (13) are used as evolution rules of objects.
Membrane 1 achieves automatic selection of target points according
to the evolution rules (11) and (13). The role of the evolution rules
is to compute the similarity value Hij and the distance value Dij of
each pixel here.
c=c+1
0
(ii) [aij AR
ij ai−1j−1 aij−1 ai+1j−1 ai−1j ai+1j ai−1j+1 aij+1 ai+1j+1 ]2 −−−−→
c
[aij AR
ij ai−1j−1 aij−1 ai+1j−1 ai−1j ai+1j ai−1j+1 aij+1 ai+1j+1 ]2 , where
1 ≤ i ≤ n, 1 ≤ j ≤ m.
This evolution rules are used to mark which target region the point
at (i, j) is in while its neighbors are not target points. The value of
the object ‘c’ is the count of the marked target regions.
c=c+1
R0
Rc
Rc
0
(iii) [aij AR
ij akl Akl apq ]2 −−−−→ [aij Aij akl Akl apq ]2 , where 1 ≤ i ≤ n, 1 ≤
j ≤ m, k, p ∈ {i − 1, i, i + 1}, l, q ∈ {j − 1, j, j + 1}.
This evolution rules are used to mark which target region the point
at (i, j) is in while its neighbors are not target points or the marked
target points. The object apq is optional. The value of the object ‘c’
is the count of the marked target regions.
(b) Division rule: []2 → []2 []4 []5 []6 ...[]c+3 .
|
{z
}
c

This division rule means that the membrane 2 is divided into c membranes. c is the number of the target regions. Note that the membrane 2
still exists in the system. The objects in the membrane 2 do not change
and there is no object in the membranes 4, 5, . . . , c + 3.
(c) Communication rules:
0
(i) (1, Hij Dij /AR
ij , 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m. The triggering condition
of the rule is Hij > T1 and Dij < T2 .
This rule is used to select target points. It will be executed when the
similarity value Hij of the pixel at (i, j) with its neighboring pixels
and the distance value Dij of the pixel at (i, j) to its neighbors
satisfy the trigger condition above. The execution of the rule means
that object aij is marked as a target point.
0
(ii) (1, AR
ij /λ, 2), 1 ≤ i ≤ n, 1 ≤ j ≤ m.
This rule is used to communicate the target points marked in membrane 1 into membrane 2. In the tissue-like P system, the function of
membrane 1 is automatic selection of target points while the function
of membrane 2 is to achieve the region-based segmentation.
R0
Rt
Rt
t
(iii) (2, aij AR
ij akl Akl /aij Aij akl Akl , 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m, k ∈ {i −
1, i, i + 1}, l ∈ {j − 1, j, j + 1}, a ∈ C, t ∈ C.
This is a communication rule between membrane 2 and the environment. For a marked target point aij , if there exists an unmarked
adjacent target point object, the adjacent target point will be marked
in the same region with the target point.
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Rt
Rt
Rt
s
(iv) (2, aij AR
ij akl Akl /aij Aij akl Akl , 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m, k ∈ {i −
1, i, i + 1}, l ∈ {j − 1, j, j + 1}, a ∈ C, t ∈ C.
For a marked target point aij which is in the region Rs , if there
exists a marked adjacent target point akl in the region Rt , the point
aij will be marked in the region Rt . In selection method of target
points, there may be the case shown in Fig.3. So we use this rule to
correct those mislabeled regions.

R1
R2

R2

R1

R1

R2

Fig. 3. The yellow part is the target region marked by ‘R1 ’, the red part is the target
region marked by ‘R2 ’. But the yellow part and the red part should belong to the same
region.
Rt
Rt
t
(v) (2, aij AR
ij akl /aij Aij akl Akl , 0), 1 ≤ i ≤ n, 1 ≤ j ≤ m, k ∈ {i −
1, i, i + 1}, l ∈ {j − 1, j, j + 1}, a ∈ C, t ∈ C.
The triggering condition of the rule is the relative Euclidean distance
of akl to aij is less than T2 .
t
(vi) (2, AR
ij /λ, t + 3), 1 ≤ i ≤ n, 1 ≤ j ≤ m, t ∈ C.
This rule is used to transport the target point to the corresponding
membrane. The target point which is belong to the region t is moved
to the membrane t + 3.
t
(vii) (t + 3, AR
ij /λ, 3), 1 ≤ i ≤ n, 1 ≤ j ≤ m, t ∈ C. The triggering
condition of the rule is St+3 > n×m
500 , where St+3 is the number of
objects in (t + 3)th membrane.
This rule is used to communicate target objects or objects in target
regions in membrane t + 3 into membrane 3. In this system, membrane 3 is the output membrane. The objects in membrane 3 is the
output results of whole system when the system halts.
(5) io = 3. It indicates that membrane 3 is the output membrane of this system.
When the whole system halts, the objects in membrane 3 are the results of
our system.

4

Experimental results

In our experiment, several color images randomly collected from the Internet are
used to evaluate the proposed image segmentation method based on tissue-like
P systems.
Fig. 4 shows the selection of target points and segmentation result of the
proposed region-based segmentation method. The red parts in Fig. 4(b) are
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Fig. 4. Example of target point selection: (a) original color image Lake, (b) the target
image, and (c) the result image.

the target points selected in membrane 1, which can represent the most target
regions. After the processing of target regions in membrane 2, we can get the ﬁnal
result by outlining the target regions. In these pictures, there is a phenomenon
that the target regions are not full. The reason is that the values H and D of the
center pixel are computed by its eight adjacent pixels. That is to say, if a pixel
located on the edge of a region, its H value is lower and its D value is higher
than the pixels within the region.

Fig. 5. The segmentation results of the proposed segmentation method on the tiger
and sailing boat images: (a)(c) original images, (b)(d) result images.
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Figs. 5-7 give the segmentation results of the proposed segmentation method
on six real-life images. In these segmented images, the blue lines express the
edges of the target regions. Due to the threshold value T2 does not be selected
automatically, the segmented results are determined according to the threshold
values for the relative Euclidean distance. Fig. 5 (b) and (d) give the outlines of
the tigers and sailing boat, respectively. It can be observed that two objects, the
tigers and sailing boat, are segmented better. Fig. 6 (b) and (d) give the outlines
of two diﬀerent ﬂowers. The segmentation results clear indicate that the two
ﬂowers can be segmented better from their images. Fig. 7 (b) and (d) provide
the outlines of the little duck and house, respectively. However, the segmentation
results are not so satisfactory due to a little amount of noises in the results.

Fig. 6. The segmentation results of the proposed segmentation method on two ﬂower
images: (a)(c) original images, (b)(d) result images.

Fig. 8 shows the segmentation results of the proposed segmentation method
with diﬀerent value T2 for the relative Euclidean distance, which are corresponding to the thresholds T2 =0.11, 0.05 and 0.02, respectively. When the threshold
value is 0.02, the number of the target regions is more and the size of each target region is smaller compared with that of thresholds T2 =0.05 and 0.11. The
results indicate that the higher the threshold value T2 is, the more the target
seeds will be got, then the bigger the target regions are.
In order to evaluate the segmentation eﬀect, the proposed segmentation
method is compared with Shih’s method [25], which is a region-based segmentation method developed recently. Fig. 9 shows segmentation results of the two
methods on the sea lion image, which give the outlines of the sea lion. The result
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Fig. 7. The segmentation results of the proposed segmentation method on the little
duck and house images: (a)(c) original images, (b)(d) result images.

Fig. 8. The segmentation results of the proposed segmentation method under diﬀerent
T2 values: (a) T2 = 0.11, (b) T2 = 0.05, and (c) T2 = 0.02.

of the proposed segmentation method is closer to the result of artiﬁcial segmentation. But the same problem is that the proposed segmentation method has a
little noises in the result image.

5

Conclusions

A region-based color image segmentation method under tissue-like P systems is
proposed in this paper. The tissue-like P system takes advantage of evolution
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Fig. 9. (a) The original image, (b) the result of Shih’s method [25], and (c) the result
of the proposed segmentation method.

rules and communication rules to realize an adaptive region-based segmentation,
in which three elementary membranes accomplish automatic selection of target
points and target regional processing under the control of parallel computing
mechanism of P systems. Therefore, the proposed image segmentation method
based on tissue-like P systems has the advantage of fast segmentation. The
experimental results show that the proposed image segmentation method has
good segmentation eﬀect and performance. The proposed image segmentation
method expands the application of membrane computing in the ﬁeld of image
processing. But experimental results also show that there are some weaknesses in
the proposed image segmentation method, for example, there are a small amount
of noises in segmentation results of some images and the artiﬁcial selection of
threshold value. They are need to be improved in our future works.
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Abstract. Spiking neural P systems (SN P systems, for short) are a
class of distributed parallel computing devices inspired from the way
neurons communicate by means of spikes. In this work, another well
known parallel computational model – circuits, is used for simulating SN
P systems. Specifically, an SN P system with three neurons is simulated
by a circuit, where JK flip-flops are used for storage of states of neurons.

1

Introduction

Membrane computing was initiated by Păun [12] and has developed very rapidly
(already in 2003, ISI considered membrane computing as a “fast emerging research area in computer science”, see http://esi-topics.com). It aims to abstract computing ideas (data structures, operations with data, computing models, etc.) from the structure and the functioning of single cell and from complexes
of cells, such as tissues and organs, including the brain. The obtained models are
distributed and parallel computing devices, called P systems. For updated information about membrane computing, please refer to the membrane computing
website (http://ppage.psystems.eu).
This work deals with a class of neural-like P systems, called spiking neural
P systems (SN P systems, for short) [4]. SN P systems were inspired by the
neurophysiological behavior of neurons (in brain) sending electrical impulses
along axons to other neurons, with the aim of incorporating speciﬁc ideas from
spiking neurons into membrane computing. Generally speaking, in an SN P
system the processing elements are called neurons and are placed in the nodes
of a directed graph, called the synapse graph. The content of each neuron consists
of a number of copies of a single object type, namely the spike. Each neuron may
also contain rules which allow to remove a given number of spikes from it, or
send spikes (possibly with a delay) to other neurons. The application of every
rule is determined by checking the content of the neuron against a regular set
associated with the rule.
⋆
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Up to now, SN P systems have been applied in many ﬁelds, such as computing functions (e.g., [10], [13],[15]), generating sets of numbers (e.g., [2], [4]),
generating/recognizing languages (e.g., [1], [21]), and solving computational hard
problems (e.g., [6]). Many variants of SN P systems have also been investigated
(e.g., [16],[17],[18],[20]).
SN P systems are massive parallel computing models, where neurons function
in parallel with each other. In each step, each neuron which has rules applicable
must use its rule. In this work, we consider using another well known parallel
computational model – Boolean circuits, to simulate SN P systems. Speciﬁcally,
an SN P system with three neurons are simulated by circuits: each neuron is
implemented by a circuit module, and the synapses are associated with the links
between the modules.
The rest of this paper is organized as follows. In the next section, the deﬁnition of SN P systems is introduced. In Section 3 an example of SN P systems
is given to illustrate how to simulate the computation of an SN P system with
circuits. Conclusions and remarks are given in Section 4.

2

Prerequisites

It is useful for the reader to have some familiarity with basic membrane computing [14] and circuit theory [5]. We here only introduce the necessary prerequisites.
2.1

Spiking Neural P Systems

In this section, a restricted variant of SN P systems, SN P systems without delay,
is introduced.
Definition 1. An SN P system without delay, of degree m ≥ 1, is a construct
of the form
Π = (O, σ1 , . . . , σm , syn, in, out),
where:
1. O = {a} is the singleton alphabet (a is called spike);
2. σ1 , . . . , σm are neurons, of the form
σi = (ni , Ri ), 1 ≤ i ≤ m,
where:
a) ni ≥ 0 is the initial number of spikes contained in σi ;
b) Ri is a finite set of rules of the following two forms:
(1) E/ac → a, where E is a regular expression over a, c ≥ 1;
(2) as → λ, for s ≥ 1, with the restriction that for each rule E/ac → a
of type (1) from Ri , as ∈
/ L(E);
3. syn = {(i, j) | 1 ≤ i, j ≤ m, i ̸= j } (synapses between neurons);
4. in, out ∈ {1, 2, . . . , m} indicate the input and output neurons, respectively.
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The rules of type (1) are spiking (also called ﬁring) rules, which are applied
as follows. If the neuron σi contains k spikes, and ak ∈ L(E), k ≥ c, then the
rule E/ac → a ∈ Ri can be applied. This means that consuming (removing) c
spikes (thus only k − c spikes remain in σi ), the neuron is ﬁred, and it produces
a spike; this spike is transported to all neighbor neurons by outgoing synapses.
If a rule E/ac → a has E = ac , then it is written in the simpliﬁed form ac → a.
The rules of type (2) are forgetting rules; they are applied as follows: if the
neuron σi contains exactly s spikes, then the rule as → λ from Ri can be used,
meaning that all s spikes are removed from σi .
In each time unit, if a neuron σi can apply one of its rules, then a rule
from Ri must be applied. Since two spiking rules, E1 /ac1 → ap1 and E2 /ac2 →
ap2 , can have L(E1 ) ∩ L(E2 ) ̸= ∅, it is possible that two or more rules are
applicable in a neuron. In that case, only one of them is chosen and applied
non-deterministically. However,
Thus, the rules are applied in the sequential manner in each neuron, at most
one in each step, but neurons function in parallel with each other. It is important
to notice that the applicability of a rule is established based on the total number
of spikes contained in the neuron.
The conﬁguration of the system is described by the number of spikes present
in each neuron. Using the rules as described above, one can deﬁne transitions
among conﬁgurations. Any sequence of transitions starting in the initial conﬁguration is called a computation. A computation halts if it reaches a conﬁguration
where no rule can be applied. The result of a computation is the number of
steps elapsed between the ﬁrst two spikes sent by the output neuron to the
environment during the computation.
2.2

JK flip-flop

In this work, logic gates including AND, OR, NOT, NAND and NOR gates are
used for implementation of SN P systems. In what follows, the logic gates will
be drawn by “distinctive shape” set of symbols, which are shown in Figure 1.

AND

OR

NOT

NAND

NOR

Fig. 1. The symbols of logic gates

In electronics, a ﬂip-ﬂop (also called latch) is a circuit that has two stable
states and can be used to store state information. In this paper, we use JK
ﬂip-ﬂop for storage of state of neurons.
The structure of JK ﬂip-ﬂop is given in Figure 2. In general, JK latch works
in the following way. The combination J = 1, K = 0 is a command to set the
ﬂip-ﬂop; the combination J = 0, K = 1 is a command to reset the ﬂip-ﬂop; and
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Q

K
CP

Q

J

Fig. 2. The structure of JK flip-flop

the combination J = K = 1 is a command to toggle the ﬂip-ﬂop, i.e., change its
output to the logical complement of its current value. Setting J = K = 0 will
hold the current state. The characteristic equation of the JK ﬂip-ﬂop is
Qnext = JQ + KQ
The corresponding truth value table is given in Table 1.
Table 1. The truth value table for JK flip-flop [5]
J
0
0
1
1

3

K
0
1
0
1

Qnext
Q
0
1
Q

Comment
No change
Reset
Set
Toggle

Simulating SN P Systems with Circuits

Example 1. Let us consider an SN P system Π = ({a}, σin , σ1 , σ2 , syn, in) that
accepts the set of even numbers S = {2, 4, 6, · · · }, where σ1 = (0, R1 ), with
R1 = {a → a}; σ2 = (0, R2 ), with R2 = {a → a, a2 → λ}; σ3 = (0, R3 ), with
R3 = {a → a}; syn = {(out, 1), (1, 2), (2, 3), (3, 2)}, where out indicates the
environment; in = 1. Π is also represented graphically in Figure 3, which may
be easier to understand.
In order to simulate the above SN P system Π with circuits, we simulate
neurons σ1 , σ2 and σ3 respectively.
Neuron σ1 (σ3 ) works in the following way. It has one input (denoted by in)
and one output (denoted by out). The inner states include 0 spike (empty), 1
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1 Ǝ in Ə

a
2

ƀa
ƀ
ƀƮ

a a
2
a

a

ƀa

3

Fig. 3. An SN P system Π that accepts the set of even numbers {2, 4, 6, · · · }
Table 2. The truth value table of neuron σ1
Next state (Q1,next Q2,next )/Output
in=0
in=1
00/0
00(0 spike)
00/1
00/1
01(1 spike)
10/0
10/0
10(2 spikes, blocked)
10/0
State (Q1 Q2 )

spike and 2 spikes (or more than 2 spikes, in this state the neuron is blocked and
will never ﬁre again). The truth value table is listed in Table 2.
According to the truth value table of neuron σ1 (σ3 ), we design a circuit for
simulation of the neuron, which is composed of two JK ﬂip-ﬂops. The values of
J and K are calculated as follows.
J1 = 0, K1 = 1, J2 = Q1 in, K2 = Q1 .

(1)

Out = inQ1 Q2 + Q1 inQ2 .

(2)

The structure of the module for neuron σ1 is depicted in Figure 4.

VCC

in



K1

Q1

J1

Q1
out



K2

Q2

J2

Q2

Fig. 4. The circuit for simulation of neuron σ1 (σ3 )
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Neuron σ2 works as follows. It has two inputs (denoted by in1 and in2 ) and
one output (denoted by out). The inner states include 0 spike (empty), 1 spike,
2 spikes, and 3 spikes (or more than 3 spikes, in this state the neuron is blocked
and will never ﬁre again). The truth value table is listed in Table 3.
Table 3. The truth value table of neuron σ2
State(Q1 Q2 )
00
01(1 spike)
10(2 spikes)
11(3 spikes, blocked)

Next state/Out
in1 in2 =00 in1 in2 =01 in1 in2 =10
00/0
00/1
00/1
00/1
00/0
00/0
00/1
11/0
11/0
11/0
11/0
11/0

in1 in2 =11
00/0
11/0
11/0
11/0

According to the truth value table of neuron σ2 , a circuit is designed for
simulation of the neuron, which is composed of two JK ﬂip-ﬂops. The values of
J and K are calculated as follows.
J1 = J2 = in1 in2 Q1 , K1 = K2 = in1 + in2 + Q1 .

(3)

Out = Q1 + Q2 + in1 + in2 +Q1 + Q2 + in1 + in2 +Q1 + Q2 + in1 + in2 +Q1 in1 in2 .
(4)
The module for neuron σ2 is depicted in Figure 5.

in 1



K1

Q1

J1

Q1

K2

Q2

J2

Q2

in 2



Fig. 5. The circuit for simulation of neuron σ2

out

362

X. Zeng et al.

From the above description, it is easy to see that the SN P system Π can be
simulated by a circuit which is composed of two modules from Figure 4 and one
module from Figure 5.

4

Conclusions and Remarks

In this work, logic circuits have been used for simulation of SN P systems.
Speciﬁcally, we design two modules for two types of neurons, where JK ﬂip-ﬂops
are used for storing the states of neurons. It is not diﬃcult to see that such
simulation is also suitable for other types of neurons in SN P systems.
The synapses considered in this paper have no weights, which has been proved
to be powerful in computation[11, 19]. It is open how to simulate SN P systems
with weights. Another important ingredient is astrocyte, which can sense the
spike traﬃc along several neighboring synapses, and has an inhibitory inﬂuence
on the neighboring synapses[9]. It is of interest to investigate how to simulate
astrocytes by circuits.
SN P systems are parallel computational model inspired from biology, it is
also nature to consider to implement such model by biological materials. In the
area of DNA computing, Logical computation have been implemented by using
DNA self-assembly and DNA Strand Branch Migration (e.g., [8],[7]). It deserves
to investigate whether SN P systems can be implemented by DNA technology.
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Abstract. This paper proposes an approximate optimization approach,
called QEAM, which combines a P system with active membranes and
a quantum-inspired evolutionary algorithm. QEAM uses the hierarchical arrangement of the compartments and developmental rules of a P
system with active membranes, and the objects consisting of quantuminspired bit individuals, a probabilistic observation and the evolutionary
rules designed with quantum-inspired gates to specify the membrane
algorithms. A large number of experiments carried out on benchmark
satisﬁability problems show that QEAM outperforms QEPS (quantuminspired evolutionary algorithm based on P systems) and its counterpart
quantum-inspired evolutionary algorithm.
Keywords: Membrane computing; active membranes; approximate optimization approach; quantum-inspired evolutionary algorithm; satisﬁability problem

1

Introduction

In the last decades, natural computing has been intensively studied and a wide
range of applications in computer science and many other areas has been produced. As a young and vigorous branch of natural computing, membrane computing, using models called P systems, has made a signiﬁcant impact on the
development of various disciplines [22], such as theoretical computer science, biology, linguistics, etc. The ﬁrst variants of P systems were proposed in 1998 by
Gh. Păun [19]. They represent a new distributed-parallel framework for designing
cell-like or tissue-like computing models, handling multisets of abstract objects in
a compartmentalized arrangement of membranes. The membrane structure delimits compartments in a hierarchical or network manner. Objects are arranged
as multisets and dispersed across these compartments. Rules are usually associated to the regions enclosed by membranes and control the evolution of objects
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inside in a maximally parallel way. The main characteristics of P systems are the
hierarchical or network architecture of membranes, type of rules (transformation,
communication etc.) and intrinsic parallelism, which are all very eﬀective from
a computational point of view and attractive and suitable for modelling various
problems. Until now, P systems have been developed principally from a mathematical and computational point of view, building a great variety of computing
models and studied for their computational power, complexity aspects and potential solutions to NP-complete problems, and have been utilized for modelling
real-world problems in graphics, linguistics, biology. However the issue of adapting P systems for solving practical problems remains a fundamental aspect of
the research in this ﬁeld, and fortunately a burgeoning interest in this respect
for many researchers is noticeable in the last years [7]. The application of P
systems to such problems is still in a developmental phase [22], as compared to
evolutionary computation.
Inspired by the evolution in natural selection and molecular genetics, evolutionary algorithms (EAs) have become the most successful metaheuristic search
techniques [2]. The great success of EAs in various applications, such as evolutionary optimization and machine learning, can be attributed to two outstanding
characteristics: practicability and robustness. EAs are regarded as blind search
methodologies without domain speciﬁc knowledge [23], suitable for a variety of
complex problems in real-world applications. As population-based search tools,
EAs usually sample multiple points of the search space in a single step and
consequently are quite robust with respect to the objective function landscapes
containing many peaks. Developing eﬃcient EAs for speciﬁc problems is a challenging and attractive topic for researchers from a wide range of areas. Quantuminspired evolutionary algorithms (QIEAs), one of the three main research areas
related to the complex interaction between quantum computing and evolutionary
algorithms, are receiving renewed attention [27]. A QIEA is a new evolutionary
algorithm for a classical computer rather than for quantum hardware. QIEAs
use quantum-inspired bits (Q-bits), quantum-inspired gates (Q-gates) and observation processes to specify their structure and steps. More speciﬁcally, Q-bits
are applied to represent genotype individuals; Q-gates are employed to operate
on Q-bits to generate oﬀspring; and the genotypes and phenotypes are linked by
a probabilistic observation process.
Even though P systems and EAs use diﬀerent rules and computational strategies to handle diﬀerent objects, both of them are paradigms of natural computing
and employed to solve complex problems such as NP-complete problems [33, 26].
P systems represent a suitable formal framework for parallel-distributed computation and EAs are very eﬀective for implementing diﬀerent algorithms to solve
many problems. Thus, the possible interplay between P systems and EAs is very
promising for further exploration and represents a fertile research ﬁeld.
Being the successful instances of this interaction, membrane algorithms can
be regarded as a class of hybrid optimization algorithms using the concepts and
principles of metaheuristic search methodologies and the hierarchical or network structures of membranes and, to some extent, rules of P systems. When
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a P system is considered as a parallel-distributed framework for metaheuristic
search techniques, it is investigated in terms of optimization results and computation framework, instead of computing power and eﬃciency. According to
the investigations in the literature, there are two main types of membrane algorithms in terms of membrane structures: hierarchical and network. In [29],
a tissue membrane system with a network structure was used to appropriately
organize ﬁve representative variants of diﬀerential evolution algorithms. Three
principal categories, nested membrane structure (NMS), one-level membrane
structure (OLMS) and hybrid membrane structure, were reported with respect
to the membrane algorithms with hierarchical membrane structures. In [16], a
membrane algorithm with NMS was proposed by using a genetic algorithm and
a local search method to solve travelling salesman problems. This kind of membrane algorithms was also applied to solve the min storage problem [13], DNA
sequence design problem [24] and the proton exchange membrane fuel cell model
parameter estimation problems [25]. In [26], a membrane algorithm integrating
OLMS with a QIEA, called QEPS, was proposed to solve knapsack problems and
the experiment-based comparisons between OLMS and NMS were drawn, implying that the choice of the membrane structure is very important for membrane
algorithms. This membrane structure was also combined with a QIEA and tabu
search [31], diﬀerential evolution [3], ant colony optimization [28], particle swarm
optimization [32] and multiple QIEA components to solve radar emitter signal
time-frequency atom decomposition, numerical optimization problems, traveling
salesman problems, broadcasting problems in P systems and image processing,
respectively. In [11], a dynamic multi-objective optimization algorithm using a
membrane system with a hybrid structure was developed to design a controller
for a time-varying unstable plant. The dynamic behavior analysis in [30] indicates that the membrane algorithm, QEPS, has a stronger capability to balance
exploration and exploitation than its counterpart approach, QIEA. It is worth
pointing out that Păun made a clear claim that membrane algorithms represent
a research directions with a well-deﬁned practical use [22], and therefore further
studies are very necessary to prove the use of P systems for solving real-world
applications.
P systems with active membranes can produce an exponential growth of
membranes and consequently can solve a class of NP-complete problems, such
as the satisﬁability (SAT) problem [20, 1] and the knapsack problem [18], in a
linear or polynomial time. The two types of complete problems were discussed in
[20, 18, 1] and in many other places from a mathematical perspective. To our best
knowledge, no evolutionary algorithm using P system with active membranes has
been devised to approximately solve the two aforementioned kinds of problems.
This paper proposes an approximate algorithm combining a P system with
active membranes model and a QIEA, called QEAM. This approach is designed
with the hierarchical arrangement of the compartments and developmental rules
(e.g., membrane separation, merging, transformation/communication-like rules)
of a P system with active membranes model, and the objects consisting of Q-bit
individuals, a probabilistic observation and the evolutionary rules designed with
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Q-gates to specify the membrane algorithms. In the experiments, the application
of QEPS to SAT problems is ﬁrst discussed, and then QEAM is tested on 65
benchmark SAT problems. Extensive experiments show that QEAM achieves
much better results than QEPS and its counterpart QIEA. Also, the parametric
and non-parametric tests show signiﬁcant diﬀerences.
The rest of this paper is organized as follows. Section 2 ﬁrst gives a brief
introduction to P systems with active membranes and QIEA, and then discusses
QEAM in detail. Section 3 uses SAT problems to test the performance of the
QEAM. Finally, conclusions are drawn in Section 4.

2

QEAM

In this section, we start by introducing some concepts related to P systems with
active membranes and QIEAs and then describe in detail the proposed algorithm
QEAM.
2.1

P systems with active membranes

In this subsection, we give a brief description of P systems with active membranes
without polarizations due to [20] and [17], where more details can also be found.
A membrane structure is represented by a Venn diagram and is identiﬁed
by a string of correctly matching parentheses, with a unique external pair of
parentheses; this external pair of parentheses corresponds to the external membrane, called the skin. A membrane without any other membrane inside is said
to be elementary. For example, the structure in Fig. 1 contains 8 membranes;
membranes 3, 5, 6 and 8 are elementary. The string of parentheses identifying
this structure is
µ = [1 [2 [5 ]5 [6 ]6 ]2 [3 ]3 [4 [7 [8 ]8 ]7 ]4 ]1 .
All membranes are labelled; here we have used the numbers from 1 to 8. We
say that the number of membranes is the degree of the membrane structure,
while the height of the tree associated in the usual way with the structure is its
depth. In the example above we have a membrane structure of degree 8 and of
depth 4.
The membranes delimit regions, precisely identiﬁed by the membranes (the
region of a membrane is delimited by the membrane and all membranes placed
immediately inside it, if any such a membrane exists). In these regions we place
objects, which are represented by symbols of an alphabet. Several copies of the
same object can be present in a region, so we work with multisets of objects.
A multiset over an alphabet V is represented by a string over V , together with
all its permutations: the number of occurrences of a symbol a ∈ V in a string
x ∈ V ∗ (V ∗ is the set of all strings over V ; the empty string is denoted by λ) is
denoted by |x|a and it represents the multiplicity of the object a in the multiset
represented by x.
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Fig. 1. A membrane structure and its associated tree.

A P system with active membranes is a construct
Π = (V, T, H, µ, w1 , . . . , wm , R),
where
m ≥ 1 (the initial degree of the system);
V is an alphabet (the total alphabet of the system);
T ⊆ V (the terminal alphabet);
H is a ﬁnite set of labels for membranes;
µ is a membrane structure consisting of m membranes, labelled (not necessarily in a one-to-one manner) with elements of H;
(vi) w1 , . . . , wm , are strings over V , describing the multisets of objects placed
in the m regions of µ;
(vii) R is a ﬁnite set of developmental rules, of the following forms:
(a) [h a → v]h ,
for h ∈ H, a ∈ V, v ∈ V ∗
(object evolution rules, associated with membranes and depending on
the label, but not directly involving the membranes, in the sense that
the membranes are neither taking part in the application of these rules
nor are they modiﬁed by them);
(b) a[h ]h → [h b]h ,
for h ∈ H, a, b ∈ V
(communication rules; an object is introduced in the membrane, possibly modiﬁed during this process);
(c) [h a]h → [h ]h b,
for h ∈ H, a, b ∈ V
(communication rules; an object is sent out of the membrane, possibly
modiﬁed during this process);
(d) [h ]h [h ]h → [h ]h ,
for h ∈ H
(merging rules for elementary membranes; in reaction of two membranes, they are merged into a single membrane; the objects of the
former membranes are put together in the new membrane);
(i)
(ii)
(iii)
(iv)
(v)
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(e) [h W ]h → [h U ]h [h W − U ]h ,
for h ∈ H, U ⊂ W
(separation rules for elementary membranes; the membrane is separated into two membranes with the same labels; the objects from U
are placed in the ﬁrst membrane, those from W − U are placed in the
other membrane);
For a detailed description on how to use these rules, refer to [20, 17]. It is
worth pointing out that these rules are used in the non-deterministic maximally
parallel manner, i.e., in any given step, one or more rules of type (a) and/or at
most one rule of types (b)-(e) can be applied to each membrane. In this way,
we get transition from a conﬁguration of the system to the next conﬁguration.
A sequence of transitions forms a computation. A computation is halting if no
other rules can be employed in its last conﬁguration.
2.2

Quantum-inspired evolutionary algorithms

The interaction of quantum computing and evolutionary algorithms has produced three research avenues: evolutionary-designed quantum algorithms using
evolutionary algorithms to design new quantum algorithms, quantum evolutionary algorithms implementing evolutionary algorithms in a quantum computing
environment and QIEAs [27]. Quantum-inspired is employed to describe the
computational methods using concepts and principles of quantum computing for
solving various problems in the context of a classical computer [14]. Based on
the concepts and principles of quantum computing, such as quantum bit (qubit),
quantum gate and superposition, a QIEA is developed as a novel evolutionary
algorithm for a classical computer. Narayanan and Moore [15] introduced a preliminary idea of a QIEA and Han and Kim [10] proposed its practical algorithm.
A QIEA is characterized by a Q-bit representation, a probabilistic observation
and a Q-gate evolutionary rule. In recent years, QIEAs have become a promising
and rapidly growing branch of evolutionary computation.
In QIEAs, a Q-bit is deﬁned by a pair of complex numbers (α, β) as [α β]T ,
where |α|2 and |β|2 are probabilities that the observation of the Q-bit will render
a ‘0’ or ‘1’ state. Normalization requires that |α|2 + |β|2 = 1. Note that QIEAs
just need real numbers for amplitudes. Besides ‘0’ and ‘1’ states, a Q-bit can
also be in a superposition of the two states. A Q-bit individual is represented as
a string of l Q-bits
[
]
α1 |α2 | · · · |αl
,
(1)
β1 |β2 | · · · |βl
where |αi |2 + |βi |2 = 1 (i = 1, 2, · · · , l). A Q-gate in a QIEA is deﬁned as a
variation operator for updating the Q-bit individuals such as to guarantee that
they also satisfy the normalization condition |α|2 + |β|2 = 1 [10].
The basic pseudocode algorithm for a QIEA is shown in Fig. 2 and the
description for each step is as follows.
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the beginning.
Begin
t m1

(i)
(ii)
(iii)
(iv)
(v)

Initialize Q(t)
While (not termination condition) do
Make P(t) by observing the states of Q(t)
Evaluate P(t)
Update Q(t) using Q-gates
Store the best solutions among P(t)
t m t 1

End
End
Fig. 2. Pseudocode algorithm for QIEA [13]
Fig. 2. Pseudocode algorithm for QIEA [10].

(i) In the “initialize Q(t)” step, a population Q(1) with n Q-bit individuals is generated, Q(t)={q t1 , q t2 , · · · , q tn }, at generation t, where q ti (i =
1, 2, · · · , n) is an arbitrary individual in Q(t), which is represented as
]
[ t t
t
α |αi2 | · · · |αil
,
(2)
q ti = i1
t
t
| · · · |βilt
|βi2
βi1
where l is the number of Q-bits, i.e., the string length of the Q-bit indit
t
=
= βij
vidual. In the initial population, that is when t = 1, we have αij
√
1/ 2 for all i = 1, 2, · · · , n and j = 1, 2, · · · , l. This means that all possible
states are superposed with the same probability at the beginning.
(ii) By observing the states Q(t), binary solutions in P (t), where P (t)={xt1 ,
xt2 , · · · , xtn }, are produced at step t. According to the current probability,
t 2
t 2
| of q ti , i = 1, 2, · · · , n, j = 1, 2, · · · , l, a classical bit 0
| or |βij
either |αij
or 1 is generated. Thus, l classical bits can construct a binary solution xti
(i = 1, 2, · · · , n).
(iii) The ﬁtness value for each binary solution xti (i = 1, 2, · · · , n) is calculated
by using an evaluation function.
(iv) In this step, all the Q-bit individuals in Q(t) are updated by applying Qgates. To be speciﬁc, the jth Q-bit in the ith Q-bit individual q ti , j =
1, 2, · · · , l, i = 1, 2, · · · , n, is updated by applying the current Q-gate
Gtij (θ). As usual QIEAs use a quantum rotation gate as a Q-gate; this
is given by
[
]
t
t
cos θij
− sin θij
Gtij (θ) =
,
(3)
t
t
sin θij
cos θij
t
where θij
is an adjustable Q-gate rotation angle.
(v) The best solutions among P (t) are selected and stored into b(t).

In QIEAs, the Q-bit representation, which can describe simultaneously multiple genotype states using a linear superposition of states in a probabilistic
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way, makes the algorithm rather good with respect to population diversity. Qgate evolutionary rules are executed in the Q-bit probability space to avoid
the selection pressure problem of conventional genetic algorithms with selection,
crossover and mutation operators. As compared with local search methods and
conventional genetic algorithms, a QIEA has good balance between exploration
and exploitation so as to obtain stronger global search capability and better convergence. Furthermore, a QIEA is able to exploit the search space for a global
solution with a small number of individuals, even with one individual; Q-gate
evolutionary rules, which are only related to searching the best solution, are easy
to implement in a parallel distributed structure because little information need
to be transmitted and exchanged.
2.3

QEAM

This section will introduce the membrane algorithm, QEAM, combining P systems with active membranes and QIEAs. QEAM uses a dynamic P systems-like
framework, which is initially randomly produced and then may be changed in
the process of evolution. This framework directly applies some of the elements of
a P system with active membranes, but others are used in a rather metaphoric
way. The objects employed will be organized in multisets of special strings built
either over the set of Q-bits or {0, 1}. The rules will be responsible to evolve the
system and select the best ﬁt Q-bit individuals.
More precisely the dynamic P system-like framework will consist of:
(i) a dynamic structure [0 [1 ]1 , [2 ]2 , · · · , [m ]m ]0 with m regions contained in the
skin membrane, denoted by 0, where m is an unﬁxed number in the process
of evolution;
(ii) an alphabet that consists of all possible Q-bits and the set {0, 1};
(iii) a set of terminal symbols, T = {0, 1};
(iv) initial multisets w0 = λ,
w1 = q1 q2 · · · qn1 ,
w2 = qn1 +1 qn1 +2 · · · qn2 ,
···
wm = qn(m−1) +1 qn(m−1) +2 · · · qnm , where
qi , 1 ≤ i ≤ n, is ∑
a Q-bit individual; nj , 1 ≤ j ≤ m, is the number of
m
individuals in wj ; j=1 nj = n, where n is the total number of individuals
in this computation;
(v) rules include the types of (a)-(e) in P systems with active membranes and
their use will be given in the following description.
In what follows we summarize the steps of QEAM by using a pseudocode
algorithm, shown in Fig. 3, to help presenting the membrane algorithm.
(i) In the initialization of QEAM, a one level membrane structure [0 [1 ]1 , [2 ]2 ,
· · · , [m ]m ]0 consisting of a skin membrane denoted by 0 and m elementary
membranes delimiting m regions inside the skin membrane is constructed
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Begin
Input n, g max, tmax
t

1

(i) Initialize the membrane structure (m t elementary membranes) and objects;
(ii) While (not termination condition) do
(iii)
Produce g (t);
(iv)
Perform object evolution rule (a) in elementary membranes;
(v)
Perform communication rule (c);
(vi)
Perform object evolution rule (a) in the skin membranes;
t

t !1

(vii)

Determine the number mt+1 of elementary membranes;
If (mt+1 < m t)
(viii)
Perform membrane merging rule (d);
Else if (mt+1 > m t)
(ix)
Perform membrane separation rule (e);
End
(x)
Perform communication rule (b);
End
Output: the best individual
End
Fig. 3. Pseudocode algorithm for QEAM.

as the membrane structure at iteration t = 1, where m is a random number
ranged from 1 to n, where n is the number of Q-bit individuals. Each Q-bit
individual forms an object. Thus, n objects are randomly scattered across
the m elementary membranes in a non-deterministic way to make sure that
each elementary membrane contains at least one object. So the number of
objects in each elementary membrane varies from 1 to n − m + 1.
(ii) The termination condition for QEAM could be a prescribed number of maximal iterations or the algorithm searches the optimal or close-to-optimal
solution.
(iii) This step determines the numbers g(t) = (g1 , g2 . . . , gm ), of evolutionary
generations for independently performing object evolution rule (a) in the
m elementary membranes, where gi (i = 1, 2, . . . , m) for the ith elementary
membrane is generated randomly between 1 and a certain integer number
gmax .
(iv) The evolutionary operations step (ii) - step (v) of the QIEA shown in Fig.
2 are performed independently in each elementary membrane to evolve the
objects inside. The termination condition for the ith elementary membrane
is the maximal number gi (i = 1, 2, · · · , m) of evolutionary generations. It
is worth pointing out that the observation process in QIEAs, illustrated
in Fig. 4, is applied to build a connection between a Q-bit [α β]T and a
classical bit and hence to build a link between Q-bit individuals and binary
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[ ]
[ ′]
α
α
=
G(θ)
β′
β
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(4)

is used to transform a current Q-bit [α β]T into the corresponding Q-bit
[α′ β ′ ]T at next generation. The rotation angle θ in the Q-gate G(θ) in (4)
is deﬁned as θ = s(α, β) · ∆θ, where s(α, β) and ∆θ can be obtained from
Table 1 [10].

Begin
If random[0,1)  D

2

Then x m 0
Else x m 1
End

Fig. 4. Observation process in the QIEA.

Table 1. Look-up table of s(α, β) and ∆θ, where f (.) is the ﬁtness, and b and x are
certain bits of the current best solution b and the binary solution x, respectively [10].
x
0
0
0
0
1
1
1
1

b
0
0
1
1
0
0
1
1

f (x) ≥ f (b)
False
True
False
True
False
True
False
True

∆θ
0
0
0.01π
0
0.01π
0
0
0

s(α, β)
/
/
+1
/
-1
/
/
/

(v) The communication rule is employed to send the best binary solution in
each elementary membrane out to the skin membrane. This step is helpful
to exchange information among the objects in the elementary membranes
and the skin membrane because the QIEA employs Q-gates, which are
related to only the best individual searched, to generate the oﬀspring. After
this step there are m binary solutions in total in the skin membrane.
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(vi) In the skin membrane, a local search, tabu search [8, 12], is performed on
the best binary solution selected from the m binary solutions, which are
sent from the m elementary membranes (see Step (v)). The pseudocode
algorithm for tabu search is shown in Fig. 5. In the “Initialize tabu search”
step, an empty tabu list is constructed and tabu length is set to a value.
At each iteration, the neighborhood of the best binary solution in the skin
membrane is explored to obtain candidate solutions. Next, the candidate
solutions are evaluated by using the ﬁtness function and the best of them
is selected to update the tabu list.

Begin

t m0;
Initialize tabu search;
While ( t  tmax ) do

t m t 1;
Search the neighborhood;
Evaluate candidate solutions;
Update tabu list.
End
End
Fig. 5. Pseudocode algorithm for tabu search.

(vii) The number mt+1 of elementary membranes at iteration t + 1 is produced
randomly between 1 and n, which will directly determine the membrane
structure at the next iteration.
(viii) If mt+1 < mt , the (mt − mt+1 ) elementary membranes will be merged into
the mt+1 elementary membranes. The merging process is shown in Fig.
6. In each merging operation, we ﬁrst choose any two arbitary elementary
membranes i and j from M elementary membranes, i.e., 1 ≤ i, j ≤ M
and i ̸= j; and then we merge the elementary membranes i and j into a
single membrane and put the objects in the elementary membranes i and
j into the merged membrane. The initial value of M is mt . Thus, multiple
membranes may be merged into a single membrane. So this rule is a multimerging one.
(ix) If mt+1 > mt , the (mt+1 − mt ) elementary membranes will be separated
into two membranes. The separation process is illustrated in Fig. 7, in
which |W | is the number of objects in the pre-separation membrane. We
choose any one elementary membrane i which has at least two objects
from M elementary membranes, i.e., 1 ≤ i ≤ M . The initial value of M
is mt . When the separation rule is performed, |U | (|U | < |W |) objects are
placed in the ﬁrst membrane and the |W | − |U | objects are placed in the

An approximate optimization approach Inspired by a P system

375

Begin
M

mt ;
While ( M " mt !1 ) do

Choose any two arbitary elementary membranes;
Perform themerging rule (d);
M
M # 1;
End
End
Fig. 6. Merging process of elementary membranes.

other membrane. Thus, a single membrane may be divided into several
membranes. So this rule is a multi-separation one.

Begin

M
mt ;
While ( M $ mt !1 ) do
Choose any one elementary membrane;
While (|W|<2) do
Choose any one elementary membrane;
End
d
Perform the separation rule (e);
M
M !1 ;
End
End
Fig. 7. Separation process of elementary membranes.

(x) By performing communication rule (b) in the skin membrane, this step
sends the ﬁttest binary solution to each elementary membrane to join in
the further evolution.

3

Experimental results

To test the performances of the presented algorithm, QEAM, we will use the
satisﬁability problem, which is a well-known NP-complete problem, to conduct
the experiments. We start from the description of the satisﬁability problem, and
then turn to use QIEAs and QEPS as benchmark algorithms to solve 65 representative satisﬁability problems. Finally, QEAM is tested on the same satisﬁability
problems to draw conclusions.
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Satisfiability problems

The satisﬁability problem (SAT) is a fundamentally paradigmatic problem in
artiﬁcial intelligence applications, automated reasoning, mathematical logic, and
related research areas [5]. A SAT instance is to search a variable assignment x so
that a Boolean formula f (x) becomes true, where x is a set of Boolean variables
x1 , x2 , · · · , xn , i.e., xi ∈ {0, 1}, i = 1, 2, · · · , n and the propositional formula
f (x) is in a conjunctive normal form, i.e.,
f (x) = c1 (x) ∧ c2 (x) ∧ · · · ∧ cm (x),

(5)

where each clause cj (x), j = 1, 2, · · · , m, is a disjunction of literals, and a literal is
a variable or its negation [9]. A SAT instance is called satisfiable if such x exists,
and unsatisfiable otherwise. In this paper only 3-SAT problems, in which each
clause has exactly three literals, will be considered because a number of other
problems, such as the travelling salesman problem and the n-queens problem,
can be reformulated into 3-SAT problems. Cook [4] shows that 3-SAT problem
is NP-complete.
In membrane computing, various types of P systems with membrane division are frequently investigated from a mathematical point of view to obtain
an exponential working space in a linear time to solve the SAT problem [20,
1]. This paper will use an approximate algorithm to solve the SAT problem, in
which the number of clauses that are not satisﬁed by the variable assignment x
is considered as the evaluation function.
3.2

Results of QEPS and QIEA

According to the study in [26], the number of elementary membranes has a
signiﬁcant impact on the QEPS performances. So we ﬁrst focus on how to set
the number of elementary membranes in an empirical way. Ten benchmark 3-SAT
problems 1 , each of which has 20 Boolean variables and 91 clauses, are applied
to conduct the experiments. The ﬁtness function is the number of clauses that
are not satisﬁed by the variable assignment. The population size n is set to 50.
The values of 2, 5, 10, 15, 20, 25, 30, 35, 40, 45 and 50, for the number m
of elementary membranes, are used in the experiments. According to previous
investigations regarding the eﬀect of the number gi (i = 1, 2, . . . , m) of iterations
on the QEPS performances [26], the parameter gi (i = 1, 2, . . . , m) is set to a
uniformly random integer ranged from 1 to 10. The algorithm stops when either
2.75 × 106 evaluation steps are made or the SAT problem solution is found, i.e.,
the minimal ﬁtness value 0 is attained. The performances of the above 11 cases
are evaluated by using the successful rate of 30 independent runs (the percentage
of the runs making the SAT problem satisﬁable) and the average number of
evaluations to solutions (AES) over the successful runs. The experimental results
are listed in Fig. 8 and Fig. 9, which illustrate that the successful rates and the
AES vary with the number of elementary membranes.
1

SATLIB - The Satisﬁability Library, http://www.satlib.org/
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Fig. 8. Successful rates for the number of elementary membranes.
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Fig. 9. AES for the number of elementary membranes.

As shown in Fig. 8 and Fig. 9, the successful rates and the AES show a
broad range of variability with respect to the number of diﬀerent elementary
membranes; this indicates that the number of elementary membranes has a signiﬁcant impact on the QEPS performances. In order to obtain a balance between
the successful rates and the AES, the number of elementary membranes could
be ﬁxed at 15.
QIEA is also applied to conduct the experiments on the 10 SAT problems. In
these experiments, QIEA employs the same population size and stopping criteria
as the QEPS. The statistical results of 30 independent runs for each problem
are listed in Table 2. The best experimental results of the QEPS are also shown
in Table 2.

To perform convincing comparisons between QIEA, QEPS and QEAM, additional ﬁfty-ﬁve 3-SAT benchmark problems are employed to carry out experiments. Both QEPS and QIEA use 50 individuals as a population, the prescribed
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Table 2. Comparisons of QIEA, QEPS and QEAM on 10 SAT problems, each of which
has 20 boolean variables and 91 clauses. SR and AES represent successful rates and
average number of evaluations to solutions, respectively.
QIEA
Problems
SAT1
SAT2
SAT3
SAT4
SAT5
SAT6
SAT7
SAT8
SAT9
SAT10

SR(%)
77
70
53
100
87
57
53
27
87
93

AES
572750
496700
638250
218250
575900
469650
1137750
1120300
684800
281050

QEPS
SR(%)
AES
100
528850
90
701200
73
949400
100
90300
87
582300
83
701700
67
907300
50
410300
100
405450
100
572750

QEAM
SR(%)
AES
100
220804
100
300468
97
279174
100
59978
100
179445
100
336728
93
527795
100
354903
100
128633
100
115876

number of 2.75 × 106 evaluations to solutions as the stopping criterion and the
number of clauses that are not satisﬁed by the variable assignment as the ﬁtness
function. In QEPS, the parameter gi (i = 1, 2, . . . , m) is set to a uniformly random
integer ranged from 1 to 10, and the number of elementary membranes is assigned to 15. The performances of the two algorithms are evaluated by using the
following criteria: the mean of the solutions over 15 runs and their standard deviations. It is worth pointing out that the experiments are very time-consuming
and therefore only 15 independent runs are performed for each SAT problem.
The number of Boolean variables, the number of clauses in each Boolean formula
and the experimental results are provided in Table 3.
3.3

Results of QEAM

In the experiments for testing QEAM performance, the population size and the
prescribed number of evaluations of solutions as the stopping criterion are set
to 50 and 2.75 × 106 , respectively, which are the same as those in QIEA and
QEPS. QEAM applies the same gmax as QEPS. Additionally, the tabu length
and tmax in QEAM are assigned as 5 and 100, respectively. For each of the ﬁrst
10 benchmark 3-SAT problems shown in Table 2, we performed 30 independent
runs and recorded the successful rate and the AES over successful runs. The
experimental results are provided in Table 2. The QEAM performance is further
investigated by using the remaining 55 3-SAT benchmark problems. We record
the average solution and the standard deviations over 15 runs for each of them.
Table 3 lists the experimental results.
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Table 3: Comparisons of QIEA, QEPS and QEAM using 55 SAT problems, where each of the ﬁrst ten, the second ten, the third ten, the fourth
ten, the ﬁfth ten and the last ﬁve problems has 50, 75, 100, 125, 150 and
250 boolean variables and 218, 325, 430, 538, 645 and 1065 clauses, respectively. Mean and Std represent the mean of best solutions and the
standard deviation of best solutions, respectively. (+) represents significant diﬀerence (to be continued).
QIEA
SAT Mean Std
1 7.67 0.82
2 8.27 2.12
3 7.40 1.40
4 7.87 1.19
5 7.13 1.41
6 7.27 0.80
7 7.73 1.16
8 8.73 0.70
9 7.87 1.13
10 8.33 0.82
11 16.67 1.11
12 15.07 1.49
13 16.33 0.82
14 14.00 1.20
15 15.07 1.03
16 16.13 1.06
17 15.33 1.40
18 15.73 1.44
19 14.93 1.49
20 14.40 1.45
21 24.53 1.81
22 24.20 1.21
23 24.27 1.28
24 23.40 1.68
25 24.27 1.22
26 24.00 1.51
27 24.13 1.06
28 24.00 1.85
29 25.13 1.68
30 22.93 2.15
31 33.53 1.96
32 33.80 1.90
33 34.47 1.81
34 34.06 1.84
35 34.67 1.76
36 34.80 2.21
37 32.80 2.86
38 32.80 1.97
39 34.20 2.08

QEPS
Mean Std
6.60 1.18
7.40 1.12
6.27 0.88
6.33 0.98
6.20 0.86
5.93 0.80
6.40 1.18
7.67 1.18
6.87 1.19
6.93 0.88
15.40 0.99
14.60 0.74
14.80 2.01
12.87 1.60
14.87 0.92
14.87 1.19
14.53 1.64
14.53 1.51
13.80 1.97
13.93 1.22
22.93 1.39
22.80 2.14
22.93 1.79
22.80 1.08
22.80 1.47
22.47 1.60
23.40 1.35
23.40 1.30
24.13 2.00
22.27 1.98
32.87 1.51
32.07 2.12
33.73 1.33
33.27 2.34
33.60 2.20
33.93 1.44
32.93 1.33
32.47 1.19
33.40 1.76

QEAM
Mean Std
0.93 0.26
1.53 0.64
1.00 0.53
1.00 0.38
0.07 0.26
0.20 0.41
1.07 0.46
1.53 0.83
1.47 0.64
1.07 0.59
2.00 0.93
1.47 0.74
2.07 0.88
1.87 0.64
1.60 1.06
2.20 0.68
1.67 0.90
2.20 0.86
1.80 0.41
2.00 0.76
3.0 0.93
3.33 0.62
4.20 0.94
3.53 0.92
3.73 0.88
3.60 0.74
3.87 0.74
3.73 0.80
4.27 1.28
3.40 0.74
5.67 0.90
5.40 1.06
6.07 1.33
5.13 0.74
5.20 1.32
6.20 1.47
5.27 1.28
5.27 1.10
5.67 0.98

QEAMvs.QIEA
QEAMvs.QEPS
t-test
Imp.(%) t-test
Imp.(%)
5.23e-23(+) +87.87 5.30e-17(+) +85.91
2.32e-12(+) +81.50 1.13e-16(+) +79.32
5.90e-16(+) +86.49 5.64e-18(+) +84.05
7.31e-19(+) +87.29 5.74e-18(+) +84.20
1.30e-17(+) +99.02 2.50e-21(+) +98.87
5.39e-23(+) +97.25 1.53e-20(+) +96.63
1.73e-18(+) +86.16 8.26e-16(+) +83.28
5.99e-21(+) +82.47 6.01e-16(+) +80.05
1.27e-17(+) +81.32 2.84e-15(+) +78.60
5.74e-22(+) +87.15 7.33e-19(+) +84.56
5.05e-26(+) +88.00 9.32e-26(+) +87.01
1.76e-23(+) +90.25 1.38e-28(+) +89.93
6.61e-28(+) +87.32 1.84e-19(+) +86.01
1.53e-24(+) +86.64 1.41e-20(+) +85.47
9.13e-25(+) +89.38 3.01e-25(+) +89.24
4.29e-27(+) +86.36 5.80e-25(+) +85.21
1.54e-23(+) +89.11 2.00e-21(+) +88.51
2.54e-23(+) +86.01 8.03e-22(+) +84.86
6.02e-24(+) +87.94 9.25e-20(+) +86.96
1.48e-22(+) +86.11 1.19e-23(+) +85.64
1.44e-26(+) +87.77 5.29e-28(+) +86.92
4.78e-31(+) +86.24 3.08e-24(+) +85.39
1.15e-28(+) +82.69 6.05e-25(+) +81.68
2.63e-26(+) +84.91 1.51e-29(+) +84.52
1.45e-29(+) +84.63 4.13e-27(+) +83.64
3.53e-28(+) +85.00 1.06e-26(+) +83.98
2.99e-31(+) +83.96 1.08e-28(+) +83.46
6.33e-26(+) +84.46 6.40e-29(+) +84.06
1.06e-25(+) +83.01 9.18e-24(+) +82.30
4.81e-24(+) +85.17 1.64e-24(+) +84.73
6.07e-29(+) +83.09 3.87e-31(+) +82.75
6.07e-29(+) +84.02 2.76e-27(+) +83.16
4.37e-28(+) +82.39 1.85e-30(+) +82.00
1.13e-30(+) +84.94 1.78e-27(+) +84.58
2.25e-29(+) +85.00 4.32e-27(+) +84.52
9.51e-27(+) +82.18 1.93e-29(+) +81.73
2.49e-24(+) +83.93 1.05e-30(+) +84.00
3.02e-28(+) +83.93 4.14e-32(+) +83.77
1.78e-28(+) +83.42 1.09e-29(+) +83.02
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Table 3 Comparisons of QIEA, QEPS and QEAM (continued)
QIEA
QEPS
QEAM
QEAM vs. QIEA
QEAM vs.
SAT Mean Std Mean Std Mean Std
t-test
Imp.(%) t-test
40 33.93 1.67 33.20 2.34 5.67 0.98 1.96e-30(+) +83.29 7.19e-27(+)
41 42.60 1.50 41.20 2.01 6.87 1.13 1.29e-33(+) +83.87 1.13e-30(+)
42 43.07 1.67 40.00 2.67 5.40 0.91 4.16e-34(+) +87.46 2.66e-28(+)
43 41.73 1.71 41.53 1.06 6.27 1.75 2.55e-30(+) +84.97 2.08e-32(+)
44 42.80 3.28 41.07 1.94 6.47 1.25 2.73e-26(+) +84.88 1.01e-30(+)
45 43.93 1.67 42.60 2.64 7.13 1.06 2.38e-33(+) +83.77 1.66e-28(+)
46 43.00 3.23 42.07 1.62 7.60 1.30 4.55e-26(+) +82.33 6.09e-32(+)
47 43.20 2.04 42.73 1.87 7.87 1.30 2.12e-30(+) +81.78 5.60e-31(+)
48 44.27 2.19 43.60 2.32 7.47 1.06 7.50e-31(+) +83.13 4.97e-30(+)
49 44.67 2.26 43.53 2.10 8.93 1.67 9.21e-29(+) +80.01 6.37e-29(+)
50 43.13 1.55 41.47 2.50 6.53 0.99 3.87e-34(+) +84.86 5.45e-29(+)
51 83.07 3.45 81.27 2.91 12.93 1.33 1.48e-33(+) +84.43 5.51e-35(+)
52 83.40 3.44 82.73 2.96 15.27 1.67 8.05e-33(+) +81.69 4.07e-34(+)
53 83.00 2.73 81.60 2.50 12.67 1.50 1.05e-35(+) +84.73 3.04e-36(+)
54 85.13 3.23 83.60 3.14 15.80 1.66 1.15e-33(+) +81.44 1.14e-33(+)
55 84.87 2.83 80.80 2.31 14.20 1.52 2.22e-35(+) +83.27 1.76e-36(+)

QEPS
Imp.(%)
+82.92
+83.33
+86.50
+84.90
+84.25
+83.26
+81.93
+81.58
+82.87
+79.49
+84.25
+84.09
+81.54
+84.47
+81.10
+82.43

According to these experimental results, we employ statistical techniques to analyze the behaviour of the three algorithms over the 55 SAT problems. There are
two statistical methods: parametric and non-parametric [6]. The former, also called
single-problem analysis, uses a parametric statistical analysis t-test to analyse whether
there is a signiﬁcant diﬀerence over one optimization problem between two algorithms.
The latter, also called multiple-problem analysis, applies non-parametric statistical
tests such as Wilcoxon’s and Friedman’s tests, to compare diﬀerent algorithms whose
results represent average values for each problem, regardless of the inexistence of relationships among them. Therefore, a 95% conﬁdence Student t-test is ﬁrst applied
to check whether the number of false clauses of the two pairs of algorithms, QEAM
vs. QIEA and QEAM vs. QEPS, are signiﬁcantly diﬀerent or not. Furthermore, the
percentage of improvement (%) in the average number of false clauses due to the QEPS
algorithm over QIEA and QEPS is also listed in Table 3. Then two non-parametric
tests, Wilcoxon’s and Friedman’s tests, are employed to check whether there are signiﬁcant diﬀerences between the two pairs of algorithms, QEAM vs. QIEA and QEAM
vs. QEPS. The level of signiﬁcance considered is 0.05. The results of Wilcoxon’s and
Friedman’s tests are shown in Table 4. The symbols + and - in Tables 3–4 represent
signiﬁcant diﬀerence and no signiﬁcant diﬀerence, respectively.
In the experiments carried out on the QEAM, the QEPS and the QIEA, we also
record the average elapsed time for the ﬁrst ten SAT problems over 30 independent runs
and for the remaining 55 SAT problems over 15 independent runs. The comparisons
of the three algorithms are illustrated in Fig. 10. The x-axis and y-axis represent the
number of SAT problems and the elapsed time, respectively.
As shown in Table 2, the QEAM greatly outperforms the QIEA and the QEPS
in terms of the successful rates and the average number of evaluations. Also, Table
2 shows that QEPS obtains higher successful rates and smaller average number of
evaluations than QIEA. It can be seen from the experimental results of 55 SAT bench
problems in Table 3 that the QEAM achieves much better results than the QIEA and
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Fig. 10. Comparisons of elapsed time.

the QEPS. The QEPS obtains better results than the QIEA in 54 out of 55 cases.
The t-test results demonstrate that there are 55 signiﬁcant diﬀerences between the
two pairs of algorithms, QEAM vs. QIEA and QEAM vs. QEPS. The p-values of
the two non-parametric tests in Table 4 are far smaller than the level of signiﬁcance
0.05, which indicates that the QEAM really outperforms the QIEA and the QEPS by
introducing the framework and some rules of P systems with active membranes. It is
worth noting that the study in [6] shows that the non-parametric statistical tests are
more appropriate than parametric statistical tests in the analysis of the behaviour of
the evolutionary algorithms over multiple optimization problems.
The QEPS uses the framework and some evolution rules of P systems. Each elementary membrane evolves for a certain number of generations in a non-deterministic
way, and then all elementary membranes communicate in the skin membrane. Thus,
the QEPS has better population diversity and the capability to balance exploration and
exploitation. Consequently the QEPS obtains better results and smaller elapsed time,
shown in Fig. 10, than the QIEA. The QEAM goes further and applies the framework
and some evolution rules of P systems with active membranes. The good performance
of the QEAM is due to the combination of independent evolution of each elementary
membrane in a non-deterministic way, communication in the skin membrane, membrane separation and merging, and a local search in the skin membrane. Figure 10
shows that the QEAM and QEPS consumes less time than QIEA, which indicates that
the use of evolution rules of P systems in the QEAM and QEPS has little eﬀect on
the overall computational load. Furthermore, the QEAM and QEPS may use a slightly
smaller number of evaluations of the solutions than the QIEA because of the randomness of evolutionary generations for each elementary membrane. Additionally, as
a result of the use of membrane separation and division, the QEAM consumes slightly
more time than the QEPS, which is shown in Fig. 10.

4

Conclusions

Membrane algorithms, formed by carefully mixing selected ingredients of P systems
and meta-heuristic search methodologies, and the interaction between P systems and

382

G. Zhang et al.

Table 4. Results of non-parametric statistical tests for the two pairs of algorithms,
QEAM vs. QEPS and QEAM vs. QIEA, in Table 3. The symbol + represents signiﬁcant
diﬀerence.
Tests
Wilcoxon test (p-value)
Friedman test (p-value)

QEAM vs. QIEA
1.21e-13 (+)
1.11e-10 (+)

QEAM vs. QEPS
1.21e-13 (+)
1.11e-10 (+)

quantum computing, are highly promising and also give rise to challenging research
issues, which are also mentioned as open problems and research topics in [21, 7]. As
an instance of cross-domains of P systems, evolutionary computation and quantum
computing, this paper discussed a novel membrane algorithm combing P systems with
active membranes and QIEA to solve satisﬁability problems. A large number of experiments show that QEAM performs better than QEPS and QIEA. As further work, we
will discuss various interplays of the three disciplines and their applications to speciﬁc
problems.
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DE-MC: A Membrane Clustering Algorithm
Based on Diﬀerential Evolution Mechanism
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Abstract. A clustering algorithm under the framework of membrane
computing is proposed in this paper, which integrates the diﬀerential
evolution mechanism to its evolution rules. The used P system is a celllike P system of two-layer nested structure: a skin membrane contains
several elementary membranes. Each object in elementary membranes
represents a group of cluster centers. Objects in the system are evolved
by diﬀerential evolution mechanism, and then the global optimal object in the skin membrane is updated by the best objects in all elementary membranes. The cell-like P system can automatically ﬁnd the
best cluster centers for a data set. The proposed DE-MC algorithm is
evaluated on an artiﬁcial data set and a real-life data set and is further
compared with classical k-means algorithm, GA-based clustering algorithm and DE-based clustering algorithm respectively. The comparison
results reveal that the proposed DE-MC algorithm is superior to other
three clustering algorithms in terms of clustering quality and robustness.
Keywords: Membrane computing; P systems; Clustering algorithm; Differential evolution

1

Introduction

Clustering can be deﬁned as the optimal partitioning of a given set of m data
points into c classes such that data points belonging to the same class are as
similar to each other as possible whereas data points from two diﬀerent classes
share the maximum diﬀerence [1]. Clustering algorithms have been widely used
in various ﬁelds, such as data mining, pattern recognition, image processing,
and so on. Clustering algorithms can be hierarchical or partitional [2]. In hierarchical clustering, the output is a tree showing a sequence of clustering with
each cluster being a partition of the data set. Hierarchical clustering algorithms
can be agglomerative (bottom-up) or divisive (top-down). Partitional clustering attempts to decompose the data set directly into a set of disjoint clusters.
They try to optimize certain criteria (for example, a square error function). The
⋆
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criterion function may emphasize the local structure of the data, as by assigning clusters to peaks in the probability density function, or the global structure.
Typically, the global criteria involve minimizing some measure of dissimilarity in
the samples within each cluster, while maximizing the dissimilarity of diﬀerent
clusters. An extensive survey of various clustering techniques can be found in [3].
K-means is a widely used partition algorithm, which attempts to directly decompose a data set into several disjointed clusters based on some criteria. However,
k-means algorithm is sensitive to the initial clustering centers and easily falls
into the local minimal solution. Moreover, when the number of data points is
large, it takes enormous time to ﬁnd the global optimal solution. In order to
overcome this problem, a lot of studies have been done in clustering. Krishna
et al. have presented a method called genetic k-means algorithm for clustering
analysis [4]. Mualik et al. have proposed a genetic algorithm based method to
solve the clustering problem and experimented it on synthetic and real life data
sets to evaluate its performance [5]. Laszlo et al. have presented a genetic algorithm that exchanges neighboring centers for k-means clustering [6]. Shelokar
et el. have introduced an evolutionary algorithm based on ACO algorithm for
clustering problem [7]. Niknam et al. have presented a hybrid evolutionary optimization algorithm based on the combination of ACO and SA to solve the
clustering problem [8]. An eﬃcient hybrid approach based on PSO, ACO and
k-means for cluster analysis has been discussed in [9].
Membrane computing initiated by Gh. Pǎun [10], as a new branch of natural computing, is inspired from the structure and functioning of living cells
as well as interaction of living cells in tissues and organs. Membrane computing is a novel class of distributed parallel computing models, also known as
P systems. Generally, there are three ingredients in P systems: (i) membrane
structure, (ii) multisets and (iii) evolution rules. The multisets of objects are
placed in compartments surrounded by membranes, and evolved by some given
rules [11]. Therefore, P systems can process and generate information to complete the computation under the control of evolution rules. Roughly, P systems
can be categorized into three classes: cell-like P systems, tissue-like P systems
and neural-like P systems. Cell-like P systems have been introduced and studied
ﬁrstly, where the membranes are arranged as a rooted tree. Tissue-like P systems
are inspired from intercellular communication and cooperation between cells in
tissues. Neural-like P systems are another type of P systems. Spiking neural P
systems, as a class of neural-like P systems, have been widely studied in recent
years. Over these years, a large number of variants have been considered [12–20].
A variety of inherent mechanisms and characteristics that P systems possess are
able to provide a new way for the research of clustering analysis.
In this paper, in order to overcome the k-means shortcomings, a novel membrane clustering algorithm integrating the diﬀerential evolution mechanism is
proposed, called DE-MC algorithm. The DE-MC algorithm is based on a celllike P system of two-layer nested structure. Each object in membranes represents
a group of cluster centers. The diﬀerential evolution mechanism of the known
diﬀerential evolution algorithm is introduced as evolution rules in membranes.
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The cell-like P system can automatically search for the optimal cluster centers
to achieve data clustering. The main contribution of this paper is the presentation of a new partitional clustering algorithm under the framework of membrane
computing to solve the clustering problem.
The rest of paper is organized as follows. The proposed DE-MC algorithm is
discussed in detail in section 2. Section 3 presents experimental results to illustrate the eﬃciency of the algorithm. Finally, section 4 includes the conclusion.

2

The proposed DE-MC algorithm

In this work, we develop a novel partitional clustering algorithm under the framework of membrane computing, called the DE-MC algorithm, which integrates the
diﬀerential evolution mechanism in the known diﬀerential evolution algorithms
[21, 22]. Usually, a cell-like P system contains several membranes with a nested
structure, and each membrane has some objects and evolution rules. The objects
in membranes are evolved by evolution rules. The proposed DE-MC algorithm
is based on a cell-like P system of two-layer nested structure. The cell-like P
system and its main components are described in detail as follows.
2.1

Membrane structure

The designed cell-like P system has a two-layer membrane structure, which consists of a skin membrane and q elementary membranes. Fig. 1 shows the membrane structure of the cell-like P system. The q elementary membranes are labeled by 1, 2, . . . , q respectively and the skin membrane is labeled by 0. Usually,
each elementary membrane contains one or more objects and some evolution
rules. In the designed cell-like P system, each elementary membrane contains n
objects, while the skin membrane has only one object that expresses the global
best object found so far in the whole system during the computation. Evolution
rules are contained in the q elementary membranes, so the elementary membranes are called evolution membranes, role of which is to evolve the objects of
the system. However, the skin membrane stores the global best object without
evolution rules.

0
1

2

ĂĂ

q

Fig. 1. The membrane structure of the designed cell-like P system
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**
** *
C2
* **

z2
Z=(z1,z2,Ă,zk)

O
object

zk

Fig. 2. The representation of objects in membranes

2.2

Objects

In the cell-like P system, each object of the elementary membranes represents
a group of candidate cluster centers. The cell-like P system searches for the
optimal cluster centers for a data set by the evolution of objects in elementary
membranes. Assume that D = {xi ∈ Rd | i = 1, 2, . . . , m} is a data set to be clustered, which is divided into k clusters, C1 , C2 , . . . , Ck . The cluster centers of the k
clusters are denoted by z1 , z2 , . . . , zk respectively, where zi ∈ Rd (i = 1, 2, . . . , k).
According to the principle of partitional clustering, if the Euclidean distances
d(xi , Cp ) (p = 1, 2, . . . , k) of a sample point xi to k clusters C1 , C2 , . . . , Ck satisfy
d(xi , Cj ) =

min

p=1,2,...,k

{d(xi , Cp )},

(1)

then the sample point xi is assigned to the center Cj , i = 1, 2, . . . , m. Thus,
each object in the elementary membranes, which expresses a group of candidate
cluster centers, should be a (k × d)-dimensional vector of the form
Z = (z11 , z12 , . . . , z1d , . . . , zi1 , zi2 , . . . , zid , . . . , zk1 , zk2 , . . . , zkd )
where (zi1 , zi2 , . . . , zid ) is corresponding to the ith cluster center zi . Fig. 2 shows
the object representation in the cell-like P system.
2.3

Evolution rules

In order to obtain the optimal cluster centers, the cell-like P system uses evolution rules to evolve the objects in the elementary membranes. In this work,
the diﬀerential evolution mechanism of diﬀerential evolution algorithm [21, 22] is
introduced as the evolution rules of the elementary membranes, which consists
of mutation, crossover and selection operators. Therefore, the cell-like P system
has the evolution rules of three types: mutation rule, crossover rule and selection
rule. For the jth object of ith elementary membrane, Zi,j , the evolution rules of
three type are described as follows:
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membrane

mutation rule

crossover rule

U

Z

selection rule

V

ith computing step

Z’

(i+1)th computing step

Fig. 3. The evolution procedure of an object in elementary membranes

– Mutation rule (“DE/best/1/bin” type [22]). For the jth object of ith elementary membrane, Zi,j , the mutation rule evolves the object to generate a
mutation object Ui,j :
Ui,j = Zbest + F (Zi,r1 − Zi,r2 )

(2)

where Zi,r1 and Zi,r2 are two objects selected randomly from ith elementary
membrane, Zbest is the global best object in the skin membrane, and F is
the scaling factor.
– Crossover rule. Based on the mutation object Ui,j and the original object
Zi,j , a crossover object Vi,j is generated by the crossover rule as follows:
{
Ui,j,s , if rands (0, 1) ≤ CR or s =rand(j)
Vi,j,s =
(3)
Zi,j,s , otherwise
where s = 1, 2, . . . , k × d, rands (0, 1) is a random number from the interval [0,1], CR ∈ [0, 1] is a predeﬁned crossover constant, and rand(j) ∈
{1, 2, . . . , k × d} is a randomly selected subscript, which is used to ensure
that Vi,j gets at least one component from Zi,j .
– Selection rule. Based on the ﬁtness of the original object Zi,j and the crossover
object Vi,j , the object that has better ﬁtness value in both Zi,j and Vi,j is
selected as the object of the elementary membrane in the next computing
′
step, Zi,j ,
{
′
Vi,j , if f (Vi,j ) ≤ f (Zi,j )
Zi,j =
(4)
Zi,j , otherwise
where f (·) is the ﬁtness function to be minimized.
Fig. 3 illustrates the evolution procedure of an object in elementary membranes during a computing step.
2.4

Communication rules

In addition to the evolution rules, the cell-like P system uses communication rules
to exchange and share objects between evolution membranes and skin membrane.
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The skin membrane stores the global best object found so far in the whole system
during the computation. After all objects of evolution membranes are evolved
by diﬀerential evolution rules, the best object in each evolution membrane will
update the global best object in the skin membrane. When the system halts, the
global best object in the skin membrane represents the ﬁnal optimal cluster centers. In this work, maximum computing step number is regarded as the halting
condition.
Each evolution membrane has the communication rules of the following two
forms:
– Rule [Zi,best ]i → Zi,best , where Zi,best represents the best object in ith evolution membrane after objects are evolved, i = 1, 2, . . . , q.
In each computing step, we can obtain an object with smallest ﬁtness value
in an evolution membrane, for example, Zi,best for ith evolution membrane.
The rule expresses that the best object in ith evolution membrane is communicated into the skin membrane to update the global best object in the
skin membrane. The updating strategy used are described as follows:
{
Zi,best , if f (Zi,best ) < f (Zbest )
Zbest =
(5)
Zbest , otherwise

– Rule Zbest → [Zbest ]i , i = 1, 2, . . . , q. The rule indicate that the global best
object stored in the skin membrane will enter ith evolution membrane. The
communication rule is applied before objects are evolved and the global best
object communicated will participate in the evolution of objects in each
evolution membrane (see Eq.(2)).
The arrows in Fig. 1 indicate the communication relations of objects between
elementary membranes and skin membrane.
2.5

The evaluation of objects

In partitional clustering, a commonly used metric is employed to evaluate the
clustering quality of a clustering algorithm. The clustering metric is deﬁned as
the sum of the Euclidean distances of the data points to their corresponding
cluster centers, i.e.,
M (C1 , C2 , . . . , Ck ) =

k
∑
∑

i=1 xj ∈Ci

∥ xj − zi ∥

(6)

where xj (j = 1, 2, . . . , m) are data points in D, Ci (i = 1, 2, . . . , k) are k
clusters and zi (i = 1, 2, . . . , k) are the corresponding cluster centers. Generally,
the smaller the M value is, the higher the clustering quality.
In the cell-like P system, each object in elementary membranes expresses
a group of candidate cluster centers, which has a corresponding M value as its
ﬁtness value. The goal of the cell-like P system is to search for the optimal cluster
centers that have the smallest M value. Therefore, the M value is used as the
ﬁtness function to each object in elementary membranes, namely, the smaller
the M value is, the better the object.
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The DE-MC algorithm

The designed cell-like P system is used to ﬁnd the optimal cluster centers for a
data set automatically. Based on the cell-like P system, the proposed DE-MC
algorithm can be described in Table 1.

3

Experiment results and analysis

The proposed DE-MC clustering algorithm has been evaluated on a real-life data
set and an artiﬁcial data set, and has been further compared with a classical kmeans algorithm and two recently developed partitional clustering algorithms,
which are genetic algorithm (GA)-based clustering algorithm and diﬀerential
evolution (DE)-based clustering algorithm, respectively.
3.1

Data sets

In the experiments, a real-life data set (Iris) and an artiﬁcial data set (Data1 )
are used to evaluate the proposed DE-MC clustering algorithm and other three
partitional clustering algorithms mentioned above. The two data sets are described as follows.
– Iris. The data set represents diﬀerent categories of irises, which have four
features. The four features represent the sepal length, sepal width, petal
length and the petal width in centimeters respectively. The data set has
three kinds of irises (There are some overlaps between classes 2 and 3), each
of which has 50 samples. So for the data set, the number of the cluster centers
k is chosen to be 3.
– Data1. The data set has nine overlapping classes and all the classes are
assumed to have an equal a priori probability (=1/9). It has 900 twodimensional data points, which obey the triangular distribution. The X − Y
ranges for the nine classes are given as follows:
class 1: [-3.3, -0.7] × [0.7, 3.3]
class 2: [-1.3, 1.3] × [0.7, 3.3]
class 3: [0.7, 3.3] × [0.7, 3.3]
class 4: [-3.3, -0.7]× [-1.3, 1.3]
class 5: [-1.3, 1.3] × [-1.3, 1.3]
class 6: [0.7, 3.3]× [-1.3, 1.3]
class 7: [-3.3, -0.7] × [-3.3, -0.7]
class 8: [-1.3, 1.3]× [-3.3, -0.7]
class 9: [0.7, 3.3] × [-3.3, -0.7]
Thus the domain of the triangular distribution for each class and for each
axis is 2.6. Consequently, the height will be 1/1.3 (since 2.6 ∗ height/2 = 1).
This data set is shown in Figure 4. The value of k is chosen to be 9 for this
data set. Thus, each object in elementary membranes is a 18-dimensional
vector.
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Table 1. The DE-MC clustering algorithm
Input parameters:
Data set, D;
Number of elementary membranes, q;
Number of objects in each evolution membrane, n;
Maximum computing step number, Smax ;
Scaling factor, F ;
Crossover rate, CR;
Output results:
Optimal object, Zbest ;
Step 1. Initialization
for i=1 to q
for j=1 to n
Generate initial jth object Zi,j for ith membrane;
Calculate the ﬁtness value of Zi,j according to Eq. (6);
end for
end for
Set computing step s = 0;
Step 2. Object evolution in evolution membranes
Communicate the the global best object into evolution membranes;
for each elementary membrane i in parallel do
for j=1 to n
Generate Ui,j by Zi,j according to the mutation rule;
Generate Vi,j by Zi,j and Ui,j according to the crossover rule;
′
Generate Zi,j
by Zi,j and Vi,j according to the selection rule;
end for
Communicate Zi,best into the skin membrane;
Update the global best object in the skin membrane;
end for
′
Replace Zi,j by Zi,j
, i = 1, 2, . . . , q, j = 1, 2, . . . , n;
Step 3. Halt condition judgment
If s > Smax is satisﬁed then
Export the global best object in skin membrane, Zbest ;
HALT;
else
s = s + 1;
goto Step 2;
end if
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Fig. 4. Artiﬁcial data set Data1 : “1” - points from class 1, “2” - points from class 2,
and so on.

3.2

Setup

In the experiments, the parameters of the proposed DE-MC clustering algorithm
and of the other three clustering algorithms are set as follows:
– DE-MC clustering algorithm. For the cell-like P system, the number of the
elementary membranes is chosen to be 4, the number of objects in each
evolution membrane is chosen to be 100 and the maximum iteration times
is 100. In the used diﬀerential evolution mechanism, the crossover factor
CR = 0.3, and the mutation factor is computed as follows:
√
f (xbest )
F =1− 3
(7)
f (Vi )
– GA-based clustering algorithm. In the algorithm, GA uses the known rotating wheel method, single-point crossover and single-point mutation as select,
crossover and mutation operations respectively, where the crossover probability and mutation probability are set to be 0.8 and 0.001 respectively. The
population size is set to be 100, and the number of the maximum iteration
times is 100.
– DE-based clustering algorithm. The population size is set to be 100, and the
number of the maximum iteration times is 100. The DE uses the mutation
operation of “(DE/best/1/bin)” type, where the crossover factor is set to be
CR=0.3, and the mutation factor is given by Eq. (5).
– K-means algorithm. In experiments, the initial clustering centers for the Kmeans algorithm are generated randomly.
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Experimental results

In this work, the M value is used to measure clustering qualities of all clustering
algorithms. Considering that the designed tissue-like P system and other three
clustering algorithms include stochastic mechanisms, we independently execute
the ﬁve clustering algorithms 5 times on the two data sets, respectively. In addition to the M value given in each run, we also provide the mean and standard
deviation of the ﬁve runs.
Table 2. The comparison results of M values for the DE-MC clustering algorithm,
GA-based clustering algorithm, DE-based clustering algorithm and k-means on Iris.
K-means

GA

DE

DE-MC

run=1

97.325924

96.927123

96.732838

96.700209

run=2

97.346220

96.946688

96.767323

96.664124

run=3

97.346220

97.046805

96.798520

96.682223

run=4

97.346220

96.865863

96.817824

96.667066

run=5

97.325924

97.032286

96.751325

96.683836

Mean

97.338102

96.963753

96.773566

96.679492

Standard deviation

0.011117

0.075515

0.034547

0.014544

Table 2 shows the experiment results of the four clustering algorithms on
Iris executed for 5 times. The results reveal that the clustering quality of the
proposed DE-MC clustering algorithm is better than that of other three clustering algorithms except for second run. Meanwhile, the average clustering quality
of the proposed DE-MC clustering algorithm for 5 runs is superior to that of
k-means and GA-based clustering algorithm and DE-based clustering algorithm.
The standard deviation of the proposed DE-MC clustering algorithm is slightly
higher than that of k-means algorithm, but is better than that of GA-based
clustering algorithm and DE-based clustering algorithm. The comparison results
indicate that the proposed DE-MC clustering algorithm has a better clustering
quality and better stability on Iris.
The experimental results of the proposed DE-MC, k-means, GA-based and
DE-based algorithms for Data1 are provided in Table 3. It is clear from Table
3 that, (i) the clustering quality of the proposed DE-MC clustering algorithm
is better than that of other three clustering algorithms for every time, (ii) the
average clustering quality of the proposed DE-MC clustering algorithm for 5 runs
is superior to that of other three clustering algorithms, and (iii) the standard
deviation of the proposed DE-MC clustering algorithm is lower than that of
the other three clustering algorithms. The comparison results illustrate that the
proposed DE-MC clustering algorithm has a better clustering quality and better
stability on Data1.
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Table 3. The comparison results of M values for the DE-MC clustering algorithm,
GA-based clustering algorithm, DE-based clustering algorithm and k-means on Data1.
K-means

GA

DE

DE-MC

run=1

651.808891

600.007424

600.290359

599.954833

run=2

655.462382

600.154046

600.097933

600.115086

run=3

600.561969

600.278141

599.995098

599.870488

run=4

702.987431

600.227584

599.848165

599.810946

run=5

648.299526

599.914131

599.998067

599.808638

Mean

651.82404

600.116265

600.045924

599.911906

Standard Deviation

36.301351

0.152256

0.163122

0.128251

Figures 5 and 6 show the average trends for the proposed DE-MC, k-means,
GA-based and DE-based algorithms on Iris and Data1, respectively. From the
ﬁgures, it can be found that the proposed DE-MC clustering algorithm is obviously superior to the other three clustering algorithms in terms of convergence
speed and clustering quality. The clustering advantage of the proposed DE-MC
clustering algorithm beneﬁts from the inherent co-evolution mechanism of multiple elementary membranes in the used cell-like P system.

4

Conclusion

This paper proposed a novel membrane clustering algorithm, which was based
on a cell-like P system of two-layer membranes structure. Each object in membranes expressed a group of candidate cluster centers. The diﬀerential evolution mechanism of diﬀerential evolution algorithm was introduced as evolution
rules. Under the control of diﬀerential evolution mechanism in multiple elementary membranes, the cell-like P system automatically searched for the optimal
cluster centers to achieve data clustering. The proposed DE-MC clustering algorithm has been evaluated on a real-life data set and on an artiﬁcial data set,
and compared with classical k-means algorithm, GA-based clustering algorithm
and DE-based clustering algorithm. The comparison results have indicated that
the proposed DE-MC clustering algorithm overall is signiﬁcantly superior to the
other three algorithms in terms of clustering quality and has a good robustness
and convergence.
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Abstract. Membrane algorithms are a new class of heuristic algorithms,
which attempt to incorporate some components of membrane computing
models (also called P systems) for designing eﬃcient optimization algorithms, such as the structure of P systems, the way of communication
between cells, etc. Membrane algorithms are a kind of parallel methods,
where many operations can be performed in parallel. Although the importance of the parallelism of such algorithms is recognized, membrane
algorithms were often implemented on the serial computing device Central Processing Unit (CPU), which makes the algorithms cannot work
in a more eﬃcient way. In this work, we consider the implementation of
membrane algorithms on the parallel computing device Graphics Processing Unit (GPU). Under such implementation, all cells of membrane
algorithms can work simultaneously. Experiment results on two classical
intractable problems, point set matching problem and TSP, show that
GPU implementation of membrane algorithms is much more eﬃcient
than CPU implementation in terms of runtime, especially for solving the
problems with a high complexity.
Keywords: Membrane computing; Membrane algorithm; Parallel computing device; GPU

1

Introduction

Membrane computing is an emergent branch of natural computing initiated by
Gheorghe Păun in 1998 [1], with the aim to abstract innovative computing models or ideas from the living cells and higher order structures consisting of living
cells, such as tissues, organs, etc. The obtained models, called P systems, are
distributed and parallel computing models. Most variants of P systems were
proved to be computationally complete (equivalent with Turing machines or
other equivalent computing devices; we also say that P systems are universal) as
number computing devices [2–4], language generators [5, 6], and function computing devices [7, 8]. Please refer to the handbook of membrane computing [9]
for general information in this area, and the membrane computing website [10]
for the up-to-date information.
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P systems have been proved to be a rich framework for handling many problems related to computing. Due to the parallelism and other characteristics of
P systems, such models can theoretically solve presumably intractable problems
in a feasible time (solving NP-complete problems [11, 12]; or even PSPACEcomplete problems [13, 14]). Actually, P systems can also provide some new ideas
for designing optimization algorithms to obtain approximate solutions to the intractable problems [15–23]. The optimization algorithms inspired by P systems
are usually called membrane algorithms (some researchers also call membrane
algorithms P systems based optimization algorithms). The ﬁrst membrane algorithm was proposed by Taishin Yasunobu Nishida in 2004 [15], where several
components were brought from P systems, such as the nested structure and the
communication mechanism between cells, etc. Experiment results showed that
such an algorithm is eﬀective and eﬃcient for solving the intractable problem,
traveling salesman problem (TSP) [15]. Since then, many membrane algorithms
have been proposed for solving various optimization problems, such as knapsack
problem [16], point set matching problem [17], numerical optimization problem
[18], multi-objective optimization problem [19, 20], DNA sequence design problem [21] and many practical problems [22, 23], etc. We should stress that, all
membrane algorithms mentioned above can work in a parallel way, in the sense
that the evolution of each cell can be performed simultaneously. Although the
importance of the parallelism of such algorithms has been recognized, membrane
algorithms were often implemented on the serial computing device CPU, which
makes the algorithms cannot work as expected in a more eﬃcient way. To this
aim, this paper will deal with the implementation of membrane algorithms on
parallel computing devices.
The Graphics Processing Units (GPUs) are a kind of computing devices with
a high parallelism on numerical operations, where massively parallel processors
can support several thousands of concurrent threads. The computational power
of GPUs has turned them into attractive platforms for general-purpose scientiﬁc and engineering applications, especially for tackling large scale numerical
computing problems [24]. In this work, we shall consider the implementation of
membrane algorithms on GPU with an attempt to make the membrane algorithms work in a parallel way. Under the GPU implementation of membrane
algorithms presented in this work, the work of a cell of membrane algorithms
will be achieved by a thread of GPU, by which all the cells of a membrane algorithm can evolve simultaneously through such concurrent threads of GPU. The
GPU implementation ensures that membrane algorithms can work in a more
eﬃcient way, in the sense that each operation of membrane algorithms is tackled
in parallel as much as possible. Experiment results on two classical intractable
problems, point set matching problem and TSP, show that the GPU implementation of membrane algorithms is eﬀective and eﬃcient. Compared with the CPU
implementation, the GPU implementation of membrane algorithms takes much
less runtime for dealing with the intractable problems, especially for large scale
numerical intractable problems. A software with a friendly interface is also developed for GPU implementation of membrane algorithms, which can provide
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Fig. 1. The CPU implementation procedure of membrane algorithms

a convenient tool for the users to use it to solve the intractable problems. We
should stress that the GPU implementation of P systems still exists, e.g., in
Sevilla, Spain [25, 26]. A parallel simulator for membrane computing models on
GPU, called PMCGPU, can be found in the website [27].
The rest of the paper is organized as follows. In Section 2, we present the
GPU implementation procedure of membrane algorithms. Experiment results
on point set matching problem and TSP are presented in Section 3. Section 4
presents a software for GPU implementation of membrane algorithms. Finally,
the conclusions and some remarks are presented in Section 5.
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Fig. 2. The structure of GPU

2

Implementation of membrane algorithms on GPU

In this section, we shall present the GPU implementation procedure of membrane
algorithms. To this aim, we ﬁrst review the CPU implementation procedure of
membrane algorithms.
Let us recall that a membrane algorithm with a nested structure mainly
consists of the following four operations:
(1)
(2)
(3)
(4)

Initialize each solution in m cells;
Update each solution in m cells;
Exchange solutions between adjacent cells;
Select the better solutions in m cells.

Figure 1 illustrates the CPU implementation procedure of membrane algorithms with a nested structure. As shown in Figure 1, during each of the four
operations one cell starts to work only after the work of another cell is ﬁnished.
This means that the cells will evolve one by one during each of the four operations. Therefore, each of the four operations is achieved in a sequential manner
under the CPU implementation. In fact, it is not diﬃcult to ﬁnd that each of
the four operations can be achieved in a parallel manner, in the sense that the
m cells evolve simultaneously if a parallel computing device is used. The GPU
implementation of membrane algorithms can achieve such a parallelism of each
of the four operations.
Brieﬂy, a GPU consists of hundreds of blocks, and each block can support
several thousands of concurrent threads. A GPU should work with the help of
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Fig. 3. The GPU implementation procedure of membrane algorithms

host CPU. The threads in the same block can transfer date through the shared
memory in the block. However, the transferred date is very little due to the
small size of the shared memory. Two threads in diﬀerent blocks cannot directly
transfer date, but only through the host. Figure 2 presents the structure of
a GPU. The GPU implementation procedure of membrane algorithms with a
nested structure is shown in Figure 3. As shown in Figure 3, during each of
the four operations (i.e., initializing, updating, exchanging and selecting), the
m cells will work in parallel instead of one by one. The parallelism of the m
cells is achieved based on an idea as follows: a thread of a GPU shall do the
work of a cell of membrane algorithms, so the m cells can work in parallel
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though such concurrent threads. This means that GPU has to create a number
of threads equal with the number of cells used by membrane algorithms during
the implementation on GPU. Note that in the GPU implementation procedure
of membrane algorithms, a synchronization function has been used after each
of the initializing, updating, exchanging and selecting operations. During the
implementation on GPU, the work of each thread may not be ﬁnished at the
same time, so this function will ensure that the next operation of membrane
algorithms starts only after the work of each of the m cells is ﬁnished for each
of the four operations.
The parallel work of all the cells during the implementation on GPU enables
membrane algorithms to work in a more eﬃcient way in terms of runtime, which
will be illustrated by simulation experiments in the following section.

3

Experiment results and analysis

In this section, we shall evaluate the performance of GPU implementation of
membrane algorithms through two classical intractable problems: point set matching problem and TSP. It is useful for the reader to have some familiarity with
such two problems, so we here brieﬂy recall them.
A point set matching problem can be formulated as follows. Given two sets
P = {p1 , . . . , pm } and Q = {q1 , . . . , qn }, ﬁnd a map f : P ′ → Q′ , (P ′ ⊆ P ,
Q′ ⊆ Q), such that the following matching objective value Gobj is minimized,
∑
Gobj =
{|d(pi , pj ) − d(f (pi ), f (pj ))| + k(nP − nP ′ )},
pi ,pj ∈P

where d(p, q) is the Euclidean distance between points p and q, nP , nP ′ are the
sizes of P and P ′ , and k is a penalty factor.
The TSP asks the following question. Given a list of n cities pi , 1 ≤ i ≤ n,
ﬁnd a route pi1 pi2 . . . pin pi1 (i.e., this route visits each city exactly once and
returns to the origin city), such that the total distance Dist of this route is
minimized,
n−1
∑
Dist =
d(pik , pik+1 ) + d(pin , pi1 ),
k=1

where d(pi , pj ) is the Euclidean distance between cities pi and pj .
The membrane algorithm proposed in [17] will be adopted to test the performance of GPU implementation. The number of generations is 100, the updating
number of each cell is 8 in one generation, and the other parameters are the same
as the ones suggested in [17]. Each test is executed 5 times. All simulations reported in this work are conducted on a PC with a 3.40GHz Inter Core i7-2600K
CPU, the Windows XP Professional SP3 64 bit operating systems, and Nvidia
GeForce GTX 560 Ti Graphics Card (it uses the GF114 GPU which oﬀers a maximum of 384 cores). Note that the runtime of GPU implementation reported in
the following subsections contains all times that implementing a membrane algorithm on GPU takes, including data reorganization, host-to-GPU data transfer,
GPU-to-host data transfer, etc.
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Experiments on point set matching problem

In the experiments, the point set matching problem is created as follows: a point
set P consisting
of n points is generated randomly in the region {(x, y) | 0 ≤
√
x, y ≤ 256 n/10}, the observed point set Q is generated by adding Gaussian
noise with a variance σ = 10 to set P .

Fig. 4. Runtimes (s) of CPU and GPU implementations of membrane algorithm proposed in [17], having 200 cells, for point set matching problem with diﬀerent size of
point set

Figure 4 presents the runtimes of CPU and GPU implementations of membrane algorithm proposed in [17] having 200 cells for point set matching problem
with diﬀerent size of point set. As shown in Figure 4, the GPU implementation of
membrane algorithm is eﬀective and eﬃcient. The GPU implementation of membrane algorithm outperforms the CPU implementation for point set matching
problem, in the sense that it takes much less runtime than CPU implementation, especially for tackling point set with a large size. The runtimes of CPU
and GPU implementations will both increase with an increment of the size of
point set. The runtime of CPU implementation will dramatically increase with
an increment of the size of point set, while the increment on runtime of GPU
implementation is quite slight with an increment of the size of point set. Note
that membrane algorithm will perform initialization, updating, exchanging and
selection operations for the point set matching problem in each cell, and all cells
used by the membrane algorithm will be performed in parallel under GPU im-
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Table 1. Runtimes (s) of CPU and GPU implementation of membrane algorithm,
proposed in [17], with diﬀerent number of cells for point set matching problem having
200 points

Platform
CPU
GPU

100

150

200

Number of cells
250
300
350

400

450

500

1078.44 1597.06 2082.39 2689.92 3202.36 3599.05 4156.70 4471.67 4988.42
103.88 104.70 105.30 106.55 107.41 109.38 111.13 115.64 115.66

Table 2. Runtimes (s) of CPU and GPU implementation of membrane algorithm,
proposed in [17], with diﬀerent number of cells for TSP benchmark problem with 493
cities
Platform
CPU
GPU

100

150

200

5.13
2.24

7.66
2.34

10.17
2.41

Number of cells
250
300
350
12.75
2.50

15.31
2.56

17.75
2.63

400

450

500

20.44
2.69

22.83
2.77

25.56
2.83

plementation instead of one by one under CPU implementation. So, the runtime
will not increase dramatically with an increment of the size of point set.
Table 1 shows the runtimes of CPU and GPU implementation of membrane
algorithm, proposed in [17], with diﬀerent number of cells for point set matching
problem having 200 points. As shown in Table 1, the GPU implementation of
membrane algorithm outperforms the CPU implementation, in the sense that
it can make membrane algorithm with a large number of cells work in a more
eﬃcient way. The runtime of CPU implementation of membrane algorithm will
dramatically increase with an increment of the number of cells used by the
membrane algorithm, while the implementation on GPU almost has an equal
time with an increment of the number of cells. The slight increment on runtime
for GPU implementation is partially caused by the increasing overhead generated
by the control of the synchronization of cells with an increment of the number
of cells.
3.2

Experiments on TSP

In the experiments, each TSP is chosen from the TSP benchmark problems in
TSPLIB proposed by Gerhard Reinelt [28]. These benchmark problems have
been widely used for testing the performance of an optimization algorithm.
Figure 5 shows the runtimes of CPU and GPU implementation of the membrane algorithm proposed in [17], having 200 cells, for TSP with diﬀerent number
of cities. It is not diﬃcult to ﬁnd that for TSP there is a similar result as the
case of point set matching problem. The GPU implementation of membrane algorithm outperforms the CPU implementation for TSP in terms of runtime. The
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Fig. 5. Runtimes (s) of CPU and GPU implementation of membrane algorithm proposed in [17], having 200 cells, for TSP with diﬀerent number of cities

GPU implementation of membrane algorithm will consume much less runtime
than the CPU implementation, especially for TSP with a large number of cites.
Table 2 shows the runtimes of CPU and GPU implementation of membrane
algorithm with diﬀerent number of cells for TSP benchmark problem with 493
cities. As shown in Table 2, for TSP the runtime of CPU implementation of
membrane algorithm will increase with an increment of the number of cells,
while the implementation on GPU will almost consume an equal runtime with
an increment of the number of cells. Diﬀerent from the case of point set matching
problem, the runtime of CPU implementation of membrane algorithm for TSP
does not dramatically increase with an increment of the number of cells. This
result is mainly caused by the fact that the time consumed by each cell is quite
small since the operations in each cell will hold a low complexity for TSP with
200 cities. So, the total runtime of CPU implementation of membrane algorithm
will only increase slightly with an increment of the number of cells.
Compared with the simulation results on point set matching problem, we can
ﬁnd that the GPU implementation of membrane algorithms is quite eﬃcient for
tackling large scale intractable problems, while it is not good at dealing with
intractable problems with a small size. The reason for this is that, the cells of
membrane algorithms working in parallel can save only a few runtimes under
GPU implementation, since the computational complexity in each cell is very
low for intractable problems with a small size. At the same time, under GPU implementation the date should be transferred repeatedly between GPU and host,
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Fig. 6. An interface of the software for GPU implementation of membrane algorithms
with a nested structure

which will take some additional runtimes. Therefore, the GPU implementation
of membrane algorithms will not work in a more eﬃcient way than the CPU
implementation for solving intractable problems with a small size.

4

A software with a friendly interface

For the GPU implementation of membrane algorithms, we have to write a new
programming code for diﬀerent intractable problems, which is quite inconvenient
for the users. Therefore, a software with a friendly interface (termed MAGPU)
have been developed, which can provide the users a convenient tool to implement membrane algorithms with a nested structure on GPU. This software
can be found from the website http://pan.baidu.com/share/link?shareid=
3332443385&uk=3659503006.
This software mainly contains the following functions: (1) the setting of a few
parameters, including the generation number, number of cells, updating number
of each cell for one generation, etc.; (2) the choosing of experiment date and
updating strategy of each cell (it also allows the users to deﬁne his/her own
updating strategy); (3) the save and ﬁgure show of experiment result; (4) the
save and comparison of runtimes of several experiments; (5) the calculation of
a few measurement indexes, such as mean and variance. Figure 6 presents an
interface of the software for GPU implementation of membrane algorithms with
a nested structure.
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Conclusions and remarks

In this paper, the implementation of membrane algorithms on a parallel computing device GPU was carried out. The GPU implementation can achieve the
parallelism of membrane algorithms, which makes membrane algorithms work
in a more eﬃcient way in terms of runtime. Experiment results on point set
matching problem and TSP show that the GPU implementation of membrane
algorithms outperforms the CPU implementation, in the sense that it takes much
less runtime.
Although the GPU implementation of membrane algorithms has shown a
good performance in terms of runtime, many problems remain to be solved
for the GPU implementation presented in this work. Among these problems,
an interesting one is to further reduce the runtime of GPU implementation of
membrane algorithms. In the presented GPU implementation, the date transfer
between host and GPU will be performed a large number of times, which takes
a lot of runtime. Therefore, a possible solution is to reduce the number of date
transfer between host CPU and GPU. It is conjectured that the runtime of GPU
implementation can be greatly reduced by improving the GPU implementation
procedure such that only a small number of date transfer is performed between
host and GPU.
In order to provide the users a convenient tool to implement membrane algorithms on GPU, a software with a friendly interface has been developed. This
software is only a simple version and many functions needs to be improved or
added, which is an interesting work that deserves to be further investigated.
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3. Pan, L., Păun, G.: Spiking neural P systems: an improved normal form. Theoretical
Computer Science 411, 906–918 (2010)

410

X. Zhang et al.

4. Wang, J., Hoogeboom, H.J., Pan, L., Păun, G., Pérez-Jiménez, M.J.: Spiking neural
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Automatic design of membrane systems for
mixed arithmetic operations
Yixi Cheng and Gexiang Zhang
School of Electrical Engineering, Southwest Jiaotong University,
Chengdu, 610031, P.R. China
email: jasonyxchen@gmail.com, zhgxdylan@126.com

Abstract. As a new research direction of computer science, membrane
computing has attracted much attention. Now there are lots of research
fruits in theory, while the applications are specially worth discussing. Different applications need diﬀerent membrane systems. But as usual the
design of a membrane system requires much speciality knowledge and
strict deduction. Moreover, arithmetic operations are very important in
solving various application problems. To expand the application ﬁelds
of membrane computing, this paper focuses on the automatic design
of membrane systems for arithmetic operations. A new modular design
method is proposed to design mixed arithmetic operation membrane systems, including two types, binary system and decimal system, of mixed
arithmetic operation membrane systems. The designed results verify the
feasibility of this method. Also we analyze the experimental results.

The Distribution Centers Location of Fresh
Agricultural Products Based on Non-equal
Coverage Radius
Jianghua Xiao1 , Yongkai Li1 , Fei Wang1 , and Juanjuan He2
1

2

Research Center of Logistics, Nankai University, Tianjin 430081
School of Automation, Huazhong University of Science and Technology, Wuhan
430074, Hubei, China
email: jhxiao@nankai.edu.cn

Abstract. Facility location is an important aspect of research on logistics, which has crucial effect on the support systems service efficiency. In
the paper, the distribution centers location model of fresh agricultural
products based on non-equal coverage radius is developed by integrating the timeliness and responsiveness of the fresh agricultural product.
Then, a dynamic membrane evolutionary algorithm is proposed to solve
the model. Final, a computational example shows the effectiveness of the
presented mode. This study can obtained the exact candidate areas of the
distribution center by non-equal coverage radius model, and avoid the
disadvantage of the relying experience in the traditional location model.
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