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Preface
This volume contains the papers presented at The Sixth Asian Conference
on Membrane Computing (ACMC2017, http://2017.asiancmc.org/), which will
be held in Chengdu, China, from 21 September to 25 September, 2017.
This year we start to integrate the two conferences, which were called International Conference on Membrane Computing (CMC) and Asian Conference
on Membrane Computing (ACMC), within the Inernational Membrane Computing Society (IMCS), into one conference, which is renamed International
Conference on Membrane Computing (ICMC) consisting of two branches: European Branch of International Conference on Membrane Computing (ECMC)
and Asian Branch of International Conference on Membrane Computing (ACMC). Now ICMC becomes the flagship conference in the community of membrane
computing and aims to provide a high-level international forum for researchers
working in membrane computing and related areas. ACMC2017 is the continuation of the previous five conferences, ACMC2012 in Wuhan, China, ACMC2013
in Chengdu, China, ACMC2014 in Coimbatore, India, ACMC2015 in Hefei, China and ACMC2016 in Bangi, Malaysia. Furthermore, ACMC2017 is also a geographical expansion of CMC, which has been held eighteen times in different
European countries.
ACMC2012 was held by Huazhong University of Science and Technology,
Wuhan, China, from October 15 to October 18, 2012, with a selection of papers
published as a special issue of the SCI-indexed international journal International Journal of Unconventional Computing (IJUC) and a selection of papers
published in SCI-indexed English journal, Chinese Journal of Electronics (CJE).
ACMC2013 was organized by Southwest Jiaotong Univeristy, Chengdu, China,
4-7 November, 2013, with three selections of papers published in three SCIindexed journals, Chinese Journal of Electronics (CJE), International Journal
of Computers, Communications and Control (IJCCC) and Romanian Journal
of Information Science and Technology (ROMJIST). ACMC2014 was held at
Karunya University, Coimbatore, India, 18-19 September, 2014, with a special
issue of Romanian Journal of Information Science and Technology (ROMJIST).
ACMC2015 was organized by Anhui University, Hefei, China, 12-15 November, 2015, with two special issues of Natural Computing (NaCO) and Journal
of Computational and Theoretical Nanoscience (JCTN). ACMC2016 was organized by Universiti Kebangsaan Malaysia, Bangi, Malaysia, 14-16 November,
2016, with three selections of papers published in Theoretical Computer Science
(TCS), Romanian Journal of Information Science and Technology (ROMJIST)
and Journal of Optimization.
The ACMC2017 was organized by the Robotics Research Center (RoRC),
Xihua University, under the auspices of International Membrane Computing Society (IMCS). The Steering Committee and Program Committee invited seven
lectures from Mario J. Pérez-Jiménez (Univeristy of seville, Spain), Marian Gheorghe (University of Bradford, UK), Kenli Li (Hunan University, China), Sergey
Verlan (University of Paris Paris Est, France), Kumbakonam Govindarajan Sub-

ii

ramanian (University of Chennan, India), Linqiang Pan (Huazhong University
of Science and Technology, China) and Jun Wang (Xihua University , China).
In addition to the texts or the extended abstracts of the invited talks, this
volume contains 30 accepted full papers, each of which was subject to at least two
referee reports. They are arranged in the order of the paper numbers. After the
conference, a selection of papers from this volume, additionally refereed, will be
considered for publication in (one of) the two SCI-indexed international journals,
International Journal of Computers, Communications and Control (IJCCC) and
Fundamenta Informaticae (FI), and the other papers, also additionally
selected and refereed, will be considered for publication in Lecture Notes in
Comput-er Science (LNCS) combined with the CMC2017 papers and
Communications in Computer and Information Science (CCIS) combined with
the BIC-TA2017 papers.
We would like to thank our efficient secretaries Qiang Yang, Youxing Zeng
and Xucai Zeng at Xihua University for the extensive assistance in lots of issues
related to ACMC2017.
The editors warmly thank the Steering Committee, Program Committee, the
invited speakers, the authors of the submitted papers, the reviewers, and all the
participants, as well as all who contributed to the success of ACMC2017.

Chengdu, September 2017
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Qiang Yang
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Part 1
Invited talks

Modelling the dynamics of complex systems:
A membrane computing based framework
Mario J. Pérez-Jiménez
Univeristy of seville, Spain

Abstract: Since the 1940s, Nature in general, and Living Nature in particular, has acted as
a constant source of inspiration for the creation of new computational paradigms. Within
this context, the way Nature performs certain processes susceptible to be interpreted as
calculation procedures has frequently served, among other things, to describe, address, and
in many cases solve, a number of relevant problems, both at a theoretical and a practical
level.When dealing with real-life processes, we find that indeed Nature can teach us how
to unveil their secrets by computing “the Natural way”. Membrane computing is a
computational paradigm aiming to abstract computing models, called P systems, from the
structure and functioning of living cells, as well as from the way cells are organized in
tissues, organs or higher order structures. In this talk, a uniform Membrane Computing
framework providing predictive models of real-life phenomena is presented. Practical
applications both at a “micro” (i.e. molecular mechanism in cellular processes) and a
“macro” (i.e. population dynamics of real ecosystems) level are studied, being presented
during the talk to illustrate some relevant features of the models and the underlying
framework.
Short bio: Professor Mario J. Perez-Jimenez received his degree in Mathematics from the
Barcelona University and the doctor degree in Mathematics from the Sevilla University. In
the past, he was a lecturer and teaching assistant at the University of Barcelona (1971-1983).
Since 1989 he was an associated professor at the University of Seville, Spain, and from
2005 to 2007 a Guest Professor in the Huazhong University of Science and Technology,
Wuhan, China. Currently, he is a numerary member of the Academia Europaea (The
Academy of Europe), and a Full Professor in the Department of Computer Science and
Artificial Intelligence, University of Seville, where he is the head of the Research Group
on Natural Computing. His main research interests include theory of computation,
computational complexity theory, natural computing (DNA computing and membrane
computing), bioinformatics, and computational modelling for systems biology and
population dynamics.
He has published around 20 books in computer science and mathematics, and over 250
scientific papers in international journals (collaborating with researchers worldwide). He is
a member of the editorial board of 5 ISI journals: International Journal of Neural Systems,
Fundamenta Informaticae, International Journal of Computers, Communications and
Control, Natural Computing and Theoretical Computer Science. He was the first scientific
awarded with “Important Contributions to Membrane Computing” under the auspices of
the European Molecular Computing Consortium, Edinburgh, 2008. He is the main
researcher in various European, Spanish and Andalusian research grants. He has been an
independent expert to the evaluation of NEST (New and Emergent Science and Technology)
proposals under the Sixth Framework Programme of the European Community, and also in
different institutions at the level of Spain and Romania. Additionally, he is a peer reviewer
of the European Science Foundation, as well as the Russian Science Foundation.

Kernel P systems – A powerful modelling and
verification framework
Marian Gheorghe
University of Bradford, UK

Abstract: The kernel P systems have been introduced as a low level modelling paradigm
combining common features of most of the P system variants. This work presents the
main computational and complexity theoretical results as well as verification aspects.
Several applications modelled with kernel P systems are discussed and their behaviour
analysed with the kP-workbench tool. Future research directions of this computational
model are summarised.
Short bio: Professor Marian Gheorghe is 50th Anniversary Chair with the University of
Bradford, as head of the Modelling, Testing and Verification Research Group. Up until 2015
he was with the University of Sheffield, head of the Verification and Testing Research
Group. Professor Gheorghe has a broad range of research interests including computational
models, formal verification and testing, simulation of agent-based systems, applications in
engineering and synthetic biology. He has published in all these areas and his research has
been funded by various research councils. He has published more than 100 research papers
and monographs, has edited conference proceedings and special issues of several highly
prestigious journals. He has an H-index 26 with more than 2850 citations.

A Parallel Big Data Processing & Intelligent Analysis
System and its Industrial Applications
Kenli Li
Hunan University, China

Abstract: Nowadays, data is produced in every aspect of our lives, leading to a massive
amount of information generated every second, especially in the traditional areas, such as
the medical industry, traffic, and machine manufacturing. This speech first introduces the
current development of the big data and artificial intelligence (AI 2.0), and points out the
technical threshold of the traditional enterprises when they hope to implement the data
mining and intelligent analysis based on their historical big data. Then we propose and
implement a platform of parallel data processing and analysis, which can help the
traditional enterprises to across these thresholds. Finally, this speech introduce several
typical practice industrial applications based on this platform, such as the data analysis
system for the medical behavior, the auto failure detection and identification system for the
train, and the data collection and analysis system for the CNC machines.
Short bio: Professor Kenli Li is currently a Professor and a PhD Supervisor at Hunan
University (HNU), China. He is a Senior Member of IEEE, a Distinguished Member of
China Computer Federation (CCF), and the Vice Chairman of CCF-Changsha. He is also
the Dean of School of Information Science and Engineering, and the Director of National
Supercomputing Center in Changsha. He received his PhD degree in Computer Software
and Theory from Huazhong University of Science and Technology (HUST), in 2003. From
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A formal framework for definition and
analysis of P systems
Sergey Verlan
University of Paris Paris Est, France

Abstract: In this talk we focus on the model called the formal framework for P systems.
This model provides a descriptional language powerful enough to represent in a simple way,
via a strong biosimulation, most of the variants of P systems. This allows an unambiguous
definition of a P system as well as a uniform way for extensions and also a powerful tool
for the comparison of different models. We will present a series of concrete examples of
the application of the formal framework in order to understand, extend, compare and
explain different models of P systems leading to new research ideas and open problems.
Short bio: Dr. hab. Sergey Verlan is an associated professor at the University of Paris Est
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Abstract: The theory of grammar systems was introduced and developed providing a
theoretical framework for modelling distributed computation at symbolic level in terms of
syntactic methods, especially grammar-based methods. On the other hand, in the area of
membrane computing, a distributed highly parallel theoretical computability model, now
called as P system, was introduced with the model based on the membrane structure and
the behavior of the living cells. A variety of grammar systems and P systems with
different motivations,have been introduced and studied.Rewriting P systems have close
connections with grammar systems in language description of one-dimensional strings and
two-dimensional arrays. This talk is intended to highlight the connections and point out
unexplored areas as well.
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Spiking Neural P Systems
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Abstract:Biological systems, including a single cell and complexes of cells, are a rich
source for abstracting computing ideas (data structures, operations with data, ways to
control operations, computing models, etc.). Spiking neural P systems are a class of parallel
computing models inspired by neurons, which can be considered as a member of neural
networks of third generation in the sense that the dimension of time is used to encode
information. At the beginning an overview of spiking neural P systems will be given
including motivation, biological background (at the level for a mathematician or computer
scientist), the basic ingredients and functioning of a spiking neural P system, and the
relationship and difference with the traditional spiking neural networks. Then, some
classical or recent results on spiking neural P systems are reviewed. Finally, an outlook will
be given with a discussion of applications.
Short bio:Prof. Linqiang Pan received Ph.D. in Mathematics from Nanjing University,
China, in 2000. From 2001 to 2002, he worked at Huazhong university of Science and
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Chinese Electron Academic Society: Graph Theory and System Optimization Specialized
Committee.
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algorithm of membrane computing: Recent Advances
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Abstract: Fuzzy membrane systems are a variant of membrane systems (P systems) based
on based on Spiking Neural P Systems, Tissue-like P Systems, Cell-like P Systems. Fuzzy
Spiking Neural P Systems (FSNP Systems) are the integration of spiking neural P systems
and fuzzy logic to deal with uncertainty information such as expressing fuzzy knowledge
and fuzzy reasoning. In this report, we will introduce our recent works, including fuzzy
reasoning spiking neural P systems, weighted fuzzy spiking neural P systems, adaptive
fuzzy spiking neural P systems, and its applications for fault diagnosis of power system.
Membrane computing models has learning capability such as neural network? This
question has attracted a lot of attention recently. Recently years, we have deeply researched
and explored unsupervised learning problem of membrane computing. We will introduce
their learning mechanism, the learning models of membrane computing and several
efficient distributed parallel clustering algorithms. Furthermore, we will give some
application.
Short bio: Dr. Jun Wang is Lab Lead of Sichuan Province Key Laboratory of power
electronics energy-saving technologies & equipment.In this role, she leads teams in new
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Abstract. The Travelling Salesman Problem (TSP) is a long-standing
and well-known NP-hard problem, concerned with computing the lowest cost Hamiltonian cycle on a weighted digraph. Many solutions to
the problem exist, including some from the perspective of P Systems,
almost all of which have combined membrane computing with other approaches for approximate solution algorithms. A recent paper presented
a brute-force style P Systems solution to the TSP, exploiting the ability
of P Systems to reduce time complexity in exchange for space complexity in order to trim the running time to O(n2 ), but the resultant system
had a relatively high (about 50) number of rules. Inspired by this paper,
and seeking a more concise representation of an exact brute-force TSP
algorithm, we have devised a P Systems algorithm based on cP Systems
(P Systems with Complex Objects) which requires five rules and takes
n + 3 steps. This paper describes said algorithm and an application of it
to an example digraph.
Keywords: Graph Theory, Hamiltonian cycles, Travelling Salesman Problem, P Systems, cP Systems, Prolog terms and unification, intra-cell parallelism

1

Introduction

The Travelling Salesman Problem (TSP) is a long-standing, well-known computationally (NP-) hard problem in Computer Science and related fields. Briefly,
the problem is about finding the minimum cost Hamiltonian cycle in a weighted
digraph, where a Hamiltonian cycle is a traversal of the digraph that ends where
it began, but visits every node exactly once after the start. It has been described as analogous to finding the shortest route for a travelling salesman to
visit multiple cities in one trip (whence the name). The problem has been studied extensively, spawning many papers, dissertations and books on the topic
(e.g. [1, 3, 4, 15] amongst many, many others), and many sophisticated algorithms have been developed to efficiently solve the problem, in either the exact
or approximate case. This paper does not seek overturn this prior body of work.
Instead, it seeks to address the problem from a P Systems perspective.
A small amount of work has been done on the TSP from the perspective
of membrane computing, beginning with the work of Nishida [11], who used a
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combination of a membrane structure and pre-existing methods effectively to
search a space of solutions to the TSP for a given digraph, for an approximate
solution (note however the earlier paper [8], which gave a quadratic time solution to related Hamiltonian Path Problems). Others built on this approach by
integrating techniques such as Genetic Algorithms [6, 9], Ant Colony Optimisation [17] and Active Evolution [16], along with more complex approaches for
multiple salesman problems [7]. A paper by Chen et al. [2] was apparently also
written on the topic, but no copy of that paper could be located.
All these papers however have been written from the perspective of approximate solutions to the TSP, generally taking an approach of using membranes
to divide up the search space of potential solutions, whilst applying other preexisting techniques to the process. These papers have used membranes to structure a search space, but in our view have not fully embraced the P Systems
model, e.g. none of them have specified typical P Systems sub-cell rules, instead
applying other techniques within the sub-cells, and using P Systems rules only to
move potential solutions between cells. More recently however, Guo and Dai published a paper on solving the TSP in the exact case using cell-like P Systems [5],
requiring roughly 50 rules. By exploiting the property of some P Systems variants
that time complexity can often be exchanged for space complexity [8,12,14], the
authors derived a P Systems algorithm that can solve the TSP in O(n2 ) time.
Inspired by [5], we derive a cP Systems algorithm for solving the TSP, fully
exploiting the power of P Systems’ theoretical infinite resources, as well as the
compactness of representation of cP Systems. Such systems have been described
extensively in prior papers, in particular most recently in [10]. The use of cP Systems’ generic maximally parallel multiset rewriting rules, and Prolog-like terms
and unification, greatly increases the expressive power of each rule, enabling us
to specify here a fixed-size rule-set of five rules, applicable to digraphs of any
size or complexity, and which can solve any instance in n + 3 steps (where n is
the number of vertices in the digraph).
We discuss here only digraphs, considering that all undirected graphs can
easily be represented as totally bi-directional digraphs. For the sake of space, we
hereafter assume that the reader is familiar with the basic concepts of P Systems
(see [13] for a good, if slightly old, introduction to P Systems), cP Systems
(see [10] for an introduction to cP Systems) and the TSP. Our algorithm, and
in particular the rules for it, are presented in Section 2. We provide a worked
example, applying our algorithm to a specific weighted digraph, in Section 3.
We conclude the paper and suggest some further possible directions for future
work in Section 4. Finally, we briefly discuss simulations of the system written
in SWI-Prolog, F# and Erlang in Appendix A.

2

Description of our cP Systems TSP algorithm

The algorithm follows a simple approach, essentially a simple maximally parallel breadth-first search of the digraph. We start with a top-level cell enclosed
by the skin membrane, and populated with sub-cells describing the problem di-
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graph (recall that sub-cells in cP Systems are the namesake complex objects we hereafter use the term sub-cell in this paper). From there, a starting vertex of the problem digraph is randomly selected, and the top-level cell is then
populated with the other initial sub-cell required. The evolution of the system
then proceeds synchronously level-by-level through the different potential paths
of the cycle by creating new sub-cells encoding the digraph traversals up to that
point, expanding all possible paths from a given vertex which exclude any of the
previously visited vertices.
If this process were to be thought of as a tree, then each step would be
constructing the next level of the tree. Once all possible full explorations of
the digraph have been generated, new sub-cells are generated for those ending
vertices which have a link back to the starting vertex. A final step selects one of
the minimum cost paths at random from amongst these final sub-cells.
In presenting their algorithm to solve the TSP, some papers have assumed
totally connected digraphs, and/or used an Euclidean distance metric to define
the weight between two arcs. We however assume a digraph with pre-specified
arc weights, which could be derived as a pre-processing step (using Euclidean
distances if appropriate). Furthermore, our algorithm works with digraphs of
any level of density so long as at least one Hamiltonian cycle exists (and could
be extended to appropriately handle the case where none exists).
At the beginning of the computation, we assume we have an elementary cell
with the skin membrane, and that the set E of sub-cells of the form
E = {e(f (i) t(j) w(k))}i,j,k∈N;

i6=j

encoding the arcs of the problem digraph is already present inside the skin
membrane. Sub-cell e() represents an arc, f () the origin vertex, t() the destination vertex, and w() the weight of the arc. We further assume that the sub-cell
v(v(X), v(Y )...), listing the vertices of the problem digraph is present, though
this could be derived from the sub-cells in E, if required. The system begins in
state 1.
The algorithm requires only five rules, presented in Figure 1. These rules
are presented in weak-priority order, and are explained below.
Rule (1) begins the computation by selecting an arbitrary vertex from the
sub-cell v to become the starting point of the cycle (encoded as r(R)), and
creating our first s sub-cell. The s sub-cells represent steps down the tree of the
exploration of the digraph, with the first step representing the selection of the
starting vertex (see Figure 3 later for an example). Each s sub-cell comprises
four components, r; u, a set representing the remaining unexplored vertices in
the digraph; p which keeps track of the cycle’s path so far; and c which tracks
the cost so far of the cycle. The rule is applied in min mode, and the system
transitions to state 2. Application of this rule takes one step.
The sub-cell p acts akin to a classic singly-linked list, recursively preserving
inside it a head element h, as well another p sub-cell as the remainder/tail of the
path list, which may be empty, as in this rule. Thus, for the initial s sub-cell, it
is a list of head R (the root vertex) cons the empty list, e.g. p(h(1)p()).
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S1

v(v(R)Y )

S2

s(r(R) u() p(h(F )p(P )) c(C))

→min S2 s(r(R) u(Y ) p(h(R)p()) c(0))

(1)

→max S3 z(p(h(R)p(h(F )p(P ))) c(CW ))

(2)

| e(f (F ) t(R) c(W ))
→max S2 s(r(R) u(Z) p(h(T )p(h(F )p(P ))) c(CW )) (3)

S2

| s(r(R) u(v(T )Z) p(h(F )p(P )) c(C))
| e(f (F ) t(T ) c(W ))
S2
S3

s( )

→max S2

(4)
0

→min S4 p (P )

0

c (C1W )

(5)

| z(p(P ) c(C1W ))
¬ z(p( ) c(C))

Fig. 1. Ruleset for our Travelling Salesman Problem cP Systems algorithm.

Rule (2) is listed earlier despite being applied after rules (3) and (4), in
order to enjoy an advantage in weak priority ordering. It takes the final set of s
sub-cells, which have reached the point of exploring the entire digraph and thus
contain empty u sub-cells, and extracts from them z sub-cells that each keep p
and c sub-cells taken from the s sub-cells, which will be used in the application
of the final rule. These z sub-cells are only created when there is an e sub-cell
describing an arc in the digraph from the most recently explored vertex (the head
of the path list) back to the root vertex, i.e. only when there is a possibility of
a Hamiltonian cycle in the digraph based on the path traversed so far. This
rule simultaneously removes the final s sub-cells, keeping the working space of
our system relatively clean. The rule is applied in max mode, and the system
transitions to state 3. Application of this rule takes one step.
Rule (3) is arguably the heart of the algorithm. So long as there are one or
more vertex labels remaining in the unexplored vertex sub-cells u and a relevant
e sub-cell available, this rule will be applied to each extant s sub-cell, and create
new derivative s sub-cells that represent another step in the exploration of the
digraph/another level in the exploration tree. The next selected vertex for each
instantiation will be removed from u and prepended to p, with the associated
weight of the arc added to c. This rule is applied in max mode, and the system
remains in state 2. Application of this rule takes one step per vertex in the
digraph, or n steps in total.
Rule (4) runs in parallel with rule (3), and simply removes the extant s subcells from the system. Due to the parallel nature of cell-like P Systems, where
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any number of rules can be applied concurrently so long as they do not conflict
with each other, this rule can work in conjunction with rule (3) without issue,
because changes to sub-cells are not performed until the end of the step. Note
that neither rules (3) nor (4) can be applied alongside rule (2), because rule
(2) changes the system’s state, and therefore application of it conflicts with the
latter two rules. Both later rules are applied at the same time, so that at the end
of their application, the new s sub-cells have been created, and the pre-existing
ones deleted. This rule is applied in max mode, and the system remains in state
2. Application of this rule takes one step per vertex in the digraph, or n steps in
total - of note is that these steps are the same ones used for the application of
rule (3), and occur simultaneously.
Finally, rule (5) non-deterministically selects a z sub-cell with minimum cost
by choosing a sub-cell such that there is no other sub-cell with a lower cost, and
outputs the cost and path sub-cells of that z sub-cell, completing the computation. This rule is applied in min mode (this can be replaced with max mode
should one desire all minimum cost paths) and takes one step.
The time complexity of this algorithm can be summarised as Proposition 2.1:
Proposition 2.1. In total, the algorithm takes n + 3 operations, giving the
algorithm a time complexity of O(n).
2.1

Rule for selection of minimum weight sub-cell

Rule (5), the rule for arbitrarily selecting one of the minimum weight z subcells, is perhaps unusual enough to warrant further attention. The rule creates
one each of a c0 sub-cell encoding the final minimum cost, and a p0 sub-cell
which contains the total final path, after non-deterministically choosing one of
the z sub-cells with minimum cost. The core of the functioning of the rule is the
interaction between the promoter and inhibitor. The inhibitor states that there
cannot be a sub-cell with cost C, while the promoter requires a sub-cell with at
least weight C1 (i.e C + 1) - the W , like any numeric variable, can potentially
be zero. The combined effect of this is to select a sub-cell for which there is no
sub-cell with a lesser cost.
It may be tempting to think that, because the variables C and W can potentially take any number, it would be possible to select them such that one does
not choose the minimum-cost sub-cell. What if one selects C as the minimum
cost in any sub-cell, but W as any arbitrary natural number? Then it would
appear that the rule would select a greater-than-minimum cost sub-cell, as the
rule would seek out a sub-cell with at least C + 1 cost. Such a choice however
violates the constraints of the rule. The inhibitor effectively states for the subcell selected, there must be no sub-cell with cost C such that C is less than the
selected sub-cell’s total cost, because if there is, then the number assigned to C
can be modified from its initially set value to a lesser number equal to the lower
cost, and the rule is then violated by there existing a sub-cell with C less than
C1W .
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As an example, consider the situation where there are sub-cells
ca (3)

cb (4)

cc (4) cd (5)

ce (6)

Clearly, the minimum cost sub-cell is ca . What if one were to determine C = 3
and W = 0? Then the rule would select cb or cc as the minimum cost sub-cell.
That clearly violates the inhibitor specification however, because it is possible
to set C = 2 and find a sub-cell that fits to such a selection. It seems that the
‘correct’ selection in this case is C = 2 and W = 0. Other selections would not
conform to the rule, as it would be possible to subtract from C and add to W
and arrive at a valid sub-cell, meaning that there exists a sub-cell which could
be determined to have cost C less than the selected sub-cell, and therefore the
selection of the greater C is not valid according to the rule.

3

Worked example

1
1
4

2
6

3

2
5
7

3

5
8

4
Fig. 2. Sample weighted digraph G with at least one Hamiltonian Cycle

Consider a digraph G such as that in Figure 2. Ordinarily this would be shown
as an undirected graph (because all arcs are two-way), but it is presented as an
equivalent directed digraph so that it more closely matches the input digraphs
as described for the cP Systems rules described above, specifically with regards
to the set E of arc sub-cells. A quick examination will show that there is at
least one Hamiltonian Cycle in this digraph, and thus there will be at least one
cycle which has a minimum total weight. Figure 3 is a tree diagram showing the
logical progression of the algorithm as applied to this digraph. Vertices in blue
are the ends of the paths with a minimum cost, while vertices in red are the ends
of the paths where there is no arc in the digraph such that a Hamiltonian Cycle
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can be completed, based on the digraph traversal up to that point. The arcs are
labelled with the cumulative weight of the path taken to reach the lower vertex.
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Fig. 3. Tree diagram of the algorithm in action

e(f (1) t(2) w(1))

e(f (1) t(3) w(3))

e(f (1) t(5) w(2))

e(f (2) t(1) w(1))

e(f (2) t(4) w(6))

e(f (2) t(5) w(4))

e(f (3) t(1) w(3))

e(f (3) t(4) w(8))

e(f (3) t(5) w(5))

e(f (4) t(2) w(6))

e(f (4) t(3) w(8))

e(f (4) t(5) w(7))

e(f (5) t(1) w(2))

e(f (5) t(2) w(4))

e(f (5) t(3) w(5))

e(f (5) t(4) w(7))

v(v(1) v(2) v(3) v(4) v(5))

Fig. 4. Set of sub-cells from G in the skin membrane at the initial state

The set of sub-cells contained inside the membrane at various points in the
system’s evolution are shown in Figures 4 to 7 (for the sake of legibility, when
specifying the p objects, Figure 7 adopts the presentation style for lists set
out in [10] without changing the underlying meaning). The system starts with
the sub-cells shown in Figure 4, and the algorithm starts by applying rule (1),
selecting vertex 1 as the starting point of the Hamiltonian cycle and creating
origin sub-cell s(...) (full details of the contents of the sub-cells are provided in
the figures), as shown in Figure 5. Should a particular vertex be preferred as the
starting vertex, the sub-cell created by rule (1) could instead by supplied from
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the outset, and rule (1) removed from the rules list, with the system beginning
at state 2.

e(f (1) t(2) w(1))

···

e(f (5) t(4) w(7))

s(r(R) u(v(2) v(3) v(4) v(5)) p(h(1)p()) c(0))

Fig. 5. Set of sub-cells in the skin membrane after the application of rule one

Next, rule (3) is applied, creating the first level of sub-cells in the exploration
tree. This creates new s(r(R) u(...) p(h(v(...))p(h(v(1))p())) c(...)) sub-cells,
representing the potential paths of the cycle after one step. Rule (4) concurrently
removes the old s sub-cells from the system. Figure 6 shows the sub-cells within
the top-level cell at the end of this first application of rules (3) and (4).

e(f (1) t(2) w(1))

···

e(f (5) t(4) w(7))

s(r(1) u(v(3) v(4) v(5)) p(h(2)p(h(1)p())) c(1))
s(r(1) u(v(2) v(4) v(5)) p(h(3)p(h(1)p())) c(3))
s(r(1) u(v(2) v(3) v(4)) p(h(5)p(h(1)p())) c(2))

Fig. 6. Set of sub-cells in the skin membrane after a single application of rules three
and four

Eventually, after repeating rules (3) and (4) five times, rule (2) will become
applicable. At this point, rule (2) is applied, creating the z sub-cells that represent the final arc traversal from another vertex back to the origin vertex, vertex
1. Finally, rule (5) selects one of those z sub-cells with minimum cost as the
solution, and outputs the path and cost sub-cells relating to that cycle. Figure 7
outlines the sub-cells present in the system at this end point.
To illustrate the progression of the algorithm through various branches of
the exploration tree, consider the following examples, each beginning with the
s(...) and set of e(...) sub-cells illustrated in Figure 5. From s(...) the sub-cell
representing vertex 1, rule (3) will create, amongst others, an s(...) sub-cell representing an arc traversal to vertex 2 with a weight sub-cell c(1). In turn, another
new sub-cell, amongst others, will be derived from this sub-cell representing a
further arc traversal to vertex 4, with a weight sub-cell of c(7). This continues for
sub-cells representing traversals to vertices 3 (c(15)) and 5 (c(20)), until finally
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e(f (1) t(2) w(1))

···

9

e(f (5) t(4) w(7))

z(c(22) p(1|5|3|4|2|1))
..
.
z(c(22) p(1|2|4|3|5|1))
c0 (22)

p0 (1|5|3|4|2|1)

Fig. 7. Set of sub-cells in the skin membrane at completion of the computation, if rule
(5) selects the sub-cell containing the path sub-cell representing the traversals 1 - 2 4 - 3 - 5 - 1.

the latter sub-cell contains an empty u sub-cell. For this sub-cell, rule (2) finds
an e sub-cell that connects vertex 5 to R, the root vertex 1, and so creates a z
sub-cell (the top z subcell in Figure 7) containing a p(...) sub-cell representing
the traversed path, and a sub-cell c(22), representing the total cost of the cycle.
This final sub-cell is potentially selected at random by rule (5).
Conversely, another chain of sub-cell creations will occur as vertex 1 to vertex
5, with c(2), vertex 5 to vertex 4 with c(9), vertex 4 to vertex 2 with weight
c(15). At this point, u(v(3)) is non-empty, but there is no e sub-cell representing
a transition from vertex 2 to vertex 3, so this sub-cell reaches a ‘dead-end’, and
will be removed without further effect by rule (4).
Similarly, a progression will occur from vertex 1 to vertex 3 with c(3), to
vertex 5 with c(8), to vertex 2 with c(12), and to vertex 4 with c(18). At this
point, every vertex has been visited, and the sub-cell u() in this particular s
sub-cell is empty, but there is no e sub-cell representing a transition from the
current vertex back to the origin, so no z sub-cell will be created based on it.

4

Conclusion & future work

We have defined here a succinct cP Systems algorithm for solving the Travelling
Salesman Problem in O(n) time, by using the capacity of cP Systems to create
and manipulate complex sub-cells in only a few high-level steps. This algorithm
requires only a fixed set of five rules, and takes n + 3 steps to find a solution for
any connected digraph of size n, an improvement on the previous best known
P Systems-based solution (see Table 1 for a comparison). A simple example was
provided to demonstrate the operation of the algorithm. This algorithm can operate without modification to the ruleset on any arbitrary graph for which there
exists a Hamiltonian cycle, requiring only a specification of the graph encoded as
sub-cells, and could be extended to detect the absence of a Hamiltonian Cycle.
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Table 1. Comparison of known exact P Systems solutions to the TSP
Algorithm
Guo & Dai [5]
Cooper & Nicolescu

4.1

Num. of
rules

Run time
order

∼50
5

O(n2 )
O(n)

Future work

Future developments for cP Systems could proceed along a number of lines. As
of yet, asynchronous Actor-model-style messaging between top-level cells has not
been fully developed in cP Systems. Such a technique was not required here, but
would prove very useful when creating any distributed algorithms.
One-way multiset unification occurs very frequently in cP Systems, with unification being used in every rule presented above. An efficient algorithm to perform
this task would be highly beneficial for creating useful simulations of systems
(we are not aware of an efficient algorithm in the case of multisets). For example, our simulations of the TSP algorithm written in functional programming
languages (see Appendix A) regularly simply iterate over all relevant objects in
the system, even though frequently most will be of little use in a given function
call, and so the simulations could benefit from improved unification in practice.
Lastly, we would like to further develop the capacity to simulate cP Systems.
For this we hope to develop more advanced techniques for translating rules to
efficient code, as well as tools for proving correctness. Particular regard will be
paid to ensuring that we take full advantage of the rules-level and sub-cell level
parallelism inherent in the model.
Abstract.
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Simulations

In order to demonstrate that this approach can be applied in practice, sample
simulations were written in SWI-Prolog, F# and Erlang. In each case, the programs were written with an emphasis on matching the cP Systems algorithm,
rather than with a focus on memory or time efficiency. Better implementations
from a real-world use viewpoint could likely be created, but they may not reflect
the cP Systems rules quite as well. The Prolog program in particular matches
very closely to the cP Systems algorithm, and so is presented here. A complete
program listing for the Prolog program is in Appendix B, and a copy of the
source code for each simulation is available at https://github.com/jcoo092/
cP-Systems-TSP. While care was taken to keep these simulations similar to each
other, differences between the languages inevitably means they are not identical.
All three languages are reasonably well-suited to implementing cP Systems.
As mentioned, the Prolog program in particular maps well to our algorithm,
requiring only 29 lines of code in total, more than half of which is simply the
specification of the example graph. The functional elements of F# such as higherorder functions also allow a reasonable approximation, if perhaps not with quite
the fidelity of Prolog. Erlang, perhaps owing to the fact it was originally implemented atop Prolog, appears to fall in between the two approaches, leaning
more towards the functional side. It is clear from these programs that there is at
least one potential close mapping from cP Systems to both logic and functional
programming languages. We note however that the emphasis here was on demonstrating the similarities of the languages to cP Systems, and not on performance.
As such, no attempt has yet been made to optimise the simulations.
To gauge their ‘real-world’ effectiveness, the simulations were informally
tested with increasing digraph sizes. All three ably coped with digraph sizes of
up to 10 vertices, returning an answer at most in a matter of a few seconds. F#
and Erlang struggled somewhat at 11 vertices, with the latter taking more than
one minute to complete, while Prolog quickly failed with an out-of-stack-memory
error. The F# simulation was tested on a digraph of size 12, but the test was
terminated before its end at 90 minutes running time due to time constraints.
Due to this, it was not attempted with Erlang.
Considering that for a totally-connected 11 vertex digraph, at the 11th step
almost 40 million (11!) sub-cells would be required, it is unsurprising that memory limits may become an issue. These results suggest that, while the fundamental process does indeed lead to determining lowest-cost paths, much more
effective use of memory will be required in order to make in silico simulations
practically relevant with digraphs of any significant size (i.e. greater than approximately 11 or 12 vertices).
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2
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4
5
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8
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14
15
16
17
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Prolog simulation

e(1, 2, 1).
e(1, 3, 3).
e(1, 5, 2).
e(2, 1, 1).
e(2, 4, 6).
e(2, 5, 4).
e(3, 1, 3).
e(3, 4, 8).
e(3, 5, 5).
e(4, 2, 6).
e(4, 3, 8).
e(4, 5, 7).
e(5, 1, 2).
e(5, 2, 4).
e(5, 3, 5).
e(5, 4, 7).
v([1, 2, 3, 4, 5]).

18
19

s(R, [], [F| P], C, Ph, Ch) :- e(F, R, W), CW is C + W, Ph = [R, F| P],
,→
Ch = CW.

20
21

s(R, Y, [F| P], C, Ph, Ch) :- member(T, Y), delete(Y, T, Z), e(F, T, W),
,→
CW is C + W, s(R, Z, [T, F| P], CW, Ph, Ch).

22
23

h(R, Y, H) :- findall(z(Ph,Ch), s(R, Y,[R],0,Ph,Ch), H).

24
25
26
27

minh([z(P1,C1)], [z(P1,C1)]).
minh([z(P1,C1), z(_P2,C2)| H], M) :- C1 =< C2, !, minh([z(P1,C1)| H], M).
minh([z(_P1,_C1), z(P2,C2)| H], M) :- minh([z(P2,C2)| H], M).

28
29

go(M) :- v(X), member(R, X), delete(X, R, Y), !, h(R, Y, H), minh(H, M).

Listing 1: Complete SWI-Prolog code for the cP Systems solution to the TSP
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Abstract. There are lot of problems in computing domain that involve
the use of numerical values for computation. With the advent of Numerical P Systems, now it is possible to solve these kinds of numerical
problems. Numerical P System inspired by the living cell structure and
economics allows the use of membrane computing model with numerical
symbols, thereby making it possible to model numerical problems into P
Systems. Further, an extension of P System called as Enzymatic Numerical P System allows further flexibility in modelling numerical problems.
Here, we use Enzymatic Numerical P System to create a Parallel model
for solving Improved Analytical Hierarchy Process (IAHP). IAHP is an
enhancement of Analytical Hierarchy Process which is one of the most
popular method used for Multi-criteria Decision-making. This property
has been exploited here and Enzymatic Numerical System based parallel
solution is proposed. The solution is parallelized as much as possible
Keywords: Enzymatic Numerical P System, Multi-criteria Decisionmaking, Improved Analytical Hierarchy Process, P System.
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Introduction

The concept of Membrane Computing was proposed by Gheorghe Paun
[9], and was described in detail in his seminal paper in 2000 [9]. Membrane computing model otherwise called as P Systems are computational
units that are inspired by living cell. As in the living cell, the membrane
computing model consist of basic cell structure as the model. This cell
structure consists of several membranes. These membranes are independent and have the capability of communicating with each other.
The primary aim of the membrane computing model is to have inherent
parallelism. There are certain properties of membrane computing that
make it a different model all together. Unlike other models the membrane
computing model is inherently parallel structure which itself forms as the
base for the computing paradigm.
There are several variants of P Systems available like Transition P Systems, Tissue like P System, Spiking Neural P Systems and Numerical P
Systems.
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As mentioned these systems are inherently parallel and thus can be used
to solve problems which can be efficiently parallelised. Here in this paper
we use membrane computing model on Improved Analytical Hierarchy
Processing Method. Analytical Hierarchy Processing (AHP) method was
first devised by Thomas L Saaty in his seminal paper in 1982 [14][15].
The primary aim and application of this method is in decision making
[15]. This method is used for making effective choices among the given
items provided the user has an idea about the preferences of each item.
This is one of the widely used and effective method that has been in use
in several areas. Primarily there are many applications in wide variety
of fields [16]. It also has significant applications in economics.
There is an issue with this classical AHP method that has been defined
by Saaty et al [15] [Rank Reversal]. Hence here we use an enhanced
variant of Analytical Hierarchy Process proposed by Rao et al.[13]. Here
in this paper we propose a Membrane Computing model i.e. Enzymatic
Numerical P System based model for Improved Analytical Hierarchy
Process.
The paper is divided further into several sections: The next section discusses the related works in the area of Enzymatic Numerical P System.
The next to that describes Enzymatic Numerical P System in detail.
The next section discusses the proposed Enzymatic Numerical P System
based model for Improved AHP. Further, in the next section an example case study is given followed by a section which gives details of the
implementation. Finally the paper concludes with the conclusion.

2

Literature Review

As compared to other models of P Systems the Numerical P System is
a fairly new model. The main aim of having this model was to have numerical based P System which can be used for problems of economics. It
was introduced by Gheorghe Paun et al. [10] in the paper titled Membrane Computing and Economics: Numerical P Systems. In 2010 a new
variant was introduced by A Pavel et al. called as Enzymatic Numerical P System [11]. These enzymatic Numerical P Systems are a variant
of Numerical P System with additional controlling variables called enzyme variables. Apart from this the authors also have developed a tool
for Numerical as well as Enzymatic Numerical P System called SNUPS
[11][1].
Enzymatic Numerical P System will be discussed in detail in the next
section. Based on these Enzymatic Numerical P System (ENPS) several
works have come up. One of the important work was robot control using
ENPS. Here the authors have proposed an Enzymatic Numerical P System model for controlling and designing the robot. Here advantages of
an Enzymatic P System has been fully utilized and realtime robots have
been controlled. Further in 2012, there were works which talked about the
power and universality of Enzymatic Numerical P System [17][6]. Then
in 2013 there was another important work which discussed the result of

3
arithmetic operation over the production functions of Enzymatic Numerical P Systems by A Leporati et al.[5]. Further in the same year there
was another important paper by Garcia Quismondo et al. [4] which used
Enzymatic Numerical P Systems for AI application implemented using
Graphical Processing Units (GPU’s).
In 2014, Universal Enzymatic P System with small number of variables
by Z Zhiqiang et al.[18] was proposed. In the same year Enzymatic Numerical P Systems were used for basic operations and sorting by S Maeda
et al.[8]. Further in 2015, D L Rivera et al [7] used Enzymatic Numerical
P System for Pole balancing problem.
Based on the papers mentioned here, it can be concluded that the Enzymatic Numerical P System can really be used in several applications
involving numerical calculations. Inspired by the numerical based decision methodology and after analysing the applications and suitability of
ENPS, here in this paper we have proposed an Enzymatic Numerical P
System based Model for Improved Analytical Hierarchy Process.

3

Enzymatic Numerical P System

There are several classifications of P Systems available and these P Systems can be primarily classified into two types. The types being symbol
based P System and numerical based P System [11]. Symbolic P Systems
are classic P System models which use symbols (based on character and
string) as variables. Thus all the operations that have been defined are
based on symbols. These are considered to be conventional type of P Systems. On the other hand numerical based systems are available which
uses numerical values for its variables. An important model for numerical
based P System is Numerical P System [9][11].
Numerical P System is an off shoot of P System that was envisioned by
Gheorghe Paun et al. [10] in the paper titled membrane computing. As
mentioned above Numerical P system is different from other kinds of P
System. The Numerical P System is numerical in nature i.e. the numerical P Systems uses numerical values instead of symbols. The numericals
are used to manipulate the P Systems. There are different application in
the field of computer science and a few fields where numbers have been
used a lot.
Further there is a variant of Numerical P System and it is called as
Enzymatic Numerical P System. The Enzymatic Numerical P Systems
have one more variable added to the usual P System. The variable that
has been added is called as enzyme.
The basic advantage of using Enzymatic Numerical P System over classical Numerical P System is as follows [11]:
– More than one production function per membrane.
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– Control over the execution of the rules in each membrane
using the enzymes.
Here enzymes are assigned to the specific membrane, there can be one or
more enzymes assigned to/in a membrane but an enzyme that is assigned
for one membrane cannot be assigned for production functions in another
membrane. The primary condition to operate using enzyme is that the
value of the variables that have been assigned to should always be lesser
than the enzyme, to be specific the value of enzyme should be greater
than the smallest variable available in the production function, for the
program to be true.
If the value of the enzyme variable that is being applied is lesser than the
smallest variable available then the condition would prove to be false and
the production function tends to be inactive. Thus using the values of
the enzymes the production functions can be selected indirectly. As said,
based on the value of the enzyme and the variable, the function can be
active or inactive. This allows the enzymes to be used with the Numerical
P System structure which may allow to formulate many problems which
need the production function to be selected. Thus it depends on the
developer to develop a system which would utilize the power of enzymes
in Enzymatic Numerical P System. One of the important application as
mentioned is in controlling the robots [12].
The formal definition of Enzymatic Numerical P System is as follows:
Y

= (m, H , µ, (Var1 , Pr1 , Var1 (0 )), . . . , (Varm , Prm , Varm (0 )))

H is a an alphabet with m symbols (used as labels of membranes), where
m is the number of membranes used in the system, m ≥ 1, µ is a membrane structure with m membranes. V ar1 to V arm are the set of variables
that are available. V ar1 (0) to V ar1 (m) denotes the initial value of first
to last variable, that have been defined. P r1 to P rm denote the programs
that are available in the whole membrane system.
The programs that have been defined here consists of two parts one is
production function and another one is repartition function.
The production function is a function which uses variables that have
been defined above (in that membrane). These production functions are
similar to normal functions which calculate and give certain output. The
only condition being that the variables that have been used here should
have been defined within the region of the specific membrane under which
these production functions are defined.
The next part is called as repartition protocol, this repartition protocol consist of a variables that can store the values that is sent by the
production function. This inadvertently is like passing the values of the
functions to the variables that may or may not be inside the same region
available. The repartition protocol may consist of certain values that may
be defined within other membrane region but these variables should be
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part of the main membrane system i.e. should be defined in any of the
other membranes.
The repartition protocol consists of the again two parts, one is the weight
part which assigns equal division of weights to the corresponding variables. Here each variable in repartition protocol is assigned a natural
number (≥ 1). The value passed on to the production function is divided
according to the natural number value assigned to the variable. There are
two types of programs available when it comes to Enzymatic Numerical
P System, One is normal program which is defined as follows, according
to [6], for a given region i, xl,i , .., xki ,i be some variables from V ari and
let Fl,i (xl,i , ..., xki ,i ) of a given program Pl,i ∈ P ri and cl,1 , .., cl,n are
considered to be natural numbers. [6]
Fl,i (xl,i , ..., xki ,i ) → cl,1 | v1 + cl,2 | v2 + . . . + cl,ni | vni

(1)

Fl,i (xl,i , ..., xki ,i ) |ej,i → cl,1 | v1 + cl,2 | v2 + . . . + cl,ni | vni

(2)

All the programs that have defined in equation 1 and 2 are based on
cycles or steps i.e. execution at time t.
Here after each iteration or step (time unit t) the values that have been
used in production function are set to be consumed and the values is
reset to 0 for the next iteration (t + 1) and the value which is not used
in production function retains its original value available.
As mentioned the enzyme value used should be greater than the smallest
value of the variable available in the production function for a program
to be active. If not, the program is considered to be inactive. Thus, using
this Enzymatic Numerical P System the Improved Analytical Hierarchy
Process Model has been developed which is described in the coming
sections.

4

Improved Analytical Hierarchy Process

In this paper we have discussed the concept of parallelizing an enhancement of Analytical Hierarchy Process. Analytical Hierarchy Process was
first developed by L Saaty et al. in 1982 [15] [14]. It is used in the domain of decision making. It is a simple method which facilitates the user
to decide about the selection among the choices (items) available. Each
and every choice here consists of several attributes 1 − n. Each and every attribute has weight to be given according to which choices (items)
will be selected. Analytical Hierarchy Process allows the user to calculate the weights of the attributes by knowing the dominance of each
attribute over the other. Thus by using these dominance values the AHP
method formalizes the weights, checks for its consistency and proceeds
with calculation of ranks of the choices. This has very wide applications
as mentioned by Vaidya et al. [16].
Though Analytical Hierarchy Process is one of the best it has few disadvantages and one of the disadvantages being the rank reversal problem.
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Rank reversal problem
The first anomaly of this kind was first observed in 1983. They defined the
Rank Reversal as, whenever a new item / choice is added to the existing
list of items that are ranked, it is found the rank of the existing items
is reversed. Here it is observed that when the number of alternatives
is increased, a non-optimal alternative is added to the existing set of
alternatives then the results of existing set of alternatives i.e. the selection
results that are obtained are reversed.
Eg. Suppose there exists three alternatives by name A1, A2, and A3,
and after applying the AHP method you obtain a sequence of rank as
2 → 3 → 1. After one more alternative is added with the same exiting
criteria or attribute and it is found that the results might be something
like this, 2 → 4 → 1 → 3. Thus, one can here observe that the rank of
alternatives 3 and 1 are reversed and thus it is a contradiction to the
actual answer that is obtained.
After that there were several other variants of AHP that were proposed
in order to remove the rank reversal problem. One of the variants of this
method namely the Improved Analytical Hierarchy Process Method was
proposed to solve the rank reversal problem. Thus, even by addition of
an extra alternative the ranks are not reversed.
Improved Analytical Hierarchy Process
Improved Analytical Hierarchy Process model, as the name suggests is
an improvement over existing model. This is mainly to avoid rank reversals. The Improved AHP methods successfully mitigates the Rank
Reversal Problem. This was proposed by Rao et. al [13]. The improvement is bought by introducing systematic normalization of the values i.e.
attribute values and by introducing conversion of subjective value to the
objective value.
The first step is to, identify the attributes that are to be used for considered problem and finalize the attributes based on the requirements,
such that only the attribute which satisfy the conditions remain. All the
qualitative values that are to be used may be converted to quantitative
values. And for all these values the threshold may be fixed, so that it can
be quantified with a proper range. Then after all the values associated
with attributes are finalized either based on any data or by the user and
after that the user may finalize the relative importance by using relative
matrix. The method is divided into three sub problems.
The sub-problems of the methods are described as follows:
Sub-problem 1: Calculating the weights using the comparison
matrix
The comparison matrix (Preference matrix) is nothing but a matrix in
which each attribute is rated against each other attribute for its importance. The size of the matrix is equal to nxn, where n is a number of
attributes that are considered. There are nine allowed values that can
be entered in the matrix, here m are the attributes in the row and n
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are the attributes in the column. This matrix is labelled as A1 Further,
the reciprocal of the values is entered by reversing the position of rows
(position i) and column (position j) of the matrix.
1. If an attribute in position i (row) is extremely important than the
attribute j (column), then value entered is 9 in (i,j) position.
2. If an attribute in position i (row) is highly important than the attribute j (column), then value entered is 7 in (i,j) position.
3. If an attribute in position i (row) is important than the attribute j
(column), then value entered is 5 in (i,j) position.
4. If an attribute in position i (row) is somewhat important than the
attribute j (column), then value entered is 3 in (i,j) position.
5. If an attribute in position i (row) has same preference as of attribute
j (column), then value entered is 1 in (i,j) position.

 11 12
r
r . . . r1M
 r21 r22 . . . r2M 

 31 32

r . . . r3M 
A1M XM =  r



 . . . . . . ... . . . 
rM 1 rM 2 . . . rM M
Find the relative normalized weight of each attribute by calculating the
geometric mean of the ith row.

GMj = [

l
Y

Kij ]1/M

(3)

j=1

In the above sub-problem all the values of a single row are multiplied
and it is raised to the power of (1/M) where M is the number of columns
(attributes). Then further, normalize the geometric means of rows in the
comparison matrix.

wj = GMj /

l
X

GMj

(4)

j=1

The geometric mean method of AHP is used here because of its easiness
to use. This is fairly a less complex and easy to use method.
To check whether there is any inconsistency in the judgement, there is a
method which gives an idea about it.
Sub-Problem 2: Consistency of weights
After obtaining the weights assign A2 as vector with value [w1 , w2 · · · , wn ]T .
Further obtain A3 matrix by multiplying A1 and A2 . Finally obtain A4 ,
which is equal to A3 /A2 .
Find out the maximum Eigen Value λmax = Average of Matrix A4 [13].
Calculate the Consistency Index CI = (λmax - M)/ (M-1).
The smaller the value of CI, the smaller is the deviation from consistency.
Calculate the Random Index (RI) value from the number of attributes
used in the decision making.
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Attributes 1 2 3
4
5
6
7 8 9 10
RI
0 0 0.52 0.89 1.11 1.25 1.35 1.4 1.45 1.49
Table 1: Standard Random Index (RI) values [13]

The RI values are given in the following table:
Calculate the CR (Consistency Ratio) value: CR = CI/RI. If the CR
value is less than 0.1 then the values that are obtained as weight are
correct, otherwise the values that are obtained as weight need to be rechecked. The consistency in CR value indirectly denotes that the relative
importance matrix was proper.
This Improved AHP method is characterised by numerical calculation
which predominantly uses real values. And one more characteristics of
this method is that this method involves several rules based on the number of items that have been selected.
This methods though cannot be considered completely un-interdependent
(independent) as each and every sub-problem is dependent on each other.
But the point that is to be noted here is that each sub-problem within
itself can be efficiently parallelised. As the number of items increases
with each sub-problem the parallelization proves to be more effective.

5 Improved Analytical Hierarchy Process
Method using Enzymatic Numerical P System
Improved Analytical Hierarchy Processing can be solved using numerical P Systems. Here we have specifically used Enzymatic Numerical P
Systems.
The Improved Analytical Hierarchy Process is divided into three subproblems. As mentioned above these three sub-problems are inter related
to each other. Each and every consecutive sub-problem is dependent on
the previous sub-problem as the final result of the previous sub-problem
is used by the current sub-problem. The sub-problems are:
– Computing Weights
– Verifying the consistency of weights
– Obtaining Ranks of the items
We start this process from computing weights in Improved Analytical
Hierarchy Process because the first step of getting the decision matrix
is not a computational sub-problem and the details of this matrix would
be used in the last sub-problem.
Out of the above sub-problems the sub-problem 2 is directly dependent
on the first sub-problem. The second sub-problem checks the consistency
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of the value obtained during the first sub-problem. Only if the values
obtained are consistent according the rules then it is advisable to proceed
further otherwise it is not advisable to proceed further as mathematically
there would be a lot of deviation in the values chosen by the user. Thus a
high deviation means that the whole assignment process was wrong. This
simply means that the user has assigned the values that were inconsistent
and the user has to change the preference matrix so that preference
matrix is logically consistent. Once the user has verified that the values
are consistent then the user can proceed with the sub-problem 3.
Though sub-problem 2 and sub-problem 3 are not interdependent by
values but after the sub problem 2 is finished only then it is better to
go for sub-problem 3. This is because logically sub-problem 2 checks the
consistency of the user given matrix and based on this user given matrix
the weight values are obtained in sub-problem 1. Based on these values
the ranking is calculated. So, if the user is inconsistent in giving the
preference matrix and then we find out that in sub-problem 2. Then the
process of sub-problem 1 has to be computed again. Thus it is advisable
to compute sub-problem 2 and then go for sub-problem 3.
As per the problem each membrane system is devoted for each subproblem, each sub-problem is considered to be a separate problem.

5.1

Membrane System for Sub-problem - 1

The sub-problem 1 membrane system is the most important membrane
system. The membrane one (M1 ) and two (M2 ) consists of several rules.
As per the rules of Enzymatic Numerical P System each membrane can
have more than one rule. Out of several programs that were available. All
the programs are controlled by the enzymes except one program which
doesn’t have enzyme. The presence of enzyme allows more than one rule
to be executed simultaneously based on the values of the enzyme. These
enzyme control the execution and flow of the program. Hence using these
enzymes it is possible to control the execution of rules.
The programs here are numbered as P ri , i ≥ 1. The primary way to
determine the size of the Improved AHP problem is by the number of
attributes that have been compared. Consider number of attributes that
are being compared in IAHP as n. The number of production rules in
this are dependent on the value of n. The number of programs defined
in each and every membrane are based on this value.
The first part is calculating the weights of the attributes given the preference matrix of the attributes. Once this preference matrix is obtained
there are certain steps to be followed as mentioned in section 4.
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Sub − problem 1 − M1
x1,1 [value], . . . , xn,1 [value]
...
...
z1,1 [value], . . . , zn,1 [value]
e1 [l]
P r1 : 2 × [(x1,1 × · · · × xn,1 ]1/n he1 →i 1 | x1,2 + 1 | xn+1,2
...
...
P rn : 2 × [(z1,1 × · · · × zn,1 )]1/n he1 →i 1 | xn,2 + 1 | xn+1,2
l → 1 | e2

Sub − problem 1 − M2
x1,2 [0], · · · , x2n+1,2 [0]
e2 [0]
P r1,1 : x1,2 ÷ xn+1,2 he2 →i 1 | xn+2,2
···
···
P rn,1 : xn,2 ÷ xn+1,2 he2 →i 1 | x2n+1,2

Fig. 1: Membrane System for Sub-problem 1

The first membrane calculates the geometric mean of each row of preference matrix that
is available. The variables x1,1 , . . . , zn,1 are assigned values of the preference matrix
in row-wise manner. This has been followed through out this membrane as well as
other membrane systems. Accordingly, the required variables for operation has been
used and assigned. For further clarity an example with three attributes is given in the
next section. The next membrane receives calculated values from the membrane one
and then does the process of normalizing the received values and then calculating the
weights of the functions.
Role of Enzymes:
The enzyme plays an important role in this membrane system. The enzyme e1 is used to
accommodate more than one active productions, whereas enzyme e2 is used to control
the flow of the program. The second membrane uses e2 and here, the programs that
are available in second membrane gets executed only after cycle step 1.
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In the first step of the cycle all the programs related to the first membrane are executed
as 3 out of 4 programs are controlled by enzyme e1 and the initial value of this enzyme is
assigned to l (Any value strictly greater than the smallest variable should work), which
is enough for all the production function to execute. The fourth program available in
the membrane is not controlled by any enzyme and it always remains active. Thus this
enzyme will be executed devoid of any restrictions.
The second membrane consists of three programs which are controlled by enzyme e2 ,
and the initial value of the enzyme is assigned to 0. Thus these programs do not execute
in the first step of the cycle. This has been done so because the values of the variables
that have been used in the production functions are dependent on the repartition
protocols of the first membrane and this execution of membrane 2 is meaningless until
and unless membrane 1 has been executed. Thus here program P r4,1 controls the
execution of second membrane and only when this active membrane is executed atleast
once the other membrane programs would get executed.

5.2

Membrane System for Sub-problem - 2

The Sub problem 2 consist of two membranes. The purpose of this membrane system
is to check whether the weights that have been obtained after the first sub problem
are consistent or not. On the whole this membrane system consists of 4n + 4 programs
out of which 4n + 1 programs are available in the membrane M1 and other programs
are available in membrane M2 . There are total five enzymes which control the flow of
execution, enzyme e1 and e2 are used in M1 while e3 , e4 and e5 are used in M2 . The
variables x1,1 , . . . , zn,1 are assigned values of the preference matrix in row-wise manner
and accordingly, the required variables for operation has been used and assigned.
The first n membranes are used to calculate the matrix A3 which is obtained my
multiplying the comparison matrix and the transpose of vector consisting of the weight
calculated in the Sub problem 1. Further 2n programs are used for retaining the value
of weights and the results obtained in the previous calculation. Further the resultant
is again divided by matrix A2 , this process is done by using the next n programs.
The membrane M2 receives the required values (Vector A4 ) from membrane M1 and
further computes average of the Eigen vector. The next two programs in sequential
steps calculate the Consistency Ratio (CR), which should be less than 0.1 for the
sub-problem 1 to be correct.
Role of Enzymes:
Here there are five enzymes being used. Each enzyme here is assigned to a certain
set of programs for controlling its execution. The enzyme e1 is assigned to total of 3n
programs and these 3n programs always execute as enzymes remains active from the
step 1 of the cycle. The enzyme e2 is assigned to n programs which always execute
after step 1 in the cycle. Similarly e3 , e4 , and e5 are assigned to a program each and
execute from step 3, step 4 and step 5 respectively.
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Sub − problem 2 − M1
x1,1 [value], . . . , xn,1 [value]
...
...
z1,1 [value], . . . , zn,1 [value]
k1,1 [value], . . . , kn,1 [value]
w1,1 [value], . . . , wn,1 [value]
e1 [l], e2 [0]
P r1,1 : x1,1 × w1,1 + . . . + xn,1 × wn,1 he1 →i 1 | k1,1
···
···
P rn,1 : z1,1 × w1,1 + . . . + zn,1 × wn,1 he1 →i 1 | kn,1
P rn+1,1 : k1,1 ÷ w1,1 he2 →i 1 | x1,2
···
···
P r2n,1 : kn,1 ÷ wn,1 he2 →i 1 | xn,2
P r2n+1,1 : k1,1 he1 →i 1 | k1,1
···
P r3n,1 : kn,1 he1 →i 1 | kn,1
P r3n+1,1 : w1,1 he1 →i 1 | w1,1
···
P r4n,1 : wn,1 he1 →i 1 | wn,1
P r4n+1,1 : 4 × l → 1 | e2 + 1 | e3 + 1 | e4 + 1 | e5
Sub − problem 2 − M2
x1,2 [0], · · · , xn+3,2 [0], xn+4,2 [value],
e3 [−l], e4 [−2l], e5 [−3l]
P r1,2 : (x1,2 + · · · + xn,2 ) ÷ n he3 →i 1 | xn+1,2
P r2,2 : (xn+1,2 − m) ÷ (m − 1)) he4 →i 1 | xn+2,2
P r3,2 : xn+2,2 ÷ xn+4,2 he5 →i 1 | xn+3,2

Fig. 2: Membrane System for Sub-problem 2
Finally the Consistency Ratio (CR) is obtained which determines whether the process
needs to be proceeded further. If consistency ratio is less than (CR < 0.1) then the
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comparison matrix assigned by the user was proper and we may proceed to third subproblem otherwise it is not advisable to proceed without changing the comparison
matrix and re-doing the sub-problem 1 and sub-problem 2.
Here the membrane system reduces serialization and uses a considerable amount of
parallelization.

Sub − problem 2 − M1
x1,1 [value], . . . , xn,1 [value]
...
...
z1,1 [value], . . . , zn,1 [value]
k1,1 [value], . . . , kn,1 [value]
w1,1 [value], . . . , wn,1 [value]
e1 [l], e2 [0]
P r1,1 : x1,1 × w1,1 he1 →i 1 | k1,1
···
···
P rn,1 : xn,1 × wn,1 he1 →i 1 | k1,1
···
···
P r(n−1)n+1,1 : z1,1 × w1,1 he1 →i 1 | kn,1
···
···
P rn2 ,1 : zn,1 × wn,1 he1 →i 1 | kn,1
P rn2 +1,1 : k1,1 ÷ w1,1 he2 →i 1 | x1,2
···
···
P rn2 +n,1 : kn,1 ÷ wn,1 he2 →i 1 | xn,2
P rn2 +n+1,1 : k1,1 he1 →i 1 | k1,1
···
P rn2 +2n,1 : kn,1 he1 →i 1 | kn,1
P rn2 +2n+1,1 : w1,1 he1 →i 1 | w1,1
···
P rn2 +3n,1 : wn,1 he1 →i 1 | wn,1
P rn2 +3n+1,1 : 4 × l → 1 | e2 + 1 | e3 + 1 | e4 + 1 | e5

Fig. 3: Membrane System for Sub-problem 2 - Parallelized Further
Further Parallelization of Sub-problem 2 Membrane 1
The above mentioned method consists comparatively less number of rules. This subproblem can be parallelized further where the program P r1,1 to P rn,1 can be divided
as in figure 3. By doing this the number of rules increase by a factor n for each existing
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program. Thus in this case we achieve maximal parallelism but with a comparatively
high number of parallel tasks, where the parallelization is of order O(n2 ) but the
execution will reduce to O(n).

5.3

Membrane System for Sub-problem - 3

The third sub problem is the final step in getting the rank values. This consists of
a single membrane. This membrane has n programs and each program consists of
operations that will calculate the weighted sum of the values given by the users for each
item. The variables x1,1 , . . . , zn,1 are assigned the normalized values of the attributes
corresponding to each item given by the user. It starts from item 1 (row-wise), for
each item till the nth (nth row) item. The variables w1,1 , . . . , wn,1 represents the set
of weights that have been calculated in sub-problem 1. The variables r1,1 , . . . , rn,1
represents the final values whose descending order determines the rank i.e. Higher the
value, the higher is the rank of the corresponding item.
Role of Enzyme:
This has only a single enzyme that controls the execution. The value of the enzyme
should be sufficiently large so that all the programs execute.

Sub − problem 3 − M1
x1,1 [value], · · · , xn,1 [value]
···
···
z1,1 [value], · · · , zn,1 [value]
w1,1 [value], · · · , wn,1 [value]
r1,1 [0], · · · , rn,1 [0]
e1 [l]
P r1,1 : x1,1 × w1,1 + · · · + xn,1 × wn,1 he1 →i 1 | r1,1
···
···
P rn,1 : z1,1 × w1,1 + · · · + zn,1 × wn,1 he1 →i 1 | rn,1

Fig. 4: Membrane System for Sub-problem 3
Further Parallelization of Sub-problem 3
Same as in the case in sub-problem 2, here again the above mentioned method consists
of comparatively less number of rules. This sub-problem can be parallelized further
where the program P r1,1 to P rn,1 can be divided as in figure 5. By doing this the
number rules increase by a factor n for each program. Thus, here we achieve max-
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imal parallelism but with a comparatively high number of parallel tasks, where the
parallelization is of order O(n2 ) but the execution will reduce to order O(n).

Sub − problem 3 − M1
x1,1 [value], · · · , xn,1 [value]
···
···
z1,1 [value], · · · , zn,1 [value]
w1,1 [value], · · · , wn,1 [value]
r1,1 [0], · · · , rn,1 [0]
e1 [l]
P r1,1 : x1,1 × w1,1 he1 →i 1 | r1,1
···
···
P rn,1 : xn,1 × wn,1 he1 →i 1 | r1,1
···
···
P r(n−1)n+1,1 : z1,1 × w1,1 he1 →i 1 | rn,1
···
···
P rn2 +1,1 : zn,1 × wn,1 he1 →i 1 | rn,1

Fig. 5: Membrane System for Sub-problem 3 - Parallelized Further

6

Improved Analytical Hierarchy Process Method using
Enzymatic Numerical P System: An Example

In this section, a small example is explained. Subsequently the example has been implemented and corresponding results are shown in the next section. The example consists
of three attributes and this example can be considered as one of the simplest example which shows the working of the Improved Analytical Hierarchy Process Membrane
System. As per the problem defined above there are three membrane systems. The
definition of the structure with value is as follows.
Membrane System for Sub-problem 1 - Example
In the first membrane there are several programs that are set to execute. As mentioned
according to the number of attributes the number of programs vary. Thus for 3 attributes, the number of programs for the whole of the membrane structure is 7, the
membrane one consists of 4 programs and the number of programs in membrane 2 is
3.
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The sub-problem 1 membrane 1 is used to compute the geometric mean of each row
of the decision matrix that is available. Here each row is computed in parallel and an
enzyme is assigned the value that is used to control the next membrane i.e. membrane
2 of sub-problem 1.
The membrane 2 of sub-problem 1 calculates the normal value of weights using the
geometric means that were obtained.

Sub − problem 1 − M1
x1,1 [1], x2,1 [1], x3,1 [5]
y1,1 [1], y2,1 [1], y3,1 [5]
z1,1 [0.2], z2,1 [0.2], z3,1 [1], e1 [40]
P r1,1 : 2 × [(x1,1 × x2,1 × x3,1 )]0.2 he1 →i 1 | x1,2 + 1 | x4,2
P r2,1 : 2 × [(y1,1 × y2,1 × y3,1 )]0.2 he1 →i 1 | x2,2 + 1 | x4,2
P r3,1 : 2 × [(z1,1 × z2,1 × z3,1 )]0.2 he1 →i 1 | x3,2 + 1 | x4,2
P r4,1 : 40 → 1 | e2
Sub − problem 1 − M2
x1,2 [0], x2,2 [0], x3,2 [0], x4,2 [0]
x5,2 [0], x6,2 [0], x7,2 [0], e2 [0]
P r1,2 : x1,2 ÷ x4,2 he2 →i 1 | x5,2
P r2,2 : x2,2 ÷ x4,2 he2 →i 1 | x6,2
P r3,2 : x3,2 ÷ x4,2 he2 →i 1 | x7,2

Fig. 6: Membrane System for Sub-problem 1 - Example
There by obtaining the weights that are to be multiplied with the normalized attribute
values of each and every item that is to be ranked. But there is a crucial sub-problem
that is to be completed before we go for calculating the ranking of the services.
As mentioned whole membrane system is allowed to run for 2 step cycle and 2 step
cycle is required for getting the complete output.
Step 1:
P r1,1 = 1.70082, P r2,1 = 1.70082, P r3,1 = 0.34568, P r4,1 = 40, P r1,2 = 0,
P r2,2 = 0, P r3,2 = 0.
Step 2:
P r1,1 = 0, P r2,1 = 0, P r3,1 = 0, P r4,1 = 40,
P r2,2 (weight2 ) = 0.45387, P r3,2 (weight3 ) = 0.0922

P r1,2 (weight1 ) = 0.45387,
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Sub − problem 2 − M1
x1,1 [1], x2,1 [1] x3,1 [5]
y1,1 [1], y2,1 [1] y3,1 [5]
z1,1 [0.2], z2,1 [0.2] z3,1 [1]
k1,1 [0], k2,1 [0] k3,1 [0]
w1,1 [0.45387], w2,1 [0.45387] w3,1 [0.0922]
e1 [0], e2 [0]
P r1,1 : x1,1 × w1,1 + x2,1 × w1,1 + x3,1 × w3,1 he1 →i 1 | k1,1
P r2,1 : y1,1 × w1,1 + y2,1 × w2,1 + y3,1 × w3,1 he1 →i 1 | k2,1
P r3,1 : z1,1 × w1,1 + z2,1 × w2,1 + z3,1 × w3,1 he1 →i 1 | k3,1
P r4,1 : k1,1 ÷ w1,1 he2 →i 1 | x1,2
P r5,1 : k2,1 ÷ w2,1 he2 →i 1 | x2,2
P r6,1 : k3,1 ÷ w3,1 he2 →i 1 | x3,2
P r7,1 : k1,1 he1 →i 1 | k1,1
P r8,1 : k2,1 he1 →i 1 | k2,1
P r9,1 : k3,1 he1 →i 1 | k3,1
P r10,1 : w1,1 he1 →i 1 | w1,1
P r11,1 : w2,1 he1 →i 1 | w2,1
P r12,1 : w3,1 he1 →i 1 | w3,1
P r13,1 : 40 → 1 | e2
Sub − problem 2 − M2
x1,2 [0], x2,2 [0], x3,2 [0], x4,2 [0], x5,2 [0], x6,2 [0], x7,2 [0.52]
e3 [0], e4 [0], e5 [0]
P r1,2 : (x1,2 + x2,2 + x3,2 ) ÷ n he3 →i 1 | x4,2
P r2,2 : (x4,2 − 3) ÷ (3 − 1)) he4 →i 1 | x5,2
P r3,2 : x5,2 ÷ x7,2 he5 →i 1 | x6,2

Fig. 7: Membrane System for Sub-problem 2 - Example
Membrane System for Sub-problem 2 - Example
As mentioned the sub-problem 1 gives the required output of weights and this output
is to be checked for consistency. The value that is obtained as weight is the primary
value that is required for the computations of ranking but the problem is, these weights
might not be consistent as the values based on which the weights have been assigned
may be inconsistent because of the possibility of the user making a wrong judgement.
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Thus the second sub-problem is necessary, which will tell about the consistency of the
resultant weight values that have been obtained in sub-problem 1.
This sub-problem in total consists of 16 programs (4 x [number of attributes] + 1 +
3) Because of several interdependencies these programs needs 5 step cycle for it to be
computed. The results related to 5 steps of the cycle have been discussed further.
Role of enzymes:
Here there are totally 5 enzymes being used for the whole membrane system. The
enzyme e1 is the primary enzyme which controls many of the programs. Here the
enzyme e1 controls P r1,1 , P r2,1 , P r3,1 , P r7,1 , P r8,1 , P r9,1 , P r10,1 , P r11,1 , P r12,1
which computes the required values in the first step of the cycle. The enzyme e2 controls
programs P r4,1 , P r5,1 , P r6,1 and these programs display the required results in the
second step of the cycle. The enzyme e3 controls program P r1,2 , e4 controls program
P r2,2 , and e5 controls program P r3,2 and these programs are desired to be executed
in step 3, step 4 and step 5 of the cycle respectively.
Thus the final value that is obtained determines the consistency of the weights that
have been calculated by the sub-problem 1 membrane system. This sub-problem is
necessary because only if the values are consistent, a possible fair ranking can be
obtained otherwise if these values are inconsistent then it may not give a proper rank.
Hence this sub-problem is very important.
Following are the output that are obtained step wise in a cycle. As mentioned there
are five steps in a cycle available:
Step 1:
P r1,1 = 1.36874, P r2,1 = 1.36874 P r3,1 = 0.273748, P r4,1 = 0, P r5,1 = 0 P r6,1 =
0 P r7,1 = 0, P r8,1 = 0, P r9,1 = 0, ; Pr10,1 = 0.45387, P r11,1 = 0.45387, P r12,1 =
0.0922, P r13,1 = 160, P r14,1 = 0, P r15,1 = 0, P r16,1 = 0
Step 2:
P r1,1 = 1.36874, P r2,1 = 1.36874 P r3,1 = 0.273748, P r4,1 = 3.01570, P r5,1 =
3.01570 P r6,1 = 2.9690 P r7,1 = 1.36874, P r8,1 = 1.36874, P r9,1 = 0.273748, ; Pr10,1 =
0.45387, P r11,1 = 0.45387, P r12,1 = 0.0922, P r13,1 = 160, P r14,1 = 0, P r15,1 =
0, P r16,1 = 0
Step 3:
P r1,1 = 1.36874, P r2,1 = 1.36874 P r3,1 = 0.273748, P r4,1 = 3.01570, P r5,1 =
3.01570 P r6,1 = 2.9690 P r7,1 = 1.36874, P r8,1 = 1.36874, P r9,1 = 0.273748, ; Pr10,1 =
0.45387, P r11,1 = 0.45387, P r12,1 = 0.0922, P r13,1 = 160, P r14,1 =
3.000161, P r15,1 = 0, P r16,1 = 0
Step 4:
P r1,1 = 1.36874, P r2,1 = 1.36874 P r3,1 = 0.273748, P r4,1 = 3.01570, P r5,1 =
3.01570 P r6,1 = 2.9690 P r7,1 = 1.36874, P r8,1 = 1.36874, P r9,1 = 0.273748, ; Pr10,1 =
0.45387, P r11,1 = 0.45387, P r12,1 = 0.0922, P r13,1 = 160, P r14,1 =
3.000161, P r15,1 = 0.00008, P r16,1 = 0
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Step 5:
P r1,1 = 1.36874, P r2,1 = 1.36874 P r3,1 = 0.273748, P r4,1 = 3.01570, P r5,1 =
3.01570 P r6,1 = 2.9690 P r7,1 = 1.36874, P r8,1 = 1.36874, P r9,1 = 0.273748, ; Pr10,1 =
0.45387, P r11,1 = 0.45387, P r12,1 = 0.0922, P r13,1 = 160, P r14,1 =
3.000161, P r15,1 = 0.00008, P r16,1 = 0.000152
Thus the final value that has been obtained in the program is the CR (Consistency
Ratio) value, obtained in P r16,1 is checked for consistency. If the final CR value is less
than 0.1 then the values that were obtained is considered to be consistent.
Here the value that is obtained (0.000152) is far less than 0.1 and is close to 0 (zero)
and hence it can be said that the judgement/ assignment of comparison matrix was
indeed good.
Membrane System for Sub-problem 3 - Example

Sub − problem 3 − M1
x1,1 [1], x2,1 [0.8] x3,1 [0.9]
y1,1 [0.5], y2,1 [0.2] y3,1 [1]
z1,1 [0.8], z2,1 [0.4] z3,1 [1]
w1,1 [0.45387], w2,1 [0.45387] w3,1 [0.0922]
r1,1 [0], r2,1 [0] r3,1 [0]
P r1,1 : x1,1 × w1,1 + x2,1 × w2,1 + x3,1 × w3,1 he1 →i 1 | r1,1
P r2,1 : y1,1 × w1,1 + y2,1 × w2,1 + y3,1 × y3,1 he1 →i 1 | r2,1
P r3,1 : z1,1 × w1,1 + z2,1 × w2,1 + z3,1 × w3,1 he1 →i 1 | r3,1

Fig. 8: Membrane System for Sub-problem 3 - Example
The Sub-problem 3 consists of only one membrane. The programs are directed towards
computing values which after when sorted in descending order of the values obtained
denote the rank of the corresponding items.
The final value of the ranks obtained are r1,1 = 0.8999, r2,1 = 0.4099, r3,1 = 0.6822
Thus the final Ranks are 1 → 3 → 2.
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Implementation

Implementation of the method is necessary to establish a working proof of work after we
propose a model based on Enzymatic Numerical P System. For this purpose we have
used P Lingua based Java Simulator available for Enzymatic Numerical P System
[2][3]. The tool has been developed by Manuel Garcia Quismondo in 2011 [2] based on
Java. This tool allows the users to simulate a given Enzymatic Numerical P System
Structure. Here this tool has been used for simulating the defined problem. All the
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Fig. 9: Implementation - Sub-Problem 1
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modules (membrane systems) that have been designed have been implemented. The
figure 9 shows the snapshot of the implementation of one of the membrane systems
(sub-problem 1).
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Conclusion

In this paper a membrane computing based model for Improved Analytical Hierarchy Process has been designed using Enzymatic Numerical P System and has been
implemented. Analytical Hierarchy Process is considered to be one of the important
Multi-criteria Decision-making methods that has applications in several domains. Analytical Hierarchy Process was first defined by Saaty et al. [15]. An enhanced version
of that process has been used here in the membrane system model which is called as
Improved Analytical Hierarchy Process and was defined by Rao et al [13]. This process
consists of several sub-problems and here the sub-problems have been parallelized and
designed as membrane systems and have been implemented using a Java based tool [2],
which had been specifically developed for ENP Systems. This model is able to achieve
a considerable amount of parallelism which would prove to be very effective when used
for bigger problems with large number of attributes.
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Abstract. P systems are a bio-inspired parallel distributed computing
model which can decrease the computational time complexity. In this
study, a new variant of P systems called the chained P systems is proposed. In the proposed P systems, the membranes, the objects and the
rules are all chained. The graph clustering based on chained P systems
is given as an application.
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1

Introduction

Membrane computing, as a biologically inspired computing method, was abstracted based on the structure and function of cells. The model of membrane
computing is called P systems which has three components: membranes used to
place multisets of objects in its compartments, multisets of objects evolving in
a synchronous maximally parallel manner, and the evolution rules. P systems
have the great parallelism so that they can decrease the time complexity of computing. There are three mainly investigated P systems, cell-like P systems [1],
tissue-like P systems [2], and neural-like P systems (including spiking neural P
systems) [3] (and their variants, see e.g. [4–10]). Membrane computing has been
widely applied to many ﬁelds [11–19].
For NP problems, P systems can solve them in polynomial time by exponential membranes (computing space) or by the non-determinism. In this study, a
new method is used to solve the NP problems by proposing a new variant of P
systems which is called chained P systems. In the chained P systems, the chained
thought in DNA computing is introduced, the concepts of membranes, the objects and the rules are expended to chained, and the operations of crossover,
mutation and so forth are transplanted. The chained P systems can record more
⋆
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information and realize the same function with less computing resources. The
application in graph clustering is used to show the advantage of chained P systems.
The contributions of this study are focus on two folds: for membrane computing, a new variant of P systems are proposed which can decrease the computing
resources; for clustering analysis, the new methods by chained P systems are
used which can reduce the time complexity of data processing and satisfy the
requirement of improving the processing speed of the big data [22, 23].
The paper is organized as follows. The chained P system is proposed in
Section 2. Section 3 solves the graph clustering by chained P systems. The test
and analysis of the graph clustering is given in Section 4. Conclusions are given
in Section 5.

2

The Chained P Systems

Several concepts are deﬁned ﬁrstly. If no other membranes are in a membrane,
this membrane is called a elementary membrane. The ordered linked list consists
of several linked membranes is called a chained membrane. Each membrane in
the chained membrane is called a cell membrane. Each symbol in the alphabet is
called a elementary object. The ordered object consists of several linked symbols
is called a chained object.
The formal description of the chained P system is as follows.
Π = (O, µ, w1 , w2 , . . . , wm , R1 , . . . , Rm , ρ, iin , iout ), where,
– O is the alphabet which includes all chained objects of the system.
– µ is the membrane structure which shows the structure of the chained membranes and the structure of the whole system.
– wi is the initial chained objects in membrane i, and object λ shows that
there is no object in membrane i.
– Ri is the set of chained rules in membrane i with the form of rj =
{rj,1 , rj,2 , ...rj,n }. A chained rule is composed of n sub-rules which are executed from left to right. If a certain sub-rule can not be executed, the chained
rule is end, and the remaining sub-rules are not executed.
– ρ deﬁnes the partial ordering relationship of the rules, i.e., rules with higher
orders are executed with higher priority.
– iin is the membrane where the objects are put into.
– iout is the membrane where the computation result is placed. If i0 = 0, the
computation result is reserved in the environment.
2.1

The chained membranes

The structure of the chained membranes:
The membranes in the chained P systems exist in the form of chain which is
represented by ci = r1 ∗σ1 ⊗r2 ∗σ2 ⊗...⊗rni ∗σni (the ∗ can be emitted if there is
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no ambiguity). Where, σ1 , σ2 , ..., σni represents the cell membranes in the chain,
r1 , r2 , ..., rni are integers, rj ∗ σj represents this chained membrane contains |rj |
copies of cell membrane σj . If rj > 0, σi has positive charge, otherwise, σi
has negative charge.Objects representing the information exchange among the
cell membranes and the chained membranes. σi−1 is the precursor membrane
of σi , and the relationship between σi and σi−1 is precursor relationship; σi+1
is the subsequent membrane of σi , and the relationship between σi and σi+1 is
subsequent relationship. As shown in Figure 1, p chained membranes are in this
ﬁgure, where the chained membrane σ1 contains n cell membranes, the chained
membrane σ2 contains m cell membranes, · · · and the chained membrane σp
contains t cell membranes.

r11

r12

s 11

r22

r21
s 21


s 12


s 22

r1n

r2m

s 1n

s 2m


rp1



rp 2

s p1

rpt

s p2

s pt

Fig. 1. the chained membranes

The structure of the whole system:
The structure of the whole system has two types: the tree structure and the
graph structure.
In the tree structure P systems, the relationship among the chained membranes are inclusion, that is, the cell membrane of the father chained membrane contains the corresponding cell membrane of the child chained membrane.
As shown in Figure 2, the chained membrane σ1 contains n cell membranes
σ11 σ12 ...σ1n , σ11 contains p − 1 child chained membranes σ2 σ3 ...σp , then each
child chained membrane contains of n cell membranes σi1 σi2 ...σin , and the objects in σi is the union of all objects in cell membranes σ2i σ3i ...σpi .
The whole structure of the tree structure chained P systems is shown in
Figure 3.
The whole structure of the graph structure chained P systems is shown in
Figure 4.
2.2

The chained objects

In the chained P systems, the objects exist in the form of chain which is represented by ai = rn ∗ xn ⊗ rn−1 ∗ xn−1 ⊗ ... ⊗ r1 ∗ x1 . Where, ri ∗ xi represents
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Fig. 3. the tree structure

this chained object ai contains |ri | copies of xi . If ri > 0, xi is a positive object,
otherwise, xi is a negative object.
The structured objects can store a large amount of information. For instance,
to calculate the value of 201 × 12, two chained objects a1 = 2 ∗ x3 ⊗ x1 and
a2 = x2 ⊗ 2 ∗ x1 are constructed. Each object represents a number. Add these
two objects by objects addition rules a3 = a1 ⊗ a2 and xi+1 = 10 ∗ xi , i ≥ 1,
the new object a3 = 2 ∗ x3 ⊗ 1 ∗ x2 ⊗ 3 ∗ x1 is obtained which means the result
is 213. If the traditional unstructured objects are used, 213 objects are needed.
The structured objects can improve the computational eﬃciency and reduce the
space complexity.

2.3

The chained rules

rules on objects:
For the chained objects, several new types of rules are designed. And the
traditional rules also can be used on the chained P systems.
For arbitrary two chained objects ai1 = rn ∗ xn ⊗ rn−1 ∗ xn−1 ⊗ ... ⊗ r1 ∗ x1
and ai2 = hn ∗ xn ⊗ hn−1 ∗ xn−1 ⊗ ... ⊗ h1 ∗ x1 ,
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object addition rule ai3 = ai1 + ai2 :
the sum of ai1 and ai2 is ai1 + ai2 = (rn + hn ) ∗ xn ⊗ (rn−1 + hn−1 ) ∗ xn−1 ⊗ ... ⊗
(r1 + h1 ) ∗ x1 , it is also a chained object.
object subtraction rule ai3 = ai1 − ai2 :
the diﬀerence of ai1 and ai2 is ai1 − ai2 = (rn − hn ) ∗ xn ⊗ (rn−1 − hn−1 ) ∗ xn−1 ⊗
... ⊗ (r1 − h1 ) ∗ x1 , it is also a chained object.
object crossover rule (ai1 $t ai2 ):
given a cross point t, cross ai1 = rn ∗ xn ⊗ ... ⊗ rt+1 ∗ xt+1 ⊗ rt ∗ xt ⊗ ... ⊗ r1 ∗ x1
and ai1 = hn ∗ xn ⊗ ... ⊗ ht+1 ∗ xt+1 ⊗ ht ∗ xt ⊗ ... ⊗ h1 ∗ x1 , the obtained
objects are ai1 = rn ∗ xn ⊗ ... ⊗ rt+1 ∗ xt+1 ⊗ ht ∗ xt ⊗ ... ⊗ h1 ∗ x1 and ai2 =
hn ∗ xn ⊗ ... ⊗ ht+1 ∗ xt+1 ⊗ rt ∗ xt ⊗ ... ⊗ r1 ∗ x1 .
object variation rule ai : rt ∗ xt → rt ′ ∗ xt ′ :
given a variation point t, ai varies to ai = rn ∗ xn ⊗ rn−1 ∗ xn−1 ⊗ ... ⊗ rt ′ ∗ xt ′ ⊗
... ⊗ r1 ∗ x1 . Note that xt and x′t can be the same one.
extended object variation rule ai : rt1 ∗ xt1 ⊗ rt2 ∗ xt2 ⊗ ... ⊗ rtm ∗ xtm →
rt1 ′ ∗ xt1 ′ ⊗ rt2 ′ ∗ xt2 ′ ⊗ ... ⊗ rtm ′ ∗ xtm ′ :
given several variation points t1 t2 ...tm , ai varies to ai = rn ∗ xn ⊗ ... ⊗ rt1 ′ ∗ xt1 ′ ⊗
... ⊗ rt2 ′ ∗ xt2 ′ ⊗ ... ⊗ rtm ′ ∗ xtm ′ ⊗ ... ⊗ r1 ∗ x1 .
object evolution rule a → b, a, b ∈ O∗ :
chained object(s) a evolves to b.
rules on membranes:
For the chained membranes, several new types of rules are also designed
besides the traditional rules.
For arbitrary two chained membranes ci1 = rn ∗ σn ⊗ rn−1 ∗ σn−1 ⊗ ... ⊗ r1 ∗ σ1
and ci2 = hn ∗ σn ⊗ hn−1 ∗ σn−1 ⊗ ... ⊗ h1 ∗ σ1 ,
intrachain
evolution
communication
rule
[σi , σi+1 ]
:
(a, f orward); (b′ , in) → (b, backward); (a′ , in)a, a′ , b, b′ ∈ O∗
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σi and σi+1 are two adjacent cell membranes in a chained membrane, this rule
evolves a in σi to a′ and enters its subsequent cell membrane σi+1 , at the same
time, evolves b in σi+1 to b′ and enters its precursor cell membrane σi .
upper-lower
neighbors
communication
rule [σ q , σ q+1 ]
:
′
′
q+1
q
(a, up); (b , in) → (b, down); (a , in) or [σ , σ ] : (b, down); (a′ , in) →
(a, up); (b′ , in), a, a′ , b, b′ ∈ O∗ :
For a arbitrary membrane σ q+1 , σ q is the lower neighbor of it, the rule represents
a in σ q evolves to a′ and enters its upper neighbor σ q+1 , at the same time, b
in σ q+1 evolves to b′ and enters its lower neighbor σ q . Note that for the skin
membrane, its upper neighbor is the environment.
extended
upper-lower
neighbors
communication
rule
[σ1q , ..., σnq , σ q+1 ] : (a1 , ..., an , up); (b1 , ..., bn , in) → (b, down); (a1 ′ , ..., an ′ , in)
or [σ q+1 , σ1q , ..., σnq ] : (b, down); (a1 ′ , ..., an ′ , in) → (a1 , ..., an , up); (b1 , ..., bn , in),
a1 , ..., an , a1 ′ , ..., an ′ , b, b1 , ..., bn ∈ O∗ :
For a arbitrary membrane [σ q+1 , σ1q , ..., σnq ] is the lower neighbor of it, the
rule represents a1 , ..., an in σ1q , ..., σnq evolves to a1 ′ , ..., an ′ and enters its upper
neighbor σ i+1 , at the same time, b in σ i+1 evolves to b1 , ..., bn and enters its
lower neighbor σ1q , ..., σnq . Note that for the skin membrane, its upper neighbor
is the environment.
2.4

The system computational process

Rules are executed in non-deterministic maximally parallel manner in each cell.
That is, at any step, if more than one rule can be executed but the objects in
the membrane can only support some of them, then a maximal number of rules
will be executed. Each P system contains a global clock as the timer, and the
execution time of one rule is set to a time unit. The computation halts if no rule
can be executed in the whole system. The computational results are represented
by the types and numbers of speciﬁed objects in a speciﬁed membrane. Because
objects in a P system evolve in maximally parallel, the systems compute very
eﬃciently. Păun [20] provided more details about P systems.

3

3.1

The computational power and the computational
eﬃciency analysis
The computational power analysis

ADD module:
r1 : [σi , σj , σk , σr ] : (x, λ, λ, up)(λ, x, λ, in) → (λ, down)(x, λ, λ, in)
r2 : [σi , σj , σk , σr ] : (x, λ, λ, up)(λ, λ, x, in) → (λ, down)(x, λ, λ, in)
SUB module:
r3 : [σi , σj , σk , σr ] : (x, λ, λ, up)(λ, x, λ, in) → (x, down)(λ, λ, λ, in)
r4 : [σi , σj , σk , σr ] : (x, λ, λ, up)(λ, λ, x, in) → (λ, down)(λ, λ, λ, in)
ρ : r3 > r4
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The computational eﬃciency analysis

The SAT problem is solved to show the computational eﬃciency of chained P
systems.
Π = (O, µ, M, R, ρ, i0 )

(1)

where:
– O = {V, φ, C, S},
where, V in the form of h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn , C in the form of
h1 ∗ a11 ⊗ h2 ∗ a12 ⊗ ... ⊗ hn ∗ a1n ⊗ p1 ∗ a21 ⊗ p2 ∗ a22 ⊗ ... ⊗ pn ∗ a2n ⊗ ... ⊗
q1 ∗ an1 ⊗ q2 ∗ am2 ⊗ ... ⊗ qn ∗ amn , S in the form of g1 ∗ V1 ⊗ g2 ∗ V2 ⊗ ... ⊗
gn ∗ Vn ⊗ h1 ∗ a11 ⊗ h2 ∗ a12 ⊗ ... ⊗ hn ∗ a1n ⊗ p1 ∗ a21 ⊗ p2 ∗ a22 ⊗ ... ⊗ pn ∗
a2n ⊗ ... ⊗ q1 ∗ an1 ⊗ q2 ∗ am2 ⊗ ... ⊗ qn ∗ amn ⊗ t1 ∗ s1 ⊗ t2 ∗ s2 ⊗ ... ⊗ tm ∗ sm .
– µ = [ 1 ]1
– M = {V1 ⊗ V2 ⊗ ... ⊗ Vn , C}
– R:
r1 : {r1.1 , r1.2 , r1.3 , r1.4 }
r1.1 :
(g1 ∗ V1 ⊗ g2 ∗ V2 ⊗ ... ⊗ gn ∗ Vn )Cφ → g1 ∗ V1 ⊗ g2 ∗ V2 ⊗ ... ⊗ gn ∗ Vn ⊗ (g1 ⊗
h1 ) ∗ a11 ⊗ (g2 ⊗ h2 ) ∗ a12 ⊗ ... ⊗ (gn ⊗ hn ) ∗ a1n ⊗ (g1 ⊗ p1 ) ∗ a21 ⊗ (g2 ⊗ p2 ) ∗
a22 ⊗ ... ⊗ (gn ⊗ pn ) ∗ a2n ⊗ ... ⊗ (g1 ⊗ q1 ) ∗ an1 ⊗ (g2 ⊗ q2 ) ∗ am2 ⊗ ... ⊗ (gn ⊗
qn ) ∗ amn ⊗ 0 ∗ s1 ⊗ 0 ∗ s2 ⊗ ... ⊗ 0 ∗ sm
r1.2 :
S : hi ∗ aji tj ∗ sj → 0 ∗ aji (tj + 1) ∗ sj hi = ±2
r1.3 :
g1 ∗V1 ⊗g2 ∗V2 ⊗...⊗gn ∗Vn ⊗h1 ∗a11 ⊗h2 ∗a12 ⊗...⊗hn ∗a1n ⊗p1 ∗a21 ⊗p2 ∗a22 ⊗
...⊗pn ∗a2n ⊗...⊗q1 ∗an1 ⊗q2 ∗am2 ⊗...⊗qn ∗amn ⊗t1 ∗s1 ⊗t2 ∗s2 ⊗...⊗tm ∗sm →
λ ti = 0
r1.4 :
[σ1 , σ2 ] : (g1 ∗ V1 ⊗ g2 ∗ V2 ⊗ ... ⊗ gn ∗ Vn ⊗ h1 ∗ a11 ⊗ h2 ∗ a12 ⊗ ... ⊗ hn ∗ a1n ⊗ p1 ∗
a21 ⊗p2 ∗a22 ⊗...⊗pn ∗a2n ⊗...⊗q1 ∗an1 ⊗q2 ∗am2 ⊗...⊗qn ∗amn ⊗t1 ∗s1 ⊗t2 ∗
s2 ⊗...⊗tm ∗sm , up); (λ, in) → (λ, backward); (g1 ∗V1 ⊗g2 ∗V2 ⊗...⊗gn ∗Vn , in)
r2 :{r2.1 , r2.2 , ..., r2.n }
r2.1 :
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn →
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn , −h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn
r2.2 :
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn →
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn , h1 ∗ V1 − h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn
···
r2.n :
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn →
h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... ⊗ hn ∗ Vn , h1 ∗ V1 ⊗ h2 ∗ V2 ⊗ ... − hn ∗ Vn φ
The initial objects number is 2, the initial membranes number is 2, the number of sub-rules is n+4, the computational steps are n+4, the chained P systems
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solve the NP problem: SAT problem in linear time with linear computational
resources. The traditional P systems solve the SAT problem by membrane division rules, while the chained P systems realize the computation process without
the expansion of membranes.

4

The Graph Clustering Based on the Chained P
Systems

The clustering problem analyses connections among objects and clusters objects
to diﬀerent clusters. It can simplify the computational process followed. A general clustering problem that objects are clustered into k clusters is considered.
Objects are transformed into graph nodes and dissimilarities are transformed
into edges with weights of complete undirected graph. The smaller the weight
is, the more similar the two objects are. Then a clustering problem transformed
into a graph theory problem. First a shortest path that connects all nodes is
found, then edges with the k − 1 biggest weights are selected; ﬁnally the path
is divided into k parts from the edges selected above. That is to say, n nodes
are clustered to k clusters. The sum of all weights of edges in each cluster is
smallest and among clusters is biggest. In other words, all nodes are divided
into k clusters according to weights among them making distant nodes belong
to diﬀerent clusters and near nodes belong to the same cluster.
′
between any two objects is deﬁned as
First of all, a dissimilarity matrix Dnn
follows:

w11 ′ w12 ′ ...w1n ′
 w21 ′ w22 ′ ...w2n ′ 
,
=

 ...
wn1 ′ wn2 ′ ...wnn ′


Dnn ′

(2)

′
is the dissimilarity between the i-th object and the j-th object.
where, wij
Speciﬁc calculation method is selected depending on the type of object.
′
Then, the matrix elements wij
are changed to integer wij by expanding 100
times and rounding for membrane computing. By this, it gains the new matrix
Dnn as follows:



Dnn


w11 w12 ...w1n
 w21 w22 ...w2n 
,
=
 ...

wn1 wn2 ...wnn

(3)

Then the objects numbered from 1 to n can be indicated by points a1 to an
because the clustering problem only uses dissimilarities among the objects. By
above conversion, the clustering problem of clustering n objects into k clusters is
converted into the graph theory problem of ﬁnding the shortest path of n points
a1 to an .
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The structure of the chained P systems

In this section, a chained P system for clustering is proposed.
∏
= (O, µ, M1 , M2 , M3 , R1 , R2 , R3 , ρ, i0 ),

(4)

where:
1. O = {x, w, y, c}, where x is of the form V1i1 ⊗V2i2 ⊗...⊗Vnin ⊗d∗S ⊗h1 ∗α1 ⊗
h2 ∗α2 ⊗...⊗hn ∗αn ⊗h∗p, w is of the form d11 ∗w11 ⊗d12 ∗w12 ⊗...⊗d1n ∗w1n ⊗
d21 ∗ w21 ⊗ d22 ∗ w22 ⊗ ...d2n ∗ w2n ⊗ ... ⊗ dn1 ∗ wn1 ⊗ dn2 ∗ wn2 ⊗ ... ⊗ dnn ∗ wnn ,
y is of the form hi1 i2 ∗ Ui1 i2 ⊗ hi2 i3 ∗ Ui2 i3 ⊗ ... ⊗ hin−1 in ∗ Uin−1 in ⊗ h ∗ p, and
c is of the form cij ij+1 .
2. µ = [1 [3 ]3 [2 ]2 ]1 .
3. M1 = {λ}, M2 = {λ}, M3 = {x = V11 ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗ S ⊗ 0 ∗ α1 ⊗ 0 ∗
α2 ⊗ ... ⊗ 0 ∗ αn ⊗ (n − k) ∗ p, w}.
4. ρ = {ri,j > ri,t i = 1, 3, j < t}.
5. i0 = 2.
6. R1 :
r1.1 :
hi1 i2 ∗ Ui1 i2 ⊗ hi2 i3 ∗ Ui2 i3 ⊗ ... − 1 ∗ Uij ij+1 ⊗ ... ⊗ hin−1 in ∗ Uin−1 in ⊗ g ∗ p →
hi1 i2 ∗Ui1 i2 ⊗hi2 i3 ∗Ui2 i3 ⊗...−2∗Uij ij+1 ⊗...⊗hin−1 in ∗Uin−1 in ⊗(g−1)∗p, cij ij+1
r1.2 :
hi1 i2 ∗ Ui1 i2 ⊗ hi2 i3 ∗ Ui2 i3 ⊗ ... ⊗ hin−1 in ∗ Uin−1 in ⊗ g ∗ p →
(hi1 i2 − 1) ∗ Ui1 i2 ⊗ (hi2 i3 − 1) ∗ Ui2 i3 ⊗ ... ⊗ (hin−1 in − 1) ∗ Uin−1 in ⊗ g ∗ p, g ≥ 1
r1.3 :
[σ1 , σ2 ](di1 i2 ∗ Ui1 i2 ⊗ di2 i3 ∗ Ui2 i3 ⊗ ... ⊗ din−1 in ∗ Uin−1 in ⊗ 0 ∗
p, cij ij+1 , down)(λ, in) → (cij ij+1 , in)(λ, up)
R2 :
λ
R3 :
r3.1 : {r3.1.1 , r3.1.2 , ..., r3.1.(n+1) }
r3.1.1 :
V11 ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗ S ⊗ 0 ∗ α1 ⊗ 0 ∗ α2 ⊗ ... ⊗ 0 ∗ αn ⊗ (n − k) ∗ p →
V11 ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗ S ⊗ 1 ∗ α1 ⊗ 0 ∗ α2 ⊗ ... ⊗ 0 ∗ αn ⊗ (n − k) ∗ p,
V12 ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗ S ⊗ 0 ∗ α1 ⊗ 1 ∗ α2 ⊗ ... ⊗ 0 ∗ αn ⊗ (n − k) ∗ p,
...
V1n ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗ S ⊗ 0 ∗ α1 ⊗ 0 ∗ α2 ⊗ ... ⊗ 1 ∗ αn ⊗ (n − k) ∗ p
r3.1.2 :
(V1i ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ d ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗ ... ⊗ hn ∗ αn ⊗ (n − k) ∗ p)w →
V1i ⊗V21 ⊗...⊗Vn1 ⊗(d+di1 )∗S⊗(h1 +1)∗α1 ⊗h2 ∗α2 ⊗...⊗hn ∗αn ⊗(n−k)∗p,
V1i ⊗V22 ⊗...⊗Vn1 ⊗(d+di2 )∗S⊗h1 ∗α1 ⊗(h2 +1)∗α2 ⊗...⊗hn ∗αn ⊗(n−k)∗p,
...
V1i ⊗V2n ⊗...⊗Vn1 ⊗(d+din )∗S ⊗h1 ∗α1 ⊗h2 ∗α2 ⊗...⊗(hn +1)∗αn ⊗(n−k)∗p
...
r3.1.n :
(V1i1 ⊗ V2i2 ⊗ ... ⊗ V(n−1)in−1 ⊗ Vn1 ⊗ d ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗ ... ⊗ hn ∗
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αn ⊗ (n − k) ∗ p)w →
V1i1 ⊗ V2i2 ⊗ ... ⊗ V(n−1)in−1 ⊗ Vn1 ⊗ (d + din−1 1 ) ∗ S ⊗ (h1 + 1) ∗ α1 ⊗ h2 ∗
α2 ⊗ ... ⊗ hn ∗ αn ⊗ (n − k) ∗ p,
V1i1 ⊗ V2i2 ⊗ ... ⊗ V(n−1)in−1 ⊗ Vn2 ⊗ (d + din−1 2 ) ∗ S ⊗ h1 ∗ α1 ⊗ (h2 + 1) ∗
α2 ⊗ ... ⊗ hn ∗ αn ⊗ (n − k) ∗ p,
...
V1i1 ⊗ V2i2 ⊗ ... ⊗ V(n−1)in−1 ⊗ Vnn ⊗ (d + din−1 n ) ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗
... ⊗ (hn + 1) ∗ αn ⊗ (n − k) ∗ p
r3.2 :
V1i1 ⊗ V2i2 ⊗ ... ⊗ Vnin ⊗ d ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗ ... ⊗ hn ∗ αn ⊗ (n − k) ∗ p →
λ, h1 ∗ h2 ∗ ... ∗ hn = 0
r3.3 : {r3.3.1 , r3.3.2 }
r3.3.1 :
[σ3 , σ1 ]((V1i1 ⊗ V2i2 ⊗ ... ⊗ Vnin ⊗ 0 ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗ ... ⊗ hn ∗ αn ⊗ (n −
k) ∗ p)w, up)(λ, in) → (λ, down)(di1 i2 ∗ Ui1 i2 ⊗ di2 i3 ∗ Ui2 i3 ⊗ ... ⊗ din−1 in ∗
Uin−1 in ⊗ (n − k) ∗ p, in)
r3.3.2 :
x→λ
r3.4 :
x : d ∗ S → (d − 1) ∗ S, d > 0

4.2

The implementation process of rules

The idea is as follow: First all combinations of all nodes are listed to show all
possibilities of the paths (the solution space). Then a shortest path with the
minimum sum of weights is selected. At last the path is divided into k parts
from the edges with the k-1 biggest weights according to the preset num-ber of
clusters k. That is to say, all nodes are divided into k clusters. The process of
clustering is over.
The chained object x = V1i1 ⊗ V2i2 ⊗ ... ⊗ Vnin ⊗ d ∗ S ⊗ h1 ∗ α1 ⊗ h2 ∗ α2 ⊗ ... ⊗
hn ∗ αn ⊗ h ∗ p is constructed by 2n + 2 components, where Vij represents the i-th
point in the current path is the j-th point Xj in the dataset, d ∗ S represents
the sum of weights in the current path is d hi ∗ αi represents the occurrence
frequency of Xi is hi , h ∗ p represents h clusters are still needed to be combined.
The chained object w = d11 ∗ w11 ⊗ d12 ∗ w12 ⊗ ... ⊗ d1n ∗ w1n ⊗ d21 ∗ w21 ⊗ d22 ∗
w22 ⊗ ...d2n ∗ w2n ⊗ ... ⊗ dn1 ∗ wn1 ⊗ dn2 ∗ wn2 ⊗ ... ⊗ dnn ∗ wnn is constructed by
n2 components, where dij ∗ wij represents the weight between Xi and Xj is dij .
The chained object y = hi1 i2 ∗ Ui1 i2 ⊗ hi2 i3 ∗ Ui2 i3 ⊗ ... ⊗ hin−1 in ∗ Uin−1 in ⊗ h ∗ p is
constructed by n + 1 components, where hij ∗ Uij represents the weight between
Xi and Xj is hij , the meaning of h ∗ p is the same with that above. The chained
object cij ij+1 only constructedy by one component, which represents that Xij
and Xij+1 belong to the same cluster.
In the initial, only membrane 3 has objects x = V11 ⊗ V21 ⊗ ... ⊗ Vn1 ⊗ 0 ∗
S ⊗ 0 ∗ α1 ⊗ 0 ∗ α2 ⊗ ... ⊗ 0 ∗ αn ⊗ (n − k) ∗ p, w, and other membranes are
empty. Vi,1 represents that all point in the path are set to X1 , 0 ∗ S represents
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the sum of weights is set to 0 because no path is formed in the initial, 0 ∗ αi
represents the the occurrence frequency of each point in the dataset is set to 0,
and (n − k) ∗ p represents h clusters are needed to be merged in the current path.
r3.1 generates all solution space. Sub-rule r3.1.1 generates n diﬀerent x with each
carrying the component V11 , V12 , ..., V1n , which means the ﬁrst point in the path
has n choices: X1 , X2 , · · · , Xn . While, the corresponding component αi of Xi
adds one. Sub-rule r3.1.2 is executed then. Each x generates n diﬀerent x with
each carrying the component V21 , V22 , ..., V2n , which means the second point in
the path has n choices: X1 , X2 , · · · , Xn . While, the corresponding component αi
of Xi adds one. And so on, nn objects x are generated after r3.1.n , which means
the all possibilities of the paths.
The path with the minimum sum of weights is found which is called the
shortest path. The sum of all weights of each path is recorded by the coeﬃcient of
S. When all weights of a path are add up, the coeﬃcient of S of all paths decreases
simultaneously until 0 ∗ S appearing. The object shows the corresponding x
represents the shortest path. The object is changed to y = di1 i2 ∗ Ui1 i2 ⊗ di2 i3 ∗
Ui2 i3 ⊗ ... ⊗ din−1 in ∗ Uin−1 in ⊗ (n − k) ∗ p, and enters σ1 , other x are dissolved.
The n points of path are divided into k parts from the edges with the k − 1
biggest weights according to the preset number of clusters k. Then it can make
the points within the group closer, the points between the two clusters more
distant. All coeﬃcient of Uij ij+1 reduce at the same time. When the coeﬃcient
of a certain Uij ij+1 equals -1, an object cij ij+1 is produced. The coeﬃcient of
Uij ij+1 will reduce until n − k cij ij+1 are produced. These cij ij+1 show that the
weight between Xij and Xij+1 is one of the n − k shortest weights among all
points. So Xij and Xij+1 are in one cluster. Then all cij ij+1 enter membrane 2.
Therefore, this P system can be used to cluster.
The time complexity of this algorithm is n + 1 + sm in + 1 + d + 1 = O(n +
sm in + d), where, sm in is the value of the minimum sum of weights in all path,
and d is the n − k-th minimum weights in the shortest path.

5

Test and Analysis

To illustrate how the membrane system shown in ﬁgure ?? run speciﬁcally, the following simple example is considered: cluster 7 integral points
(1, 1), (2, 1), (2, 2), (3, 4), (4, 2), (4, 3), (5, 4) into two clusters. Obviously, n =
7, k = 2.
First of all, the dissimilarity matrix D77 ′ is deﬁned. In this example, the
Euclidean distance between any two points is used as the dissimilarity.


0 1 2 13 10 13 25
 1 0 1 10 5 8 18 


 2 1 0 5 4 5 13 


′

D77 = D77
=
(5)
 13 10 5 0 5 2 4  ,
 10 5 4 5 0 1 5 


 13 8 5 2 1 0 2 
25 18 13 4 5 2 0
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Rules r3.1 and r3.2 are executed ﬁrstly generating 7! objects x which means
the all possibilities of the paths.
Rules r3.3 and r3.4 ﬁnd the x representing the shortest path. The object is
changed to y = di1 i2 ∗ Ui1 i2 + di2 i3 ∗ Ui2 i3 + ... + di6 i7 ∗ Ui6 i7 + 5 ∗ p, and enters σ1 ,
other x are dissolved. In this example, one of the four shortest paths is obtained
randomly: 1)7-4-6-5-3-2-1, 2)4-7-6-5-3-2-1,3)1-2-3-5-6-4-7,4)1-2-3-5-6-7-4.
Rules r3.1 , r3.2 and r3.3 generate cij ij+1 which means Xij and Xij+1 are in
one cluster, and put them into membrane 2. If the ﬁrst path is chosen, the two clusters can be {4, 6, 7}, {1, 2, 3, 5} or {4, 5, 6, 7}, {1, 2, 3} because the weight
between 6,5 and 5,3 are the same. Similarly, if the second path is chosen, the
two clusters can be {4, 6, 7}, {1, 2, 3, 5} or {4, 5, 6, 7}, {1, 2, 3} because the weight
between 6,5 and 5,3 are the same. If the third path is chosen, the two clusters are {4, 6, 7}, {1, 2, 3, 5}. If the fourth path is chosen, the two clusters are
{4, 6, 7}, {1, 2, 3, 5}.

6

Conclusions

In this study, a new variant of P systems called chained P systems is proposed,
which is more practical. The chained membranes, the chained objects and the
chained rules are given. And a graph clustering algorithm based on the new
variant of P system is given. The results give some hints to improve conventional
algorithms by using the new P systems. For further research, the computational
completeness of the P systems needs to be proved. And some other data mining
algorithms can be improved by using parallel evolution mechanisms and tree
membrane structures, such as spectral clustering, support vector machines, and
genetic algorithms [21].
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Abstract. Spiking neural P systems are a class of distributed parallel
computing devices inspired from the way neurons communicate by means of spikes. Looking for small universal computing devices is a natural
and well investigated topic in Membrance computing. In this work, we
use a new class of SN P system, with spiking rules placed on synapses. In such a system, for a neuron, the number of spikes transmitted to
adjacent neurons can be diﬀerent. This means that we have more ﬂexibility in the control of the system. in particular, in the simulation of
the instruction, we can reduce the number of neurons in the system. We
design the system by using the feature, and put all the instructions of
the register machine in only one neuron. In this way, we can use less
neurons, less spikes and less rules to construct the system and make the
simulation of instruction more concisely. Speciﬁcally, a universal systems
with extended rules (without delay) having 5 neurons is constructed.
Keywords: Spiking neural P systems, Rule on synapse, Small universal
sysrem

1

Introduction

Spiking neural P systems (SN P systems, for short) have been introduced
in [1,2] as a new class of distributed and parallel computing devices. They were
inspired by membrane systems (also known as P systems) [3,4,5,6,7] and are
based on the neurophysiological behavior of neurons sending electrical impulses
to other neurons.Since the model was put forward, for various SN P systems,
computation complete and the necessary number of neurons to construct universal P systems became a hotspot of research[8,9,10]. In this work, we investigate
the necessary number of neurons to construct universal P systems with antispike. Andrei Păun put forward the problem for the ﬁrst time in [11]. There
is a universal computing SN P system with standard rules having 84 neurons
⋆
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and there is a universal number generating SN P system with standard rules
having 76 neurons. Since then, Pan. L, see, e.g. [12,13,14] research separately
the instruction of relationship, without delay rules, and weighted SN P system
with rules on synapses. Small general research for SN P system, not only has the
traditional computer science signiﬁcance to require fewer resources, but also has
its signiﬁcance of life science to seek the minimum general "brain".Basic idea
mainly comes from the [11], simulating the general register machine by SN P
system, one neuron is associated with each instruction of register machine. For
the general register machine, each registry and each instruction have at least a
corresponding neuron(It usually need auxiliary neurons to complete the corresponding instruction).
Notice the membrane system parallelism, in the simulation, the advantage
in parallel did not play completely. Because the instructions of register machine
are serialized. For step t, the ith instruction is executed. At this point, only the
neurons corresponding the ith instruction is ﬁre, most other neurons are not ﬁre.
Considering the parallelism of membrane system, we can put all instructions
in the same neuron, so the all instructions neurons and their corresponding
auxiliary neurons was reduced to one. During the execution of the ith instruction,
through the rules, only the neurons corresponding the ith instruction can take
ﬁre. In this way, we can greatly reduce the number of neurons.
Compared with computer science, in the process of general simulation, registry is used to store data, corresponding hardware. And instruction is used to
deal with the data according to certain rules, corresponding to the software. L.
Pan , X. Zhang put forward in literature[15], a neuron is used to store all of
the instructions, and the corresponding small universal system is constructed.
Through simulating the general register machine in literature [16,17], based on
extended rules the small universal SN P system can be made up of 12 neurons
without delay rule.
In 2014, L. Pan proposes a SN P system with rules on synapses and proves
that under the pure rules, the system has the calculation completely. In such
a system, for a neuron, the number of spikes transmitted to adjacent neurons
can be diﬀerent. This means that we have more ﬂexibility in the control of the
system. in particular, in the simulation of the instruction, we can reduce the
number of neurons in the system. Readers can refer to [18]for more information.
And then, in the literature [19] to study synapses are allowed to have weight
(if a rule which can generate n spikes is applied on a synapse with weight k,
then the neuron linking to this synapse will receive totally nk spikes). in the
literature [22] to construct a Turing universal spiking neural P system with rules
on synapses having 6 neurons, which can generated any set of Turing computable
natural numbers.There are many other works about rules on synapses you can
refer to[20-23] and SN P you can refer to[24-30].
In this paper, based on the above work, according to [15], by constructing
a neuron store all instructions, we construct a small general SN P system with
rules on synapses. The remainder of this paper is organized as follows: we ﬁrst
introduce related work in Sect.2 and then elaborate the proposed small universal
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SN P Systems with rules on synapses in Sect.3. Comprehensive study and proof
are discussed in Sect.4. And ﬁnally, Sect.5 give conclusion and acknowledgement.

2

Prerequisites

The reader must have some familiarity with language and automata theory,
as well as with membrane computing, so that we recall here only a few important
deﬁnitions. For more details you can refer to [13] and [14]. For an alphabet V, V ∗
is the free generated by V with respect to the concatenation operation and the
identity λ (the empty string); the set of all nonempty strings over V , that is
V ∗ − λ, is denoted by V + .
A regular expression over an alphabet V is deﬁned as follows:
(1) λ and each a ∈ V are regular expressions over V ;
(2) if E1 , E2 are regular expressions, then (E1 )∪(E2 ), (E1 )(E2 ) and (E1 )+
are regular expressions over V;
(3) nothing else is a regular expressions over V .
In this work, the regular expression is mainly used as a judge in which neurons
are ﬁre.
Regular languages are deﬁned by means of regular expressions, which will
be essentially used also in our main deﬁnition in the next section. With each
regular expression E there associate a language L(E), deﬁned as follow:
(1) L(λ)=λ and L(a) = a, for all a ∈V ;
(2) L((E1 )∪(E2 )) =L(E1 )∪ L(E2 ); L((E1 )(E2 )) = L(E1 )L(E2 );
L((E1 )+ ) = L(E1 )+ for all regular expressions E1 , E2 over V .
2.1

Universal Register Machine
The register machine has the form:
M = (m, H, l0 , lh , I)

where m is the number of registers, H is the set of instruction labels, l0 is the
start label, lh is the halt label, and I is the set of instructions.
The instructions are of the following forms:
(1) li : (ADD(r), lj , lk )): add 1 to register r and then go to one the instructions with labels lj and lk , non-deterministically chosen.
(2) li : (SU B(r), lj , lk )): if register r is non-empty, then subtract 1 from it
and go to the instruction with label lj , otherwise go to the instruction with label
lk .
(3) HALT: the halt instruction.
A register machine starts with all registers empty (i.e., storing the number
zero), applies the instruction with label l0 and proceeds to apply instructions
as indicated by labels (and made possible by the contents of registers); if the
machine reaches the halt instruction,the the number n stored at that time in
the ﬁrst register is said to be computed by M . The set of all numbers computed
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by M is denoted by N (M ). If the computation never halts, then no number is
generated.
It is known that register machine with 3 registers can compute all sets
of numbers which are Turing computable, hence they characterize N RE, i.e.,
N (M ) = N RE. N RE is the family of length sets of recursively enumerable
languages - the family of languages recognized by Turing machines.
2.2

Spiking Neural P Systems with rules on synapses

Before introducing the SN P systems with rules on synapses, we assumed
that the readers have some familiarity with basic SN P systems (e.g.,see [3]). We
here directly present the the deﬁnition of SN P systems with rules on synapses.
A computing spiking neural P system with extend rules on synapses and
with delay(abbreviated SN P system), of degree m ≥ 1, is a construct of the
form:
Π = (O, σ1 , σ2 , · · · , σm , syn, iin , iout )
where:
1. O = {a} is the alphabet, and a is called spike;
2. σi are neurons of the form: σi = (ni ), with 1 ≤ i ≤ m, where ni is the
initial number of spikes contained in σi ;
3. syn is the set of synapses. each element in syn is a pair of the form
((i, j), R(i,j) ), where (i, j) indicates that there is a synapse connecting neurons
σi and σj , with i, j ∈ (1, 2, ..., m), i ̸= j and R(i,j) is a ﬁnite set of rules of the
following two forms:
(1) E/ac → ap ; d, where E is a regular expression over O, c ≥ p ≥ 1 and
d ≥ 0;
(2)as → λ, for some s ≥ 1, with the restriction that as ̸∈ L(E) for any rule
E/ac → ap ; d form any R(i,j) ;
4. iin , iout indicate the input and output neurons, respectively.
A rule E/ac → ap ; d with p ≥ 1 is called an entended spiking rule; if p = 1,
the rule is called a standard spiking rule. If L(E) = ac , then the rule can be
written in the simpliﬁed form ac → ap ; d; if d = 0, then the rule can be simply
written as ac → ap . A rule of the form as → λ is called a f orgettingrule.
Note that the rules are used as follows. If E/ac → ap ; d ∈ R(i,j) and neuron
σi contains k spikes such that ak ∈ L(E), k ≥ c, then the rule is ﬁre, c spikes
from neuron σi are consumed and p spikes are sent to neuron σj after a delay
od d steps. If d = 0, then the p spikes are sent immediately. If the rule is used
in step t and d ≥ 1, then in step t, t + 1, ..., t + d − 1 the synapse cannot use any
other rule. In step t + d, the p spikes are sent to neuron σj , and synapse (i, j)
can start to apply another rule at step t + d + 1.
When neuron σi have exactly s spikes, then a forgetting rule as → λ ∈ R(i,j)
is enabled and s spikes are removed from the neuron. As we can see in [9],we
want to stress an important feature: all rules which are ﬁred consume the same
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number of spikes from the same neuron. the rule on the synapses leaving from
neuron σi are of the form Ej /ac → apj ; dj .
In the following sections, SN P systems with rules on synapses are represented
graphically, which is easier to understand than when given in a symbolic way.
Thus, the rules are used in the sequential manner in each neuron,at most one
in each step, but neurons function in parallel with each other. It is important to
notice that the applicability of a rule is established based on the total number
of spikes contained in the neuron.
The initial conﬁguration is described by the numbers n1 , n2 , · · · , nm of spikes
present in any neuron, with all being open. During the process, a conﬁguration
of the system is presented by both the number of spikes exit in any neuron and
by the state of the neuron, that is, by the number of steps to count down until
it becomes open. Thus, ⟨r1 /t1 , · · · , rm /tm ⟩ is the conﬁguration where neuron σi
contains ri ≥ 0 spikes and it will be open after ti ≥ 0 step, i = 1, 2, · · · , m; with
this notation, the initial conﬁguration is C0 = ⟨n1 /0, · · · , nm /0⟩ .

3

A Small Universal SN P system with rules on synapses

In this section, we will give a small universal SN P system. We are still using
the idea of simulated universal register machine to construct the small universal
system in this work.
Let
Mu = (3, H, l0 , lm , I)
be a universal register machine with 3 registers labeled by 0, 1, 2, where m ≥ 2,
H = {0 , l1 , ..., lm } is the set of instruction labels, l0 is the start label, lm is the
halt label, and I is the set of instructions. Without lose of generality, we assume
that register 0 stores the computation result and is not subject to subtraction
operations.
Theorem:T here is a universal SN P system with extended rules with
weight having 5 neurons.
P roof . The system Π consists of 5 neurons, which are called with 0, 1, 2, a
and state, respectively. Each synapse is associated one or more rules. The rule
associated with instruction is used if and only if neuron σstate contains T + δ(i)
spikes, where T > 7 and δ(i) = 1,2,3,4,5,6. the number stored in register r is
encoded by the number of spikes in neuron σr . If register 0 stores number n ≥ 0,
there are (2n+1) spikes in neuron σr . So, all the number of spikes in neuron are
even.
In the next, we made an SN P systems with rules on synapses have 5 neurons to simulate the computation of register machine Mu . The ﬁnal structure of
system as shown in the ﬁgure 1.
Considering the instruction of register machine are serialized, and the biggest
advantage of the membrane system is parallel computing. For example, at time
t, the ith instructions is executed. At this point, only the neurons corresponding
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Fig. 1. The Structure of System

the ith instruction is in the excited state, most other neurons are not in the
excited state. Considering the parallelism of membrane system, we can put all
instructions in the same neuron, so the all instructions neurons and their corresponding auxiliary neurons are reduced to one. During the execution of the ith
instruction, through the rules on synapses, only the neurons corresponding the
ith instruction can take ﬁre. In this way, we can greatly reduce the number of
neurons.
The auxiliary neuron σa is necessary for the functioning of system. It sends
T spikes to neuron σstate at the odd steps, which ensures that the number of
spikes in neuron σstate can ﬁre the rule. In this paper, for the same register
and the same operation, we use the same rules, regardless of the order of the
instruction. This will greatly reduce the number of instructions; on the other
hand, for the diﬀerent instructions, we use the ﬁxed number of spikes to make a
distinction: one spike corresponding to halt instruction, even spike corresponding
to the instruction of ADD and odd spike corresponding to the instruction of
SUB.This greatly reduces the number of spikes required by the system.So, we
have done optimization in three aspects: the number of neurons, the number of
instructions and the number of spikes, making the entire system to consume the
best resources.
There are some tasks we must to solve:
(1) In fact, for the registers and the operations, there are only 6 kinds of
operations, taking into account that register 0 can not do subtraction. No matter how many speciﬁc instructions, as long as the ﬁve rules that can complete
the relevant instructions. So, to simplify, all the instructions are divided into
6 categories. The 6 class of instructions and the number of pulses ﬁring the
corresponding instructions are shown in the table 1:
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Table 1. the number of spiking ﬁred the corresponding instruction
the number of spike

1

2

3

4

5

6

the kind of instruction

Halt

ADD

SUB

ADD

SUB

ADD

the number of register

0

0

1

1

2

2

In the set of rules associated with a SUB or ADD instruction, the regular
expressions have number 3,5 and 2,4,6. So when we can simulation of SUB instruction do not interfere with each other. On the other hand, with rules on
synapses, we can do what we want do easily. We can send special number of
spikes to corresponding neuron, at same time do nothing with other neurons. So
it is not diﬃcult to see that the simulation of SUB instructions do not interfere
with each other. On the other hand, the simulations of an ADD instruction and
a SUB instruction do not interfere with each other too.
(2)For registers of Mu , the number stored in register is encoded by the number of spikes in the corresponding neuron. Speciﬁcally, if the register stores number n ≥ 0, there are 2n spikes in the corresponding neuron. Neuron σ0 has an
out synapse to the environment to output the computation result.
(3)In order to provide the minimum number of pulses running in the system,
auxiliary neurons σa are introduced. The transmission of this neuron is weighted.
The rule R(a,state) : a → a. If a → a is applied, then neuron σa ﬁres, sending out
1 ∗ W (W is the weight) spikes to neuron σstate
During the simulation, when neuron σstate has T + δ(l(i)) spikes (where the
number of δ(l(i)) can be ﬁnd in table 2), system Π starts to simulate an instruction li : (OP (r), lj , lk ): staring with ﬁring the rule R(state,r) on the synapse, operating neuron σr , and the number of spikes in neuron σstate becomes T + δ(l(j))
or T + δ(l(k)), which means system Π starts to simulate instruction lj or lk .
Initially, all the neurons have no spike with the exception that neuron σstate has
T + δ(l(0)) spikes.
In what follows, we check the simulation of register machine Mu by system
Π, by decomposing system Π into there modules (i.e., modules ADD, SUB, and
OUTPUT), and checking the work of each module.
3.1

Module ADD ( simulating li : (ADD(r), lj , lk ))

The simulation of addition is relatively simple. As the rules on the synapse,
it make the control of the operation more ﬂexible. We can design diﬀerent rules
through diﬀerent synapses to eﬀectively ’sieve’ the corresponding neurons.
Assume that we are at step t an ADD instruction li : (ADD(r), lj , lk ) has to
be simulated, with the number of spikes being the form T + 2(r + 1) in neuron
σstate . The rule R(state,r) : aT + a2(r+1) /aT +2(r+1)−δ(j) → a2 and R(state,r) : aT +
a2(r+1) /aT +2(r+1)−δ(k) → a2 are enabled, non-deterministically choosing one of
them to be applied.
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Table 2. The Rules Associated with Neurons

The synapses

The rules

(σa , σstate )
(σstate , σa )
(σstate , σa )

a → a(W = T )
aT + a2r+1 → aT
aT + a2r+1 /aT + (2r + 1) − δ(k) → a, aT + a2r+1 /aT + a(2r + 1) − δ(j) → a

(σstate , σ0 ) for simulating ADD : aT + a2 /aT + 2 − δ(k) → a2 , aT + a2 /aT + 2 − δ(j) → a2
(σstate , σ0 )
for simulating HALT: aT + a → a
(σstate , σ1 )
(σstate , σ1 )
(σ1 , σstate )

for simulating ADD: aT + a4 /aT + 4 − δ(k) → a2 , aT + 4/aT + a4 − δ(j) → a2
for simulating SUB: aT + a3 → a7
for simulating SUB: (a2 )+ + a7 /a9 → aδ(j) , a7 → aδ(k)

(σstate , σ2 )
(σstate , σ2 )
(σ2 , σstate )

for simulating ADD: aT + a6 /aT + 6 − δ(k) → a2 , aT + a6 /aT + 6 − δ(j) → a2
for simulating SUB: aT + a5 → a7
for simulating SUB: (a2 )+ + a7 /a9 → aδ(j) , a7 → aδ(k)

(σ0 , out)

(a2 )+ + a/a2 → a

If aT + a2(r+1) /aT +2(r+1)−δ(j) → a2 is applied, then neuron σstate ﬁres, sending out 2 spikes to neuron σr only. The other neuron will keep inactive, for no
rule can be used. For neuron σr , there are increases 2 spikes, that means the increase of the number stored in register r by 1. After consuming T +2(r +1)−δ(j)
spikes by the rule R(state,r) , the number of spikes in neuron σstate is of the form
δ(j) (recalling that neuron σstate receives T spikes from neuron σa at next step),
hence system Π starts to simulate an instruction with label lj .
Similarly, if aT + a2(r+1) /aT +2(r+1)−δ(k) → a2 is applied, then neuron σr
increases its number of spikes by 2, and the number of spikes in neuron σstate is
of the form δ(k) . This implies that the number stored in register r is increased
by 1,and system Π starts to simulate an instruction with label lk .
Therefore, the system can simulated ADD instruction correctly .We have
increased the number of spikes in neuron σr by two, and we have passed to the
simulation of the instructions lj and lk , non-deterministically.
3.2

Module SUB ( simulating li : (SU B(r), lj , lk ))

In fact, the simulation of subtraction can be regarded as two processes. In
the ﬁrst step, the register in which the subtraction executed is determined by
the number of spikes in the neuron σstate , the corresponding rule is activated so
that the number of spikes in the neuron σstate becomes zero, and the number of
spikes in the neuron corresponding to the register is 2n + 7. In the second step,
the number of spikes in the corresponding neuron activated the corresponding
rule, while there is a spike in the neuron σa , which also excites the corresponding
rule so that the number of spikes in σstate is change.
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Suppose that at any step t, it has to simulate instruction li : (SU B(r), lj , lk ))
(r=1,2). With T +2r+1 spikes in the neuron σstate , rule: R(state,r) : aT +a2(r+1) →
a7 is enabled and applied, sending out 7 spikes to neuron σr and the number of
spikes in neuron σstate is zero. The other neuron will keep inactive, for no rule
can be used. For the number of spikes in neuron σr at step t, we consider the
following two cases.
-If there are 2n + 7 spikes in neuron σr (corresponding to the fact that the
number stored in register r is n, and n > 0), then the rule R(r,state) : (a2 )+ +
a7 /a9 → aδ(j) is enabled and applied, it means the number of spikes in neuron
σr reduce 2, which simulates that the number stored in register r is decreased
by one. The neuron σr sends δ(j) spikes to neuron σstate . And then the neuron
σstate accept the spike from neuron σr and neuron σa , the number of spikes
in neuron σstate is of the form T + δ(j). And system Π starts to simulate an
instruction with label lj .
-If there are 7 spikes in neuron σr (corresponding to the fact that the number
stored in register r is 0), then it using rule R(r,state) : a7 → aδ(k) is enabled and
applied, it means the number of spikes in neuron σr keep 0. The neuron σr sends
δ(k) spikes to neuron σstate . And then the neuron σstate accept the spike from
neuron σr and neuron σa , the number of spikes in neuron σstate is of the form
T + δ(k). And system Π starts to simulate an instruction with label lk .
The simulation of SUB instruction is correct: system Π starts from instruction li and ends with instruction lj spiking (if the number stored in register r is
greater than 0 and decreased by one), or instruction lk spiking (if the number
stored in register r is 0).

3.3

Outputting the computation result

Assume now that the computation in Mu halts, which means that the halt
instruction lm is reached. In system Π, neuron σstate contains T + δ(m) spikes
and neuron σ0 has 2n spikes, for n being the number stored in register 0 of Mu .
Having T + δ(m) spikes in neuron σstate , the δ(m) = 1 and the rule R(state,0)
gets ﬁred and emits 1 spike by the rule: aT + a → a, and the rule R(state,a) gets
ﬁred and emits 1 spike to neuron σ0 . neuron σa , neuron σ1 and neuron σ2 will
keep inactive, for no rule can be used. After that, the number of spikes in neuron
σstate and neuron σa are 0, and in neuron σ0 is 2n + 1. Then there are no rule
can be used for neuron σstate and neuron σa , so they will keep inactive. At the
next step, neuron σ0 has 2n + 1 spikes, hence the rule R(0,out) : (a2 )+ + a/a2 → a
can be applied, sending 1 spike to out. spiking rule R(0,out) will be applied for
n times. For each spiking, neuron σ0 emits one spike out, thus emitting n spikes
totally into the environment, which is exactly the number stored in register 0
when register machine Mu halts.
Form the above description, it is clear that the register machine Mu is correctly simulated by system Π. We can check that the system Π has 5 neurons
and with rules on synapses. Therefore, Theorem 1 holds.
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Fig. 2. Module OUTPUT

4

Conclusions and Remark

In this work, we mainly studied the small universal SN P system with rules
on synapses. By putting all the instructions in the same neurons, we can use
less neurons and less rules to construct the system and make the simulation of
instruction more concisely. Speciﬁcally, a universal systems without delay rules
having 5 neurons is constructed. In our work, there have a auxiliary neuron which
sent T spikes to σstate in order to ﬁre the rule. Can we remove the auxiliary
neuron to get smaller universal SN P system? One possible way of removing the
auxiliary neuron is to use more rules on the other synapses. We considered SN
P systems with rules on synapses and without delay. Maybe we can remove the
auxiliary neuron with using delay. Similar to computer science, through software
programming to save hardware cost. How to ﬁnd a way which can make not only
the number of neurons decreased, but also the complexity of the rules moderate,
this is a problem. On the other hand, this idea can deal with other kind of SN
P system? it is a quite interesting problem.
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Abstract. The study ﬁnds that it is necessary to consider the completeness of the calculation of a spiking neural P system which can perform
addition . In this paper, it is proved that an existing addition SN P
system can not calculate the correct result in most cases. Some of the
neurons in the system are improved by excitation rules.It is theoretically
proved that the improved SN P system has the completeness of summation.The calculation process of these two SN P systems is compared by
a concrete summation example.At the same time, the calculation results
of these two SN P systems are compared in diﬀerent cases.All of these
examples show that the improved SN P system can accurately calculate
the summation results in any case, and that the unmodiﬁed SN P system is erroneous in most cases.Therefore, it is necessary to check the
completeness of a SN P system.
Keywords: Spiking neural P systems,Addition operation,Membrane Computing,the completeness of a SN P system

1

Introduction

Compared with the parallel input adder, the serial adder with only one input
unit is easier to implement with hardware. Since an SN P system[1] with a input
neuron can calculate the sum of multiple natural numbers at the same time, the
accuracy of its calculation is worth studying[2]. However, a large number examples show that the computing device[3] can not calculate the correct results in
many cases.In other words, the adder sometimes can calculate the correct result
and sometimes can not. Therefore, it is certain that there must be some logical
errors in the system itself. In order to make this addition system complete[4],it
need be made the necessary improvements. First, it is necessary to ﬁnd out why
⋆
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the computing device can not calculate the correct result in many cases. Secondly, it is necessary to make the necessary improvements to this device so that it
can calculate the correct results in any case. Finally, several examples are used
to verify the accuracy of this addition SN P system.

2

Calculate the sum of the n binary natural numbers of
length k

∏
In this section,{ Add (n, k)}n∈N,k∈N is a family of SN P systems which allows
to add numbers expressed
∏ in binary form[5].That is to say,for any intergers n ≥ 2
and k ≥ 1 the system Add (n, k) computes the sum of n binary natural numbers
whose length are both k.In what follows the system is called the SN P system
for n k addition.For n = 3 and k = 3 one will obtain the SN P system for
3 3 addition that will be described in section 3.
2.1

The existing serial input binary addition SN P system

The addition SN P system,illustrated in ﬁgure 1,consists of 3k + 5 neurons[6].There is only one input neuron,σInput ,linked k neurons σbit0 ,σbit1 ,· · ·,σbitk−1 ,where
k is the length of each binary number.for each i ∈ {1, 2, · · · , k − 1},neuron
σbiti is connected with two new neurons σaux1,i+1 and σsumi .On the one hand,
neuron σaux1,1 is connected with two neurons σaux1,0 and σaux1,k .On the other hand,neuron σaux1,k is connected with two neurons σaux1,k+1 .At the same
time,for each i ∈ {1, 2, · · · , k − 1},neuron σsumi is connected with two neurons
σaux2 and σAdd .

Fig. 1. An SN P system that performs the addition among n binary natural numbers
of length k
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Theorem 1. For the SN P system shown in Figure 1, if the neuron σInput is
sequentially provided n natural numbers of length k in binary form, the addition
that the SN P system outputs is not necessarily correct.
Proof.Let A1 , · · · , An be the n numbers to be added,and let ak−1
ak−2
· · · a0i
i
i
be the binary expression of Ai , 1 ≤ i ≤ n.for each i ∈ {1, 2, · · · , n} and j ∈
∑k−1
{0, 1, · · · , k − 1},there is always aji ∈ {0, 1}.Hence we can write Ai = j=0 aji 2j .
Let Bj (0 ≤ j ≤ k − 1) be the sum of the kth digits of all binary natural
numbers, then we have the following summation formula.
Bj =

n
∑

aji , j ∈ {0, 1, · · · , k − 1}.

(1)

i=1

Because of aji ∈ {0, 1},there must be 0 ≤ Bj ≤ n.Therefore, the following
diﬀerent cases are discussed according to the value of Bj (0 ≤ j ≤ k − 1).
(1)If there is 0 ≤ Bj < n for any j ∈ {0, 1, · · · , k − 1}, then the number of
spikes in neuron σsumj is expressed as follows at time step t = nk + 2.
sumj = n + Bj , j ∈ {0, 1, · · · , k − 1}.

(2)

According to the spiking rule[7] an+Bj → aBj , we can see that neuron σAdd
can receive Bj spikes from neuron σsumj at time step t = nk + j + 3.So the
system in this case can calculate the correct results.
(2)If there exists j ∈ {0, 1, · · · , k − 2} such that Bj = n ,then the number of
spikes in neuron σsumj is expressed as follows at time step t = (n − 1)k + j + 2.
sumj = n.

(3)

According to the forgeting rule[8] an → λ, we can see that n spikes are
consumed in neuron σsumj at time step t = (n − 1)k + j + 3.Since the number of
spikes in neuron σsumj is zero at this time,neuron σsumj receives n spikes from
neuron σaux2 at time step t = nk + 2.By the forgeting rule an → λ,n spikes are
consumed in neuron σsumj at time step t = nk + 3.In the end,neuron σAdd can
only receive zero spike from neuron σsumj .However,The correct result should be
σAdd receives n spikes from σsumj .Therefore, the system in such case can not
calculate the correct result.
(3)If there is 0 ≤ Bj < n for any j ∈ {0, 1, · · · , k − 2} and Bk−1 = n,then
neuron σsumj (j ∈ {0, 1, · · · , k − 2}) can send the correct number of spikes to
the neuron σAdd by the case (1).If neuron σsumk−1 can send n spikes to neuron
σAdd ,then the system can compute the correct result.
By the work of the SN P system neuron σsumk−1 has received n − 1 spikes
from neuron σbitj at time step t = nk + 1.When t = nk + 2,neuron σsumk−1
receives n + 1 spikes from neurons σbitj and σaux2 ,where one spike is from σbitj
and the other n spikes are from neuron σaux2 .At this time, the number of spikes
in neuron σsumk−1 is 2n.According to the spiking rule a2n → an neurons σAdd
can receive n spikes from σsumk−1 at time step t = (n + 1)k + 1.Therefore, the
system in such case can also calculate the correct result.
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Here only to prove the work of the wrong neurons, and as for the proof of
other neurons, the paper[1] needs to be read.Basing on the above three cases,the
SN P system can only compute the correct result in cases in (1) and (3).For case
(2), the correct result can not be calculated.
2.2

Improved serial input binary addition spiking neural P system

Improved serial input binary addition spiking neural P system is shown in
Fig 2.

Fig. 2. An improved SN P system that performs the addition among n binary natural
numbers of length k

Theorem 2. For the spiking neural P system shown in Fig. 2, if the input
neurons are sequentially entered n natural numbers whose length are k in binary
form, then the system can output their sum in binary form.
Proof.The variables used here are the same as the theorem 1.For each j ∈
{0, 1, · · · , k − 1} ,there must be 0 ≤ Bj ≤ n.By the work of the SN P system
in Figure 2,at the time step t = nk + 2 the number of spikes in each neuron
σsumj (j ∈ {0, 1, · · · , k − 1}) is shown as follows.
sumj = n + Bj , j ∈ {0, 1, · · · , k − 1}.

(4)

According to the spiking rulean+Bj → aBj ,neuron σAdd receives Bj spikes
from neuron σsumj .Obviously, the system can calculate the correct results in
any case.In contrast to system 1 and system 2, the number of neurons in the

Lecture Notes in Computer Science: Authors’ Instructions

5

system does not change, but the rules in neurons σsumj (j ∈ {0, 1, · · · , k − 1})
have changed.

3

System test

In order to test the SN P systems shown in ﬁgure 1 and ﬁgure 2, it is necessary
to provide some speciﬁc examples for testing.
As an example,let us consider the addition 5 + 3 + 7 = 15,that in binary
form can be written as 1012 + 0112 + 1112 = 11112 .That is to say,The correct
result of this summation should be 11112 .However, since the ﬁrst digit of the
three binary numbers is 1, the SN P system in ﬁgure 1 is unable to calculate the
correct result.In contrast, the SN P system in ﬁgure 2 should be able to calculate
the correct result.What is the truth?
∏
Obviously, here n = 3 and k = 3, so it is necessary to use Add (3, 3) to sum.In
order to compare the calculation process of the two diﬀerent SN P systems, we
need to give the corresponding SN P system.According
to the construction of
∏
the SN P system in ﬁgure 1, the SN P system Add (3, 3) should be designed as
shown in ﬁgure 3. Similarly, depending
on the construction of the SN P system
∏
in ﬁgure 2, the SN P system Add (3, 3) should be designed as shown in ﬁgure
4.

Fig. 3. An SN P system that performs the addition among three binary natural numbers of length 3
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Fig. 4. An improved SN P system that performs the addition[9] among three binary
natural numbers of length 3

∏
Table 1 reports the number of spikes contained in each neuron of Add (3, 3)
in ﬁgure 3,as well as the number of spikes sent to the environment,at each time
step during the computation.The input and the output sequences[10] are written
in bold.

Step
input
aux1,0
aux1,1
aux1,2
aux1,3
aux1,4
bit0
bit1
bit2
aux3
sum0
sum1
sum2
add
output

0
0
1
0
0
0
2
0
0
0
3
0
0
0
0
0

1
1
0
1
0
0
2
0
0
0
3
0
0
0
0
0

2
0
0
0
1
0
2
2
1
1
3
0
0
0
0
0

3
1
0
0
0
1
2
0
1
0
3
1
0
0
0
0

4
1
0
1
0
0
2
1
1
2
3
1
0
0
0
0

5
1
0
0
1
0
2
2
1
1
3
1
0
1
0
0

6
0
0
0
0
1
2
1
2
1
3
2
0
1
0
0

7
1
0
1
0
0
2
0
0
1
3
2
1
1
0
0

8
1
0
0
1
0
2
2
1
1
3
2
1
1
0
0

9 10 11 12 13 14 15 16
1 0
0
0
0
0
0
0
0 0
0
0
0
0
0
0
0 1
0
0
0
0
0
0
0 0
1
0
0
0
0
0
1 2
2
3
3
3
3
3
2 0
0
0
0
0
0
0
1 1
1
0
0
0
0
0
2 1
0
1
0
0
0
0
1 2
0
0
0
0
0
0
3 3
0
0
0
0
0
0
3 0
3
0
0
0
0
0
1 2
5
5
0
0
0
0
1 1
5
5
5
0
0
0
0 0
0
0
2
3
1
0
0 0
0
0
0
0
1
1

∏
Table 1. Number of spikes in each neuron of Add (3, 3) (the system illustrated in
Figure 3) and number of spikes sent to the environment,at each time step during the
computation of the addition 1012 + 0112 + 1112 = 11002
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∏ Likewise,table 2 reports the number of spikes contained in each neuron of
Add (3, 3) in ﬁgure 4,as well as the number of spikes sent to the environment[11],at each time step during the computation.The input and the output sequences are written in bold.

T ime step 0 1 2 3 4 5 6 7 8 9 10 11
input
0 1 0 1 1 1 0 1 1 1 0
0
aux1,0
1 0 0 0 0 0 0 0 0 0 0
0
aux1,1
0 1 0 0 1 0 0 1 0 0 1
0
aux1,2
0 0 1 0 0 1 0 0 1 0 0
1
aux1,3
0 0 0 1 0 0 1 0 0 1 2
2
aux1,4
2 2 2 2 2 2 2 2 2 2 0
0
bit0
0 0 2 0 1 2 1 0 2 1 1
1
bit1
0 0 1 1 1 1 2 0 1 2 1
0
bit2
0 0 1 0 2 1 1 1 1 1 2
0
aux3
3 3 3 3 3 3 3 3 3 3 3
0
sum0
0 0 0 1 1 1 2 2 2 3 3
6
sum1
0 0 0 0 0 0 0 1 1 1 2
5
sum2
0 0 0 0 0 1 1 1 1 1 1
5
add
0 0 0 0 0 0 0 0 0 0 0
0
output
0 0 0 0 0 0 0 0 0 0 0
0
∏
Table 2. Number of spikes in each neuron of Add (3, 3)
Figure 4) and number of spikes sent to the environment,at
computation of the addition 1012 + 0112 + 1112 = 11112

12 13 14 15 16
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
3
3
3
3
3
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
5
0
0
0
0
5
5
0
0
0
3
3
3
1
0
0
1
1
1
1
(the system illustrated in
each time step during the

Whether it is the SN P system in ﬁgure 3 or the SN P system in ﬁgure
4, the ﬁrst time step in which the output starts to be emitted by the system
is t=13.The result of the calculation obtained from Table 1 is 11002 , and the
result is 11112 obtained from Table 2.Obviously, the result presented in Table 1
is wrong, and the result in Table 2 is correct.As can be seen from the calculation
process shown in Table 1, the number of spikes contained in the neuron σsum0
still 3 at t = 12.However, the correct result at the moment should be 6.The
reason for the error is that the rule a3 → λ should not be executed at t=10.
Compared the contents of Table 1 and Table 2, it will be found that the number
of spikes in the neuron σsum0 is diﬀerent from t = 10.As for the other neurons,
the number of spikes they contain, except neuron σAdd , has not changed from
beginning to end.As for the other neurons, the number of spikes they contain,
except neuron σAdd , has not changed from beginning to end. The number of
spikes in the neuron σAdd in the two tables diﬀers depending on the number of
spikes in the neuron σsum0 .It can be concluded that the diﬀerence in the number
of spikes in neuron σAdd causes the SN P system to output diﬀerent numbers of
spikes train the external environment.
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The completeness of the cases test

The above test can only verify that there is an forgeting rule error in neuron
σsum0 .Whether the other neurons σsumi (0 < i < k) have similar rules problem,
this test can not verify it. Therefore, the SN P systems in ﬁgure 1 and the in ﬁgure
2 need to be tested for completeness[12].However, the diﬃculty of completeness
testing is that it is necessary to∏know all the possibilities that need to be tested.
For a particular SN P system Add (n, k), it is necessary to list all possible test
cases.Therefore, for an SN P system σAdd (n, k), we need to ﬁnd a complete test
program for it.Through the above analysis, we know that the calculation of the
error is due to the rules deﬁned in neurons σsumi (n, k)(0 ≤ i ≤ k − 1).
(1)If there is 0 ≤ Bj < n for any j ∈ {0, 1, · · · , k − 1}, then this example test
only needs to provide one.That is the number of such test as shown below.
cn1 = Ck0 = 1.

(5)

(2)If there exists j ∈ {0, 1, · · · , k − 1} such that Bj = n,then the number of
such tests is shown below.
cn2 =

k
∑

Ckj .

(6)

j=1

According to (1) and (2), the number of examples that need to be tested is
expressed as follows.
cn = cn1 + cn2 =

k
∑

Ckj = 2k .

(7)

j=0

∏ For example,It is now necessary to test the correctness of the SN P system
M ulti (3, 3).Thus, for comparison of the SN P system in ﬁgure 3 and system in
ﬁgure 4, 8 tests are required for completeness.The following table 3 gives tests
for the eight diﬀerent cases.

t X1
X2
X3
S1
S2
1 101(5) 110(6) 011(3) 1110(14) 1110(14)
2 101(5) 110(6) 111(7) 10010(18) 10010(18)
3 111(7) 110(6) 011(3) 1010(10) 10000(16)
4 101(5) 111(7) 011(3) 1100(12) 1111(15)
5 111(7) 110(6) 111(7) 1110(14) 10100(20)
6 101(5) 111(7) 111(7) 10000(16) 10011 (19)
7 111(7) 111(7) 011(3) 1000(8) 10001 (17)
8 111(7) 111(7) 111(7) 1100(12) 10101(21)
Table 3. Comparison of the addition results of the SN P system illustrated in Figure
3 and the SN P system illustrated in Figure 4
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Note that x1 , x2 , x3 represent three binary natural numbers of length 3.S1 and
S2 represent the sum of system in ﬁgure 3 and system in ﬁgure 4, respectively.

5

Conclusions

In this paper,it is studied to compute the product of any two decimal natural
numbers by using a new kind of spiking neural P system. No matter in theory or
in practice, it is eﬀective to use the system to calculate any two natural products.
Therefore, this paper provides a new method for the CPU design of the spiking
neural P system. It should be noted that the hardware structure designed here
can only calculate the product of any two unsigned decimal integers ,but it is
invalid to the product of the signed integers. Therefore, in the next phase the
existing spiking neural P system will be improved so that it can be used to
compute the product of any two signed decimal integers.
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The edited k-nearest neighbor classifiers evolved
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Abstract. In this paper we propose a new edited k-nearest neighbor
classifiers evolved by P systems, called Edited-kNN-P. We design a tissuelike P system consisting of several cells as the computational framework.
The tissue-like P system is used to evolve an optimal edited sample
subset from original data set. Each object in cells is a candidate indictor
vector, which indicates which samples are contained in the edited subset.
The discrete velocity-location model is used to evolve the objects in cells,
and communication rules are used to share the objects between the cells
or between the cells and the environment. Based on the edited sample
subset, k-nearest neighbor algorithm is used to classify the unknown
samples. The effectiveness of the proposed approach is shown for 18
benchmark data sets. The results are also compared with eight recently
improved kNN algorithms as well as classical kNN algorithm.
Keywords: Membrane computing, P systems, k-nearest neighbor algorithms, classification.

1

Introduction

K-nearest neighbor (kNN) algorithm [1] is one of the most popular supervised
learning algorithm, the idea of which is to identify the k-nearest neighbors in
the data set for an unknown sample and then to determine the category of the
unknown sample according to these neighbors. Because of its simplicity and effective performance, the kNN algorithm has been widely used in various fields [2–4],
such as data mining, pattern recognition, machine learning, bioinformatics.
The kNN algorithm was first introduced by Cover and Hart [1], and then
many improved kNN algorithms have been proposed. In order to further improve the performance of kNN algorithm, Keller et al. [5] introduced fuzzy
set theory into k-nearest neighbor technique and developed its a fuzzy version,
called fuzzy-kNN. Denoeux [6] proposed a k-nearest neighbor algorithm based on
Dempster-Shafe principle, called D-SKNN, which estimates the distance costs of
the expected lower and higher categories according to the k nearest neighbors of
the examples in the training set, and then assigns the examples to the the class
with lowest cost. Kuncheva [7] introduced an intuitionistic fuzzy k-nearest neighbor rule to develop a fuzzy kNN algorithm, called IF-KNN, which is a kind of
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voting rules that contain intuitionistic fuzzy set (for a certain class, if the membership of a voting instance is above a low threshold and the non-membership
is below a high threshold, the voting result is positive; otherwise, the voting
is considered to be negative). Rhee and Hwang[8] presented a kNN algorithm
based on interval type-2 fuzzy sets, called T2FKNN. Arif et al. [9] proposed a
pruning fuzzy k-nearest neighbor classifier for the classification, called PFKNN,
which firstly establishes a series of prototype data that represent the boundary
points of different clusters in data set and then increases the misclassified reference set. In addition, Hu and Xie [10] proposed a genetic algorithm to improve
the fuzzy kNN algorithm, called GAfuzzy-kNN. Derrac et al. [11] proposed an
evolutionary fuzzy k-nearest neighbor algorithm based on interval-valued fuzzy
sets, called EF-kNN-IVFS, which uses interval-valued fuzzy sets to compute the
membership degrees of fuzzy kNN training instances.
The complexity of a kNN algorithm is related to the number of samples in
the training set, and the training set is required for the identification of each
unknown sample. Therefore, the computational efficiency and performance of
kNN are severely limited in the case of large-scale samples. In order to overcome
the shortcoming, the edited kNN algorithm has received much attention. Wilson
[12] presented an editable KNN algorithm. Yang and Cheng [13] introduced an
edited fuzzy kNN algorithm, called FENN, which is the fuzzy version of the
Wilson’s edited kNN algorithm. Gil-Pita et al. [14] proposed an evolutionary
editable k-nearest neighbor classifier, which obtains an edited sample set by
evolutionary techniques and then uses the edited training set to train the kNN
algorithm.
Membrane computing is a class of distributed parallel computing models,
known as P systems or membrane systems, inspired by the structure and functioning of living cells as well as the cooperation of cells in tissues, organs, and
biological neural networks [15, 16]. In recent years, application of P systems
in machine learning has received great attention. Zhao et al [17] presented an
improved clustering algorithm, in which the rules in cell-like P systems were
used to realize classical k-medoids algorithm. Huang et al. [18] proposed a clustering algorithm in the framework of membrane computing, PSO-MC, which
uses the velocity-location model and communication mechanism of objects in
cells to determine the cluster centers. Peng et al. [19] proposed a clustering algorithm, DE-MC, which uses the differential evolution mechanism instead of
the velocity-location model. Jiang et al. [20] proposed a membrane clustering
method using genetic operations as an evolution rules. Peng et al. [21] proposed
a fuzzy clustering algorithm based on membrane system. Liu et al [22] used a
cell-like P systems with promoters and inhibitors to develop a k-medoids clustering algorithm. In [23], a membrane clustering algorithm with hybrid evolution
mechanism is discussed. In addition, two automatic clustering algorithms using membrane systems are presented in [24] and [25]. Wang [26] discussed a
decision tree algorithm that is induced by membrane systems.
This paper focuses on the edited kNN algorithm and develops an edited kNN
classifier evolved by the P system, called Edited-kNN-P. In order to improve the
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performance of kNN algorithm, under the framework of membrane computing,
an edited training sample set is obtained by using the communication mechanism
between the cells and the evolution rules based on PSO’s velocity-location model,
which is a subset of the original sample set, and then the kNN algorithm is
trained on the edited sample set.
The remainder of this paper is organized as follows. Section 2 reviews the
kNN and edited-kNN classifiers. Section 3 describes in detail the proposed edited
k-nearest neighbor classifier evolved by the P system. Experimental results and
analysis are provided in Section 4. Conclusions is given in Section 5.

2
2.1

kNN and edited-kNN classifiers
kNN classifier

K-nearest neighbor (kNN) classification is one of the most popular classifiers. It
uses the similarity to determine k nearest neighbors for an unknown sample, and
the category with maximum probability (the highest number of occurrences) is
used as its class.
Suppose D = {x1 , x2 , . . . , xn } is a set of n labeled samples, and y is a sample
of an unknown class. Fig. 1 gives a classical kNN algorithm.

BEGIN
Input unknown sample y;
Set k (1kn );
i1;
DO UNTIL (finding k nearest neighbors)
Calculate the similarity between y and xi;
IF (ik) THEN
Include xi into the k nearest neighbor set of y;
ELSE IF (xi is closer to y than any previous nearest neighbor)
Eliminate the farthest neighbor in the k nearest neighbor set;
Include xi into the k nearest neighbor set of y;
END IF
ii+1;
END UNTIL
Determine the maximum probability category in the k nearest neighbor set;
Assign y into the maximum probability category;
END

Fig. 1. kNN algorithm.

KNN algorithm is simple and easy to implement, however, the complexity
of the algorithm is seriously related to the size of the sample set. The classification of each unknown sample needs to determine its k nearest neighbors from
the sample set. As a result, the performance of the kNN algorithm is severely
constrained in the case of large sample set.
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The edited kNN classifier

In order to solve the problems encountered by the kNN algorithm, a called edited
nearest neighbor rule is proposed to generate an edited training set for the kNN
algorithm, which is a subset of the entire training set. Noted that some training
patterns are excluded, and outliers are removed. This edited training set will
be used to train the kNN classifier. Therefore, the decrease in the number of
training patterns leads to a reduction of the required computational cost.
To construct the edited training set, it is often determined by the index of the
subset. In order to apply the optimization technique, each subset is associated
with an n-dimensional binary vector b, in which z is the total number of training
samples in the original training set. If ith bit is activated, that is, z[i] = 1,
the corresponding ith training sample in training set is included in the subset,
1 ≤ i ≤ n. Therefore, training patterns contained in the edited training
set S
P
are a reduction set of the original training set. Thus, |S|  n,
z[i]
= S.
i
Generally, the binary vector z is determined by the minimum value of some
objective function. In this task, the different optimization techniques can be
applied to obtain the optimal vector z.
For this optimization process, the key is the determination of objective function, and the classification accuracy is usually used as the objective function in
literature:
n
1X
h (xi ) + αzi
(1)
F =
n i=1
where vector z = (z1 , z2 , . . . , zn ) indicates that current edited subset is S =
{xi | zi = 1 ∧ i ∈ {1, 2, . . . , n}}. Based on the subset S, we can determine k
nearest neighbors of each sample xi in the original sample set by calculating the
distance (or similarity) of it to the subset S, and then estimate the category of
sample xi according to the k nearest neighbors. Thus, h(xi ) can be determined
as follows: if the actual class of the sample xi is inconsistent with the estimated
category (misclassification), then h(xi ) = 1, otherwise, h(xi ) = 0.

3

The edited k-nearest neighbor classifier evolved by the
P systems

One problem related to k-nearest neighbor classifier is that when the training
sample set is too large, kNN algorithm needs to spend too much time in calculating the distance (or similarity) between the unknown sample and all the
training samples. To overcome this shortcoming, this paper proposes a scheme
to develop an edited k-nearest neighbor classifier. The proposed scheme uses a
P system to evolve an edited sample set, which is a subset of the original sample
set. The kNN classifier will classify the unknown samples based on the edited
sample set. In contrast to the original sample set, the cost of computing distance
(or similarity) is greatly reduced due to the reduced number of samples.
Fig. 2 shows the structure of this scheme, which includes two steps: in the
first step, the P systems are used to evolve the original data set to form an edited
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data set; in the second step, the kNN classifier is trained in the edited data set
(the same with the standard kNN algorithm). Therefore, the key to this scheme
is the first step, which is to optimize an edited data set by using a P system,
thus we focus on how the first step is implemented. However, the second step
uses the standard kNN algorithm, as shown in Fig. 1.

Evolution

Training
Original dataset

P systems

Edited dataset

kNN classifier

Fig. 2. The structure of the edited k-nearest neighbor classifier

3.1

Objective function

In order to construct an edited sample set from a sample set D containing n
samples, the idea is to introduce an indicator vector z = (z1 , z2 , . . . , zn ), where
zi ∈ {0, 1}, and n is the number of the original samples. If zi = 1, the ith sample
xi is included in the edited sample set; otherwise, if zi = 0, the ith sample xi is
not included in the edited sample set.
In the proposed scheme, we hope that under the control of a certain criterion,
the optimal indicator vector z = (z1 , z2 , . . . , zn ) will be searched by the P system.
Then, the samples with component 1 are selected into the edited sample set, and
the samples with component 0 are discarded.
In order to search the optimal indicator vector z = (z1 , z2 , . . . , zn ) by the P
system, an optimization criterion is required, that is, the objective function to
be optimized. In this paper, the MSE-based function is used as the objective
function [14]:
2
n
c 
1 X X ki [j]
F =
− δ [j − ci ]
(2)
nc i=1 j=1
k
In the MSE-based criterion (2), a kNN classifier is viewed as a system with c
outputs (i.e., c classes), each corresponding to one output; for ith sample xi
in the original sample set, ki [j] is the number of samples that belong to jth
class according to the k nearest neighbors in the current sample subset S; ci ∈
{1, 2, . . . , c} denotes the index of the class to which ith sample xi belongs; δ(·) is
called Kronecker Delta function: if ci = j, δ[j − ci ] = 1, otherwise, δ[j − ci ] = 0.
Note that the current indicator vector z = (z1 , z2 , . . . , zn ) corresponds to a
sample subset S = {xi | zi = 1 ∧ i ∈ {1, 2, . . . , n}}.
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Thus, the optimal edited sample subset problem can be considered as an
optimization problem:

n
c
 min F (z , z , . . . , z ) = 1 P P ( ki [j] − δ[j − c ])2
1 2
n
i
nc
k
z1 ,z2 ,...,zn
(3)
i=1 j=1

s.t. zi ∈ {0, 1}, 1 ≤ i ≤ n
3.2

The designed P system

In the proposed scheme, a tissue-like P system is designed to search the optimal
indicator vector z = (z1 , z2 , . . . , zn ), which corresponds to an optimal edited
data set. This tissue-like P system consists of q cells, and each cell contains m
objects, shown in Fig. 3. The q cells will cooperatively search for the optimal
indicator vector. Digital “0” labels the environment, and there is one object in
the environment, denoted by zbest , which is the best object for the whole system.

0
1

2

q

Fig. 3. The designed tissue-like P system.

Denote by zji the jth object in ith cell, i = 1, 2, . . . , q, j = 1, 2, . . . , m. Arrows
in Fig. 3 indicate the communication of objects. It can be found from the figure
above, there are two cases of object communication: (1) the communications of
objects between the q cells in an unidirectional ring; (2) the communications of
objects between the q cells and the environment. The communication of objects
between each cell and the environment is mainly used to update the best object
i
of the system, zbest
.
The environment is also the output region of the system. When the system
halts, the best object in the environment is the optimal solution, that is, the
optimal instruction vector for determining the optimal edited subset.
Object representation Each object in cells represents a candidate indicator
vector, which indicates whether the corresponding samples in the original sample
set are included in the edited sample subset, that is, if a component is zi = 1, the
edited subset contains ith sample. Thus, the objects in cells can be considered
to be an n-dimensional binary vector.
Each cell uses m objects in parallel to complete the search task. Since the
samples in the training set do not change, the subscript of each sample can be
used to represent it, so the integer set {1, 2, . . . , n} corresponds to the training
samples {x1 , x2 , . . . , xn }. Each object represents a n-dimensional binary vector,
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z = (z1 , z2 , . . . , zn ), where zi = 0 or 1. Thus, each object can be designed as an
n-dimensional binary vector: z = (z1 , z2 , . . . , zn ).
In order to formally describe each object in the P system, denote by zji the
jth object in ith cell, i = 1, 2, . . . , q, j = 1, 2, . . . , m, and it can be expressed as
i
i
i
zji = (zj1
, zj2
, . . . , zjn
)

(4)

i
where zjr
= 0 or 1, r = 1, 2, . . . , n.
When implementing, you can use a three-dimensional integer array to represent all objects in the P system.

Object evaluation For each object in the P system, z = (z1 , z2 , . . . , zn ), the
scheme uses the MSE-based criterion (2) to evaluate it, that is, f (z) = F |z
Suppose D = {x1 , x2 , . . . , xn } is the original sample set, the current object
(the indicator vector) z = (z1 , z2 , . . . , zn ) corresponds to a sample subset S =
{xi | zi = 1∧i ∈ {1, 2, . . . , n}}, S ⊆ D. In the criterion (2), c denotes the number
of classes for this classification system. For an object z, the corresponding fitness
value F can be calculated as follows:
(i) For ith sample xi in the original sample set D, calculate its k nearest neighbors in the sample subset S that the current object corresponds to, and then
determine the number of samples belonging to class j in the k nearest neighbors. Thus, we can obtain kik[j] − δ[j − ci ]. For each class in the c classes,
2
Pc 
repeat the above steps to compute Fi = j=1 kik[j] − δ[j − ci ] .
(ii) For each sample in the original sample set D, after calculating the corresponding Fi , the entire F value can be obtained by accumulating all Fi .
Evolutionary rule In this scheme, the discrete velocity-location model is used
as evolution rules. Thus, for jth object in ith cell, evolution rules are as follows:
i
i
vji = vji + c1 r1 (pij − zji ) + c2 r2 (zext
− zji ) + c3 r3 (zbest
− zji )

1, r4 < g(vji );
zji =
0, otherwise.


where g vji =

1
1+exp(−vji )

(5)
(6)

is the sigmoid function; c1 , c2 and c3 are learning rate

constants; r1 , r2 , r3 and r4 are random real numbers in [0, 1]; vji and zji are the
velocity and position vectors of jth object in ith cell; pij is the best position for
i
jth object in ith cell so far; zext
is called an external object, which is the object
i
that is communicated from other cells, and zbest
is the best object for the ith
cell.
Communication rules The designed tissue-like P system has two types of
communication rules:

8

J. Hu, G. Chen, H. Peng, J. Wang

(i) Antiport rules: < i, a; b, j >, where a is the object in ith cell, and b is the
object in jth cell, i, j = 1, 2, . . . , q;
(ii) Symport rules: < i, a; λ, 0 >, where a is the object in ith cell and λ denotes
the empty object, i = 1, 2, . . . , q.
Antiport rules are used for sharing and exchanging objects between the q
cells. Symport rules are used to realize the exchange of objects between the
cells and the environment, and in particularly to update the best objects in the
environment. The updating formula can be written as follows:
(
i
zi,best , if f (zi,best ) < f (zbest
)
i
(7)
zbest =
i
zbest , otherwise
i
where zi,best is the best object found in ith cell so far, zbest
is the best object
in the environment, and f (z) represents the fitness value of the object z. Note
i
that zbest
and zi,best are two n-dimensional vectors.

Termination condition The most simple halting condition is used: specifying
the maximum number of steps (that is, the maximum number of iterations)
Maxstep. Thus, the P system starts from the initial configuration, and continues
to run until it reaches the maximum number of iterations, and then it halts.
Output results After halting, the best object in the environment is regarded
as the solution of the optimization problem (3), which is a n-dimensional binary
vector, corresponding to an optimal edited subset of the original training data
∗
set. For example, let the best object be zbest
= (z1∗ , z2∗ , . . . , zn∗ ); if zi∗ = 1, ith
object in the original training set is contained in the edited training subset S.
Thus, we can construct the optimal edited subset as follows:
S = {xi ∈ D | zi∗ = 1 ∧ i ∈ {1, 2, . . . , n}}

4

(8)

Experimental results and analysis

In order to demonstrate the availability and effectiveness of the proposed scheme,
18 benchmark data sets from UCI are used in the experiments, and the proposed
method is compared with eight improved k-nearest neighbor algorithms as well
as the classical kNN algorithm. Moreover, we also provide the comparison results
of these algorithms under different k values.
4.1

Data sets

Table 1 gives the 18 classification data sets used in the experiments. In Table
1, we provide three characteristics for each data set: the number of instances
(#Ins), the number of attributes (#AL), and the number of classes (#CL).

The edited k-nearest neighbor classifiers evolved by P systems

Table 1. Data sets considered in experiments.
Data set

#Ins. #At. #Cl.

Balance
625
Dermatology
358
Ecoli
336
Glass
214
Haberman
306
Hayes-roth
160
Ionosphere
351
Iris
150
Mammographic
830
Monk-2
432
Penbased
10,992
Pima
768
Spambase
4597
Spectfheart
267
Wine
178
Winequality-red
1599
Winequality-white 4898
Yeast
1484

4
34
7
9
3
4
34
4
5
6
16
8
57
44
13
11
11
8

3
6
8
7
2
3
2
3
2
2
10
2
2
2
3
11
11
10

Table 2. Parameters configuration of the proposed and compared algorithms
Algorithm

Reference Parameters

kNN
Fuzzy-kNN
D-SKNN
IF-KNN

[1]
[5]
[6]
[7]

FENN
IT2FKNN
GAfuzzy-kNN

[13]
[8]
[10]

PFKNN
EF-kNN-IVFS

[9]
[11]

Edited-kNN-P

-

k value: 7
k value: 5, kInit: 3, m: 3
k value: 5, α : 0.95, β : 1.0
k value: 3, mA: 0.6, vA: 0.4, mR: 0.3,
vR: 0.7, kInit: 3
k value: 5, k (edition): 5, kInit: 3
k value: 7, kInit: {1,3,5,7,9}, m: 2
k value: 5, kInit: 3, m: 2, population size: 50,
Evaluations: 500, crossover probability: 0.8
Mutation probability: 0.01
k value: 9
k value: 9, kInit range: (1,32), m range :[1,4],
Sn : 32, population size: 50, evaluation: 500
k value: 3, c: 0.2, r: [0,1]
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Parameter setting

Table 2 provides the parameter settings of the proposed and compared algorithms. The parameter values of these compared algorithms are derived from
the literature [27].
Table 3. Comparison results of the proposed and compared algorithms (k=3)
Data sets

Edited EF-kNN kNN Fuzzy D-SKNN IF-K FENN IT2 GAfuzzy PFKNN
-kNN-P -IVFS
-kNN
NN
KNN -kNN
Balance
88.82
84.16 83.37 84.97 81.45 83.84 87.84 83.53 84.01
73.91
Dermatology
98.75
96.04 96.90 96.62 96.90 96.90 96.06 96.90 96.90
74.85
Ecoli
91.76
83.07 80.67 82.77 80.67 82.17 82.17 82.78 82.75
79.77
Glass
72.73
73.66 70.11 72.83 71.00 69.99 69.39 73.82 71.85
71.09
Haberman
75.00
70.61 70.58 68.31 69.94 71.55 69.94 68.30 69.63
67.01
Hayes-roth
57.50
66.25 25.00 64.38 60.00 50.00 56.25 65.00 63.13
64.38
Ionosphere
88.75
86.32 94.00 94.00 94.00 94.00 95.33 94.00 94.00
86.67
Iris
100.00 94.00 85.18 84.61 85.18 84.90 84.04 84.61 84.90
79.76
Mammographic
80.91
79.16 80.12 79.40 78.68 80.49 80.38 78.56 78.43
77.72
Monk-2
73.64
84.33 96.29 78.33 96.29 96.29 79.77 79.47 81.80
72.52
Penbased
98.97
99.34 99.32 99.34 99.34 99.33 99.31 99.34 99.30
98.85
Pima
78.33
74.36 72.93 73.18 72.93 74.10 73.70 74.23 73.58
71.62
Spambase
90.00
91.26 89.23 90.91 89.80 90.17 89.28 90.97 90.91
86.84
Spectfheart
97.50
73.45 71.20 73.85 71.20 72.72 75.70 73.45 74.22
68.96
Wine
98.00
95.49 95.49 95.49 95.49 95.49 95.49 95.49 95.49
93.79
Winequality-red
49.43
67.42 52.41 67.54 60.35 59.66 57.78 67.85 67.23
66.79
Winequality-white 52.47
67.31 48.92 66.89 59.51 57.35 56.08 67.48 66.40
66.21
Yeast
56.67
57.75 53.17 56.74 55.73 56.88 57.21 57.82 56.54
55.80

4.3

Experimental results

In the experiments, classification accuracy is used to evaluate the performances of
the proposed and compared algorithms. In these experiments, 4 prior parameters
k are given respectively, that is, k = 3, 5, 7, 9. According to different k values,
four groups of experimental results are completed on the 18 benchmark datasets.
Table 3 - Table 6 provide the experimental results of the proposed Edited-kNNP, the classical kNN algorithm and the eight improved kNN algorithms on 18
benchmark data sets under different parameter values k = 3, 5, 7, 9. For each
data set, the best experimental result has been marked in bold font.
For the case of k = 3, we can observe that the proposed Edited-kNN-P
algorithm achieves the highest accuracy on nine data sets: Balance, Dermatology, Ecoli, Haberman, Iris, Mammographic, Pima, Spectfheart and Wine.
IT2FKNN algorithm achieves the highest accuracy on five data sets: Glass, Penbased, Winequality-red, Winequality-white and Yeast. EF-kNN-IVFS algorithm
achieves the highest accuracy on Hayes-roth, Penbased and Spambase. D-SKNN
algorithm achieves the highest accuracy on Monk-2 and Penbased. kNN, FuzzykNN, IF-KNN and FENN algorithms achieves the highest accuracy on Monk-2,
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Penbased, Monk-2 and Ionosphere, respectively. However, GAfuzzy-kNN and
PFKNN algorithms didn’t win once.
Table 4. Comparison Results of The Porposed and Compared Algorithms (k=5)
Data sets

Edited EF-kNN kNN Fuzzy D-SKNN IF-K FENN IT2 GAfuzzy PFKNN
-kNN-P -IVFS
-kNN
NN
KNN -kNN
Balance
92.35
87.84 86.24 88.63 86.56 88.00 89.27 87.83 88.00
81.13
Dermatology
98.75
96.62 96.33 96.33 96.33 96.06 96.35 96.35 96.35
74.86
Ecoli
91.76
82.49 81.27 82.46 80.97 80.70 81.56 82.17 82.48
80.38
Glass
70.91
73.38 66.85 72.57 68.76 68.33 69.06 71.56 73.38
71.08
Haberman
75.00
67.98 66.95 67.34 67.28 69.26 71.24 67.66 68.95
68.61
Hayes-roth
62.50
66.88 27.50 65.63 50.63 50.63 58.13 63.75 64.38
70.00
Ionosphere
88.75
87.17 96.00 96.00 96.00 96.00 96.00 96.00 95.33
96.00
Iris
97.50
95.33 85.17 84.04 85.17 84.33 84.88 84.04 87.75
80.90
Mammographic
81.82
80.12 81.69 80.37 81.34 80.86 80.62 80.25 79.53
80.37
Monk-2
79.09
91.97 94.75 89.69 94.75 94.52 81.82 84.84 92.42
86.01
Penbased
98.90
99.37 99.23 99.24 99.24 99.22 99.20 99.25 99.32
98.89
Pima
76.11
74.49 73.06 72.93 73.06 73.06 73.31 73.58 74.36
72.92
Spambase
88.58
91.86 89.78 91.15 90.34 90.15 89.52 91.23 91.26
88.69
Spectfheart
100.00 73.11 71.97 74.23 71.97 72.35 78.28 73.48 75.00
71.60
Wine
98.00
94.93 96.05 96.01 96.05 96.05 96.60 96.01 95.49
96.08
Winequality-red
52.29
68.23 54.29 67.98 59.10 58.60 59.04 68.35 67.10
68.23
Winequality-white 52.53
67.97 50.80 67.52 57.35 57.11 58.02 67.82 66.40
68.11
Yeast
58.00
58.90 56.74 58.89 57.01 57.69 59.10 59.50 57.89
59.77

For the case of k = 5, we can observe that the proposed Edited-kNN-P algorithm achieves the highest accuracy on nine data sets: Balance, Dermatology,
Ecoli, Haberman, Iris, Mammographic, Pima, Spectfheart and Wine. PFKNN algorithm achieves the highest accuracy on four data sets: Hayes-roth, Ionosphere
, Winequality-white and Yeast. EF-kNN-IVFS algorithm achieves the highest
accuracy on Penbased and Spambase. kNN algorithm achieves the highest accuracy on Ionosphere and Monk-2. IT2FKNN algorithm achieves the highest
accuracy on Ionosphere and Winequality-red. Fuzzy-kNN, D-SKNN, IF-KNN
and FENN algorithms are all applied on the Ionosphere data set to obtain the
highest accuracy rate. GAfuzzy-kNN algorithm is only applied to the Glass data
set to obtain the highest accuracy rate.
For the case of k = 7, we can observe that the proposed Edited-kNN-P algorithm achieves the highest accuracy on ten data sets: Balance, Dermatology,
Ecoli, Haberman, Iris, Mammographic, Pima, Spectfheart, Wine and Yeast. EFkNN-IVFS algorithm achieves the highest accuracy on three data sets: Penbased,
Spambase and Winequality-red. kNN and D-SKNN algorithms achieve the highest accuracy on Ionosphere and Monk-2. PFKNN algorithm achieves the highest
accuracy on Hayes-roth and Winequality-white. GAfuzzy-kNN and IF-KNN algorithms achieve the highest accuracy on Glass and Ionosphere, respectively.
However, Fuzzy-kNN, FENN and IT2FKNN algorithms didn’t win once.
For the case of k = 9, we can observe that the proposed Edited-kNN-P
algorithm achieves the highest accuracy on ten data sets: Balance, Dermatology,
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Table 5. Comparison Results of The Porposed and Compared Algorithms (k=7)
Data sets

Edited EF-kNN kNN Fuzzy D-SKNN IF-K FENN IT2 GAfuzzy PFKNN
-kNN-P -IVFS
-kNN
NN
KNN -kNN
Balance
94.12
88.64 88.48 88.80 89.12 88.48 88.79 88.80 89.28
85.75
Dermatology
100.00 96.63 96.34 96.06 96.34 95.78 96.06 96.34 95.78
74.83
Ecoli
90.59
83.07 82.45 82.75 81.86 82.77 80.08 82.45 82.76
81.57
Glass
67.27
71.86 66.83 72.57 66.83 67.38 66.74 72.11 73.30
70.75
Haberman
77.50
69.28 69.90 68.97 70.23 71.55 73.86 68.96 67.33
69.61
Hayes-roth
57.50
66.25 28.75 63.75 40.00 40.63 54.38 63.75 63.75
68.75
Ionosphere
88.75
86.89 96.00 95.33 96.00 96.00 94.00 95.33 95.33
95.33
Iris
97.50
95.33 84.03 84.32 84.03 84.60 84.31 84.32 87.19
81.74
Mammographic
81.82
79.65 81.71 80.25 80.50 80.73 80.50 79.54 78.33
80.01
Monk-2
70.91
86.16 89.16 84.11 89.16 87.34 80.17 82.50 84.33
82.97
Penbased
98.50
99.38 99.13 99.15 99.12 99.11 99.09 99.14 99.32
98.81
Pima
76.11
73.84 72.93 72.80 72.93 72.54 73.70 73.58 73.83
72.67
Spambase
90.00
91.65 89.34 90.76 89.89 89.54 89.45 90.93 91.19
89.19
Spectfheart
100.00 77.21 77.58 77.95 77.58 76.81 77.17 77.55 78.69
77.18
Wine
98.00
95.49 96.63 97.19 96.63 96.63 97.19 97.19 96.05
95.49
Winequality-red
55.43
69.29 55.29 68.10 58.91 58.29 59.16 68.73 67.48
69.10
Winequality-white 52.47
68.34 50.92 67.89 56.57 56.53 58.76 68.38 66.74
68.74
Yeast
60.67
59.31 57.49 59.84 58.02 58.02 58.90 59.91 58.29
60.18

Ecoli, Haberman, Iris, Mammographic, Pima, Spectfheart, Wine and Yeast. EFkNN-IVFS algorithm achieves the highest accuracy on three data sets: Penbased,
Spambase and Winequality-red. kNN, D-SKNN and IF-KNN algorithms achieve
the highest accuracy on Ionosphere and Monk-2. PFKNN algorithm achieves the
highest accuracy on Hayes-roth and Winequality-white. Fuzzy-kNN and FENN
algorithms achieve the highest accuracy on Glass and Ionosphere, respectively.
However,IT2FKNN and GAfuzzy-kNN algorithms didn’t win once.
To sum up, the above experimental results show that the performance of
the edited nearest neighbor classifier evolved by the P system is better than the
other nine methods

5

Conclusions

In this paper, we propose a novel k-nearest neighbor classifier evolved by P system, called Edited-kNN-P. The classifier consists of two stages: (i) an edited
sample subset is generated; (ii) classical k-nearest neighbor algorithm is used.
In the proposed scheme, it is considered as an optimization problem how to
determine an optimal edited sample subset for original data data. Therefore, a
tissue-like P system is designed to solve the optimization problem. In the first
stage, the tissue-like P system to generate the edited sample subset by optimizing
a set of binary indictor vectors under the control of evolution rules and communication rules. The unknown samples are classified based on the edited sample
subset in the second stage. In experiments, the proposed algorithm, classical kNN algorithm and recently developed kNN algorithms were evaluated on eighteen
benchmark data sets. The experimental results demonstrate the availability and
effectiveness of the proposed method.
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Table 6. Comparison Results of The Porposed and Compared Algorithms (k=9)
Data sets

Edited
-kNN-P
Balance
97.50
Dermatology
97.50
Ecoli
88.24
Glass
65.45
Haberman
75.00
Hayes-roth
60.00
Ionosphere
88.75
Iris
97.50
Mammographic
82.27
Monk-2
73.64
Penbased
98.27
Pima
76.67
Spambase
87.42
Spectfheart
100.00
Wine
98.00
Winequality-red
53.71
Winequality-white 53.67
Yeast
61.33

6

EF-kNN
-IVFS
89.28
95.78
83.33
71.34
71.25
66.25
85.75
94.67
79.63
85.78
99.38
73.71
91.84
78.30
96.05
69.36
68.54
59.91

kNN Fuzzy
-kNN
89.44 88.96
95.78 96.06
81.26 83.34
66.08 71.66
71.55 68.30
30.00 63.13
95.33 94.67
84.32 84.03
81.23 80.14
86.20 82.76
99.04 99.14
73.19 73.45
88.88 90.71
76.79 78.69
96.08 96.08
55.60 67.92
51.04 68.27
57.62 59.98

D-SKNN IF-K
NN
89.44
88.63
95.78
95.50
80.96
81.54
65.60
65.02
71.23
72.56
35.63
39.38
95.33
95.33
84.32
84.31
80.73
80.72
86.20
86.20
99.03
98.99
73.19
72.93
89.56
89.15
76.79
77.15
96.08
96.08
58.98
57.72
55.74
55.57
59.57
59.04

FENN IT2
KNN
88.48 88.95
95.22 96.06
80.67 83.64
65.68 69.76
74.84 68.98
53.13 63.13
95.33 94.67
84.32 84.03
79.91 79.29
79.45 81.39
98.94 99.14
74.23 74.10
89.36 90.89
76.44 78.29
95.49 96.05
59.16 68.98
58.62 68.07
59.64 60.25

GAfuzzy
-kNN
89.60
95.49
83.92
70.09
70.30
61.88
94.00
87.75
79.06
83.21
99.33
73.18
91.15
76.82
96.60
67.35
66.25
57.82

PFKNN
87.52
74.27
83.64
69.74
70.59
69.38
94.00
81.47
80.13
81.87
98.74
72.79
90.30
76.81
95.49
69.35
68.56
60.45
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Abstract. This paper proposes a multi-objective particle swarm membrane optimization algorithm (MOPSMO) and typical multi-objective
optimization test functions are employed to test its performance. Multiobjective energy management model is built by considering microgrid
operation costs and pollutant emissions. Subsequently, MOPSMO is used
to find Pareto optimal set of the proposed model. On the basis, an energy management method of microgrids based on MOPSMO is proposed.
Finally, a typical microgrid is considered as an example and simulation
experiments show that the method achieves the multi-objective control
strategy with low operation costs and less pollutant emissions as well as
improves the rationality of microgrids output.
Keywords: membrane computing, multi-objective particle swarm membrane optimization algorithm, multi-objective optimization, microgrid,
energy management

1

Introduction

Membrane computing (P systems) is a new computability model proposed in
1998 by Gheorghe Păun. P systems have been widely used in computer science,
economics, combinatorial optimization, cryptology, fault diagnosis, and other
fields, due to the distributed parallel and powerful computing power [1, 2]. Membrane algorithms are hybrid optimization algorithms combining the membrane
structure, evolution rules, computer systems and evolutionary computation. As
one of the hot topic of P systems, membrane algorithms have made a great deal of
achievements in solving optimization problems [3–5], such as knapsack problem
[5], traveling salesman problem, robot path planning and energy management of
microgrids [14, 15].
?
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Microgrids are integrated systems composed of loads, microsources and energy storage devices, where microsources are variable distributed generations
(DGs). Energy management systems are usually used in microgrids to guarantee
their efficient and stable operation by intelligent controlment and automatic dispatching decision. High quality energy management is a key point to ensure the
microgrid reliable operation considering efficient utilization of new energies and
optimal allocation of resources, and has become a hot issue with rich achievements [6–9].
Microgrid energy management problems can be described as multi-objective
optimization problems because several control objectives are considered, such
as operating costs, system network losses and outage probabilities. In general,
there are two ways to solve multi-objective optimization problems. One is to convert objective functions into a single-objective function and then single-objective
optimization algorithms are used to solve the problems [10], such as genetic algorithm (GA) [6] and particle swarm algorithm (PSO) [11]. This way is easy
to achieve with fast searching speed, but it is difficult to choose appropriate
weights of the single-objective function and easy to appear premature convergence. The other one uses multi-objective optimization algorithms to directly
solve the problems, such as multi-objective genetic algorithm (MOGA) [12] and
second generation of non-dominated sorting genetic algorithm (NSGA-II) [13].
This way can avoid the limitations caused by weight setting in the first method
and provide multiple feasible solutions by a Pareto optimal set. However, it is difficult to solve complex objective functions with long time and high computation
complexity and the distribution of Pareto optimal set is need to be improved.
So, high performance multi-objective optimization algorithms for energy management of microgrids are need further discussing.
Membrane algorithms have been widely used to solve microgrid energy management problems because of the great parallel characteristics and powerful computing ability. The algorithms have the merits of the good optimization ability
and the fast searching speed. In [14], a GA based on P systems was used to
solve the mathematical model of microgrids both in grid connected modes and
grid islanding ones. In [15], theoretical analysis of the dispatch of DGs was discussed by combining P systems, automatic adjustment of weights and PSO. Up
to now, most of the membrane algorithms to solve microgrid energy management
problems are single-objective ones. The optimization ability of these membrane
algorithms are improved, but the deficiencies are still existed, such as the singleness of results and the adaptability for complex control cases. Multi-objective
membrane algorithms can make up for these deficiencies with a fast solving speed
and good distribution and convergence of the Pareto optimal set. Therefore, it is
of great significance to combine P systems with multi-objective algorithms and
propose multi-objective membrane optimization algorithms for solving microgrid
energy management problems.
This paper proposes a new multi-objective optimization algorithm, called
multi-objective particle swarm membrane optimization algorithm (MOPSMO),
to fulfill microgrid energy management by combining P systems ingredients with
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multi-objective particle swarm optimization algorithm (MOPSO) in the framework of P systems. And then multi-objective test functions are used to compare
the convergence and distribution of MOPSMO and MOPSO. Besides, a microgrid energy management model is built, and objective functions and constraints
of this model are given. Subsequently, an energy management method of microgrids based on MOPSMO is proposed and a typical microgrid is used as an
example to carry out simulation experiments to get Pareto optimal set. Finally,
the comprehensive solution is chosen from Pareto optimal set by using fuzzy
decision making.
The rest of this paper is organized as follows. Section 2 introduces the
MOPSMO and tests its performance with classical multi-objective optimization
test functions. The multi-objective energy management model of microgrids is
built in Section 3. Then, Section 4 proposes the energy management method of
microgrids based on MOPSMO and finally simulation experiments are carried
out in Section 5.

2

Multi-Objective Particle Swarm Membrane
Optimization Algorithm

The MOPSMO is proposed by combining P systems and MOPSO with the external repository to retain non-dominated particles [16]. The algorithm is described
in detail, and performance tests and contrast experiments of the algorithm are
carried out.
2.1

Definition

The MOPSMO is designed in the framework of cell-like P systems. MOPSMO
is defined in detail and can be expressed:
Π = (O, µ, ω1 , . . . , ωm , R1 , . . . , Rm , i0 )

(1)

where:
(1) O = {dj }, where dj is the object corresponding to the individual in the
algorithm;
(2) µ is a membrane structure of degree m. The selected membrane structure is
shown in Fig. 1;
(3) ωi (i = m). It indicates the populations exist in the regions 1 to m in the
initial state;
(4) Ri (i = {1, 2}) is the evolution rule set, which contains two categories:
(a) R1 represents the information sharing rule, which is in charge of the
information sharing between cell membranes;
(b) R2 represents the optimal transfer rule, which is in charge of merging
optimal solutions and ending iterations when iterations requirement are
met;
(5) i0 is the output membrane region.
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R2

R2

R2

R1

R1

……
2

1

m

R1
0

Fig. 1. Membrane structure of MOPSMO

Combined with Fig. 1, the specific execution steps of MOPSMO are described
as follows:
(1) Initialize the membrane structure;
(2) Initialize populations within the skin membrane 0 and randomly assign the
populations to each elementary membranes, where at least one particle exists
in each elementary membranes to obtain parent-populations while not any
particle exists in the skin membrane;
(3) Perform MOPSO in each elementary membrane to obtain sub-populations;
(4) Perform R1 to transfer sub-populations in each elementary membrane to the
next membrane, where the sub-populations are combined and updated;
(5) The sub-populations, updated in each elementary membrane, are combined
and updated with their parent-populations. Then evaluate each particles in
each elementary membrane, keep all non-dominated particles, and obtain
alternative optimal set;
(6) Determine whether the termination condition is satisfied. If the condition
satisfies, perform (7); otherwise, proceed to (3);
(7) Perform R2 to transfer the alternative optimal sets, obtained from elementary membranes, to the skin membrane 0. Subsequently, all non-dominated
particles in membrane 0 are stored in the external repository and all dominated particles are eliminated to get Pareto optimal set;
(8) Output the Pareto optimal set.
2.2

Algorithm Test

This paper uses multi-objective optimization test functions ZDT4, FON and
SCH [17] to test the performance of MOPSMO. The test functions are described
in Table 1. The Generational Distance (GD) [18] as the convergence index which
can be expressed as (2), and the spatial evaluation method Spacing (SP) [19] as
the distribution evaluation index which can be expressed as (3).
v
u n
1 uX 2
GD = t
d
(2)
n i=1 i
where n is the number of solutions in the non-dominated set, di is the Euclidean
distance (measured in objective space) between each of these and the nearest
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member of the known Pareto front. The smaller the GD value, the closer to the
Pareto front.

v
u
u
SP = t

n

2
1 X ¯
d − di
n − 1 i=1

(3)

where di = minj (|f1j (x) − f1i (x)| + |f2j (x) − f2i (x)|), i, j = 1, . . . , n, d¯ is the mean
of all di , and n is the number of solutions in the non-dominated set. The smaller
the SP value, the more uniform the optimal set.

Table 1. Multi-objective optimization test functions
Test functions

Definition
f1 (x1 ) = x1

f2 (x) = g 1 −
ZDT4

q

( fg1 )

g(x) = 1 + 10(m − 1) +

m
P

(x2i − 10 cos(4πxi ))

i=2

FON

s.t. 0 ≤ x1 ≤ 1, 
−5 ≤ xi ≤ 5 i = 2,
 3, . . . , 10
3
P
f1 (x) = 1 − exp − (xi − √13 )2

 i=1
3
P
f2 (x) = 1 − exp − (xi + √13 )2
i=1

SCH

xi ∈ [−4, 4], i = 1, 2, 3
f1 (x) = x2
f2 (x) = (x − 2)2
s.t. − 105 ≤ x ≤ 105

Parameters of MOPSMO are set as follows: the elementary membranes number m = 5, the maximum iteration number M axIt = 300, the inertia weight
ω = 0.73, the population size nP op (ZDT4 and SCH are 200, FON is 43).
Fig. 2 show the MOPSMO is superior to MOPSO in distribution. Table
2 and Table 3 show the results of GD and SP of MOPSMO and MOPSO on
different test functions. The data of average (AVG) and variance (σ) are obtained
by algorithms running 10 times. It can be seen that MOPSMO is superior to
MOPSO in convergence and distribution. But the MOPSO has a better variance
of GD in the FON test function, and has a better variance of SP in the SCH
test function. Experimental data show that MOPSMO still has some room for
further improvement in the terms of algorithm stability.
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1

1

MOPSMO-ZDT4
MOPSO-ZDT4

3

0.5

0
0

4

0.5

0.5

1

(a)

0
0

MOPSMO-SCH
MOPSO-SCH

2
1

MOPSMO-FON
MOPSO-FON

0.5

(b)

1

0
0

2

4

(c)

Fig. 2. (a)Comparison of MOPSMO and MOPSO on ZDT4, (b)Comparison of
MOPSMO and MOPSO on FON, (c)Comparison of MOPSMO and MOPSO on SCH

Table 2. Comparison of AVG and σ of GD for MOPSMO and MOPSO
Text functions
ZDT4
FON
SCH

MOPSMO
MOPSO
GD(AVG)
GD(σ)
GD(AVG)
GD(σ)
0.0335872 0.00000002 0.03907312 0.00000306
0.08844137 0.00003408
0.10131345 0.00002155
0.17057849 0.00000227 0.17780443 0.00000536

Table 3. Comparison of AVG and σ of SP for MOPSMO and MOPSO
Text functions
ZDT4
FON
SCH

3

MOPSMO
SP(AVG)
SP(σ)
0.28005237 0.00000125
0.33788847 0.00019541
1.36339363 0.00051401

MOPSO
SP(AVG)
SP(σ)
0.31802445 0.00009601
0.38034465 0.00054532
1.40633161 0.0004503

Microgrid Model

The common and well-structured microgrid is used in this paper to reduce the
difference of microgrid researches then objective functions and constraints of
microgrid model are given.
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Microgrid Structure

The application object of this paper is a general microgrid system and its topology structure is shown in Fig. 3. It consists of the photovoltaic generator system (PV), wind turbine generator system (WT), micro-turbine generator (MT),
storage system (Storage) and important load (Load). The islanding and grid
connected mode of microgrid are switched by connecting and disconnecting the
common coupling point PCC .
Grid

Pcc
Microgrid

PV

WT

MT

Storage

Load

Fig. 3. The topology structure of microgrid

3.2

Objective Functions

In mathematical terms, the proposed multi-objective energy management model
of microgrid can be written as:
f2obj (x) = min{f1 (x), f2 (x)}

(4)

where f1 (x) is the operating cost function and f2 (x) is the emission pollution
function. In the realization of objective functions, x is the decision variable,
which can be expressed in (5), (6), (7) and (8) respectively:
x = [Pg , Ug ]1×2nT

(5)

Pg = [PDG1 , . . . , PDGi , PS1 , . . . , PSj , PGrid ]

(6)

Ug = [UDG1 , . . . , UDGi , US1 , . . . , USj , UGrid ]

(7)

n = NDG + NS + 1

(8)
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where i is the index of DGs, DGi is the DGs of unit i, NDG (0 ≤ NDG ≤ i) is
the total number of DGs, j is the index of storages, Sj is the storages of unit j,
NS (0 ≤ NS ≤ j) is the total number of storages, T is the length of time, Pg is
the power phasor of DGs, storages and power grid, which represents the output
circumstances, Ug is the state phasor of DGs, storages and power grid, which
represents connection or disconnection, n is the number of decision variables.

3.2.1

The Operating Cost

The operating cost function of microgrid energy management can be expressed
by (9).

f1 (x) =

T
X

(costDG (t) + costS (t) + costGrid (t))

(9)

[µi (t)PDGi (t)CDGi (t) + STDGi |µi (t) − µi (t − 1)|]

(10)

i=1

where:
costDG (t) =

N
DG
X
i=1

NS
X


µj (t)PSj (t)CSj (t) + STSj |µj (t) − µj (t − 1)|
costS (t) =

(11)

j=1

costGrid (t) =µbuy (t)PGrid−buy (t)CGrid−buy (t)
− µsell (t)PGrid−sell (t)CGrid−sell (t)

(12)

where the duration of the microgrid operation is 0 ≤ t ≤ T , costDG (t) is the
total operating costs of DGs at time t, ui (t) is the start and stop state of ith
DG at time t, PDGi (t) is the power generation of ith DG at time t, CDGi (t)
is the operating costs of power generation of ith DG at time t, STDGi is the
start and stop costs of ith DG, costS (t) is the total operating costs of storages
at time t, uj (t) is the start and stop state of jth storage at time t, PSj (t) is
the power generation of jth storage at time t, CSj (t) is the operating costs of
power generation of jth storage at time t, STSj is the start and stop costs of jth
storage, costGrid (t) is the total interactive costs between microgrid and power
grid at time t, ubuy (t) is the purchasing electricity state of power grid at time
t, usell (t) is the selling electricity state of power grid at time t, PGrid−buy (t) is
the power purchased from power grid at time t, PGrid−sell (t) is the power sold
to power grid at time t, CGrid−buy (t) is the cost of purchasing electricity from
power grid at time t, CGrid−sell (t) is the cost of selling electricity from power grid
at time t, both CGrid−buy (t) and CGrid−sell (t) refer to local real-time electricity
prices.

MOPSMO and Its Application in Energy Management of Microgrids

3.2.2

9

Emission

The emission pollution function of microgrid energy management can be expressed by (13).

f2 (x) =

T
X

(emissionDG (t) + emissionS (t) + emissionGrid (t))

(13)

t=1

where:
emissionDG (t) =

N
DG
X

µi (t)PDGi (t)EDGi (t)

(14)

µj (t)PSj (t)ESj (t)

(15)

i=1

emissionS (t) =

NS
X
j=1

emissionGrid (t) = PGrid (t)EGrid (t)

(16)

where emissionDG (t) is the total emissions of DGs at time t, EDGi (t) is the
emissions when the ith DG operates to produce per megawatt power at time
t, emissionS (t) is the total emissions of storages at time t, ESj (t) is the emissions when the jth storage operates to produce per megawatt power at time t,
emissionGrid (t) is the total emissions when the microgrid interacts with power
grid at time t, EGrid (t) is the emissions when the microgrid interacts with power
grid to produce per megawatt power at time t.
3.3

Constraints

Constrains considered in this paper are power balance, the upper and lower
limits of the power and state balance of energy storage.
3.3.1

Power Balance
NL
X
L=1

PL (t) =

N
DG
X
i=1

PDGi (t) +

NS
X

PSj (t) + µbuy (t)PGrid−buy (t)

j=1

(17)

− µsell (t)PGrid−sell (t)
where, NL is the total number of loads, PL (t) is the power for demand of loads
at time t.
3.3.2

Upper and Lower Power Limits
PGDi ,min (t) ≤ PGDi (t) ≤ PGDi ,max (t)

(18)

PSj ,min (t) ≤ PSj (t) ≤ PSj ,max (t)

(19)

PGrid,min (t) ≤ PGrid (t) ≤ PGrid,max (t)

(20)
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3.3.3

Energy Storage Balance

1
Psc (t)
(21)
µ j
where Wj (t) (Wmin ≤ Wj (t) ≤ Wmax ) is the energy of storages at time t, Psdj (t)
and Pscj (t) respectively indicate charging power and discharge power, η and µ
respectively indicate charging efficiency and discharge efficiency.
Wj (t) = Wj (t − 1) + ηPsdj (t) −

4
4.1

Simulation Experiment and Result Analysis
Basic Data

This paper considers a typical microgrid as an example and simulations are
carried out based on actual microgrid data. The 24 hour forecast power curves
of photovoltaic and wind and the 24 hour forecast load consumption are shown in
Fig. 4. The real-time electricity price distribution of power grid is shown in Fig.
5. The parameters of the microgrid multi-objective energy management model
are shown in Table 4.
30
PV

25

WT

need

P/kW

20
15
10
5
0

2

4
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8

10
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14

16

18
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t/h

Fig. 4. The 24 hour forecast power curves of photovoltaic and wind and the 24 hour
forecast load consumption
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0.4
0.2
0

0

5

10

15

20

t/h

Fig. 5. Real-time electricity price
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Table 4. Parameters of microgrid multi-objective energy management model
Type
PV
WT
MT
Bat
Grid

4.2

Pmax
/kW
0
0
0
-25
-70

Pmin
/kW
15
15
30
25
70

price
CO2 /kg
/Y uan ·M W h−1
0.0096
0
0.045
0
0.0359
178
0.045
10
Fig. 5
889

SO2 /kg
N Ox /kg
·M W h−1 ·M W h−1
0
0
0
0
0.04
0.21
0.0002
0.001
1.8
1.6

Solution Method

Combined with the execution steps of MOPSMO and application object microgrid energy management, the detailed flow of microgrid energy management
algorithm is shown in Fig. 6.

Begin

Set the objective functions of microgrid
energy control and set the execution
parameters of MOPSMO

Initialize populations within the skin
membrane 0 and randomly assigned to
each of the elementary membranes to
obtain parent-populations

Perform MOPSO in each elementary
membrane to obtain sub-populations

The sub-populations in each elementary
membrane are transferred to the next,
where the sub-populations are combined
and updated

NO
Termination
condition
YES
The alternative optimal sets obtained
from elementary membranes are input to
the skin membrane 0. Eliminate all
dominated particles and output Pareto
optimal set

The sub-populations updated of each
elementary membrane are combined and
updated with their parent-populations

Evaluate each of the particles in each
elementary membrane, keep all nondominated particles, and obtain
alternative optimal set

Use fuzzy decision making to choose a
comprehensive solution to control DGs of
microgrid

End

Fig. 6. Flow of microgrid energy management algorithm
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This paper uses fuzzy decision making to select a solution from Pareto optimal set, where the solution is also called comprehensive solution.
Fuzzy decision making using fuzzy membership function, it can be written
as:

fβ ≤ fβmin

 1 f max −f
β
β
fβmin < fβ < fβmax
(22)
ζβα = f max
−fβmin

 β
max
0
fβ ≥ fβ
where ζβα is the degree of membership of the αth solution in the objective function
β, fβmax and fβmin are the maximum and minimum values of the non-dominated
set.
The standard membership function of each solution can be expressed in (23):
NP
obj

ζσ =

β=1

ζβα

Np NP
obj
P
α=1 β=1

(23)
ζβα

where Nobj is the number of objective functions, Np is the number of populations,
1 ≤ β ≤ Nobj , 1 ≤ α ≤ Np . The larger the ζ σ value, the better the solution of
the corresponding non-dominated set.
4.3

Simulation Results

The objective functions of the multi-objective energy management model used
in this paper are shown in (4), but the start and stop costs are not considered
in f1 (x). In the case of energy management of microgrid, the dispatch strategy
of economic and environmental operation: renewable energy is the maximum
using and other powers are output according to optimization operation. Matlab
7.11.0 is adopted to write program which is suitable for solving the model in
this paper. The parameters of the microgrid energy management algorithm are
set as follows: the elementary membranes number m = 5, the population size
nP op = 500, the maximum iteration number M axIt = 500, the inertia weight
ω = 0.73. The calculated Pareto optimal set is shown in Fig. 7. This paper
only selects the extremum solution and the comprehensive solution to analyze.
The extremum solution and comprehensive solution are shown in Table 5. The
corresponding control circumstances of the extremum solution is the best cost
or the best emission.
The Table 5 show that, when the cost is optimal, the cost is -465.6812 Y uan,
the emission is 692.5333 kg and when the emission is optimal, the cost is 101.5266 Y uan, the emission is 18.3704 kg. It can be seen that it is impossible to
achieve multiple optimal values simultaneously. When the fuzzy decision making
is used to choose a comprehensive solution to control the microgrid, the cost is
-346.3743 Y uan, the emission is 383.9806 kg. Compared with the extremum
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Fig. 7. Pareto optimal set of multi-objective energy management

Table 5. Solutions of multi-objective energy management
Type
max solution
min solution
comprehensive solution

cost/Yuan
-101.5266
-465.6812
-346.3743

emission/kg
692.5333
18.3704
383.9806

solution, that the comprehensive solution is more compromise between the cost
and emission. Thus the comprehensive solution is more balanced considering the
impact of two factors. When the comprehensive solution is selected as the control
strategy, the output circumstances of DGs and power grid are shown in Fig. 8
and Table 6. According to the charts, the 24 hour power balance of system to
achieve the reasonable control of microgrid.
When choosing the optimal cost as the control strategy, the cost is -465.6812
Y uan(cost is negative means profit). The output circumstances of DGs and
power grid are shown in Fig. 9 and Table 7. Analysis shows that microgrid
within 24 hours to meet self-sufficiency, most of the time to sell electricity to the
power grid to achieve profitability. Thus, the cost is minimal.
When choosing the optimal emission as the control strategy, the emission is
18.3704 kg. The output circumstances of DGs and power grid are shown in Fig.
10 and Table 8. Combined with the Table 4, the pollutant emissions of power
grid is more than new energy. Thus, in order to meet the minimum emission and
to meet supply and demand balance, should to reduce the microgrid and power
grid interaction to reduce the entire system of pollution emissions. It can be seen
that the output of power grid in Table 8 is generally smaller than Table 6 and
7.
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Fig. 8. Output circumstances of DGs and power grid for the comprehensive solution

Table 6. Output data of DGs and power grid for the comprehensive solution
optimal of multi-objective
(time/h)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

PV
0
0
0
0
2.47
4.76
6.32
9.45
10.25
11.67
12.77
14.52
14.38
13.63
12.59
11.65
9.21
7.69
4.65
1.11
0
0
0
0

WT
11.21
12.47
14.59
10.95
13.52
10.74
9.58
8.31
11.42
11.61
12.78
13.97
13.82
8.96
8.25
7.93
10.78
11.11
12.18
13.19
12.98
10.15
9.86
7.92

unit/kW
MT
BAT GRID
0
-25
23.5
0
-25
22.41
3.89
-25
16.01
0
-25
24.28
0
-25
19.62
0.16
-25
21.07
1.7
-24.91
19.69
23.78
5.5
-31.87
16.23
0.8
-21.72
5.35
-25
13.89
24.89
25
-56.56
30
25
-64.54
29.63
25
-65.68
27.21
25
-57.87
30
25
-59.33
13.93
-25
10.42
3.4
24.98
-31.21
6
-7.76
-0.83
17.04
25
-43.68
24.54
18.26
-38.97
29.02
24.56
-47.28
16.21
24.25
-31.44
0.92
21.59
-16.12
0
-25
26.79
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Fig. 9. Output circumstances of DGs and power grid for the best cost solution

Table 7. Output data of DGs and power grid for the best cost solution
best cost solution
(time/h)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

PV
0
0
0
0
2.47
4.76
6.32
9.45
10.25
11.67
12.77
14.52
14.38
13.63
12.59
11.65
9.21
7.69
4.65
1.11
0
0
0
0

WT
11.21
12.47
14.59
10.95
13.52
10.74
9.58
8.31
11.42
11.61
12.78
13.97
13.82
8.96
8.25
7.93
10.78
11.11
12.18
13.19
12.98
10.15
9.86
7.92

unit/kW
MT
BAT GRID
14
-19.75
4.25
11.03
-18.62
5
11.22
-25
8.68
5.06
-17.73
11.94
7.94
-19.52
6.21
2.51
-19.24
12.95
2.65
-25
18.83
30
25
-57.6
30
22.9
-57.59
25.56
-18.66
-12.66
28.68
25
-60.35
29.81
25
-64.35
27.81
25
-63.86
30
25
-60.66
30
25
-59.33
28.83
-16.79
-12.69
7.51
25
-35.34
26.01
8.46
-37.06
26.69
25
-53.33
30
25
-51.17
30
25
-48.7
25.67
25
-41.65
26.68
24.22
-44.51
4.08
-18.93
16.64
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Fig. 10. Output circumstances of DGs and power grid for the best emission solution

Table 8. Output data of DGs and power grid for the best emission solution
best emission solution
(time/h)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

PV
0
0
0
0
2.47
4.76
6.32
9.45
10.25
11.67
12.77
14.52
14.38
13.63
12.59
11.65
9.21
7.69
4.65
1.11
0
0
0
0

WT
11.21
12.47
14.59
10.95
13.52
10.74
9.58
8.31
11.42
11.61
12.78
13.97
13.82
8.96
8.25
7.93
10.78
11.11
12.18
13.19
12.98
10.15
9.86
7.92

unit/kW
MT
BAT GRID
0
-25
23.5
0
-25
22.41
1.67
-12.97
6.2
0
-25
24.28
0
-25
19.62
0
-25
21.23
0
-25
21.48
0
-16.62
14.03
0.26
-20.76
15.82
0.41
-25
18.82
6.71
18.18
-31.56
12.61
17.48
-39.63
13.3
16.05
-40.4
15.38
15.89
-36.93
16.39
17.8
-38.52
10.27
-25
14.08
0.04
13.41
-16.29
0
2.55
-5.14
0.87
6.36
-8.87
0.71
-7.37
10.5
13.75
17.18
-24.63
1.41
6.55
1.05
0
4.43
1.96
0
-25
26.79

MOPSMO and Its Application in Energy Management of Microgrids

5

17

Conclusion

In this paper, the MOPSMO is proposed by combining P systems and MOPSO.
Multi-objective optimization test functions are used to test the performance of
MOPSMO. Then compare the MOPSMO with classic MOPSO, results show that
MOPSMO is superior to MOPSO in convergence index and distribution index.
Subsequently, the multi-objective energy management model is built by considering microgrid operation costs, pollutant emissions. On the basis, a method of
microgrids energy management based on MOPSMO is proposed and a typical
microgrid as an example to carry out simulation experiments to get Pareto optimal set, and the comprehensive solution is chosen from Pareto optimal set by
using fuzzy decision making. Simulation results show that the method achieves
the multi-objective control strategy with low operation costs and less pollutant
emissions as well as improves the rationality of microgrids output.
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Abstract. This paper presents neural-like P systems with state values (SVNPSs for short) firstly, by comparing the objects in the neurons with their thresholds, states values are gained to determine systems
to switch diverse situations. Considering the characteristics of photovoltaic/battery microgrids, the operation control strategy based on PCC
bus voltage and battery’s SOC is proposed, where the SVNPSs are used
to solve the problem of microgrids power coordination. The SVNPSs
are firstly used to construct the complicated units modes while each
unit of microgrids can adjust the operation modes automatically. After
that, the specific output power of units are reasonably coordinated to
ensure the stable operation in microgrids connected mode. Finally, the
photovoltaic/battery microgrid is used as an example to verify the operation control strategy. Experimental results show the effectiveness of
the proposed control strategy and the feasibility of SVNPSs in fulfilling
microgrids power coordination.
Keywords: Neural-like P System, State Value, Photovoltaic/Battery
Microgrid, Power Coordination, Operation Control Strategy

1

Introduction

Membrane computing (also called P systems), a computational model abstracted from the structure and function of living cells, is a new branch of natural computing [1]. It has three computational models types: cell-like P systems,
tissue-like P systems and neural-like P systems (in short, nP systems). Besides,
there are two types of nP systems: basic neural P systems and spiking neural P
systems. The SN P systems are important extension of basic neural P systems
?
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[2]. At present, the researches of nP systems are mainly focused on the SN P systems while the basic neural P systems are poorly studied [3]. A weighted fuzzy
SN P system is proposed [4]. In [5][6], a fuzzy reasoning SN P systems (FRSN
P systems) was applied in fault diagnosis. Ref [7] introduced stochastic spiking
neural P systems (SSN P systems) where the time of rule firing is probabilistically chosen and the degree of asynchrony can influence the reliable ability to
simulate/execute in register machine program. In [8], spiking neural P systems
are used to solve the skeletonization problem while a classical parallel algorithms
is implemented in new computational paradigm inspired in the communication
among neurons. Ref [9] constructed a family of tissue P systems with cell division
which can solve vertex cover problems in linear time. The basic nP systems are
defined on the basis of tissue-like P systems where the computational units are
replaced by neurons. Such membrane systems contain multisets of objects, and
each neuron is associated with states which determine the operation of objects.
The motivations of nP systems are two-fold: the inter-cellular communication (of
chemicals, energy, information) by means of complex networks of protein channels, and the way the neurons co-operate, processing impulses in the complex
net established by synapses. In [10], the nP systems are used to solve a very
general and classical NP-complete problem in linear time: the SAT problem. It
is important to study the basic neural P systems and its practical application.

Microgrids, consisted of various distributed generation units, energy storage
devices, loads, inverters and protection devices, are small distribution systems of
medium and low voltage power [11][12]. There are two operation modes: grid connected and isolated island operation mode. The microgrids have the dual characteristics of source and load when connected to grid, and the power between them
are interacted via the common connection point (PCC). Due to the randomness
and volatility of the photovoltaic and wind distributed power generations, the
stability of the microgrids will be seriously affected when the penetration rate of
them is large. Therefore, it is necessary to formulate reasonable operation control
strategy to coordinate the output power of each unit, and ensure the stable operation of microgrids. Many scholars have done a lot of researches. In [13], both
the microgrids operation models and units states are established by Petri nets,
and different energy management algorithms are designed as a result of distinct
operating characteristics to calculate energy scheduling. A power control strategy for battery system is proposed in [14], according to the PCC bus voltage,
voltage control logic is designed to maintain the voltage fluctuation within the
range of the rated voltage ±10%. The multi agent systems are also used to construct the framework of microgrids through establishing the hierarchical agents.
Studying inter communications, specific functions and coordination strategies of
agents, the operation control of microgrids are finally realizes from dividing one
task into several small tasks to different agents [15]-[19]. Ref [20][21] proposes
a model that includes network constraints for competitive bilateral electricity
markets based on an evolutionary bipartite complex network. In [22] proposes a
cell-like fuzzy P system to establish the controlled units models of microgrids,
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and the coordinated control and energy management are realized by controlling
the access or remove of units.
Owing to the flexible structure, changeable operation modes, various distributed units with different characteristics of microgrids, the power coordinated
control of microgrids are complicated. There are many triggering conditions and
mazy models by using Petri nets to define the operation models. The cell-like
fuzzy P systems give the decision to choice whether the units are accessed or
removed while the specific output power can not be adjusted. Membrane computing is a class of distributed, extremely parallel and nondeterministic computational model with powerful information processing and modeling abilities.
Moreover, the nP systems contain multisets of objects and different states, which
is ideally suitable to deal the problems with multiple objects and changeable control systems. Therefore, this paper attempts to use the nP systems establish the
microgrids units models to solve the power coordination problem of microgrids.
Making full use of the advantages of the nP systems and providing a new solution
for microgrids power coordination.
In this paper, a neural-like P system with state values (SVNPS) is defined
based on the framework of the nP systems. The state values (equal to 0 or 1) are
gained by comparing the objects in the neurons with their thresholds and determines systems to switch diverse situations. In order to guarantee stable operation
of microgrids and validly avoid the damages of fast charging and discharging,
over charging and discharging to battery, the operation control strategy based on
PCC bus voltage and battery’s SOC is proposed. Then, using the SVNPSs construct the modes of microgrids units, the control of microgrid is dispersed into
each unit and the units can adjust the operation modes automatically according to the operation of microgrid. After that, the specific output power of units
are reasonably coordinated to ensure the stable operation of microgrid. The proposed strategy has been validated using detailed switch models and coordinating
power in MATLAB. Experimental results show that the proposed control strategy is effective and the units SVNPSs models are feasible in microgrids power
coordination.
The structure of this paper is organized as follows. Section II gives the microgrid structure and declares the problem to solve. Section III defines SVNPSs.
Following, the microgrids control and power coordination strategies are proposed
in Section IV, and each unit in microgrid is modeled by SVNPSs. In Section V,
simulation and result analysis are given. Conclusions are finally drawn in Section
VI.

2

Problem Description

The structure of microgrid studied in this paper is shown in figure 1 which
are composed of two photovoltaic generation units (monocrystalline silicon and
polycrystalline silicon), energy storage unit, static loads, adjustable loads and
microgrid control center(MGCC).
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Grid
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Switch
U1
MGCC

Z=R+jX

U2

PV1

PV2

Battery

Load

Fig. 1. Topology of PV/battery microgrid

PV units are intensely affected by light intensity and environmental temperature so that the output power of PVs have fluctuation and intermittence. While
the loads change in the same period, and all varies would affect the stability of
PCC bus voltage. Through adding energy storage unit, the instantaneous power
is balanced to ensure the stable operation of microgrids [14].
On this basis, in order to extend battery life and avoid the damages of fast
charging and discharging, over charging and discharging, this paper limits the
battery’s SOC in the reasonable range to restrict charging and discharging power.
The five battery states are divided according to the SOC in different ranges,
shown in table 1.
Table 1. Battery states and power limits of charging and discharging.
Pb SOC lower limit SOC upper limit discharge power limit
P1

0

10%

0

charge power limit
Pmax

P2

10%

20%

soc−soc10%
soc20%−soc10%

P3

20%

80%

Pmax

Pmax

P4

80%

90%

Pmax

soc90−soc%
×Pmax
(soc90%−soc80%

P5

90%

100%

Pmax

0

× Pmax

Pmax

When the PV/battery system connects to the grid, U2 represents the PCC
bus voltage connected to the front grid voltage U1 though the transmission line.
The formula is obtained according to voltage loss of transmission line:
U2 = U1 − [R(−PV + PL ± Pb ) + X(−QV + QL ± Qb )]/U2

(1)
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where,PV ,PL ,Pb ,QV ,QL ,Qb ,indicate active and reactive power of PV, loads and
battery respectively. Due to the microgrids are medium low voltage systems, the
impedance characteristic of the transmission line is resistive, and the reactive
power part related to the reactance X can be neglected. So, it can be obtained
that PCC bus voltage is related to the active output power of PV, loads and
battery units. The voltage deviation is got by comparing U2 bus voltage monitored from MGCC with the rated voltage, then the active power shortage can be
calculated. The operation modes of each unit are determined by the U2 and the
battery’s SOC. After that, considering the active power shortage, predicted data
of PV and loads, and operation modes of each unit, the output active power of
units are coordinated to ensure PCC bus voltage is waved within rated voltage
±5%,so that the microgrids systems can work steadily.

3
3.1

Neural-like P Systems with State Values
Basic Neural-like P Systems

We recall the initial definition of nP systems here as considered in [10]. The
nP systems are defined on the basis of tissue-like P systems as the computational
units are replaced by neurons. Such membrane systems contain multisets of objects, and each neuron is associated with states that can determine the operation
of objects. The structure of such system in degree m is the form as follow:
Π = (O, σ1 , · · · , σm , syn, i0 )
where:
1. O is a finite non-empty alphabet(of chemical objects, but we also call them
excitations/impulses).
2. syn ⊆ {1, 2, · · · , m} × {1, 2, · · · , m} are synapses among neurons.
3. i0 ∈ {1, 2, · · · , m} indicates the output cells.
4. σ1 , · · · , σm are cells, of the form σi = {Qi , Si0 , ωi0 , Ri }, 1 ≤ i ≤ m where
a) Qi is a finite set(of states);
b) Si0 ∈ Qi is the initial state;
c) ωi0 ∈ O∗ is the initial multiset of impulses;
d) Ri is a finite set of rules of the form sω → s0 xygo zout ,where s, s0 ∈
Qi , ω, x ∈ O∗ , ygo ∈ (O × {go})∗ , zout ∈ (O × {out})∗
3.2

Neural-like P Systems with State Values

In the framework of the nP systems, this paper proposes the neural-like P
systems with state values. The objects in SVNPSs neurons have thresholds, and
state values equaled to 0 or 1 are calculated by comparing the objects with
corresponding thresholds. If the object in the neuron is less than the threshold,
the corresponding state value is 0, otherwise, the status value equal to 1. It is
noteworthy that there are multiple sets of objects in neurons and each object
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may have multiple thresholds, thus the number of status values may not be
unique. Through the definition of the state value, no matter the object in the
neuron is smaller or equal or greater than the threshold, the system will change
to different situations by the corresponding rules. Such system of degree m is a
structure of follow form:
Π = (O, Q, σ1 , · · · , σm , syn, i0 )
where:
1. O = {d1 , d2 · · · } is a multiple set of objects in the neurons. Each object may
have different practical meanings according to various applications.
2. Q = {s0 , s1 , s2 · · · }is a finite set of system neurons states. Here, each neuron
has different state.
3. syn ⊆ {1, 2, · · · , m} × {1, 2, · · · , m} are synapses among neurons.
4. i0 ∈ {1, 2, · · · , m} indicates the output cells.
5. σ1 , · · · , σm are cells, of the form σi = {si , ωi , τi , υi , Ri }, 1 ≤ i ≤ m where,
a) si ∈ Qi is the corresponding state of neuron σi ;
b) ωi ∈ O∗ represents the initial multiple set of objects contained in neuron
σi ;
c) τi is a real number which means threshold of object di in neurons σi , and
for one object di may contain multiple thresholds τij ;
d) νi ∈ {0, 1} is the state value of neuron σi that is calculated by comparing
the objects di with corresponding thresholds τi . If di < τi then τi = 0,
otherwise, τi = 1. If the object di has multiple thresholds τij , then there are
corresponding multiple states values υij ;
e) Ri is a finite set of rules in neuron σi of the form sω → s0 xygo zout ,where
s, s0 ∈ Qi and ω, x, y, z ∈ O∗ . On the rules occurring, the system transforms
to different states s0 with producing the new object x, transferring the object
y or putting out the object z.

4

Application of SVNPSs in Microgrids Power
Coordination

With diverse structures of microgrids, its operation control strategy needs to
be formulated according to the specific situation. According to the characteristics of PV/battery microgrids, a new operation control strategy is proposed to
determine the operation states of each unit in microgrids. Then, according to the
operation states of each unit, the SVNPS model is established which disperses
the control of microgrids operation into each unit. The units SVNPSs models can
adjust autonomously according to the operation situations of microgrids. The
output power of each unit is coordinated reasonably and efficiently to balance
the microgrids power and meet requirements of power quality.
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complementary with the PVs and loads units. However, not only the cost of
battery is high but the capacity is limited. It is difficult to satisfy the system
requirements only by controlling the energy storage unit. So, the operation control strategy based on PCC bus voltage and battery’s SOC is proposed in this
paper where measures such as shedding load and limiting PVs output power are
taken when necessary. Simultaneously, the charging and discharging power are
restricted to protect the battery unit. When the microgrids are connected to the
grid, the following control strategy is adopted to stabilize the PCC bus voltage
within the ±5% fluctuation of its rated voltage.
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Fig. 2. Grid-connected operation control strategy

The grid-connected operation control strategy is shown in the following figure 2 and table 2 is the variables and illustrations. Firstly, the U2 bus voltage
detected from the MGCC is judged whether it is in allowable fluctuation range?
According to the result, determining the battery’s SOC next. If U2 point voltage
fluctuates in normal range and SOC is very low, the PVs are in MPPT mode,
and the energy storage is in VL mode. The discharging power is 0 while can be
charged at maximum power. If the SOC is low, the PVs are in MPPT mode,
and the energy storage is in L mode. The discharge power is limited while can
be charged at maximum power. If the SOC is middle, the PVs are in MPPT
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Table 2. Variables and illustrations

variable
illustration
U2
PCC point voltage
Umin lower limit of PCC voltage fluctuation
Umax upper limit of PCC voltage fluctuation
Pneed
load active power output
Pb
battery predictive active power

variable
PV
PM P P T
P∆V
Pneed0
Pbmax

illustration
PV active power output
PV predictive active power
PV active power increment
load predictive active power
PV battery maximum power

mode, and the energy storage is in M mode. Both discharging and charging at
maximum power. If the SOC is high, the PVs are still in MPPT mode to maximize energy utilization, and the energy storage is in H mode. The charge power
is limited while can be discharged at maximum power. If the SOC is very high,
the PVs are in MPPT mode, and the energy storage is in VH mode. The charge
power is 0 while can be discharged at maximum power. Similarly, the control
strategy of U2 bus voltage is higher or lower than allowable fluctuation.
4.2

SVNPSs models for microgrids units

Based on the above microgrids operation control strategy, the operation
modes of each unit can be obtained in all situations of microgrids. Owing to
SVNPSs contain multi sets of objects, different states, and the systems can
transform into different situations depending on the compare between objects
and thresholds, it can be used to tackle the mode conversion problems of microgrids units. Thus, the operation states of PVs, battery and load units are
obtained by SVNPSs, and the units can adjust the operation modes automatically according to the operation situation of microgrids. The reliability of system
is improving due to the distributed parallel computing models.
4.2.1

An SVNPS model for the PV unit

In order to maximize economic benefits, the PV generation units as clean
energy are usually in MPPT mode. According to the above control strategy,
only when the PCC bus voltage is higher than the allowed fluctuation voltage
limit and the SOC of battery is VH, the PVs unit switches to the limited power
output (Lim) mode. Based on this principle, the SVNPS model for the PV unit
is established, as shown in figure 3:
The SVNPS model for the PV unit is a construct:
Π1 = ({d1 , d2 , d3 , d4 }, {s0 , s1 , s2 , s3 , s4 , s5 , s6 }, σ1 , · · · , σ7 , syn, i0 )
where,the object d1 represents the PCC bus voltage U2 in the microgrids systems,
the object d2 represents the SOC of battery, the d3 represents MPPT mode of
PV, the d4 represents Lim mode, the threshold τ1 is the allowed fluctuation
voltage upper limit, and the threshold τ2 is the lower limit of SOC in VH state.
There are 7 neurons in the system, that is, 7 states. s0 is the initial state, s1 · · · s4
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2

S1 v1,v2
S1v1v2→ S5d3
3

1

S0（v1,v2）
d1（τ1）, d2（τ2）
S0d1d2→ Siv1v2

2

S1v1v21v22v23v24
S1v1v21v22v23v24→ S7d

6

S5（MPPT）

3
S2v1v21v22v23v24
S2v1v21v22v23v24→ S8d

S2 v1,v2
S2v1v2→ S5d3
4
S3 v1,v2
S3v1v2→ S5d3

4

1

7

S6（Lim）
5

S4 v1,v2
S4v1v2→ S6d4

S0（v1,v21,v22,v23,v24）
d1（τ1）, d2（τ21，
τ22，τ23，τ24，）
S0d1d2→ Siv1v21v22v23v24

Fig. 3. An SVNPS model for the PV unit

S3v1v21v22v23v24
S3v1v21v22v23v24→ S9d

5
S4v1v21v22v23v24
S4v1v21v22v23v24→ S9d
6
S5v1v21v22v23v24
S5v1v21v22v23v24→ S10
7

are intermediate states, s5 s6 are terminated states. Neurons σ6 and σ7 are output
neurons. The calculation process is as follows:
Step1: Calculate state values. There are objects d1 d2 in neuron σ1 , τ1 τ2 respectively are thresholds of objects. Comparing d1 with τ1 the state value υ1 is
gained. If d1 < τ1 then τ1 = 0, otherwise, τ1 = 1. The state value υ2 is gained in
the same.
7
Step2: Choose intermediate states according to the state valuesυ2 υ1 . The corresponding relationships between state values and intermediate states are shown
in Table 2. Then, the rules s0 d1 d2 → si υ1 υ2 in neuron σ1 are occurred. Objects
d1 d2 change the system from the initial state to intermediate state, and the state
values υ2 υ1 are sent to corresponding neuron. For example, if υ2 υ1 = 00, the
system is transformed to s1 state, and υ2 υ1 are sent to neuron σ2 .
Table 3. Relationships between state values and intermediate states
υ2
0
0
1
1

υ1
0
1
0
1

state
s1
s2
s3
s4

Step3: The rules in the intermediate neurons are fired when the neurons receive
state values, and the states of system change with producing and sending the
new object to the next level of the neurons. To illustrate, if neuron σ2 receives
υ2 υ1 , then the rule s1 υ1 υ2 → s5 d3 in neuron σ2 is fired, the new object d3 is
produced and sending to neuron σ6 . The situation of system is changing from
s1 state to s5 state.
Step4: The ending of system. The rules in the output neurons are fired when the
output neurons receive objects. The system ends when output the final objects.

S6v1v21v22v23v24
S6v1v21v22v23v24→ S11

（v1,v2）
）, d2（τ2）
2→ Siv1v2
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To demonstrate, the rule s5 d3 → s5 (d3 , out) in neuron σ6 is fired when neuron
σ6 receives object d3 from neuron σ2 , then object d3 is out, and the system ends.
4.2.2

An SVNPS model for the Battery unit

Energy storage unit that can both supply power to the load as a generating source and consume electrical energy as the load has dual characteristics in
microgrids systems. The over charging and discharging, fast charging and discharging of power will cause great harm to battery. Thus, the number of charge
and discharge should be reduced and the charging and discharging power should
be limited to protect battery. According to the SOC of battery in different range,
the SVNPS model for battery unit is built as figure 4:

2

S1 v1,v2
S1v1v2→ S5d3
3

2

S1v1v21v22v23v24
S1v1v21v22v23v24→ S7d3

6

S5（MPPT）

3
S2v1v21v22v23v24
S2v1v21v22v23v24→ S8d4

S2 v1,v2
S2v1v2→ S5d3

1

7

S6（Lim）
5

S4 v1,v2
S4v1v2→ S6d4

S7（VL）

9

S8（L）

4

4

S3 v1,v2
S3v1v2→ S5d3

8

S0（v1,v21,v22,v23,v24）
d1（τ1）, d2（τ21，
τ22，τ23，τ24，）
S0d1d2→ Siv1v21v22v23v24

S3v1v21v22v23v24
S3v1v21v22v23v24→ S9d5

10

S9（M）
5

S4v1v21v22v23v24
S4v1v21v22v23v24→ S9d5
11
6

S5v1v21v22v23v24
S5v1v21v22v23v24→ S10d6
7

S6v1v21v22v23v24
S6v1v21v22v23v24→ S11d7

S10（H）

12

S11（VH）

Fig. 4. An SVNPS model for the Battery unit
7

The SVNPS model for the Battery unit is a construct:
Π2 = ({d1 , · · · , d7 }, {s0 , · · · , s11 }, σ1 , · · · σ12 , syn, i0 )
where, the object d1 and d2 represent the PCC bus voltage U2 and SOC of
battery, the d3 d4 d5 d6 d7 represent five modes of battery, the threshold τ1 is the
allowed fluctuation voltage lower limit, and the threshold τ21 τ22 τ23 τ24 are the
boundary values of SOC in different states τ21 = 0.1, τ22 = 0.2, τ23 = 0.8,
τ24 = 0.9. There are 12 neurons in the system, that is 12 states. s0 is the initial
state, s1 · · · s6 are intermediate states, s7 · · · s1 1 are terminated states. Neurons
σ8 · · · σ12 are output neurons. The calculation process is the same as SVNPS
model for the PV unit so the detail process is not given here.

1

S0（v11,v12,v21,v22）
d1（τ11τ12）,
d2（τ21τ22）
S0d1d2→ Siv11v12v21v22

1v21v22v23v24

v22v23v24→ S7d3

1v21v22v23v24
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2 S v v v v
1 11 12 21 22
S1v11v12v21v22→ S6d3

S7（VL）

7

S2 v11v12v21v22
S2v11v12v21v22→ S7d4

S8（L）

1

S0（v11,v12,v21,v22）
d1（τ11τ12）,
d2（τ21τ22）
S0d1d2→ Siv11v12v21v22

10

S9（M）

v22v23v24→ S9d5

6

S10（H）

S7（Keep）

S3v11v12v21v22→ S7d4

11

9

S8（Add）

S5 v11v12v21v22
S5v11v12v21v22→ S8d5

v22v23v24→ S10d6

v22v23v24→ S11d7

8
4 S v v v v
3 11 12 21 22

5 S v v v v
4 11 12 21 22
S4v11v12v21v22→ S7d4

1v21v22v23v24

1v21v22v23v24

S6（Cut）

3

9

1v21v22v23v24

1v21v22v23v24

An SVNPS model for the Load unit

Loads can be divided into two categories: important loads and non-important
loads. Under the premise of ensuring the continuous power supply of important
loads, the non-important loads are allowed to add or cut to stabilize systems and
ensure maximum utilization of energy. When the PCC bus voltage fluctuates in
the allowable range and SOC of battery is VH, the non-important loads can be
added. While the PCC bus voltage is lower than the allowed fluctuation voltage
limit and SOC of battery is VL, the non-important loads are cut. In other cases,
keeping the loads. The SVNPS model for load unit is established, as shown in
figure 5. The calculation process is the same so that the detail process is omitted
here.

v22v23v24→ S8d4

v22v23v24→ S9d5

11

12

S11（VH）

Fig. 5. An SVNPS model for the Load unit

4.3

Power Coordination Based on SVNPSs Models

During the operation processes of microgrids, the output power of each unit
depends not only on the PCC bus voltage and SOC, but also with the mode of
other units. So, it is necessary to link all units together and make coordinated
control. Based on SVNPSs models in the last section, the operation states of
units are obtained but the specific power output are unknown.
In this section, the power coordinated control of units is carried out so that
the specific power output of each unit is got. The power coordination flow chart
is shown in figure 6 where the charging and discharging processes are shown in
figure 7 below. Firstly, active power shortage 4P is calculated on the basis of
PCC bus voltage. Selecting the power flow direction from microgrids to distribution network as positive. If 4P is positive that means the U2 is higher than
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（ΔP+Pb）
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Pneed=Pneed0

N

ΔP+Pb+
Pneed>0

N

PV=PV0

Pneed=Pneed0

ΔP+Pb+
Pneed>0

Y
Lim PVs
PV=PV0（ΔP+Pb+Pneed）

Cut loads
Pneed=Pneed0+
（ΔP+PΔV+Pb）

Y

ΔP+Pb>0

N
PV=PPneed=Pneed0
V0
ΔP+Pb>0
Pneed=Pneed0

Cut loads
Pneed=Pneed0+
（ΔP+PΔV+Pb）

Y

Lim PVs
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Fig. 6. Power coordination flow chart
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rated voltage, there is excess electricity in the microgrids systems. Battery can
charge based on SOC, if the SOC is high, battery can not completely absorb
the excess power 4P , then we consider add non-important loads. When such
measures still can not absorb the remaining power, photovoltaic power generations are limited eventually in order to balance the power. If 4P is negative
that means the U2 is lower than rated voltage, and the electricity is shortage.
The output of distributed units power need to be increased. If PVs are in the lim
state, switching to MPPT state immediately. While increasing the PVs output
power still can not meet the power shortage in the system, battery need to discharge and carry out non-important loads when necessary to ensure the stability
of microgrids voltage.

5

Simulation and Analysis

Based on the operation control strategy, units SVNPSs models and power
coordination given above, we simulate the microgrids with structure shown in
figure 1. The capacity parameters of PVs, battery and load are shown in table
3. The simulation principle is as follows: firstly, the forecased active power of
PVs and load are obtained based on historical data. It can be seen from formula
1 that the PCC point voltage can be calculated according to the active power
of the PVs and load in the structure without energy storage unit. Then, in the
traditional control strategy, the PCC point voltage fluctuation is reduced by
adding the energy storage unit and the protection of battery is ignored. After
that, the operation control strategy based on SVNPSs models calculate active
power shortage and adjust output active power of PVs and load. The final output
power of each unit is obtained to calculate PCC point voltage.
Table 4. Capacity parameters of microgrid units
PV1/kW PV2/kW Storage/kW Load1/kW Load2/kW
30
30
60
30
15

PVs and loads output power data shown in figure 8 are corresponding forecasted power of typical day in summer from 10 a.m. to 18 p.m. When the microgrids only contain PVs and loads, the PCC voltage fluctuation curve of the
system is shown in figure 9. As shown from the diagram, the voltage fluctuates
greatly even beyond the ±5% rated voltage. It will cause damage to the loads
and seriously affect the stable operation of the microgrids systems owing to the
unstable power quality.
5.1

Traditional Control Strategy

The energy storage unit is added to balance the instantaneous power of microgrids and solve the above problems. The traditional control strategy is simulated

图8

14

Jun Ming et al.
50
45

power(kW)

40

PV10
PV20
need0

35
30
25
20
15
10
5
10

11

12

13

14

15

16

17

18

17

18

17

18

time（h）

图9

PCCfluctuation
bus voltagecurve
fluctuation curve
PCC bus voltage

图9
Fig. 8. Output power of PVs and loads
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Fig. 9. PCC voltage fluctuation curve

as follow. Photovoltaic generation units operate in maximum power point tracking mode to improve energy utilization. And the initial value of SOC is 75%,
the maximum charging and discharging power is 45kW. The SOC change curve
is shown in figure 11. While the photovoltaic power is lower than loads and the
SOC is high, then the battery discharges to supple power for loads, the output
power of battery is positive and SOC shows a downward trend in 10:00-10:40
period. During 10:40-12:00, the battery electricity is 0 that can not discharge
while there is no excess power in the microgrids system, so the output power
of battery is 0, SOC remains unchanged and the system voltage is low. With
the increase of photovoltaic generation power, there is excess power to charge
battery until it is full. Since then, photovoltaic generation power is higher than
loads, and battery can no longer absorb excess power which will cause the system
voltage raise.
By analyzing the results, it can be seen that adding the energy storage unit
can certainly balance the instantaneous power of system, but the ability of energy
storage unit is finite, there will still be fluctuated of PCC bus voltage. And
frequently charge and discharge, SOC discharges to 0 and charges to 100% will
cause the damage of energy storage life.
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5.2

Operation Control Strategy Based on SVNPSs Models

According to the microgrids operation control strategy, the units SVNPSs
models and power coordination, the simulations are verified. The simulation
results are shown in figure 13-15. Among them, the polysilicon photovoltaic,
monocrystalline silicon photovoltaic, battery and loads power change curve are
shown in figure 13, the SOC change curve is shown in figure 14, and figure 15 is
图 13
the PCC bus voltage fluctuation curve. The detailed analysis are as follows:
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Fig. 13. PVs, battery and loads power change curve
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400.05
During
10-11, the photovoltaic power is lower than loads while the SOC is
high, thus battery discharges to supple power for loads, the output power of
400 is positive and SOC shows a downward trend. Owing to the limit of batbattery
tery discharge power, the downward trend is slower than traditional control. In
399.95
the period
of 11-13, the output power of PVs increased with the enhancement of
light intensity. There is excess power to charge battery which outputs is negative
399.9
and SOC
shows11 an uptrend.
At 1313:15, the
system
still has
excess17 power 18while
10
12
14
15
16
time（h）
the SOC reaches the charging limit that
can not be recharged, then the loads
are added to balance power. At 13:45, there is still excess power after adding
all the loads, so the PV units are finally limited. Until to 16, the PV generation
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Fig. 15. PCC voltage fluctuation curve

power decreases with the weaken light. It is necessary to switch PVs from limited mode to MPPT mode to meet the system power balance. Subsequently, the
loads increase and even the PVs in the MPPT mode can not balance the power,
so that the energy storage need to discharge and SOC decrease. It can be seen
in figure 14, the control strategy based on PCC bus voltage and SOC not only
balances the power of each unit well but also guarantee the quality of microgrids
voltage so that it can operate stably.
Simulation results from figure 8-15 show that the traditional control strategy
by adding energy storage unit can certainly balance the active power of microgrid and decrease the fluctuation of PCC bus voltage. But the ability of energy
storage unit is finite. Only by adjusting the battery, the PCC bus voltage still
fluctuates greatly. The operation control strategy based on PCC bus voltage and
SOC of battery adjusts the loads and PVs output power while considering the
protection of battery unit with the power limit. The simulation results show that
the proposed control strategy can effectively balance PCC bus voltage and the
units SVNPS models are feasible in microgrids power coordination.

6

Conclusions

This paper defines SVNPSs where status values are gained to determine
systems to switch diverse situations. Based on the SVNPSs, the microgrids power
coordination is realized. Firstly, the operation control strategy is proposed where
the PVs and loads units are controllable. Due to the complexity of units multimode behaviors, the SVNPSs are used to construct the units models where the
detailed rules and reasoning processes are formulated. According to the operation
states of each unit, the output power are coordinated. The MATLAB simulations
verify the proposed strategy and the experimental results show the feasibility of
using SVNPSs in microgrids power coordination. Nonetheless, the microgrids
structure considered in this paper is simple, and the perceptual line feature is
ignored so that the control results are ideal. Next work in the future needs to
pay attention to the mora real features of the microgrids systems.

18

Jun Ming et al.

Acknowledgment
This work was partially supported by the National Natural Science Foundation of China (No. 61472328), International cooperation project of Chengdu
science and Technology Bureau (No. 2016-GH02-00111-HZ), Chunhui Project
Foundation of the Education Department of China (No.Z2016143), and Innovation Fund for Graduate Students of Xihua University (No. ycjj2017059).

References
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The P System Design Based on P Module
Ping Guo, Xixi Peng
College of Computer Science, Chongqing University, Chongqing, 400044, China

Abstract. P system is a new class of parallel computing model, it has
been applied to solving computing problems in many fields, such as
NP problems, arithmetic operations and image processing problems. A
method to design a P system with good structure has become a challenge
in P system applications. Based on the P module, this paper discusses
the P module representation of the basic algorithm structure (sequence,
selection and cycle), and gives the mechanism of P module assembly.
Finally, a method to compose complex computational systems by elementary P modules is explained by calculating the arithmetic square
root problem, and the validity of the proposed method is given.

Keywords: Calculate the arithmetic square root, P module, Membrane Computing, P System, Parallel Computing

1

Introduction

P system is a new subject in the field of biological computing, and the
multi-disciplinary research hotspot crossing computer science, mathematics, economics, biology, artificial intelligence, automatic control and so on in recent
years[1].
The model of P system mainly divided into three kinds, namely the cell-like
P system[2], the tissue-like P system[3] and the neural-like P system[4,5]. Based
on the tissue-like P system, there are a great many studies on the data mining
[6-8]. Bases on the neural-like P system, various scholars made some research
results such as clustering problems [9].
The study on the cell-like P systems is more active and it has been applied
for solving NP-hard problem, such as Hamilton problems[10], Satisfiability problem[11], vertex cover problem [12] and Degree-constrained tree problem [13]. In
picture processing, Ref. [14] proposed to a method to deal with the threshold
of the image, and Ref. [15] presented a method to solve image segmentation
problem.
In arithmetic P systems, Atanasiu[16] firstly proposed an arithmetic P systems to implement the arithmetic operation in 2001, but the maximum parallelism of membrane computing is not taken into account, and the membrane
structure is also complex; In 2002, G.Ciobanu[17] designed the arithmetic P
system based on natural encoding and simplify the structure of P systems; In
Ref.[18], arithmetic operation was performed in a single membrane without priority rules for simplifying the structure greatly and improving efficiency of the
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computations; Ref. [19] proposed an algorithm and builds expression P systems
without priority rules for evaluating arithmetic expression; Ref. [20] implemented
primary arithmetic operations of fractions in P systems and builds a bridge between rational numbers and membrane computing. Ref. [21] proposed the four
operations P system based on the table, but the system of division operation is
serial. Applying the basic arithmetic P system to numerical calculation is the
key to solve complex numerical problems by using membrane computing model.
Ref. [22] presented a family of P systems to solve linear equations and Ref. [23]
proposed the parallel matrix-vector multiplication method based on P systems
that are beneficial attempt to apply P system to numerical calculation.
Based on the modular design, not only can simplify the calculation system
structure, but also can improve its reusability. The modular design framework of
P system based on P module has been proposed and applied. Ref. [24] proposed
an improved generic version of P modules, an extensible framework for recursive composition of P systems. And it proposed an solution to solve Byzantine
agreement problem by P module. Ref. [25] presented an improved deterministic solution for FSSP(Flow-shop Scheduling problem). Ref. [26] extended the P
module in theory and proposed to solve image stereo matching problem by P
module in application. Besides, it realized the discovering neighbours and Echo
Algorithm. Ref. [27] find out a point-disjoint and edge-disjoint path between
source point and target point using P module based on the P module.
Based on P module study, this paper extends the definition of P module and
provides three basic structures so that it can better meet the requirement of
P module composition and facilitate the design of the solving P system for a
certain problem from the perspective of programming design. In this paper, we
discuss the P module representation of sequential, selection and cyclic structure
from the perspective of algorithm design, and propose the general mechanism
of composing complex computing system from elementary P module.The rest of
this paper is organized as follows: The section 2 introduces the basic concepts of
cell-like P system and P model; Section 3 discusses the P-module representation
of the three elementary structures in the algorithm design and gives the general
mechanism for composing complex computational systems from P modules. Section 4 gives an example of constructing a complex computational system from
a simple P module by calculating the arithmetic square root problem. Section 5
summarizes our research work.

2
2.1

Foundations
Cell-like P system

Cell-like P system is a class of basic P systems. It constructs the computational system by biochemical reactions in abstract biological cells: the substances
contained in the cells are abstracted as computational objects, and the biochemical reactions within the cells are abstracted as object evolutionary rules, and
the exchange of substances beween cells is abstracted as objects delivery (com-
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munication in calculation). Thus, a cell constitutes a computing unit, a group
of cells constitute a computing system.
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Fig.1. The structure of cell-like P system

Figure.1. is a schematic representation of a cell-like cell system. A cell-like P
system consists of the membranes (elementary membrane and composite membrane), the membrane regions surrounded by membranes, the membrane object
collection in the regions, and membrane rule collection. Formally, a cell-like P
system (of degree m ≥ 1) can be defined as form[28]: ]
Π = (O, µ, ω1 , · · · , ωm , R1 , · · · , Rm , io )
(1)
where,
1. O is the alphabet. Each symbol represents one kind of objects in the systems,
O∗ is finite and non-empty multiset over O, where λ is empty string, O+ =
O∗ − {λ};
2. µ is a membrane structure with m membranes, labeled by 1, 2, · · ·, m;
3. ωi (1 ≤ i ≤ m) is a string over O and represents the multiset of objects
placed in membrane i;
4. R (1 ≤ i ≤ m) are finite sets of possible evolution rules over O associated
with the regions i;
5. io is output region of the system and it saves the final result.
2.2

Basic model-P module

The P module, which our work in this paper is based on, is a part of the
P system, and multiple P modules can be combined into a larger P module to
solve a variety of huge problems. Fig.2 shows three elementary P modules and
two composite P modules through the recursive composition of these elementary
P modules.
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Fig.2. The structure of P system based on the P module

Our work in this paper is based on the cell-like P system, a cell is expressed
by an elementary P module. Formally, a P module (of degree m ≥ 1) can be
defined as form: ]
Π = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
(2)
where,
(1) O is a finite non-empty alphabet of objects;
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(2) K is a finite set of cells;
(3) δ is a subset of (K ×K)∪(K ×R↓ )∪(R↑ ×K), i.e. a set of parent-child structural arcs, representing duplex or simplex communication channels, between
two existing cells or between an existing cell and an external reference;
(4) Q is a finite alphabet, disjoint of O, of generic synchronizing objects that
cells finally output;
(5) D↑ is a subset of K, representing def↑ definitions; D↓ is a subset of K,
representing def↓ definitions;
(6) R↑ is a finite set, disjoint of K, representing ref↑ references; R↓ is a finite
set, disjoint of K, representing ref↓ references;
(7) ω is a partial mapping by which synchronizing objects instantiation is specified.
(8) Each cell, σ ∈ K, has the form σ = (S, s0 , ω0 , R), where,
(a)
(b)
(c)
(d)

S is a finite set of states;
s0 ∈ S is the initial state;
ω0 ∈ O∗ is the initial multiset of objects;
R is a finite ordered set of multiset rewriting rules of the general form:
sx →α s0 /x0 /(u)βγ ; (id)

(3)

where,
- s, s0 ∈ S;
- x ∈ O∗ , u ∈ O∗ ;
- α is a rewriting operator, α ∈ min, max, The rewriting operator α =
min indicates that the rewriting is applied once, if the rule is applicable;
and α = max indicates that the rewriting is applied as many times as
possible, if the rule is applicable.When α = max, α can be ignored and
not written in the rule.
- β is a transfer operator’s arrow pointer, β ∈ ↑, ↓, l, The transfer operator β’s arrow points in the direction of transfer: ↑ − towardsparents;
↓ −towards children; l −in both directions.
- γ is a transfer operator’s definition,γ ∈ { one, spread, repl }∪K∪R↑ ∪R↓ .
If u = λ, this rule can be abbreviated as sx →α s0 /x; (id).
- id is a number identified the sequense of rule execution.Prior and preference can be given high-ranking. If the rules in the same state are in
the same priority, id can be ignored and not written in the rule.

3

The P module structure in algorithm

Any solution to the problem requires a specific process that is the algorithm,
and the most basic structure of the algorithm consists of three: sequential structure, branch structure and cyclic structure.These three basic structures can form
a variety of complex algorithms.
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3.1

Sequential structure

Fig.3. illustrates the sequential modular composition of two P modules. We
can abstract the P-module model with sequential structure from any one P
system. There are two elementary P modules, Π0 < def↓A0 , ref↓a0 >, Π1 <
def↓A1 , ref↓a1 > and a high-level P module, Π2 < def↓A0 , ref↓a1 >.
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Fig.3. The sequential structure based on the P module

There is a definition of Π0 < def↓A0 , ref↓a0 > following this paragraph.
Π0 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi0 , y0 , . . . , yj0 }
K = { A0 }
δ = { a0 }
Q = { α0 , . . . , αk0 }
D↓ = { def↓A0 } , D↑ = { }
R↓ = { ref↓a0 } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A0 receives i0 objects,
the incoming objects can generate j0 objects to evolve through an indefinite
number of steps , and finally k0 objects are passed to a0 , where i0 > 0, k0 >
0, j0 > 0.
r1 : S0 x0 , . . . , xi0 →min/max S1 y0 , . . . , yj0
r2 : S0 y0 , . . . , yj0 →min/max S0 (α0 , . . . , αk0 )↓a0
There is a definition of Π1 < def↓A1 , ref↓a1 >following this paragraph.
Π1 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi1 , y0 , . . . , yj1 }
K = { A1 }
δ = { a1 }
Q = { β0 , . . . , β k 1 }
D↓ = { def↓A1 } , D↑ = { }
R↓ = { ref↓a1 } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A1 receives i1 objects,
the incoming objects can generate j1 objects to evolve through an indefinite
number of steps , and finally k1 objects are passed to a1 , where i1 > 0, k1 >
0, j1 > 0.
r3 : S0 x0 , . . . , xi1 →min/max S1 y0 , . . . , yj1
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r4 : S0 y0 , . . . , yj1 →min/max S0 (β0 , . . . , βk1 )↓a1
The high-level P module, Π2 < def↓A0 , ref↓a1 > , contains two cells, A0 and
A1 , which also appears as an external def↓ definition, and makes external ref↓
references to a unspecified cells, a1 . There is a definition of Π2 following this
paragraph.
Π2 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1) O ={ x0 , . . . , xi0 , y0 , . . . , yj0 , x0 , . . . , xi1 , y0 , . . . , yj1 }∪{ α0 , . . . , αk0 }
={ x0 , . . . , xi0 , y0 , . . . , yj0 , x0 , . . . , xi1 , y0 , . . . , yj1 , α0 , . . . , αk0 }
(2) K = { A0 , A1 }
(3) δ = { (A0 , ref↓a0 → def↓A1 ) }
(4) Q = { α0 , . . . , αk0 , β0 , . . . , βk1 } / { α0 , . . . , αk0 } = { β0 , . . . , βk1 }
(5) D↓ = { def↓A0 } , D↑ = { }
(6) R↓ = { ref↓a1 } , R↑ = { }
(7) ω = { αl → xl (0 < l ≤ k0 ) }
When using the generic instantiation:(A0 , ref↓a0 → def↓A1 )to instantiate the
connecting arc, we must map objects between Π0 and Π1 by the partial mapping
ω1 : αl → xl (0 < l ≤ k0 ), where αl is an alphabet of synchronizing objects from
Q in Π0 and xl is an alphabet from the incoming objects in Π1 .In Π2 , because
the partial mapping ω1 is instantiated, Q must remove Dom(ω1 ) and O must
add Im(ω1 ) , as illustrated above.
3.2

Branch structure

Fig.4. illustrates the branch modular composition of three P modules. We
can abstract the P-module model with branch structure. There are three elementary P modules, Π0 < def↓A0 , ref↓a0 , ref↓a2 >,Π1 < def↓A1 , ref↓a1 >,Π2 <
def↓A2 , ref↓a3 >and a high-level P module, Π3 < def↓A0 , ref↓a1 , ref↓a3 >. From
the part of Π3 , Π0 and Π1 construct one sequential structure, and Π0 and Π2
construct another sequential structure.In a whole, Π0 is the judgment module
which determines where the next step will go. If Π0 satisfies one condition, i.e.
has one object, m, the next step is to execute Π1 ; otherwise, to execute Π2 .
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Fig.4. The branch structure based on the P module

There is a definition of Π0 < def↓A0 , ref↓a0 , ref↓a2 > following this paragraph.
Π0 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
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where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi0 , y0 , . . . , yj0 , m }
K = { A0 }
δ = { a0 , a2 }
Q = { α0 , . . . , αk0 , φ0 , . . . , φk0 }
D↓ = { def↓A0 } , D↑ = { }
R↓ = { ref↓a0 , ref↓a2 } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A0 receives objects to
judge whether or not there are m, Π0 can generate j objects to evolve through
an indefinite number of steps. Finally,k objects are passed to a0 , if the inputting
objects include m;otherwise, to a2 , where i0 > 0, k0 > 0, j0 > 0.
r1 : S0 x0 , . . . , xi0 , m →min/max S1 y0 , . . . , yj0 ; 1
r2 : S0 x0 , . . . , xi0 , →min/max S1 y0 , . . . , yj0 ; 2
r3 : S0 y0 , . . . , yj0 →min/max S0 (α0 , . . . , αk0 )↓a0
r4 : S0 y0 , . . . , yj0 →min/max S0 (φ0 , . . . , φk0 )↓a2
There is a definition of Π1 < def↓A1 , ref↓a1 >following this paragraph.
Π1 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi1 , y0 , . . . , yj1 }
K = { A1 }
δ = { a1 }
Q = { β0 , . . . , βk1 }
D↓ = { def↓A1 } , D↑ = { }
R↓ = { ref↓a1 } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A1 receives i1 objects,
the incoming objects can generate j1 objects to evolve through an indefinite
number of steps , and finally k1 objects are passed to a1 , where i1 > 0, k1 >
0, j1 > 0.
r5 : S0 x0 , . . . , xi1 →min/max S1 y0 , . . . , yj1
r6 : S0 y0 , . . . , yj1 →min/max S0 (β0 , . . . , βk1 )↓a1
There is a definition of Π2 < def↓A2 , ref↓a3 >following this paragraph.
Π2 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi1 , y0 , . . . , yj1 }
K = { A2 }
δ = { a2 }
Q = { γ0 , . . . , γ k 2 }
D↓ = { def↓A2 } , D↑ = { }
R↓ = { ref↓a3 } , R↑ = { }
ω={ }
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Using the ruleset following this paragraph, when cell A2 receives i2 objects,
the incoming objects can generate j2 objects to evolve through an indefinite
number of steps , and finally k2 objects are passed to a3 , where i2 > 0, k2 >
0, j2 > 0.
r7 : S0 x0 , . . . , xi2 →min/max S1 y0 , . . . , yj2
r8 : S0 y0 , . . . , yj2 →min/max S0 (γ0 , . . . , γk2 )↓a3
The high-level P module, Π3 < def↓A0 , ref↓a1 , ref↓a3 > , contains three cells,
A0 and A1 , which also appears as an external def↓ definition, and makes external
ref↓ references to two unspecified cells, a1 and a3 . There is a definition of Π2
following this paragraph.
Π3 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1) O ={ x0 , . . . , xi0 , y0 , . . . , yj0 , m, x0 , . . . , xi1 , y0 , . . . , yj1 }∪{ α0 , . . . , αk0 , φ0 , . . . , φk0 }
={ x0 , . . . , xi0 , y0 , . . . , yj0 , m, x0 , . . . , xi1 , y0 , . . . , yj1 , α0 , . . . , αk0 , φ0 , . . . , φk0 }
(2) K = { A0 , A1 , A2 }
(3) δ = { (A0 , ref↓a0 → def↓A1 ), (A0 , ref↓a2 → def↓A2 ) }
(4) Q = { α0 , . . . , αk0 , φ0 , . . . , φk0 , β0 , . . . , βk1 , γ0 , . . . , γk2 } / { α0 , . . . , αk0 , φ0 , . . . , φk0 } =
{ β0 , . . . , βk1 , γ0 , . . . , γk2 }
(5) D↓ = { def↓A0 } , D↑ = { }
(6) R↓ = { ref↓a1 , ref↓a3 } , R↑ = { }
(7) ω = { αl → xl (0 < l ≤ k0 ), φl → xl (0 < l ≤ k0 ) }
When using the generic instantiation:(A0 , ref↓a0 → def↓A1 )to instantiate
the connecting arc, we must map objects between Π0 and Π1 by the partial
mapping ω1 : αl → xl (0 < l ≤ k0 ), where αl is an alphabet of synchronizing
objects from Q in Π0 and xl is an alphabet from the incoming objects in Π1 .
When using the generic instantiation:(A0 , ref↓a2 → def↓A2 )to instantiate the
connecting arc, we must map objects between Π0 and Π2 by the partial mapping
ω2 : φl → xl (0 < l ≤ k0 ), where φl is an alphabet of synchronizing objects from Q
in Π0 and xl is an alphabet from the incoming objects in Π2 . In Π3 , because the
partial mapping ω1 and ω2 are instantiated, Q must remove Dom(ω1 ),Dom(ω2 )
and O must add Im(ω1 ) , as illustrated above.

3.3

Cyclic structure

The cyclic structure has two models of do-while and while-do.Fig.5. illustrates the cyclic modular composition of two P modules which construct dowhile model.There are two elementary P modules, Π0 < def↓A0 , ref↓a1 >,Π1 <
def↓A1 , ref↓y , ref↓n > and a high-level P module, Π2 < def↓A0 , ref↓y >. Π2
describes that the first step is to execute the rules in the Π0 , the second step is
to execute Π1 and results are output through the undefined cell,n, if Π1 satisfies
the loop termination condition;otherwise, to execute Π0 through y.
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Fig.5. The cyclic structure based on the P module

There is a definition of Π0 < def↓A0 , ref↓a1 > following this paragraph.
Π0 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi0 , y0 , . . . , yj0 }
K = { A0 }
δ = { a1 }
Q = { β0 , . . . , β k 0 }
D↓ = { def↓A0 } , D↑ = { }
R↓ = { ref↓a1 } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A0 receives i0 objects, the
incoming objects can generate j0 objects to evolve through an indefinite number
of steps , and finally k0 objects are passed to a1 , where i0 > 0, k0 > 0, j0 > 0.
r1 : S0 x0 , . . . , xi0 →min/max S1 y0 , . . . , yj0
r2 : S0 y0 , . . . , yj0 →min/max S0 (β0 , . . . , βk0 )↓a1
There is a definition of Π1 < def↓A1 , ref↓y , ref↓n >following this paragraph.
Π1 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1)
(2)
(3)
(4)
(5)
(6)
(7)

O = { x0 , . . . , xi1 , y0 , . . . , yj1 , z0 , . . . , zj2 , z0 , . . . , zj3 }
K = { A1 }
δ = { y, n }
Q = { α0 , . . . , αk1 , φ0 , . . . , φk2 }
D↓ = { def↓A1 } , D↑ = { }
R↓ = { ref↓y , ref↓n } , R↑ = { }
ω={ }

Using the ruleset following this paragraph, when cell A1 receives objects to judge
whether are x0 . . . xi1 or y0 . . . yi1 , Π1 can generate objects to evolve through an
indefinite number of steps. Finally, k1 objects are passed to n, if the inputting
objects include x0 . . . xi1 ;otherwise, if the inputting objects include y0 . . . yi1 , k2
objects are passed to y, where i1 > 0, k1 > 0, k2 > 0, j1 > 0, j2 > 0, j3 > 0.
r3 : S0 y0 , . . . , yj1 , →min/max S1 z0 , . . . , zj2 ; 1
r4 : S0 x0 , . . . , xi1 →min/max S2 z0 , . . . , zj3 ; 2
r5 : S1 z0 , . . . , zj2 →min/max S0 (φ0 , . . . , φk2 )↓y
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r6 : S2 z0 , . . . , zj3 →min/max S0 (α0 , . . . , αk1 )↓n
The high-level P module, Π2 < def↓A0 , ref↓y > , contains three cells,A0 and
A1 , which also appears as an external def↓ definition, and makes one external
ref↓ reference to one unspecified cell, y. There is a definition of Π2 following
this paragraph.
Π2 = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω)
where,
(1) O ={ x0 , . . . , xi0 , y0 , . . . , yj0 , x0 , . . . , xi1 , y0 , . . . , yj1 , z0 , . . . , zj2 , z0 , . . . , zj3 ,
β0 , . . . , βk0 , α0 , . . . , αk1 }
(2) K = { A0 , A1 }
(3) δ = { (A0 , ref↓a1 → def↓A1 ), (A1 , ref↓n → def↓A0 ) }
(4) Q = { α0 , . . . , αk1 , φ0 , . . . , φk2 , β0 , . . . , βk0 } / { β0 , . . . , βk0 , α0 , . . . , αk1 } =
{ φ0 , . . . , φk2 }
(5) D↓ = { def↓A0 } , D↑ = { }
(6) R↓ = { ref↓y , ref↓a3 } , R↑ = { }
(7) ω = { αl → xl (0 < l ≤ k1 ), βl → xl (0 < l ≤ k0 ) }
When using the generic instantiation:(A0 , ref↓a1 → def↓A1 )to instantiate
the connecting arc, we must map objects between Π0 and Π1 by the partial
mapping ω1 : βl → xl (0 < l ≤ k0 ), where βl is an alphabet of synchronizing
objects from Q in Π0 and xl is an alphabet from the incoming objects in Π1 .
When using the generic instantiation:(A1 , ref↓n → def↓A0 )to instantiate the
connecting arc, we must map objects between Π1 and Π0 by the partial mapping
ω2 : αl → xl (0 < l ≤ k1 ), where αl is an alphabet of synchronizing objects from
Q in Π1 and xl and yi is an alphabet from the incoming objects in Π0 . In
Π2 , because the partial mapping ω1 and ω2 are instantiated, Q must remove
Dom(ω1 ),Dom(ω2 ) and O must add Im(ω1 ) , as illustrated above.
3.4

P modules composition mechanism

Every P module has one open end at least which defines a port, an external
referance, through which the P module can transfer messages.The important
characteristic of the P module is the messaging mechanism through the port.
Given an arbitrary finite set of disjoint P modules, we can construct a highlevel P module by instantiating some of their external references to some of
their external definitions, which implicitly instantiates some new arcs, and by
instantiating some of their unspecified symbols.
Considering of a finite family of n P modules,Ψ = { Πi |i ∈ [1, n] }, where
Πi = (Oi , Ki , δi , Qi , D↑i , D↓i , R↑i , R↓i , ωi ), i ∈ [1, n], the result of a composition
P module depends on two kinds of actual instantiations including that unspecified symbols objects are instantiated and external references and definitions are
matched.Synchronizing objects instantiation is to map the output objects of a
module into the input objects of another module connected to it. Synchronizing
objects instantiation is specified by a partial mapping ω:∪i∈[1,n] Qi → Ω, where
Ω is a universal alphabet covering all alphabets used in a given application.
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Although this mapping can be mapped to all alphabets, Ω, it is necessary for
an application to determine the specific mapping result objects according to the
neighboring children module when the specific instance. The synchronizing objects that have been instantiated are defined by the domain of ω, i.e. Dom(ω), and
their assigned objects by the partial mapping ω:∪i∈[1,n] Qi → Ω, i.e. Im(ω), which
are result objects newly produced.Likewise, external references are matched to
external definitions by two partial mappings, ρ↑ : ∪i∈[1,n] R↑i → ∪i∈[1,n] D↑i ,
ρ↓ : ∪i∈[1,n] R↓i → ∪i∈[1,n] D↓i .A previously uninstantiated arc(σ, r), where(σ ∈
Ki , r ∈ R↓i , i ∈ [1, n]) is instantiated as (σ, ρ↓(x) ), and a previously uninstantiated arc (r, σ), where(σ ∈ Ki , r ∈ R↑i , i ∈ [1, n]), is instantiated as(ρ↑(x) , σ).
Based on what has been described above, the P module family Ψ can be
expressed as the form, Π = (O, K, δ, Q, D↑ , D↓ , R↑ , R↓ , ω), when ω, ρ↑ , ρ↓ are
the partial mappings which define the instantiation (as previously introduced),
if:
-

Ψ is cell-disjoint;
O = ∪i∈[1,n] Oi ∪ Im(ω);
K = ∪i∈[1,n] Ki ;
δ = { (ρ̃↑(σ) , ρ̃↓(σ) )|(σ, τ ) ∪i∈[1,n] δi } , whereρ̃↑(σ ) = σ ∈ Dom(ρ↑ )?ρ↑(σ) :
σ, ρ̃↓(σ) = σ ∈ Dom(ρ↓ )?ρ↓(σ) : σ;
- Q = ∪i∈[1,n] Qi ∪ Dom(ω);
- D↑ ⊆ ∪i∈[1,n] D↑i , D↓ ⊆ ∪i∈[1,n] D↓i ;
- R↑ = ∪i∈[1,n] R↑i Dom(ρ↑ ), R↓ = ∪i∈[1,n] R↓i Dom(ρ↓ );

As described above, we can know the concrete the mechanism of P modules
in P system.The P modules composition mechanism facilitates the design of P
system for complex algorithms, where every P module provides encapsulation
and information hiding to other P modules.

4

An instance: Calculates the arithmetic square root of a
large numbers

In this section, we will present the structure and method of the P module and
their operating process in P systems Π20 by solving the square root algorithm
of large numbers. This example shows that the P system based on the P module
is not only suitable for the P system design described by the general flow chart
algorithm, but also is more suitable for the P system design of parallel computing
flow chart.
4.1

An arithmetic square root algorithm of large numbers

There is a square root estimation algorithm for narrowing the scope of the
square root and estimating the scope as Table 1. The algorithm is alpplyed to
estimate the square root, including 3 steps and The complexity of Sqrte(n) is
about O(d) (d is the number of digits of n).
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Table 1. Algorithm:Sqrte(a)
Input:a
Output: the left interval point of estimated square root and the size of estimated
square root
(1)Record the high value of the inputting number, a, (the high value of even is the
highest two digits in the number, the high value of odd is the highest digit in the
number) , while recording the remaining number of bits in this original number.
(2)Select the square root of the high value according to the formula, i.e. the high
value > [81, 64, 49, 36, 25, 16, 9, 4, 1] , then the corresponding square root result
is [10,9,8,7,6,5,4,3,2].
(3)Combinate the high value and the remaining number of bits in this original number
(4)Output: the left interval point of estimated square root and the size of
estimated square root
End

Table 2. Algorithm:Splite(b, x, a, m)
Input:b, x, a, m
a :the original number to be squared;
√
b: the left interval point of a ;
√
x:the size of the interval of a;
m:the quantity of equidistant intervals
originalinterval:[b, b + x]
Output: the square root
(1)Divide the interval into m equidistant intervals, that is, to obtain m + 1 copies
of endpoint number in the interval.
(2)The ordered m + 1 copies of endpoint numbers in parallel to calculate the
corresponding square results, then these square results parallel in parallel minus
the original number, a.Finally obtain ordered m + 1 copies of numbers processed
above.
(3)From the ordered m + 1 copies of numbers, if there is the number, 0, then
output the endpoint number as the final result; otherwise, find two adjacent
numbers which are a positive number and a negetive number respectively ,then
obtain the two endpoint numbers.
(4)Determine whether the difference between the two endpoint values is no more
than 1, if yes, output the left endpoint value as the final result. On the contrary,
the two endpoint values as a new round of input, that is, enter (1).
End

There is a square root algorithm through m bisection calculation approach
for the square root to units digit as Table 2. The complexity of Splite(b, x, a, m)
is about O(logm n) (m is the number of the interval splited).
The algorithm is illuminated by the flow chart as Fig.6:
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Fig.6. A flow of the square root algorithm of large numbers

4.2

The P system of a distributed parallel algorithm based on P
modules

A distributed parallel algorithm for the square root problem of large numbers,
which is named Bigsplite, integrates the square root estimation algorithm and
the square root algorithm through m bisection calculation approach. Provided
that input a, firstly acquire an approximate interval [b, b + a0 ] as the preliminary
result interval by the square root estimation algorithm, Sqrte(a). Then the left
interval,b, the interval size,a0 , and the original incoming data, a, are as the incoming data of the square root algorithm throughm bisection calculation approach,
Splite(b, a0 , a, m). Finally get the final correct results by Splite(b, a0 , a, m).
(1) The incoming data, A, i.e. a, is segmented in cell M0 through circularly
dividing the data, a, by 100 and each time k increased by 1. After the cycle
ends, obtain the highest-segment value of the original incoming data, i.e.a,
and the number of bits of the square root value after the highest bit, i.e. k.
Pass the two parts data, a and k, and the original incoming data, A, into
M1 , . . . , M9 . Go to the step (1).
(2) In the cells M1 , . . . , M9 , these cells parallel compute the square root of the
high-segment value, a, from M0 . Through find a cell√ of M1 , . .√
. , M9 that
make the value, a, √
satisfying the arithmetic formula: a < q < a + 1, we
can get the result: a ∈ [q, q + 1].Finally, pass q, p(p = 1), k, A to M10 from
that cell. Go to step (3). (Parallel Computing)
(3) In cell M10 , combinate of digits, k, and the valuation interval of the square
root of high-segment value, [q, q + p], then get the valuation range of A, i.e.
[q ∗ 10k , (q + 1) ∗ 10k ]. Finally, pass q ∗ 10k , p ∗ 10k , A to M12 , go to step (4).
(4) In the cell M12 , the valuation interval, [q ∗ 10k , (q + 1) ∗ 10k ], is divided into
m intervals on average, which are showed as m + 1 endpoints, x0 , x1 , . . . , xm .
The endpoints data is sequentially transmitted to the m + 1 parallel calculation cells, A0 , A1 , A2 . . . Am , as the incoming data of the parallel calculation
cell. And A is the same case. Go to step (5).
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(5) In the cells A0 , A1 , A2 ..., Am , they calculate f (xi ) = x2i − a. Finally, pass
f (x0 ) and A into M13 , and pass f (xi )(i ∈ [1, m])to M13 . Go to step (6).(Parallel Computing)
(6) In the cell M13 , determine whether there is an accurate result from the
results of the calculation, f (xi ), if so, then the square root value passed to
M15 and go to step(7); otherwise, find the interval of the square root, i.e.
[xi , xi+1 ], the interval value and A passed to M14 and go to step(8).
(7) In the cell M15 ,output the final result x.
(8) In the cell M14 , determine whether the size of the interval, i.e. [xi , xi+1 ],
is less than 2, if so, the result xi is given to M1 5 and go to step(7); otherwise,pass xi , xi+1 , A to M12 and go to step (4).
Provided that input A, the integrated algorithm, Bigsplite(A), is illuminated
in details by Fig.7.
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The complexity of the distributed parallel algorithm can be summarized as
follows:
(1)Sqrte(n): The complexity of Sqrte(n) is about O(d) (d is the number of
digits of n).
(2)Splite(b, n, A, m): The complexity of Splite(b, x, a, m) is about O(logm n)
(m is the number of the interval splited).
The algorithm, Bigsplite(A), can pass through two phases, Sqrte(a) and
Splite(b, a, A, m), when the result interval of the square root by Sqrte(a) is
[b, b+a]. The size of the second parameter of the algorithm named Splite become
much smaller than the original incoming number, A, so the total number of the
recursive computing go is decreased, but the complexity of Splite(b, a, A, m) still
is O(logm n). So the complexity of the distributed parallel algorithm is O(logm n).
Fig.8. is a P module flow chart, which is abstracted out according to the
algorithm flow chart , Fig.7, and illustrates the modular composition of cells
that solves the square root of large numbers problem.
As is shown Fig.8, the P modules number in the P system are (22+m).The P
system can be expressed as the biggest composite P module Π20 < def↓M0 , ref↓i2 >.
As a whole, the biggest P module includes a closely related composition of two
functional high-level P modules, Π18 < def↓M0 , ref↓y1 > and Π19 < def↓M12 , ref↓i2 >.
The composite P module Π18 < def↓M0 , ref↓y1 > mainly describes a square
root estimation algorithm for narrowing the scope of the square root and estimating the scope.
The composite P module Π19 < def↓M12 , ref↓i2 > mainly describes a square
root algorithm through m bisection calculation approach for the square root to
units digit. In a whole,the composite P module is a cyclic structure which is
made up with three P modules Π12 , Π16 and Π17 .
2!

%!&

%!)
*,"

%$
!" !!

3&

3!
!&" &'

7!

#!

!&" &'

#$

4$

3( %!!
%(

%&

%!

#&666

!&" &'

8$

4!

%*$

,)" )+

.$

-+

#!&

,)" )+

&)"

*+

,)" )+

.! 666

8!

8/
%!*
-," ++

1*
%!$

%!,
%*$0/

41

%*!

#(

7(

7&

%&$
%!(

5&
%!+

1&
#!$

5!

%!'

666
#!*

./

,," ,'

%!+," ,+

#!- 5*

Fig.8. A P module flow of a distributed parallel algorithm

2&
#!+

16

4.3

The structure and function of P module in the P system

The P system Π20 < def↓M0 , ref↓i2 > constructs the distributed parallel
algorithm based on P modules, which is complicated with many modules. As
be showned, there are three basic structures of the P module are applied to
the P system. These structures in the P system are briefly described below and
concrete rules in these P module are introduced in the appendix.
As a whole, the P module Π20 < def↓M0 , ref↓i2 > constructs the whole P
system to solve the problem of the square root algorithm of large numbers and
includes a closely related composition of two functional high-level P modules,
Π18 < def↓M0 , ref↓y1 > and Π19 < def↓M12 , ref↓i2 >.
The composite P module Π18 , contains eleven cells, Mi (0 ≤ i ≤ 10), for
narrowing the scope of the square root and estimating the result scope is a
sequential structure which is made up with three P modules Π0 , Π11 , Π10 .
In the P module Π0 < def↓M0 , ref↓o1 , . . . , ref↓o9 > , it containing a single
cell, M0 , mainly process the original data and prepare for the next P module
Π11 . The composite P module Π11 < def↓M1 , . . . , def↓M9 , ref↓p1 , . . . , ref↓o9 >
for estimating the coral part of the parallel computing root value is a P module
formed from nine elementary P modules, Πi < def↓Mi , ref↓p1 > (1 ≤ i ≤ 9), in
which the internal rules and the way of handing are exactly the same. P module
Π10 < def↓M1 0 , ref↓y1 > contains a single cell, M10 , which outputs the estimated
square root result.
The composite P module Π19 < def↓M12 , ref↓i2 > contains m + 5 cells,
Mi (12 ≤ i ≤ 15) and Aj (0 ≤ j ≤ m) for obtaining the exact root value and
is a cyclic structure which is made up with one elementary P module, i.e. Π12
and two composite P modules, i.e. Π16 and Π17 . Π12 and Π16 are the sequential
execution part of the loop as the ”do” section in ”do-while”. Π17 is to determine
whether the loop is continue or not and filter out the correct values.
Π12 < def↓M12 , ref↓a0 , . . . , ref↓am > contains a single cell, M1 2, which is to
divide the result scope into Π1 6 in every loop and then filter out the correct
range of values.
Π16 < def↓A0 , . . . , def↓Am , ref↓b0 , . . . , ref↓bm > which is made up with m + 1
P modules Π30+i (i ∈ [0, m]) is constains m + 1 cells, Aj (j ∈ [0, m]), which are
parallel computing cells to solve the possible value.
Π17 < def↓M1 3 , ref↓n2 , ref↓i2 > which is made up with three P modules
Π13 , Π14 andΠ15 , contains three cells, Mi (13 ≤ i ≤ 15), is a branch structure.
Π13 < def↓M13 , ref↓y2 , ref↓n2 > and Π14 < def↓M14 , ref↓y3 , ref↓n3 > control the
loop. When Π13 determine whether there is an accurate result from the results
of the calculation. If there is, finally the loop ends; otherwise, to Π14 . When
Π14 determine whether the size of the interval is less than 2. If there is, finally
the loop ends; otherwise, to Π12 . P module Π15 < def↓M15 , ref↓i2 containing a
single cell, M15 , outputs the final result.
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4.4

Calculate instance

In this section, we will give an instance to show a method to solve the square
root of large numbers Problem in P system designed here.We assume that the
inputing data is 4500 and the number of parallel computing cells was 5, namely
n = 5. So 4500 copies of objects into the membrane system to evolve.
(1) The membrane structure after the original data, a4500 , is shown in Fig.9.
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Fig.9. The membrane structure after the original data

(2) The membrane structure after Sqrte(n) is shown in Fig.10.
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Fig.10. The membrane structure after Sqrte(n)

(3) The membrane structure of the objects from the M14 to the M12 after the
first cycle of the algorithm, Splite(b, n, A, m), is shown in Fig.11.
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Fig.11. The membrane structure after the first cycle of Splite(b, n, A, m):

(4) The membrane structure of carrying out a second cycle to determine whether
the loop is ended or not is shown in Fig.12.
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(5) The loop is judged by the M14 , and finally the result x is output from the
cell, M14 . The objects x67 represents the square root of 4500. That means
the final result is the number, 67.
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Conclusion

Since the P system model has been proposed, the researchers have not only
proved that it has the same computing power as Turing machines, but also applies it to some areas to solve the computational problem. In particular, the
large parallelism of the P system makes it possible to construct the computational space of the exponential order in the linear time, which is convenient for
the calculation of the problem. Thus, simply and quickly design of applicationoriented computing systems using the P system principle has become a new
challenge. This paper provides a good solution and method for the above question. (1)Based on the P module study, this paper complements and extends the
definition of the P module and the composition mechanism of the P modules.
(2)This paper discusses the three basic structures of the P module, sequential
structure, branch structure and cyclic structure, that are used in the algorithmic
process design and are good for fast and efficient construction of a large parallel
computing P system. (3) A example for an arithmetic square root algorithm
of large numbers is quickly constructed to demonstrate the feasibility and effectiveness of the three basic structures and the composition mechanism. From
this example can be seen that the proposed method is feasible, can effectively
improve the efficiency of computing system design, to facilitate the design of the
system.
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A method to more rationally divide the P module and improve the reusability
of the P module to be further studied, which is the direction of our next work.

References
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Appendix: The Rules of Π20
(1) The rules in Π20
r1 : S0 a →max S1 aτ ;
r2 : S1 a100 c →min S2 a100 ; 1
r3 : S1 ac →min S5 as;2
r4 : S2 a100 →max S3 b;
r5 : S3 a →max S4 ;
r6 : S3 b →min S4 bkc;
(2) The rules in Π1 . . . Π9
r12 : S0 ab →max S1 d;
r13 : S1 bs →min S2 bu; 1
r14 : S1 s →min S4 ; 2
r15 : S1 bc →min S3 e;
r16 : S3 bu →min S4 b; 1
r17 : S3 u →min S5 v; 2
r18 : S4 τ1 →max S0 ;
r19 : S4 a →max S0 ;

r7 : S4 b →max S0 a;
r8 : S5 τ →max S0 (τ0 )↓o1 ,o2 ,o3 ,o4 ,o5 ,o6 ,o7 ,o8 ,o9 ;
r9 : S5 a →max S0 (α0 )↓o1 ,o2 ,o3 ,o4 ,o5 ,o6 ,o7 ,o8 ,o9 ;
r10 : S5 s →max S0 (µ0 )↓o1 ,o2 ,o3 ,o4 ,o5 ,o6 ,o7 ,o8 ,o9 ;
r11 : S5 k →max S0 (β0 )↓o1 ,o2 ,o3 ,o4 ,o5 ,o6 ,o7 ,o8 ,o9 ;
r20 : S4 d →max S0 b;
r21 : S4 k →max S0 ;
r22 : S4 e →max S0 bc;
r23 : S5 vq →max S6 v;
r24 : S6 τ1 →max S0 (τ1 )↓pi ;
r25 : S6 q →max S0 (φ1 )↓pi ;
r26 : S6 v →max S0 q(µ1 ψ1 )↓pi ;
r27 : S6 k →max S0 (β1 )↓pi ;

21

(3) The rules in Π10
r28 : S0 ks →max S1 s; 1
r29 : S0 s →max S2 ; 2
r30 : S1 p →max S0 p10 ;
r31 : S1 q →max S0 q 10 ;
(4) The rules in Π12
r36 : S0 a0n →max S1 d0 d1 . . . dn ; 1
r37 : S0 b →max S1 b0 b1 . . . bn ; 1
r38 : S0 a0 s →max S1 a0 s; 2
r39 : S1 a0 s →max S2 gd0 d1 . . . dn ; 1
r40 : S1 s →max S2 g; 2
r41 : S1 a0 →max S2 ; 3
(5) The rules in Π13
r46 : S0 zi s →min S1 szi ; 1
r47 : S0 s →min S2 s; 2
r48 : S1 zi →max S3 (γ1 3)↓y2 ;
r49 : S2 xi yi+1 s →max S3 pi+1 (φ13 )↓n2 ;
r50 : S3 yi pi →max S3 (ψ13 )↓n2 ; 1
(6) The rules in Π14
r56 : S0 sa02 →min S1 sa02 ; 1
r57 : S0 s →min S2 s; 2
r58 : S1 b →max S0 (φ14 )↓n3 ;
r59 : Sa0 →max S0 (ψ14 )↓n3 ;
r60 : S1 τ14 →max S0 (τ14 )↓n3
(7) The rules in Π15
r66 : S0 cx →max S1 cx;
(8) The rules in Π30 . . . Π30+m
r68 : S0 ys →min S1 ; 1
r69 : S0 sc →min S2 s;
r70 : S1 x →max S0 xr;
r71 : S2 a →max S3 τ20 a;
r72 : S3 ar →max S4 v;
r73 : S4 av →max S5 avxi ;
r74 : S4 rv →max S6 vyi ;
r75 : S4 v →max S7 vzi ;
r76 : S5 s →max S8 (µ20 )↓b0 ;

r32 : S2 p →max S0 (α)↓y1 ;
r33 : S2 q →max S0 (β)↓y1 ;
r34 : S6 τ10 →max S0 (τ10 )↓y1 ;
r35 : S6 c →max S0 c(µ10 )↓y1 ;
i
r42 : S2 di →max S0 (φi12 ψ12
)↓ai ;
r43 : S2 bi →max S0 (φ12 ψ12 )↓ai ;
r44 : S2 g →max S0 (µ12 )↓ai ;
r45 : S2 τ12 →max S0 (τ12 )↓y1 ;

r51 : S3 τ13 →max S3 (τ13 )↓n2 ; 1
r52 : S3 s →max S3 (µ13 )↓n2 ; 1
r53 : S3 pi →max S0 ; 2
r54 : S3 xi →max S0 ; 2
r55 : S3 yi →max S0 ; 2
r61 : S3 s →max S0 (µ14 )↓n3 ;
r62 : S2 b →max S0 (γ14 )↓y3 ;
r63 : S2 τ14 →max S0 (γ14 )↓y3 ;
r64 : S2 s →max S0 (µ14 )↓y3 ;
r65 : S2 a0 →max S0 ;
r67 : S1 x →max S0 (φ15 )↓i2 ;
r77 : S5 τ20 →max S8 (τ20 )↓b0 ;
r78 : S5 x →max S8 (αi )↓bi ;
r79 : S6 x →max S8 (βi )↓bi ;
r80 : S7 x →max S8 (γi )↓bi ;
r81 : S8 v →max S0 a;
r82 : S8 r →max S0 ;
r83 : S8 xi →max S0 ;
r84 : S8 yi →max S0 ;
r85 : S8 zi →max S0 ;
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Abstract. Spectral clustering algorithm is difficult to find the clusters
in the cases that dataset has a large difference in density and its clustering effect depends on the selection of initial centers. To overcome the
shortcomings, we propose a novel spectral clustering algorithm based on
membrane computing framework, called MSC algorithm, whose idea is to
use membrane clustering algorithm to realize the clustering component
of spectral clustering. A tissue-like P system is used as its computing
framework, where each objets in cells denotes a set of cluster centers and
velocity-location model is used as the evolution rules. Under the control
of evolution and communication mechanisms, the tissue-like P system
can obtain a good clustering partition for each dataset. The prosed spectral clustering algorithm is evaluated on three artificial datasets and ten
UCI datasets and is compared with classical spectral clustering algorithms. The comparison results demonstrate the advantage of the prosed
spectral clustering algorithm.
Keywords: Machine learning, Spectral clustering, Membrane computing, Tissue-like P systems

1

Introduction

Membrane computing initialed by Gh. Pǎun [1], was inspired from the structure
and functioning of living cell as well as from the cooperation of cells in tissues,
organs, and biological neural networks. Membrane computing is a class of distributed parallel computing models, known as P systems or membrane systems.
In the past years, many variants of P systems have been proposed [2–8], and
they have been applied to different real-world problems, for example, combinatorial optimization [9], robots [15, 16], image processing [17–22], signal processing
[23–25], knowledge representation [26–28], fault diagnosis [29–32], ecology and
system biology [33–35]. Most of membrane systems have been proved to be powerful (equivalent with Turing machine) and effective (able to solve the NP hard
problems in a feasible time).
?
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In the recent years, P systems were used to deal with data clustering problems. Zhao et al [36] presented an improved clustering algorithm, in which the
rules in cell-like P systems were used to realize classical k-medoids algorithm.
In Peng [37], evolution-communication P systems are used to deal with fuzzy
clustering problems. In [38] and [39], two different mechanisms of P systems were considered to investigate automatic clustering problems. Liu et al [40]
used a cell-like P systems with promoters and inhibitors to develop a k-medoids
clustering algorithm. In [41], fuzzy clustering problems were viewed as a multiobjective optimization problem and a tissue-like p system was designed to solve
the optimization problem.
Spectral clustering is a popular method for solving clustering problems in a
wide range of non-Euclidian spaces, linearly non-separable clusters and detecting
non-convex patterns [42]. The key idea in spectral clustering is to achieve graph
partitioning by performing eigen-decomposition of a graph Laplacian matrix.
The obtained eigenvectors are used as the low dimensional representation of the
data, and then the k-means algorithm is applied to generate the clusters. Spectral clustering approaches differ in how they define and construct the Laplacian
matrix and thus which eigenvectors are selected to represent the partitioning.
Moreover, different objective functions are used to derive the best cut. Chan et
al. [43] proposed the ratio cut to minimize the total cost of the edges crossing
the cluster boundaries, normalized by the size of the k clusters, to encourage balanced cluster sizes. Shi and Malik [44] established the normalized cut (NCut),
which can measure the dissimilarities among groups and within clusters. In [45],
Ding et al. proposed min-max cut criterion, which can avoid to segment the
smaller subgraphs that contains only a few vertices. According to different partitioning criteria and spectral mapping methods, many different methods have
been developed to realize spectral clustering algorithms. Perona and Freeman
[46] proposed PF algorithm based on iterative spectrum, which is the simplest
spectral clustering algorithm. Ng et al. [47] proposed the NJW algorithm, which
is based on the K channel segmentation. However, there are a number of shortcomings in spectral clustering algorithms, for example, they are difficult to find
the clusters with a large difference in density and their clustering effect depends
on the selection of initial centers.
This paper focuses on application of membrane computing model in spectral
clustering to overcome the shortcomings and presents a novel spectral clustering
algorithm based membrane computing model, called MSC algorithm. A tissuelike P system is considered as a computing framework, and a membrane clustering algorithm is developed based on the computing framework and is embedded
in a classical spectral clustering algorithm. To the best of our knowledge, this
is the first attempt to use membrane computing model for improving spectral
clustering algorithm.
The remainder of this paper is organized as follows. Section 2 reviews classical
spectral clustering algorithm. Section 3 describes in detail main component of the
proposed membrane spectral clustering (MSC) algorithm. Experimental results
and analysis are provided in Section 4. Conclusions is given in Section 5.
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Spectral clustering and the NJW method

Spectral clustering method is a widely used graph-based approach for data clustering. Given a dataset X = {x1 , x2 , . . . , xn } in Rn×d with k clusters. We expect
the dataset X will be transformed into a weighted undirected graph G(V, E), in
which V = {xi } is the vertex set composed of n data points, and E = {wij } is
the set of weighted edges, where wij indicates the pairwise similarity between
the xi and xj . Let W = {wij }, called affinity matrix. Usually, wij in affinity
matrix can be measured by a Gaussian function:
(
wij =

e−
0,

d(xi ,xj )2
σ2

, i 6= j
i=j

(1)

The degree matrix D is a diagonal
Pn matrix, whose element Dii is the degree
of data point xi , i.e., Dii =
j=1 wij ). Based on the two matrixes, we can
obtain the Laplacian matrix, L. There are three forms of Laplacian matrixes:
(i) unnormalized Laplacian matrix (L = D − W ), and two normalized Laplacian
matrixes, (ii) symmetric Laplacian matrix (Lsym = D−1/2 W D−1/2 ) and (iii)
random-walk Laplacian matrix (Lrw = I − D−1 W ).
As a spectral approach for graph partitioning problem, NJW method is one
of the most widely used spectral clustering algorithm. Its idea is to find a new
representation of patterns on the first k eigenvectors of the Laplacion matrix.
Algorithm 1 gives the details of NJW method.

Algorithm 1 NJW method
Input: X ∈ Rn×d , k ∈ N
Output: V = {vi |i = 1, 2, . . . , k}
Construct the affinity matrix W ∈ Rn×n according to Eq. (1);
Compute the degree matrix D;
1
1
Compute the normalized Laplacian matrix Lsym = D− 2 W D− 2 ;
Let 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λk be the k least eigenvalues of Lsym and p1 , p2 , . . . , pk be
the corresponding eigenvectors; Construct the matrix P = [p1 , p2 , . . . , pk ] ∈ Rn×k ,
where pi is ith column vector;
5: Construct
the matrix Y from P by renormalizing each rows of P , i.e., Yij =
P
Pij /( j Pij2 )1/2 ;
6: Treat each row of Y as a point in Rk , and cluster them into k clusters c1 , c2 , . . . , ck
via k-means algorithm;
7: Output the clusters that corresponds to the original data set, v1 , v2 , . . . , vk , where
vi = {xj |yj ∈ ci }.
1:
2:
3:
4:
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Spectral clustering algorithm based on membrane
computing framework

In this paper, we will try to use membrane computing algorithm (MCA) to replace the k-means component in classical spectral clustering algorithm to realize
the optimal data partitioning. The spectral clustering algorithm optimized by
membrane computing model is called MSC algorithm in this paper. By contrast,
classical spectral clustering algorithm is called CSC algorithm. Figure 1 shows
the structural comparison of CSC and MSC algorithms. From Figure 1, we can
found that first component of MSC algorithm is the same to that of CSC algorithm, but MSC algorithm uses MC algorithm rather than k-means algorithm in
component 2. Therefore, in the following, we only describe the MSC algorithm.
Since the core of MSC algorithm is a tissue-like P system, we first describe the
tissue-like P system, and then illustrate the proposed MSC algorithm.

CSC algorithm

MSC algorithm

dataset

dataset

component 1

component 1

affinity matrix

affinity matrix

Laplacian matrix

Laplacian matrix

Laplacian matrix

Laplacian matrix

component 2

K-means

component 2

MCA

Fig. 1. Structural comparison of CSC and MSC algorithms.

3.1

A tissue-like P system

We design a tissue-like P system (consisting of q cells) as the computing framework of MCA algorithm:
Π = (O1 , O2 , . . . , Oq , R1 , R2 , . . . , Rq , R0 , io )
where Oi is the set of objects in ith cell, Ri is the set of evolution rules in ith cell,
R0 is the set of communication rules between the cells, and the io = 0 indicates
that the environment is the output region of the system.
Figure 2 shows the tissue-like P system, which consists of q cells labeled by
1, 2, . . . , q respectively. Each cell has m objects, and the environment is labeled
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by 0. Denote by Zij the jth object in ith cell, i = 1, 2, . . . , q, j = 1, 2, . . . , m.
The arrows in the figure indicate the communication of objects. The communication of objects is between these cells and the environment. The environment
is also the output region of the system. When the system halts, the object in
the environment is the optimal solution (a set of optimal cluster centers).

0
1

2

q

Fig. 2. The designed tissue-like P system.

Each object in the cells, Z, is used to represent a set of candidate k cluster centers, z1 , z2 , . . . , zk ∈ Rd . Thus, object Z can be represented as a k × d
dimensional vector:
Z = (z11 , z12 , . . . , z1d , . . . , zi1 , zi2 , . . . , zid , . . . , zk1 , zk2 , . . . , zkd )

(2)

where (zi1 , zi2 , . . . , zid ) corresponds to ith candidate cluster center, i = 1, 2, . . . , k.
These objects in cells will be evolved during the computation. Initially, an
initial set of objects is generated randomly. Based on data points in a data
set, we can determine a lower bound and an upper bound for each dimension,
Aj = min{x1j , x2j , . . . , xnj }, Bj = max{x1j , x2j , . . . , xnj }, j = 1, 2, . . . , d. Thus,
zij = rand([Aj , Bj ]), where rand() denotes a random function which produces
a random number in [Aj , Bj ].
The tissue-like P system uses the communication rule of the form < i, a; λ, o >
to update the object in the environment. The object in the environment is called
the global optimal object, denoted by Zbest . For each cell, communication rule is
used to communicate its best object to the environment and update the optimal
object, and the updating formula can be given as follows:

Zi,best , if J(Zi,best ) < J(Zbest )
Zbest =
(3)
Zbest , otherwise
where Zi,best is the best object in ith cell. The object judgement is based on the
following fitness function:
J(z1 , z2 , . . . , zk ) =

k X
n
X
(uij )m k xj − zi k2

(4)

i=1 j=1

where uij denotes membership degree of xj belonging to ith class, and m is a
power exponent.
During the computation, tissue-like P system uses evolution rules to evolve
the objects in cells. In this work, the velocity-location model of PSO is used as

6

G. Chen, J. Yang, et al.

the evolution rules. The velocity-location model can be described as follows:
 i
Vj = wZji + c1 r1 (Pji − Zji ) + c2 r2 (Zbest − Zji )
0
(5)
Zji = Zji + Vji
0

where Vji corresponds to the speed of Zji , Zji is the new value of Zji after evolving,
and Pji is the best position so far for jth object in ith cell; w is the inertia weight
constant, c1 and c2 are learning rate constants, and r1 and r2 are two random real
numbers in [0, 1]. In the implementation of MCA algorithm, a linear decreasing
t
strategy is used, i.e., w = (0.9 − 2T
), where t is the current iteration number
and T is the maximum number of iterations.
In this paper, the maximum iteration number is used as halting condition.
After the system halts, the best object Zbest in the environment is regarded as
the solution. Finally, according to the optimal cluster centers, c1 , c2 , . . . , ck , N
data points are classifies into k clusters.
3.2

Membrane clustering algorithm

As stated above, MCA algorithm is used as second component of the MSC
algorithm. The MCA algorithm uses the designed tissue-like P system to automatically search for the optimal cluster centers for a data set to be clustered.
Under the control of the evolution and communication rules, the P system continuously evolves the objects in cells and updates the global optimal object in
the environment until the system halts. Figure 3 shows the flow chart of MCA
algorithm.

4
4.1

Experimental results and analysis
Dataset

In order to evaluate the performance of MSC algorithm, three benchmark synthetic dataset and ten UCI dataset were used in experiments. The three synthetic
dataset are Threecircles, Twommoons and Spirl respectively, shown in Figure
4(a)-(c). Table 1 gives the basic information for all data sets.
4.2

Experimental results

Three commonly used indexes of quality were used to measure the clustering
performance.
(1) Adjusted Rand Index (ARI): ρARI ∈ [−1, 1].
This index measures the agreement between two compared partitions, namely, the ground truth (denoted as U ) and the estimated by the tested clustering approach (denoted as V ), and it is expressed by
ρARI =

a11 − (a11 + a01 )(a11 + a10 )/a00
(a11 + a01 ) + (a11 + a10 )/2 − (a11 + a01 )(a11 + a10 )/a00

(6)
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Randomly generate initial object for q cells

Evaluate each object of the q cells

Cell 2

Cell 1

Cell q

Communication rule

Communication rule

Communication rule

Evolution rule

Evolution rule

Evolution rule

N

Halting?

Y
Export final result in the environment

Stop

Fig. 3. The flow chart of membrane clustering algorithm (MCA) used in MSC algorithm

(a)

(b)

(c)

Fig. 4. Three synthetic datasets. (a) Threecircle; (b) Twommoons; (c) Spirl.
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Table 1. Data sets used in experiments
Datasets No.of data Dimension No.of clusters
ThreeCircle
3603
2
3
Twommoons
1502
2
2
Spirl
944
2
2
Iris
150
4
3
wine
178
13
3
sonar
208
60
2
diabetes
1151
19
2
glass
214
9
6
ecoli
336
7
8
Heart
297
13
2
liver
345
6
2
ionosphere
351
34
2
sym
350
2
3

where a11 ∈ N is the number of sample pairs belonging to the same subset in
U and in V , a10 is the number of sample pairs belonging to the same subset
in U and to different subsets in V , a01 ∈ N is the number of sample pairs
belonging to different subset in U and to the same one in V , and a00 ∈ N is
the number of sample pairs belonging to different subsets in U and in V .
(2) Purity Index (PUR): ρP U R ∈ [0, 1].
This index matches the clustering partition V with the ground truth U as a
weighted sum of the maximal precision values for each subset.
ρP U R =

k
1 X
max |vi ∩ uj |
N i=1 j

(7)

(3) Jaccard Index (JAC): ρJAC ∈ [0, 1].
This index matches the similarity among two sets, U and V , as follows:
ρJAC =

a11
a11 + a10 + a01

(8)

In the experiment, two classical spectral clustering algorithms, K-SC and SC, were introduced to implement two MSC algorithms, where membrane clustering algorithm is used to replace k-means component in the original spectral
clustering algorithms. Thus, two MSC algorithms and the corresponding classical spectral clustering algorithms were compared in experiment. Table 2 and
Table 3 show the comparison results of these algorithms on synthetic and UCI
datasets, respectively. For each dataset, these tables provide the experimental
results of four algorithms in terms of three indexes. Note that these experimental
results are average value of 10 times independently running for each algorithm
on a dataset. Moreover, we also provide the averages of these algorithms for each
clustering index, respectively.
From table 2, we can see that the average value of MSC algorithm is largest
and can reach 1. The results show that the spectral clustering algorithm based
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Table 2. Clustering quality assessment results (synthetic datasets).
Dataset
Threecircle

Twommoons

Spirl

Average

Quality
measure
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard

K-SC
k-means
MCA
1.0
1.0
1.0
1.0
1.0
1.0
0.37
1.0
0.81
1.0
0.56
1.0
1.0
1.0
1.0
1.0
1.0
1.0
0.79
1.0
0.93
1.0
0.85
1.0

-SC
k-means
MCA
0.51
1.0
0.84
1.0
0.56
1.0
0.59
1.0
0.89
1.0
0.70
1.0
0.89
1.0
0.73
1.0
0.95
1.0
0.66
1.0
0.82
1.0
0.73
1.0

on membrane computing framework has an obvious advantage in improving the
average performance of spectral clustering algorithm. Comparison results of MSC and TSC on the UCI datasets show that K-SC and -SC algorithms based
on membrane computing framework can significantly improve the Jaccard index,
indicating that the proposed MSC algorithm is more robust and has a certain
ability to deal with noise data. For the ARI and the Purity indexes, MSC algorithm achieves a comparable result in comparison to the classical algorithm.
Iris dataset is used as an example to analyze the influences of parameters in
MSC algorithm. Figure 5(a)-(c)shows the influences of three parameters, including bandwidth  of the Gaussian kernel function, the number of cells m and the
maximum number of iterations M axstep. As can be seen from the figures, MSC
algorithm is more sensitive to m and , and the curve of parameter M axstep rises slowly and finally tends to straight line, which indicates that the performance
of the algorithm is not improved when the maximum number of iterations is
reached.

5

Conclusion

In this paper, we used membrane computing framework to develop a novel spectral clustering algorithm, called MSC algorithm. The core component of MSC
algorithm is a tissue-like P system which is composed of several cells and uses
the improved PSO algorithm as evolution mechanism. We evaluated the performance of the proposed algorithm on three artificial data sets and ten UCI
datasets. The results show that compared with the classical spectral clustering algorithm, the proposed algorithm can improve the clustering performance.
This study also demonstrates the effectiveness of using the membrane computing
framework to solve data clustering problems.
MSC algorithm used membrane clustering algorithm (MCA) instead of kmeans component in classical spectral clustering algorithm, which searches for
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Table 3. Clustering quality assessment results (UCI repository datasets).
Dataset
Iris

wine

Sonar

diabetes

glass

ecoli

Heart

liver

ionosphere

sym

Average

Quality
measure
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard
ARI
Purity
Jaccard

K-SC
k-means
0.44
0.87
0.50
0.03
0.57
0.24
0.02
0.57
0.34
0.16
0.70
0.43
0.17
0.51
0.25
0.37
0.56
0.32
0.31
0.78
0.49
0
0.65
0.36
0.15
0.70
0.44
0.56
0.68
0.79
0.28
0.66
0.41

MCA
0.66
0.86
0.64
0.30
0.67
0.37
-0.01
0.51
0.48
0.01
0.53
0.51
0
0.36
0.26
0.20
0.45
0.29
0.04
0.55
0.51
-0.02
0.58
0.51
0.01
0.64
0.54
0.75
0.87
0.72
0.20
0.61
0.49

-SC
k-means
MCA
0.63
0.75
0.84
0.90
0.60
0.71
0.29
0.0
0.53
0.40
0.38
0.34
0.00
-0.0058
0.55
0.50
0.34
0.48
0.16
0.0
0.70
0.53
0.43
0.50
0.16
0.01
0.52
0.36
0.33
0.26
0.48
0.42
0.66
0.70
0.42
0.65
0.37
0.40
0.80
0.75
0.52
0.63
-0.01
0.12
0.98
0.67
0.50
0.56
0.13
0.25
0.68
0.73
0.41
0.55
0.49
0.38
0.75
0.54
0.43
0.43
0.28
0.23
0.70
0.61
0.43
0.52
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(a)

(b)

(c)
Fig. 5. Free parameter analysis over UCI datasets based on the Purity: (a) bandwidth
 of the Gaussian kernel function; (b) the number of cells m; (c) the maximum number
of iterations M axstep.
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the optimal solution by both the evolution of objects in multiple cells and the
communication of objects between the cells. It is well known that membrane
computing is a distributed computing model. However, MSC algorithm is not
implemented in parallel due to limitation of the computer’s serial architecture.
Therefore, our further work is to discuss the parallel implementation of MSC
algorithm on GPGPU and/or FPGA.
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1. Gh. Păun, Computing with membranes, Journal of Computer System Sciences,
61(1), 108-143 (2000)
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computing: a comprehensive survey and new results. Information Sciences, 279,
528C551 (2014)
15. C. Buiu, C. Vasile, O. Arsene, “Development of membrane controllers for mobile
robots,” Information Sciences, Information Sciences, vol. 187, pp. 33-51, 2012.
16. X. Wang, G. Zhang, F. Neri, T. Jiang, J. Zhao, M. Gheorghe, F. Ipate, R. Lefticaru, “Design and implementation of membrane controllers for trajectory tracking
of nonholonomic wheeled mobile robots,” Integrated Computer-Aided Engineering,
vol. 23, no. 1, pp. 15-30, 2016.
17. D. Dı́az-Pernil, A. Berciano, F. Peña-Cantillana, M.A. Gutiérrez-Naranjo, “Segmenting images with gradient-based edge detection using membrane computing,”
Pattern Recognition Letters, vol. 34, no. 8, pp. 846-855, 2013.
18. D. Dı́az-Pernil, F. Peña-Cantillana, M.A. Gutiérrez-Naranjo, “A parallel algorithm
for skeletonizing images by using spiking neural P systems,” Neurocomputing, vol.
115, pp. 81-91, 2013.
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20. H. Peng, J. Wang, M.J. Pérez-Jiménez, P. Shi, “A novel image thresholding method
based on membrane computing and fuzzy entropy,” Journal of Intelligent and Fuzzy
Systems, vol. 24, no. 2, pp. 229-237, 2013.
21. R.I. Yahya, S. Hasan, L.E. George, B. Alsalibi, “Membrane computing for 2D
image segmentation,” International Journal of Advances in Soft Computing and its
Application, vol. 7, no. 1, pp. 35-50, 2015.
22. G. Zhang, M. Gheorghe, Y. Li, “A membrane algorithm with quantum-inspired
subalgorithms and its application to image processing,” Natural Computing, vol. 11,
no. 4, pp. 701-717, 2012.
23. G. Zhang, C. Liu, H. Rong, “Analyzing radar emitter signals with membrane algorithms,” Mathematical and Computer Modelling, vol. 52, no. 11-12, pp. 1997-2010,
2010.
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Abstract. This paper discusses the application of spiking neural P systems with rules and weights on synapses to arithmetic operations. We
design specific spiking neural P systems with rules and weights on synapses for successfully performing addition, multiplication and the greatest
common divisor. This is the first attempt to discuss the applications of
the new variant of spiking neural P systems, spiking neural P systems
with rules and weights on synapses, and especially the use of spiking
neural P systems to perform the greatest common divisor. Comparing
with the results reported in the literature, smaller number of neurons are
required to fulfill the arithmetic operations.
Keywords: SN P System, Rules and Weights on Synapses, addition,
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Introduction

Membrane computing, which was initiated in [1], is a rapidly developed branch
of natural computing. It abstracts computing models from the structure and the
functioning of a single cell, as well as from the organization of cells in tissues,
organs, or other higher order structures. The distributed and parallel computing
devices in membrane computing are called P systems [2]. Some applications
of P systems were reported in [3, 4]. Especially, applications of P systems to
arithmetic operations were discussed in [3, 5–8]. For more information about
membrane computing, one can refer to [9] and the membrane computing web
site [10].
Spiking neural P systems (in short, SN P systems) are a variant of P systems,
which were introduced in [11] as a class of parallel and distributed computing
models. An SN P system consists of a set of neurons placed in the nodes of a
⋆
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directed graph, called the synapse graph, and the arcs of the graph represent
synapses [12–14]. There is a number of copies of a single object type in each
neuron, called the spike. The contents of each neuron also consist of firing and
forgetting rules for emitting and removing spikes. A neuron can send information
to other neurons in form of spikes by using the rules assigned to neurons.
In recent years, SN P systems have been widely investigated in theory and
applications. For instance, various variants of SN P systems were constructed
by considering diﬀerent biological sources [12–15, 9] and the computing power/computational eﬃciency of some variants were discussed [16–19]. A wide range
of applications of SN P systems were also presented, such as optimization [20],
knowledge representation [21] and fault diagnosis [22, 23]. SN P systems have
been also used to perform arithmetic/logic operations [24–26]. Logical gates and
circuits were simulated by SN P systems in [27, 28]. In [29], SN P systems were
used as devices which can be used to perform some basic arithmetic operations,
namely addition, subtraction, comparison and multiplication by a fixed factor.
Four SN P systems were constructed as adder, subtracter, multiplier and divider
in [30]. In order to answer the open problem in [29], SN P systems with a single input neuron for the addition of n natural numbers and the multiplication
of two arbitrary numbers were constructed in [31]. These studies indicate that
arithmetic/logic operations are promissing applications of SN P systems.
In this paper, the application of SN P systems with rules and weights on
synapses (RWSN P systems) is discussed to perform arithmetic operations. This
new variant of SN P systems with more synapses makes the operation more
flexible, simplifying the system structure and reducing the number of neurons. It
can also be extended to other arithmetic operations that have not been studied.
The systems with a single input neuron for addition and multiplication in [31]
are improved by using this new type of SN P systems, SN P systems with
rules and weights on synapses. In this study, smaller number of neurons are
required to construct the SN P systems for addition of n natural numbers and
multiplication of two arbitrary natural numbers with given length of binary bits.
This is the first attempt to discuss the use of spiking neural P systems to perform
the greatest common divisor. To perform the greatest common divisor by using
SN P systems with rules and weights on synapses, we divide the solution for
the greatest common divisor into several individual modules, and then call the
diﬀerent modules according to the steps. Binary representation method in [33]
is used. The inputs to these systems are natural numbers expressed in binary
form, which are encoded as appropriate sequences of spikes. The output neurons
also emit the computed numbers to the environment in binary form, and are
also encoded as spike trains.
This paper is organized as follows. Section 2 briefly introduces the SN P
systems with rules and weights on synapses. In Section 3, SN P systems with rules
and weights on synapses are used to perform arithmetic operations. Conclusions
and future work are presented in Section 4.
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Spiking Neural P Systems with Rules and Weights on
Synapses

In this section, SN P systems with rules and weights on synapses are briefly
described. More details can be referred to [32].
Such a system of degree m ≥ 1 is a construct of the form:
∏
= (O, σ1 , σ2 , . . . , σm , syn, σin , σout ),
where:
(1) O = {a} is the singleton alphabet (a is called spike);
(2) σ1 , σ2 , . . . , σm are neurons of the form σi = (ni ), with 1 ≤ i ≤ m, where ni
is initial number of spikes in neuron σi ;
(3) syn is the set of synapses; each element in syn is a pair of the form ((i, j), w,
R(i,j) ), where (i, j) indicates that there is a synapse connecting neurons σi
and σj , with i, j ∈ {1, 2, . . . , m}, i ̸= j; w ∈ N (w ̸= 0) is the weight on
synapse (i, j); R(i,j) is a finite set of rules of the following two forms:
(a) E/ac → a; d, where E is a regular expression over O, c ≥ 1 and d ≥ 0;
/ L(E) for any rule
(b) as → λ, for some s ≥ 1, with the restriction that as ∈
E/ac → a; d from any R(i,j) ;
(4) σin and σout indicates the input neuron and the output neuron respectively.
A rule E/ac → a; d is called a standard firing rule; if L(E) = {ac }, then the
rule can be written in the simplified form ac → a; d; if d = 0, then the rule can
be simply written as E/ac → a. A rule of the form as → λ is called a forgetting
rule.
The firing rules are applied as follows. If E/ac → a; d ∈ R(i,j) , and neuron
σi contains k spikes such that ak ∈ L(E), k ≥ c, then the rule is enabled. This
means consuming (removing) c spikes (thus only k − c remain in σi ) from neuron
σi . Neuron σi is fired, and it produces one spike. This one spike is multiplied w
times by the weight w of the synapse in the process of transmission, and then
reaches neuron σj after d time units (that is, w spikes arrive at neuron σj ). If
d = 0, then w spikes immediately reach the neuron σj . If the rule is used in step
t and d ≥ 1, then in steps t,t + 1,. . .,t + d − 1, the synapse (i, j) can not use any
rules. In the step t + d, neuron σj receive w spikes, and in the step t + d + 1, the
synapse (i, j) can apply rules again.
When neuron σi contains exactly s spikes, then forgetting rule as → λ ∈
R(i,j) is enabled. By using it, s ≥ 1 spikes are removed from the neuron σi .
As usual in SN P systems, a global clock is assumed, marking the time for
all neurons and synapses. In each time unit, if a synapse (i, j) can use one of its
rules, then a rule from R(i,j) must be used. It is possible that there are more
than one rule that can be used on synapse at some moment, since two firing
rules, E1 /ak1 → a; d1 and E2 /ak2 → a; d2 , can have L(E1 a) ∩ L(E2 ) ̸= ϕ. In this
case, the synapse will non-deterministically choose one of the enabled rules to
use.

4

Arithmetic Operations with Spiking Neural P Systems

The initial configuration of the system is identified by the numbers n1 , n2 , . . . ,
nm of spikes present in each neuron. During the computation, a configuration of the system is described by the number of spikes present in each neuron. Thus, < r1 , r2 , . . . , rm > is the configuration where neuron σi contains
ri ≥ 0 spikes, i = 0, 1, . . . , m; with this notation, the initial configuration is
C0 =< n1 , n2 , . . . , nm >. Using the rules as described above, one can define
transitions. Any series of transitions starting from the initial configuration is
called a computation. A computation is successful if it reaches a configuration
where no rule can be applied on any synapses. The result of a computation of
the system is defined as the number of spikes sent to the environment by the
output neuron.
In order to express the synapse between the output neuron and the environment, the environment is represented by the letter e, and the synapse between
the output neuron and the environment can be expressed as (out, e).
In the following sections, SN P systems with rules and weights on synapses
are represented graphically, which is easier to understand than when given in a
symbolic way. We use a circle with the initial number of spikes inside to represent
a neuron and the directed edge associated with rules and weights to represent the
synapse. The input/output neuron has an inputting/outgoing arrow, suggesting
their communication with the environment.
When the rules on more than one synapses emitted by a neuron that need
to be used at the same time, there are two diﬀerent definitions:
(1) The number of spikes consumed by each rule on diﬀerent synapses must be
equal;
(2) The sum of the number of spikes consumed by each rule on diﬀerent synapses
must be less than or equal to the number of spikes contained in the neuron.

3

Arithmetic Operations with SN P Systems with Rules
and Weights on Synapses

In this section, SN P systems with rules and weights on synapses are used to
design specific systems to perform three types of arithmetic operations, addition,
multiplication and the greatest common divisor.
3.1

Addition

This subsection describes an SN P system with rules and weights on synapses
that performs the addition of n natural numbers. Such a system is called the
SN P system with rules and weights on synapses for n − addition. The system
has only one input neuron and can be used to perform the sum of arbitrary n
natural numbers with k binary bits, where n ≥ 2, k ≥ 1. Compared with the
traditional SN P system, this type of SN P systems can reduce the number of
neurons.
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∏
As shown in Fig. 1, we construct an SN P system Add (n, k) with rules and
weights on synapses to solve the n − addition problem. Its formal definition is
as follows:
∏

Add (n, k)

= (O, σa0 , σa1 , . . . , σak−1 , σc , σb0 , σb1 , . . . , σbk , syn, σin , σout ),

where:
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

O = {a};
σa0 = (2);
σai = (0), i = 1, 2, . . . , k − 1;
σbi = (0), i = 0, 1, . . . , k;
σc = (k);
σin = (0);
σout = (0);
syn = {((in, bi ), 1, R(in,bi ) = {a2i → λ, a2i+1 → a})|i ∈ {0, 1, . . . , k − 1}}
∪{((a0 , in), 1, R(a0 ,in) = {a2 /a → λ})}
∪{((ai , in), 2i, R(ai ,in) = {a2 /a → a})|i ∈ {1, 2, . . . , k − 1}}
∪{((ai , ai+1 ), 2, R(ai ,ai+1 ) = {a2 /a → a})|i ∈ {0, 1, . . . , k − 2}}
∪{((ak−1 , a0 ), 2, R(ak−1 ,a0 ) = {a2 /a → a})}
∪{((c, bi ), n, R(c,bi ) = {ak /a → a; (n − 1)k + i + 1})|i ∈ {0, 1, . . . , k − 1}}
∪{((bi , bi+1 ), j, R(bi ,bi+1 ) = {(an+2j , an+2j+1 )/a2j → a})
|i ∈ {0, 1, . . . , k − 1}, j ∈ {1, 2, . . . , n − 1}}
∪{((bi , out), 1, R(bi ,out) = {an+2j /an → λ, an+2j+1 /an+1 → a})
|i ∈ {0, 1, . . . , k − 1}, j ∈ {0, 1, . . . , n − 1}}
∪{((bk , out), 1, R(bk ,out) = {a2i /ai → λ, a2j+1 /aj+1 → a})
|i ∈ {1, 2, . . . , n − 1}, j ∈ {0, 1, . . . , n − 1}}
∪{((out, e), 1, R(out,e) = {a → a})}.

The SN P system with rules and weights on synapses for n−addition outputs
the sum in binary form of n natural numbers with k binary bits, provided that
the neuron σin is in binary form.
Let t denote the current time step. In the initial configuration (t = 0), only
the neuron σa0 in the system contains 2 spikes and the neuron σc contains k
spikes, and neither of the other neurons contains any spike. The computing
procedure of the SN P system with rules and weights on synapses in Fig. 1 is
composed of the following steps:
(1) Preprocessing of inputs
At time t = 0, with two spikes in the auxiliary neuron σa0 , the rules on
synapses (a0 , in) and (a0 , a1 ) can be applied. One of the two spikes is consumed by the firing rule a2 /a → a on synapse (a0 , a1 ), and one new spike
is produced. Then this new spike is multiplied by the weight 2 on synapse
(a0 , a1 ) during the transfer. That is, at the next time, two spikes will arrive
at neuron σa1 , so that the rules on the two synapses emitted by neuron σa1
will be enabled and applied. The other spike is consumed by the forgetting
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Fig. 1. The SN P system

∏
Add

(n, k) with rules and weights on synapses for addition

rule a2 /a → λ on synapse (a0 , in), so the number of spikes that neuron σin
receives from the auxiliary neuron σa0 is zero at t = 1.
Similarly, the above process is repeated and then we can get that when
time t = 2, neuron σin receives two spikes from the auxiliary neuron σa1 (the
weight on synapse (a1 , in) is 2); until time t = k, neuron σin receives 2(k −1)
spikes from neuron σak−1 (the weight on synapse (ak−1 , in) is 2(k −1)). Then
the auxiliary neurons send spikes to σin again, from σa0 to σak−1 , until the
computation ends.
(2) Input and store the first n-1 numbers.
At time t = 1, the digit which is associated with the power 20 in the binary
representation of the first natural number is provided to the input neuron
σin , while the auxiliary neuron σa0 sends 0 spikes to σin . At this time, the
number of spikes that neuron σin contains may be 0 or 1. We can thus
consider the following two cases.
(a) If there is no spike and no rule is activated, then 0 spike will be sent to
neuron σb0 at the next time.
(b) If there is one spike, then the firing rule a → a on synapse (in, b0 ) is
triggered. This means that neuron σb0 can receive one spike at the next
time.
In this way, we can store the lowest bit of the first natural number into the
neuron σb0 .
Similarly, at each time, according to the diﬀerent numbers of spikes in neuron
σin , the diﬀerent rules on synapses emitted by σin are enabled. So we can
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store the digits which are associated with the power 21 , 22 , . . . , 2k−1 of the
first natural number into σb1 , σb2 , . . . , σbk−1 , respectively. At this point,
all binary bits of the first natural number have been input into the system.
At the next time, the second natural number will begin to be input to the
system, and the input process is same as that of the first number. Repeat
the above operation, then we can store all k binary bits of the first n − 1
natural numbers into σb1 , σb2 , . . . , σbk−1 , respectively.
(3) Input the last natural number and calculate the sum of each bit.
At t = (n − 1)k + 2, the spikes of the lowest bit of the last natural number
arrive in σb0 , and at the same time, n spikes transmitted by synapse (c, b0 )
also arrive at σb0 after (n − 1)k + 1 steps of delay. The rules on synapses
(b0 , out) and (b0 , b1 ) can be applied when the number of spikes in σb0 is at
least n and n + 2, respectively, therefore, the rules on the two synapses can
not be enabled before this step. So at this step, the system starts to calculate
the sum and carry the binary digits, which corresponds to the power 20 of
the n natural numbers. Then the sum is sent to the output neuron σout , and
the carry is sent to the next neuron σb1 .
By the same token, the binary digits corresponding to the power 2i of the
last natural number and the n spikes transmitted by synapse (c, bi ) arrive
at σbi at the same time. Diﬀering from σb0 , the carry from σbi−1 also arrives
at σbi at this time, where i = 1, 2, . . . , k − 1. The neuron σbk only receives
the carry from σbk−1 .
In neuron σbi , we assume that the number of spikes receiving from the input
neuron σin is p, and the number of spikes that receives from the previous
neuron σbi−1 is q, then the neuron σbi contains n + p + q spikes. The rules on
the synapse (bi , out) can be divided into two cases, where i = 0, 1, . . . , k − 1.
(a) If the value of p+q is odd, that is p+q = 2j +1, where j = 0, 1, . . . , n−1,
the rule an+2j+1 /an+1 → a on synapse (bi , out) is applied and consumes
n + 1 spikes in neuron σbi , then one spike is sent to the output neuron
σout . The output neuron will send this one spike to the environment at
next time, that is, the corresponding binary bit of sum is 1.
(b) If the value of p + q is even, that is p + q = 2j, where j = 0, 1, . . . , n −
1, then n spikes in neuron σbi are forgotten by the rule an+2j /an →
λ on synapse (bi , out), and no new spikes are produced. That is, the
corresponding binary bit of sum is 0.
At the same time of producing each bit of the sum, it is possible to generate
carry. When j ̸= 0 (without 0 or 1 spike), the rule (an+2j , an+2j+1 )/a2j → a
on synapse (bi , bi+1 ) is applied and produces one spike. Then j spikes are
sent to the next neuron (the weight on synapse (bi , bi+1 ) is j), where j =
1, 2, . . . , n − 1.
It should be noted that the neuron σbk only receives the carry spikes from the
previous neuron σbk−1 . When the number of spikes contained in σbk is odd,
the synapse (bk , out) applies the rule a2j+1 /aj+1 → a to consume j +1 spikes
to produce a new spike to the output neuron σout . At the next step, the new
spike will be sent to the environment. When the number of spikes contained
in σbk is even, the forgetting rule a2j /aj → λ is applied. After using this
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rule, no new spikes are produced, and the number of the remaining spikes in
σbk is j. Repeat this operation until there are no remaining spikes in σbk .
(4) Output the result.
Each of the binary bits of the sum can be sent to the output neuron σout
at diﬀerent steps, and σout uses the rule a → a to output the result to the
environment based on the number 0 or 1 of spikes in σout .
Based on the above description, the system shown in Fig. 1 can calculate the
sum of the n natural numbers with k binary bits, where n ≥ 2, k ≥ 1, and send
the result to the environment.
As an example, let us consider the addition 6 + 3 = 9, which can be written
in binary form
∏as 1102 + 0112 = 10012 , that is, n = 2, k = 3. Fig. 2 depicts the
SN P system Add (2, 3) with rules and
∏ weights on synapses. Table 1 reports the
spikes contained in each neuron of Add (2, 3), as well as the number of spikes
sent to the environment, at each step during the computation. The input and
the output sequences are written in bold. Note that the first instance of time for
which the output is valid is t = 7, due to the time needed for the first input bit
to reach the output neuron and to be processed.
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Add

(2, 3) with rules and weights on synapses for addition

Spiking Neural P Systems

9

∏

Table 1. The configurations and outputs of Add (2, 3) at each time step during the
computation of the addition 1102 + 0112 = 10012
t

in

a0 a1 a2 c

b0 b1 b2 b3 out output

0

0

2

0

0

3

0

0

0

0

0

0

1

0

0

2

0

O(4)O(5)O(6) 0

0

0

0

0

0

2

1+2 0

0

2

O(3)O(4)O(5) 0

0

0

0

0

0

3

1+4 2

0

0

O(2)O(3)O(4) 0

1

0

0

0

0

4

1

0

2

0

O(1)O(2)O(3) 0

1

1

0

0

0

5

1+2 0

0

2

O(1)O(2)

3

1

1

0

0

0

6

0+4 2

0

0

O(1)

0

4

1

0

1

0

7

0

0

2

0

0

0

0

4

0

0

1

8

2

0

0

2

0

0

0

0

1

0

0

9

4

2

0

0

0

0

0

0

0

1

0

10 0

0

2

0

0

0

0

0

0

0

1

We know that the number of neurons in SN P systems required to solve the
n − addition problem is only related to the length k of binary bits of the input
natural numbers. When k = 3, compared with the example in [31], the number
of neurons required to solve this problem by using the traditional SN P system is
14; as shown in Fig. 2, the number of neurons required in SN P system with rules
and weights on synapses is 10, which eﬀectively reduces the number of neurons.
3.2

Multiplication

Multiplication of two arbitrary natural numbers is also called the general binary
multiplication, which has been performed on an SN P system in [31]. In order
to reduce the number of neurons in the system, for two binary
numbers m
∏
and n with k binary bits, we construct the SN P system M ultiple (k) with
rules and weights on synapses as shown in Fig. 3 to perform the general
binary
∏
multiplication, where k ≥ 1, m ≥ 0, n ≥ 0. The formal definition of M ultiple (k)
is as follows:
∏
M ultiple (k) = (O, σa0 , σa1 , . . . , σak−1 , σc , σg2 , σg3 , . . . , σgk , σb0 , σb1 , . . . , σbk−1 ,
σd0 , σd1 , . . . , σd2k−2 , syn, σin , σout ),
where:
(1) O = {a};
(2) σa0 = (2);
(3) σai = (0), i = 1, 2, . . . , k − 1;

10
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(5)
(6)
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(8)
(9)
(10)
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σbi = (0), i = 0, 1, . . . , k − 1;
σc = (k);
σgi = (k), i = 2, 3, . . . , k;
σdi = (0), i = 0, 1, . . . , 2k − 2;
σin = (0);
σout = (0);
syn = {((in, bi ), 1, R(in,bi ) = {a → a, a2(i+1) → λ, a2i+3 → a})
|i ∈ {0, 1, . . . , k − 1}}
∪{((ai , in), 2(i + 1), R(ai ,in) = {a2 /a → a})|i ∈ {0, 1, . . . , k − 2}}
∪{((ak−1 , in), 2k, R(ak−1 ,in) = {a → a})}
∪{((ai , ai+1 ), 2, R(ai ,ai+1 ) = {a2 /a → a})|i ∈ {0, 1, . . . , k − 3}}
∪{((ak−2 , ak−1 ), 1, R(ak−2 ,ak−1 ) = {a2 /a → a})}
∪{((c, bi ), 1, R(c,bi ) = {ak /a → a; i + 1})|i ∈ {0, 1, . . . , k − 1}}
∪{((gi , bj ), 4(i − 1), R(gi ,bj ) = {ak /a → a; k + i})
|i ∈ {2, 3, . . . , k}, j ∈ {0, 1, . . . , k − 1}}
∪{((bi , dj ), 1, R(bi ,dj ) = {(a4(j−i) , a4(j−i)+2 )/a4(j−i) → λ,
a4(j−i)+1 → λ, a4(j−i)+3 /a4(j−i)+1 → a; i})|i ∈ {0, 1, . . . , k − 1},
j ∈ {i, i + 1, . . . , i + k − 1}}
∪{((dj , out), i, R(dj ,out) = {ai → a})|i ∈ {1, 2, . . . , k}, j ∈ {0, 1, . . . , 2k − 2}}
∪{((out, e), 1, R(out,e) = {a2i /ai → λ, a2j+1 /aj+1 → a})
|i ∈ {1, 2, . . . , k}, j ∈ {0, 1, . . . , k}}.

The SN P system with rules and weights on synapses for the general binary
multiplication of Fig. 3 outputs the product m × n in binary form of two natural
numbers m and n with k binary bits, provided that the neuron σin is in binary
form.
Assuming that m and n are two natural numbers with k binary bits, and m
and n are rewritten as follows:
k−1
k−1
∑
∑
m=
mi 2i , n =
nj 2j ,then:
i=0

j=0

m×n=(
=

k−1
∑

mi 2i ) × (

i=0
k−1
∑ k−1
∑

k−1
∑

nj 2 j )

j=0

mi nj 2i+j

i=0 j=0
n0 m0 20

+ (n0 m1 + n1 m0 )21 + . . . + (n1 mk−1 + n2 mk−2 + . . . +
nk−1 m1 )2k + . . . + nk−1 mk−1 22k−2
From the above expression we can see that the product of m and n can be
decomposed into the sum of 2k − 1 terms.
Let t denote the current time step. In the initial configuration (t = 0), the
neuron σa0 contains 2 spikes and σgi contains k spikes, where i = 2, 3, . . . , k, and
neither of the other neurons contain any spikes in the system.
Fig. 3 shows the SN P system with rules and weights on synapses for the
general binary multiplication, and the operation process consists of the following
steps:
=
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(1) Preprocessing of input
∏
It is similar to the input preprocessing part of the system Add (n, k) in the
last subsection, so we neglect the similarities and describe only the diﬀerences.
The auxiliary neuron σai act on only the natural number m, which is the first
input to the system, where i = 0, 1, . . . , k−1. When each of the corresponding
binary bits of m is input to σin , the auxiliary neurons σa0 , σa1 , . . . , σak−1
send 2, 4 ,. . . , 2k spikes to σin , respectively.
(2) Input and store the binary bits of the first natural number m
At t = 1, the digit which is associated with the power 20 in the binary
representation of m has been provided to σin , while the auxiliary neuron σa0
sends 2 spikes to σin . We can now divide the future behavior of σin into two
cases, depending upon the number of spikes it contains, that may be 2 or 3.
(a) If there are 2 spikes, then the rule a2 → λ on synapse (in, b0 ) can be
applied, so that the 2 spikes are consumed and no spike is sent out. At
t = 2, the neuron σb0 receives only one spike from synapse (c, b0 ) (the
rule on synapse (c, b0 ) was activated at the initial time, and reaches σb0
after one step delay), and this spike will be forgotten by rule a → λ on
synapse (b0 , d0 ) at the next step.
(b) If there are 3 spikes, where two of them come from σa0 and the other
one from the environment, then the rule a3 → a on synapse (in, b0 ) is
triggered; as a consequence, one spike is sent out. Then at t = 2, there are
two spikes placed in neuron σb0 , where one of them comes from synapse
(in, b0 ) and the other one from synapse (c, b0 ). These two spikes remain
in σb0 for the next steps.
Thus, k binary bits of m can be stored in the neurons σb0 , σb1 , . . . , σbk−1 by
repeating the above operations, where the i − th binary bit of m is stored in
neuron σbi . If there are 2 spikes, the i − th binary bit of m is 1; if there is
no spike, the i − th binary bit of m is 0, where i = 0, 1, . . . , k − 1.
(3) Each binary number of the natural number m multiplies all binary numbers
of n, which can produce all possible products of binary numbers of m and
n.
At t = k + 1, the digit which is associated with the power 20 in the binary
representation of n has been provided to the input neuron σin . If the digit is 1,
then each rule a → a on synapses (in, b0 ), (in, b1 ), . . . , (in, bk−1 ) is triggered
at the same time, and each of neurons σb0 , σb1 , . . . , σbk−1 will receive one
spike at next step. Otherwise, no spike will be sent to neurons σb0 , σb1 , . . . ,
σbk−1 .
Now let us focus on the neuron σbi , where i = 0, 1, . . . , k − 1. At t = k + 2,
the number of spikes in σbi may be 0,1,2,3, and we can thus consider the
following four cases.
(a) If σbi contains 0 spikes, then no rule can be applied, thus no spike is sent
out. This encodes the operation n0 mi = 0 × 0 = 0.
(b) If σbi contains 1 spike, then it comes from σin . The rule a → λ on synapse
(bi , di ) is triggered, so that one spike is consumed and no spike is sent
out. This encodes the operation n0 mi = 1 × 0 = 0.
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(c) If σbi contains 2 spikes, then they are all remained from the previous step.
No rule can be applied. This encodes the operation n0 mi = 0 × 1 = 0.
(d) If σbi contains 3 spikes, then two of them are remained from the previous
step and the other one comes from σin at this step. The rule a3 /a →
a; i on synapse (bi , di ) is triggered; as a consequence, one spike reaches
the neuron σdi after i steps of delay and one spike is consumed, thus
two spikes in σbi are left for the next step. This encodes the operation
n0 mi = 1 × 1 = 1.
When n1 reaches neuron σbi , σbi also receives four spikes from neuron σg2
(the rule ak /a → a; k + 2 on synapse (g2 , bi ) was activated at the initial time,
and the one spike produced is multiplied by the weight 4 on synapses (g2 , bi )
during the transfer, and reaches σbi after k + 2 steps delay). Therefore, the
number of spikes contained in neuron σbi at this time may be 4, 5, 6, and 7,
respectively, corresponding to the four cases 0, 1, 2, and 3 mentioned above,
and the rules on synapses (bi , di+1 ) can be applied and send the result n1 mi
to neuron σdi+1 , where i = 0, 1, . . . , k − 1.
Similarly, we can get n2 mi , . . . , nk−1 mi in the same way, and nj mi is sent
to neuron σdi+j , where 0 ≤ i ≤ k − 1, 0 ≤ j ≤ k − 1.
(4) The sum of terms.
At t = k + 3, n0 m0 arrives at neuron σd0 through synapse (b0 , d0 ).
At t = k + 4, n1 m0 and n0 m1 (produced at last step, and delay one step)
arrive at σd1 , which encodes the operation n1 m0 + n0 m1 .
...
At t = 2k + 3, n1 mk−1 , n2 mk−2 , . . . , nk−2 m2 and nk−1 m1 arrive at σdk , and
this encodes the operation n1 mk−1 + n2 mk−2 + . . . + nk−1 m1 .
...
At t = 3k + 1, nk−1 mk−1 arrive at σd2k−2 .
The number of spikes contained in neuron σdi above corresponds to the
binary bit of m × n, where i = 0, 1, . . . , 2k − 2.
(5) Output the result. The spikes in neurons σd0 , σd1 , . . . , σd2k−2 above are sent
to the output neuron σout . According to the number of spikes in the output
neuron σout , we consider the following two cases.
(a) If the number of spikes is odd, the rule a2j+1 /aj+1 → a on synapse
(out, e) is applied, so that j + 1 spikes are consumed and one spike is
sent to the environment, and j spikes remain in σout for the next step.
(b) If the number of spikes is even, the rule a2j /aj → λ on synapse (out, e)
is applied, so that j spikes are consumed and no spike is sent to the
environment, and j spikes remain in σout for the next step.
From time t = k+5, the system begins to have output. Therefore, the system
shown in Fig. 3 can perform the general binary multiplication, and output
the result to the environment.
As an example, let us consider the multiplication 3 × 3 = 9, which can be
written in binary
∏ form as 112 × 112 = 10012 , that is k = 2. Fig. 4 depicts the
SN P system M ultiple (2) with rules and
∏ weights on synapses. Table 2 reports
the spikes contained in each neuron of M ultiple (2), as well as the number of
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spikes sent to the environment, at each step during the computation. Note that
the time for the first instance that the output is valid is t = 7.
∏

Table 2. The configurations and outputs of M ultiple (2) at each time step during the
computation of the multiplication 112 × 112 = 10012
t

in

a0 a1 c

g2

b0 b1 d0 d1 d2 out output

0

0

2

0

2

2

0

0

0

0

0

0

0

1

1+2 0

1

O(1)O(2) O(4) 0

0

0

0

0

0

0

2

1+4 0

0

O(1)

O(3) 2

0

0

0

0

0

0

3

1

0

0

O(2) 2

2

0

0

0

0

0

0

4

1

0

0

0

O(1) 3

3

0

0

0

0

0

5

0

0

0

0

0

7

7

1

0

0

0

0

6

0

0

0

0

0

2

2

0

2

0

1

0

7

0

0

0

0

0

2

2

0

0

1

2

1

8

0

0

0

0

0

2

2

0

0

0

2

0

9

0

0

0

0

0

2

2

0

0

0

1

0

10 0

0

0

0

0

2

2

0

0

0

0

1

Now we still compare the number of neurons with the example in [31]. When
k = 3, the number of neurons required in the multiplication SN P system is 17;
as shown in Fig. 4, the number of neurons required in SN P system with rules
and weights on synapses is 11, which eﬀectively reduces 6 neurons.
3.3

The Greatest Common Divisor

In this subsection, the greatest common divisor of two natural numbers is performed on SN P systems with rules and weights on synapses. The solution for the
greatest common divisor is diﬀerent from the basic operations, like addition and
multiplication above, and it requires to perform the given method step by step.
We divide the solution for the greatest common divisor into several individual
modules, and then call the diﬀerent modules according to the method steps.
There are many methods for solving the greatest common divisor, and here
we use the binary method [33]. Please refer to [33] to learn more details on the
binary method.
Each of the modules required for the above method is given below. These
modules are achieved by SN P systems with rules and weights on synapses.
Module 1: To determine whether the natural number is even
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If a natural number is even, then the digit which is associated with the power
20 in the binary representation is 0; otherwise, this digit is 1. So we can only use
the digit which is associated with the power 20 in the binary representation of
the natural number to judge whether it is even or odd.
The input of this system is an appropriate sequence of spikes of the natural
number’s binary form. If the input is even, the number of spikes that output to
the environment is 0, otherwise, the output of this system∏is not 0.
For a natural number, we construct the SN P system Even with rules and
weights on synapses as shown
in Fig. 5 to determine whether it is even or not.
∏
The formal definition of Even is as follows, where the time that the output is
valid for the first instance is t = 3.
∏
Even

= (O, σaux , syn, σin , σout ),

where:
(1)
(2)
(3)
(4)
(5)

O = {a};
σaux = (1);
σin = (0);
σout = (0);
syn = {((aux, in), 2, R(aux,in) = {a → a})}
∪{((in, out), 1, R(in,out) = {a → λ, a2 → λ, a3 → a})}
∪{((out, e), 1, R(out,e) = {a → a})}.
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Fig. 5. The SN P system
common divisor

∏
Even

with rules and weights on synapses for the greatest

Module 2: To divide the number by 2 (to shift one bit to the right)
The binary number is divided by 2, which means that the last bit 0 of this
binary number is removed. So if the length of binary bits of the input is k, then
the length of binary bits of the output is k − 1.
The input of this system is an appropriate sequence of spikes of the binary
form of an even number.
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∏
For an even number, we construct the SN P system Divide2 with rules and
weights
∏ on synapses as shown in Fig. 6 to divide it by 2. The formal definition
of Divide2 is as follows, where the time that the output is valid for the first
instance is t = 4.
∏
Divide2 = (O, syn, σin , σout ),
where:
(1)
(2)
(3)
(4)

O = {a};
σin = (0);
σout = (0);
syn = {((in, out), 1, R(in,out) = {a → a}), ((out, e), 1, R(out,e) = {a → a})}.

݅݊澳

ܽ ՜ ܽ 澳

ݐݑ澳

Fig. 6. The SN P system

∏

ܽ ՜ ܽ 澳
Divide2

with rules and weights on synapses

Module 3: To add 1 to the number
∏
For a natural number, we construct the SN P system Add1 with rules and
weights on synapses as shown in Fig. 7 to add 1 to it. The input of this system
is appropriate
∏sequence of spikes of the binary form of the number. The formal
definition of Add1 is as follows, where the first time step that the output starts
to be emitted by the system is t = 3.
∏
Add1 = (O, σaux , syn, σin , σout ),
where:
(1)
(2)
(3)
(4)
(5)

O = {a};
σaux = (1);
σin = (0);
σout = (0);
syn = {((aux, in), 1, R(aux,in) = {a → a})}
∪{((in, out), 1, R(in,out) = {a → a, a2 /a → λ})}
∪{((out, e), 1, R(out,e) = {a → a})}.
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ܽݔݑ澳 

ܽ ՜ ܽ 澳

݅݊澳

ܽ ՜ ܽ 澳

ܽʹȀܽ ՜ ߣ 澳

澳

ܽ ՜ ܽ 澳

Fig. 7. The SN P system

∏
Add1

with rules and weights on synapses

Module 4: To compare the value of two natural numbers
For two natural numbers in binary form with the same length of binary bits,
we compare them from the highest bit of each number to the lower order, until
the system outputs 2 or 1. The result is the last bit of the output. If the result
is 0, then in1 = in2 ; if the result is 1, then in1 < in2 ; if the result is 2, then
in1 > in2 .
∏
We construct the SN P system Comp with rules and weights on synapses
as shown in Fig. 8 to compare two natural numbers. The input of this system
is an appropriate sequence of spikes of two natural numbers in binary form, but
what is diﬀerent from the other modules is that the
∏ input here starts from the
highest bit to the lower. The formal definition of Comp is as follows.
∏
Comp

= (O, syn, σin1 , σin2 , σout ),

where:
(1)
(2)
(3)
(4)
(5)

O = {a};
σin1 = (0);
σin2 = (0);
σout = (0);
syn = {((in1 , out), 2, R(in1 ,out) = {a → a})}
∪{((in2 , out), 1, R(in2 ,out) = {a → a})}
∪{((out, e), i, R(out,e) = {a3 → λ, ai → a})|i = 1, 2}.

Module 5: Subtraction
The design principle of the subtraction module
∏ is referred to [29]. For two
natural numbers, we construct the SN P system Sub with rules and weights on
synapses as shown in Fig. 9 to perform subtraction. The input of this system is
an appropriate
∏ sequence of spikes of the binary form of two numbers. The formal
definition of Sub is as follows, where the time that the output is valid for the
first instance is t = 4.
∏
Sub

= (O, σaux1 , σaux2 , σaux3 , σaux4 , σaux5 , σauxf low , σgen , syn, σin1 , σin2 , σout ),
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݅݊ͳ 澳



ܽ ՜ ܽ 澳

Fig. 8. The SN P system

∏

ܽ ՜ ܽ 澳
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݅݊ʹ 澳

ݐݑ澳

ܽ͵ ՜ ߣ 澳
݅
݅澳 ܽ ՜ ܽ  ݅ ൌ ͳǡʹ 澳
Comp

with rules and weights on synapses

where:
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

O = {a};
σin1 = (0);
σin2 = (0);
σauxi = (0), i = 1, 2, 3, 4, 5;
σaux f low = (0);
σgen = (1);
σout = (0);
syn = {((in1 , auxi ), 1, R(in1 ,auxi ) = {a → a})|i = 1, 2, 3}
∪{((in2 , aux4 ), 1, R(in2 ,aux4 ) = {a → a})}
∪{((gen, aux5 ), 1, R(gen,aux5 ) = {a → a})}
∪{((gen, aux f low), 1, R(gen,aux f low) = {a → a})}
∪{((aux5 , aux f low), 1, R(aux5 ,aux f low) = {a → a})}
∪{((aux f low, aux5 ), 1, R(aux f low,aux5 ) = {a → a})}
∪{((auxi , out), 1, R(auxi ,out) = {a → a})|i = 1, 2, 3, 4, 5})}
∪{((out, e), 1, R(out,e) = {a → λ, a2 /a → a, a3 /a2 → λ, a4 → a,
a5 → λ, a6 /a5 → a})}.

Module 6: To calculate the result (to multiply by 2 with given times)
By calling the above five modules, the numbers d and g are obtained. This
module uses d and g to calculate the greatest common divisor g × 2d . That is,
move g to the left by d bits, where d represents the
∏number of times that all the
two numbers are even. In the module structure M ultiply2 defined below, the
input is the number g in binary form.
∏
We construct the SN P system M ultiply2 with rules and weights on synapses
as shown in Fig. 10 to calculate the result. The first time step that the output
starts to be emitted by the system is t = 3.
∏
M ultiply2 = (O, syn, σin , σaux1 , σaux2 , . . . , σauxd , σout ),
where:
(1) O = {a};
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澳

݅݊ͳ 澳
݅݊ʹ 澳

ܽ ͳݔݑ澳

ܽ ՜ ܽ 澳
ܽ ݔݑ澳
ܽ ՜ ܽ 澳 ʹ
ܽ ՜ ܽ 澳

ܽ ͵ݔݑ澳

ܽ ՜ ܽ 澳ܽݔݑͶ 澳

ܽݔݑͷ 澳

ܽ ՜ ܽ 澳

ܽ ՜ ܽ 澳

ܽ ՜ ܽ 澳
ܽ ՜ ܽ 澳

ܽ ՜ ܽ 澳

ܽ ՜ ܽ 澳

ܽ ՜ ߣ 澳
ܽʹ Ȁܽ ՜ ܽ 澳
ܽ͵ Ȁܽʹ ՜ ߣ 澳

ܽͶ ՜ ܽ 澳
 ݐݑ澳 ͷ
ܽ ՜ ߣ 澳
ܽ Ȁܽͷ ՜ ܽ 澳

ܽ ՜ ܽ 澳 ܽ ՜ ܽ 澳
݃݁݊ ܽ 澳՜ ܽ 澳



澳

ܽ ݓ̴݈݂ݔݑ澳

澳

Fig. 9. The SN P system

(2)
(3)
(4)
(5)

∏

Sub

with rules and weights on synapses

σin = (0);
σauxi = (0), i = 1, 2, . . . , d;
σout = (0);
syn = {((in, aux1 ), 1, R(in,aux1 ) = {a → a})}
∪{((auxi , auxi+1 ), 1, R(auxi ,auxi+1 ) = {a → a})|i = 1, 2, . . . , d − 1}
∪{((auxd , out), i, R(auxd ,out) = {a → a})}
∪{((out, e), 1, R(out,e) = {a → a})}.

݅݊澳

ܽ ՜ ܽ 澳

ܽ ͳݔݑ澳

ܽ ՜ ܽ 澳

Fig. 10. The SN P system

ܽ ʹݔݑ澳

∏

M ultiply2

Ă

ܽ ݀ݔݑ澳

ܽ ՜ ܽ 澳

ݐݑ澳

ܽ ՜ ܽ 澳

with rules and weights on synapses

By calling above modules, we can get the greatest common divisor of two
natural numbers.
In what follows, an example is provided to detail the process.
As an example, let us consider the greatest common divisor of the numbers
12 and 18 by calling the above modules. That is, a = 12 and b = 18, then
calculate gcd(12, 18), which can be written as gcd(011002 , 100102 ) in binary form,
where a = 011002 and b = 100102 . The calling process of modules to calculate
gcd(011002 , 100102 ) is as follows, and the input and the output sequences are
written in bold in every table. In the initial time, we assume that g = 0 and
d = 0.
Step 1. Call the module 1 to determine whether a and b are even
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∏
When the input of system
∏ Even is a = 011002 or b = 100102 , the spikes
contained in each neuron of Even , as well as the number of spikes sent to the
environment at each step during the process that judge whether a or b is even,
are reported in Table 3.
∏
From Table 3, we can know that the output of Even is 0, so a = 011002 is
an even number, and b=100102 is an even number, too.
∏

Table 3. The configurations and outputs of Even at each time step during the process
of judging whether a = 011002 and b = 100102 is even
t

in(a)

in(b)

aux

out

output

0

0

0

1

0

0

1

0+2

0+2

0

0

0

2

0

1

0

0

0

3

1

0

0

0

0

4

1

0

0

0

0

5

0

1

0

0

0

6

0

0

0

0

0

7

0

0

0

0

0

Step 2. Call the module 2 to divide a and b by 2
∏
When the input
∏ of system Divide2 is a = 011002 , the spikes contained in
each neuron of Divide2 , as well as the number of spikes sent to the environment
at each step during the computation
of the division, are reported in Table 4.
∏
When the input of system Divide2 is b = 100102 , the process is similar to
above, so we neglect the table.
After dividing a and b by 2, we get a = 01102 and b = 10012 .
Step 3. Call the module 3 to add 1 to d
∏
In the initial time, d = ∏
0, so the input of system Add1 is 0. The spikes
contained in each neuron of Add1 , as well as the number of spikes sent to the
environment at each step during the computation of the addition 02 + 12 = 12
are reported in Table 5.
After adding 1 to d, we can get d = 1.
Step 4. Call the module 1 to determine whether a and b are even
∏
When the input of system Even is a = 0110
∏ 2 , the output is 0, so a = 01102
is an even number.When the input of system Even is b = 10012 , the output is
1, so b = 10012 is an odd number.
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∏

Table 4. The configurations and outputs of Divide2 at each time step during the
computation of the division 011002 ÷ 102 = 01102
t

in

out

output

0

0

0

0

1

0

0

0

2

0

0

0

3

1

0

0

4

1

1

0

5

0

1

1

6

0

0

1

7

0

0

0

Table 5. The configurations and outputs of
putation of the addition 02 + 12 = 12

∏
Add1

at each time step during the com-

t

in

aux

out

output

0

0

1

0

0

1

0+1

0

0

0

2

0

0

1

0

3

0

0

0

1
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Step 5. Call the module 2 to divide a by 2
∏
The input of system Divide2 is a = 01102 . After dividing a by 2, we get
a = 0112 .
Step 6. Call the module 1 to determine whether a is even
∏
∏
The input of system Even is a = 0112 , and then the output of Even is 1,
so a = 0112 is an odd number.
Step 7. Call the module 4 to compare the value of a and b
∏
In the system Comp , in1 = a = 0011
∏2 and in2 = b = 10012 . Table 6 reports
the spikes contained in each neuron of Comp , as well as the number of spikes
sent to the environment at each step during the process of comparing the value
of a = 00112 and b = 10012 . The output of the system is 1, so a < b.
∏

Table 6. The configurations and outputs of
at each time step during the
Comp
process of comparing the value of a = 00112 and b = 10012
t

in1

in2

out

output

0

0

0

0

0

1

0

1

0

0

2

0

0

1

0

3

1

0

0

0

4

1

1

2

1

Step 8. Call the module 5 and module 2 to calculate (b − a)/2
Because
2 in the
∏ a < b, we can get in1 = b = 10012 and in2 = a = 0011∏
system Sub . Table 7 reports the spikes contained in each neuron of Sub , as
well as the number of spikes sent to the environment at each step during the
computation of the subtraction b − a = 10012 − 00112 = 01102 .
∏
Then the input of system Divide2 is 01102 . After dividing it by 2, we can
get b = (b − a)/2 = 01102 ÷ 102 = 0112 .
Step 9. Call the module 4 to compare the value of a and b
∏
In the system Comp , in1 = a = 0112 and in2 = b = 0112 . The output of
the system is 0, so a = b.
Step 10. Call the module 6 to calculate the result
From the
∏ above steps, we can get g = a = b = 0112 and d = 1. So the input
of
system
M ultiply2 is g = 0112 , and the spikes contained in each neuron of
∏
,
as
well as the number of spikes sent to the environment at each step
M ultiply2
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∏

Table 7. The configurations and outputs of Sub at each time step during the computation of the subtraction b − a = 10012 − 00112 = 01102
t in1 in2 aux1 aux2 aux3 aux4 aux5 gen auxf low out output
0 0

0

0

0

0

0

0

1

0

0

0

1 1

1

0

0

0

0

1

0

1

0

0

2 0

1

1

1

1

1

1

0

1

1

0

3 0

0

0

0

0

1

1

0

1

5

0

4 1

0

0

0

0

0

1

0

1

2

0

5 0

0

1

1

1

0

1

0

1

2

1

6 0

0

0

0

0

0

1

0

1

5

1

7 0

0

0

0

0

0

1

0

1

3

0

during computation of the multiplication 0112 × 21 = 1102 are reported in Table
8.
So the greatest common divisor of 011002 and 100102 is g × 2d = 0112 × 21 =
1102 .
∏

Table 8. The configurations and outputs of M ultiply2 at each time step during the
computation of the multiplication 0112 × 21 = 1102
t

in

aux1

out

output

0

0

0

0

0

1

1

0

0

0

2

1

1

0

0

3

0

1

1

0

4

0

0

1

1

5

0

0

0

1

6

0

0

0

0

Through the above analysis we can see that the greatest common divisor of
two arbitrary natural numbers is available by calling the corresponding modules
of method.
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Discussion

This section makes comparisons between the designed SN P systems with rules
and weights on synapses and the SN P systems in [31] for performing arithmetic
operations.
For addition and multiplication, both the systems constructed in [31] and the
ones in this paper have only one input neuron. The system in [31] to perform the
addition of n natural numbers with 3 binary bits requires 14 neurons, while 10
neurons are enough by using SN P systems with rules and weights on synapses.
When the multiplication of two natural numbers with 2 binary bits is performed,
the system desinged in [31] requires 17 neurons, while in this paper, we use only
11 neurons by placing rules and weights on synapses, reducing 6 neurons. Thus,
we can conclude that the systems with a single input neuron for addition and
multiplication in [31] are improved by using the SN P systems with rules and
weights on synapses. It is worth pointing out that the designed SN P systems
with rules and weights on synapses use larger number of synapses and delays
than the systems in [31]. This study considers only one input neuron and as
usual the SN P systems require more neurons than the multi-input systems in
[29]. In addition, this study is the first attempt to design an SN P system to
calculate the greatest common divisor of two natural numbers.

4

Conclusions and Future Work

This paper focused on the use of the SN P systems with rules and weights on
synapses to design specific systems for fulfilling the arithmetic operations including addition, multiplication and the greatest common divisor. Comparing with
the results reported in [31], smaller number of neurons are required to perform
the addition and multiplication. Calculating the greatest common divisor of two
natural numbers is not an easy task. This paper achieved a good design by using
several modules.
Following this work, we will consider how to use the SN P system with rules
and weights on synapses to perform the division operation. More and eﬃcient SN
P systems will be further investigated to perform various arithmetic operations,
such as the axon P systems with more competitive computing power [19].
Acknowledgments. The work was supported by National Natural Science
Foundation of China (61179032), the Special Scientific Research Fund of Food
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23. Peng, H., Wang, J., Pérez-Jiménez, M.J., Wang, H., Shao, J., Wang, T.: Fuzzy
reasoning spiking neural P system for fault diagnosis. Information Sciences, 235,
106–116 (2013).
24. Chen, H., He, Z.: Signed integer arithmetic operations in spiking neural P systems.
Journal of Computational Information Systems. 6(3): 689–696 (2010).

Spiking Neural P Systems

27

25. Liu, X., Li, Z., Liu, J., Zeng, X.: Implementation of arithmetic operations with
Time-Free spiking neural P systems. IEEE Transactions on NanoBioscience. 14(6),
617–624 (2015).
26. Peng, X., Liu, J., Liang, W.: Several arithmetic operations on spiking neural P
systems. Proceedings of the 2nd International Conference on Computer Science
and Electronics Engineering. 270–273 (2013).
27. Ionescu, M., Sburlan, D.: Some applications of spiking neural P systems. Computing and Informatics. 27, 515–528 (2012).
28. Song, T., Zheng, P., Wong, M.L.D., Wang, X.: Design of logic gates using spiking
neural P systems with homogeneous neurons and astrocytes-like control. Information Sciences. 372, 380–391 (2016).
29. Naranjo, M.A.G., Leporati, A., Pan, L.: Performing arithmetic operations with
spiking neural P systems. Seventh Brainstorming Week on Membrane Computing.
11, 181–198 (2009).
30. Zeng, X., Song, T., Zhang, X., Pan, L.: Performing four basic arithmetic operations
with spiking neural P systems. IEEE transactions on nanobioscience. 11, 366-374
(2012).
31. Zhang, X., Zeng, X., Pan, L., Luo, B.: A spiking neural P system for performing
multiplication of two arbitrary natural numbers. Chinese Journal of Computers.
32, 2362–2372 (2009).
32. Kong, Y.: Study on the computational power of spiking neural P system based on
diﬀerent biological background. Huazhong University of Science and Technology.
(2015).
33. Website: https://en.wikipedia.org/wiki/Greatest common divisor.

A P-based Hybrid Evolutionary Algorithm with
Exchange-tree Mechanism for Traffic Network
Transportation Optimization Problem
Yingying Duan, and Kang Zhou

?

School of Math and Computer,
Wuhan Polytechnic University, Wuhan 430023, China
{208130907@163.com,zhoukang65@whpu.edu.cn}

Abstract. Traffic network transportation optimization problem is a hot
topic problem in the field of logistics transportation. Although the heuristics have successfully been applied to solve this problem, the computing
efficiency of original algorithms can gradually decline as instance scales
become larger and larger, which makes it difficult for traditional algorithms to solve larger instances; The paper presents a P-based particle
swarm optimization algorithm so as to reduce the computational complexity of solving the problem. To modify the efficiency of the algorithm,
an improved prim operator and an ex-change tree operator are proposed
to modify the speed of producing initial population and the efficiency
of updating individuals respectively. To further modify the precision of
feasible solutions, an improved roulette mechanism is proposed that is
used for selecting a deleting edge according to probability distribution.
The examples of different scales are utilized to confirm the effectiveness
of the system. Experimental results show that the proposed algorithm is,
on average, able to produce better solutions than other heuristics proposed in the previous literatures, furthermore proving that our algorithm
is very competitive in terms of the efficiency and the accuracy of solving
this problem.
Keywords: Traffic network transportation optimization problem; Membrane computing; Particle swarm optimization (PSO); Exchange-tree operator (ECTO)

1

Introduction

Traffic Network Transportation Optimization Problem (TNTOP for short) is
one of the popular transportation problem present in the literature. In the initial stage, the simplest transportation problem is the single origin-many terminus
traffic optimization problem in [1], in which the problem is to search the minimum cost feasible flow in a directed single origin-many terminus cost network;
Different constraints are added to the problem so as to satisfy the requirements
?

Corresponding author.

2

TNTOP solved by using A P-based Hybrid Evolutionary Algorithm

of practical applications, with the in-depth study of this problem, TNTOP is
actually proposed in the paper [2], in which it is to study the reach ability and
optimality from a distribution center to all customer locations under certain delivery requirements. Specifically, TNTOP is to search a route layout with optimal
total distance among all route layouts from the distribution center to all customer locations in a given delivery time. Due to the positive correlation between
the delivery time and the delivery distance, time constraints can be simplified as
distance constraints in our research. TNTOP can be used for solving the problem
of the distribution center location that is regarded as a fundamental problem in
the logistics research field, therefore, it has a practical guiding significance for
the research of the logistics industries. From the perspective of network analysis, the mathematical model of TNTOP is modeled as the minimum spanning
tree problem with the constraints. Therefore this method of solving the problem
model helps to handle other problems such as distribution network reconfiguration problem[3], the resource allocation problem[4], the broadcast problem[5],
comovements in government bond markets[6], DNA molecules computation[7],
natural computing for automatic test data generation approach[8], and so on.
These application researches of the model of TNTOP show that it has a wide
range of practical application background. Therefore, the study of TNTOP has
a very important practical significance.
TNTOP involves how to select locations of potential distribution centers set
and how to transport products through distribution centers so that the total relevant distance is minimized. Several classical algorithms have been proposed to
dispose of the problem which can be divided into elite methods and heuristic algorithms. However, the former has certain limitations in solving the complexityhigh problems. Therefore, heuristics has become the research direction of the optimization field for solving these location problems. Sundar[9](2010) mainly applied a swarm intelligence algorithm to solve the quadratic network layout problem. Singh studied an improved artificial bee colony algorithm in the TNTOP.
Hu[10](2015) applied particle swarm algorithm to the length-constrainted TNTOP; Ismkhan[11](2017) applied ant colony algorithm to optimize a large-scale
network layout problem. these papers have gained some better results, especially
PSO[10]. However, the computational efficiency of PSO increased at an order of
magnitude with constantly expanding the scale of problems. Through extensive
research, a new technique named as membrane computing is used for solving
these problems encountered by PSO.
Membrane computing is a new branch of natural computing, which is proposed by Professor Păun in 1998[12]. It has received considerable attention
from the scientific community because of the characteristics of the distribution
and parallelism of this technique. So far, the theoretical research on membrane
computing has been very rich[13–16], but there are few references about the
application-practical research of membrane computing. Therefore many scholars
attempt to apply the membrane computing to the optimization field by combining with artificial bionic algorithms so as to emulate the high complexity
problems in the optimization field. With the further development of the re-
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search, there are some achievements in the field. Nishida[17–19](2014-2016) applied membrane structure to control the direction of evolution and obtained better solutions compared with other heuristics. ZhangG[20, 21](2011, 2013) studied
a membrane-inspired approximate algorithm to solve traveling salesman problems, and studied a hybrid approach based on differential evolution and tissue
membrane systems in solving constrained manufacturing parameter optimization
problem; Wang[22](2015) introduced membrane algorithm with PSO evolution
mechanism to optimize mobile robot path; ZhangX[23](2014) first studied the
parallelism of membrane and verified the performance of the algorithm in GPU,
which could improve the efficiency of producing new solutions; Xiao[24](2016)
introduced an improved dynamic membrane evolutionary algorithm in order to
make the algorithm jump out of the local optimum thus improving the accuracy
of the solution; Niu[25](2015) applied ant colony algorithm to optimize vehicle routing problem. Good research results have been achieved, which has been
proved that membrane algorithm can effectively handle high complexity problem
in polynomial time.
However, few papers studied the application of membrane algorithms in TNTOP. Based on this, a kind of hybrid evolution algorithm combined a tissuelike P system and PSO (TPPSO for short) is proposed to handle TNTOP in the
paper. TPPSO is a distributed-parallel network framework, in which the evolutionary rules are used for guiding the optimization of particles, and the communication rules are used for exchanging some substances of two cells. Through
the analysis, TPPSO can make the velocities and the positions of all particles update synchronously at a parallel way. Furthermore, the paper introduces
an improved prim operator to membrane algorithm which randomly selects a
constraint-satisfying edge to add current sub-network in order to enhance the
precision of solutions; beside, for efficiency, the paper introduced an exchangetree to break a ring route encountered in current radial network when producing
new particles so as to enhance the efficiency of the algorithm; for precision, the
paper proposes an improved roulette mechanism to delete a removable-minimum
edge thus ensuring that new solutions are better than previous those. Finally, the
paper verifies the performance of the algorithm through a series of experiments.
The paper is organized as follows. Section 2 describes TNTOP and its mathematical model. Section 3 reviews the rules and its application. Section 4 presents
the computational study. Finally, the article is concluded in Section 5.

2

TNTOP

TNTOP is to study the accessibility of each customer from a distribution center
and the optimality of a route from a distribution center to all customers under
satisfying delivery requirements. During the process, it is required that some
limited conditions should be satisfied as follows:
• Accessibility Constraint(AC). Starting from the distribution center,
each customer shoud be serviced by a vehicle no matter what direct arrival
or indirect arrival.
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• Distance Constraint(DC). In each route, the total distance from the
center to the last customer serviced should be satsified the distance constriant
travelled by a vehicle.
Based on above constraints, TNTOP is introduced as follows:
TNTOP : in a traffic network consisted of a distribution center and several
customers, it is to search a minimized total-distance route layout in all route
layouts from a distribution center to all customer locations under satisfying the
conditions AC and DC.
TNTOP can be modeled as the following graph theory problem: in a network
G = (V, E, W ), where V (G) = {vi |i = 1, 2, ..., M } is a customer set, v1 is a
distribution center, vi (i ≥ 2) is a serviced customer, |V | = M ; E(G) = {eij |i, j ∈
{1, 2, ...M }} is an edge set representing the connections among the customers,
|E| = N ; W (G) = {wij |i, j ∈ {1, 2, ..., M }} is a distance set associated with each
edge eij , TNTOP is to search a connected network structure graph with the least
number of edges where owns the minimum weight and satisfies DC and AC. An
edge eij should be selected if the decision variable xij =1; else, not be selected.
Set T (xij ) = {xij |xij = 1 ∧ eij ∈ E} is a possible solution of certain network
structure given by the problem model, path P (v1 , vi )(P (v1 , vi ) ⊆ T (xij )) is a
path from a distritbution center v1 to a customer vi , the mathematical model of
TNTOP is as follows:
min Z =

X

wij xij

(1)

eij ∈E

subject to:
X

xij ≤ |S| − 1,

∀ S ⊆ V, 2 ≤ |S| ≤ n − 2

(2)

vi ,vj ∈S

|T (xij )| = M − 1, T (xij ) = {xij |xij = 1 ∧ eij ∈ E}
X

(3)

wij xij ≤ p0 ,

∀ P (v1 , vk ) ⊆ T (xtq )

(4)

xij ∈ {0, 1},

∀ eij ∈ E

(5)

xij ∈P (v1 ,vk )

where formula (1) is the objective of the TNTOP; constraints (2)∼(3) are the
conditions of satisfying a connectivity graph consisted of the least edges; constraint (4) expresses that all costs from a center to the farthest customer serviced
cannot exceed a given distance limit p0 ; constraint (5) indicates that xij is equal
to 1 if it is connected from a customer vi to another vj .
To emphasize an important point, TNTOP is standard TNTOP, but it can
be extened. Firstly, for extended TNTOP, AC must be satisfied, and DC can
be extended. Based on actual demands, DC part can be added to different constraints such as time constraints, max-load constraints, distance constraints, and
so on. Secondly, extended TNTOP can be solved by just adjusting the decoding
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part and condition constraints of standard TNTOP. Therefore, the research of
standard TNTOP has a very important practical significance.
To emphasize another important point, TNTOP has an irreplaceable function
in logistics distribution center location problem. The steps of solving logistics distribution center location problem are as follows: (1) select several candidate distribution center; (2) for each candidate distribution center, generate an undirected connection graph, respectively; (3) for each graph, randomly obtain an
optimal route layout by solving standard TNTOP; (4) the best distribution center is obtained from a minimum optimal route layout. Therefore, TNTOP, which is a subproblem of distribution center location problem, can be
mainly used for obtaining some optimal route layouts of different distribution
centers. It can be seen that it is a core issue worth studying in the whole process
of logistics operations.

3

A P-Based Particle Swarm Optimization Algorithm

Tissue P systems can be first introduced in [26], it can processes symbols in
a multiset sense in a net of cells. Each cell has finite state memory, processes
multisets of objects, and can send objects to the neighboring cells. Because such
nets are shown to be rather powerful in solving some high complexity problems,
in this paper, we propose a P-based particle swarm optimization algorithm to
solve some bottleneck problems encountered in [10]. In the following section, we
introduce a distributed-parallel framework, objects, and the designed rules such
as evolutionary rules and communication.
3.1

The general framework of the proposed algorithm

In this section, we adopt a network membrane structure to promote the evolution
of objects which is consisted of an input alphabet, four inner cells used for
prompting the evolution of objects, communication rules and a skin membrane
used for recording the best object. The form of this structure is introduced that
we introduce for defining our optimization algorithm as follows.
Formally, a tissue P system of degree q ≥ 1 is the following tuple:
Y

= (O, σ1 , σ2 , σ3 , σ4 , syn, i0 )

(6)

where:
(1) O = {xkj } is an (input) alphabet, xkj ∈ {0, 1}, 0 ≤ k ≤ S − 1, 0 ≤ j ≤
N − 1.
(2) syn = {(1, 3), (1, 4), (2, 4), (4, 2), (3, 4)} is communication channels between cells, where i is labeled as the ith membrane (called mem.i), i = 1, ..., 4.
(3) σ1 , σ2 , σ3 , σ4 are cells of the form:
σi = (Qi , si,0 , ωi,0 , Ri ), 1 ≤ i ≤ 4, where:
a. si,0 (si,0 ∈ Qi ) represents the initial status of the ith cell.
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b. ωi,0 (i = 0, 1, ..., 4) are strings over Oi∗ (Oi ⊆ Oi∗ ), representing the multisets of objects placed in the ith cell of the system at the beginning of the
computation.
c. Ri is a finite set of rules of a cell, the forms of these rules are as follows:
0
(a) Evolution rules: ri ≡ [Xk ]i → [Xk ]i , for k ∈ {0, 1, ..., S − 1}; with
0
the presence of an object Xk , new objects Xk (where k ∈ {1, 2, ..., S − 1}) are
produced by exchanging Xk in the same label; at the same time, previous objects
such as Xk are sent to outside the environment.
(b) Communication rules: ri,j,k ≡ (Xk )i → (Xk , go)j ; 1,2,...,i identify the
cells of the system, 0 is the environment; when applying a rule ri,j,k ≡ (Xk )i →
(Xk , go)j , the objects of the multiset ωi,0 represented by i are sent from region
i to these regions with communication channels.
(4) The output region i0 is the environment.
In order to clearly describe the framework of this system, Figure 1 plots the
membrane structure, where an object respresents a solution. In the nets of this
figure, five cells are designed, which each cell has an unique operation such that
cell 1 is applied to initialize objects, cell 2 is used for obtaining an edge-deleted
set that can ensure a feasible tree after deleting its edge, cell 3, is used for
computing velocity vectors of current particles in the next moment, and cell 4
is for computing their position vectors in the next moment, the outermost one
is the skin membrane used for recording the best object so far.

cell 3

cell 4

cell 2

cell 1
cell 0

Figure 1.

The framework of a tissue-like P system

In Figure 1, firstly, the objects are initialized in cell 1 and then sent to cell
3 and cell 4; secondly, cell 3 obtains new velocity vectors by executing the rules
of the membrane and sent them to cell 4; finally, cell 4 produces new positions
of particles under the action of cell 2 and cell 3 and sent them to cell 1 after
previous objects are sent to outside environment, continue until reaching the
final layout, end.
Through the analysis of the framework of the proposed algorithm, it can construct a high-performance computing environment and multi-core cells to handle
the evolution of all particles; our technique needs fewer number of cells and all
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of them are essential to the execution of this system. In addition, its another
advantage is that it can divide a complexity problem into some subproblems.
These advantages show that the design of the framework is beneficial to the
production of all objects.
3.2

Representation of the objects

In the proposed algorithm, an object Xi (i = 0, 1, ..., S − 1) is generated by
randomly choosing an ordering of binary code satisfying radial and length constraints. An object represents a distribution path of TNTOP and each path represents a solution of the proposed algorithm, and a multi-object set P represents
a population where the set P is represented as P = {X1 , X2 , ..., XS−1 }, where
Xi = (xi0 , xi1 , ..., xi(N −1) )(xij ∈ {0, 1}) is represented by a set of edges eij where
an edge eij is in this network if xij = 0 and |X i | = |N − M + 1| where N and M
are the number of edges and nodes, respectively. For example, a particle X2 =
{1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1} indicates that the second individual is visited from the depot, and visits these edges (routes) (xij = 0) in turn such
as e(2,1) (v1 , v4 ), e(2,3) (v1 , v5 ), e(2,7) (v2 , v7 ), e(2,10) (v3 , v8 ), e(2,11) (v3 , v6 ), e(2,12) (v4
, v7 ), e2,14 (v5 , v8 ) and e(2,16) (v4 , v9 ) before returning to the depot, which is presented by the identificator 1. For e(2,k) (vi , vj ), it expresses the kth edge with
nodes vi and vj of the second individual, where all above nodes and edges can
compose of a radial network with length constraints by connecting.
One such an expressed way of solutions is that the operation way of applying
binary encoding is aimed at the edges rather than the nodes, which can express
directly the situation of tree and the operation state after updating tree thus
proving the rationality of this form encoding.
3.3

The rules of cells of the proposed algorithm

In this section, we mainly study the rules of P systems, a class of computing
devices aiming to make objects evolve and abstract the transport of objects
across the cells. The further work on the rules has been researched as sections
(1)∼(4) by considering four types of design cells for calculating.
(1) Rules in cell 1: Initialized objects
Due to the limitations of traveling distance for each truck, it is usually impossible to complete all deliveries using one truck, and therefore several journeys,
or routes, are necessary. As this representation does not include the information
on where the list satisfies radial- and length- constraints. Martel[27] has proved
that Prim’s algorithm can generate a minimum radial network (MRN) in linear
or almost linear expected time on a wide range of graphs and it often beats MRA
algorithms which have better worst-case run times, therefore we also adopt the
Prim Algorithm (PA) to produce some constraints-satisfied solutions. However,
because PA [27] can only produce some minimum spanning trees, which cannot
produce some random and feasible solutions in polynomial time when the scales
of instances increase a certain scale, therefore we do some improvements, for
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example, the paper adds a random factor to Prim Algorithm, called as Prim
Stochastic Algorithm (PSA for short) in order to generate randomly S feasible networks according to the characteristics of the TNTOP. The main of PSA
generation procedure is as follows.
(a) Definition. Based on cut set theory of Prim algorithm, PSA randomly and continuely selects neighborhood edges of each node and adds to the
edge set of subnetwork, continue until producing PSA’s sequential representation of Random Spanning Tree (RST), then this sequential is a four-tuple
T (vs , QV , QE , QW ), where
• vs is the prespecifed starting point to construct a radial network with
improved Prim’s algorithm.
• QV is a vertex set consisting of all the vertices but vs in the corresponding
radial network, in which the vertices are organized in the order that the vertices
are selected by Prim Stochastic Algorithm (PSA) into current network.
• QE is an edge set composing all the edges in the same network, in which
the edges are organized in the order that the edges are selected by PSA into
current network.
• QW is a weight set composing the weights of all the edges, in which the
weights of each branch in current network is computed.
(b) The pseudo code of PSA. The method of producing sub-populations is as
Algorithm 1. Here we add random factor to PA and produce S possible spanning
trees, which are henceforth called radial networks with length constraint. The
scheme of formation of spanning trees using PSA can be represented in Algorithm
1:

Algorithm 1: The pseudo code of PSA
Input :
• G(V,E)-an undirected weighted graph;
• vs -a prespecified starting vertex in V .
Main core algorithm
(1) Initialization: vs ← v1 , Qv ← ∅, QE ← ∅, QW ← ∅ and t = 1;
(2) While t ≤ |V |
(a) Randomly choose an edge eij with a weight wij such that vertex vi
is in the vertex set QV and vj is not;
(b) Insert vj at the back of the queue QV if pi + wij ≤ p0 , that is
V (t, QV ) ← vj ;
(c) Insert wij at the back of the queue QW , that is W (t, QW ) ← wij .
(3) EndWhile
Output : T (vs , QV , QE , Qw )-a radial network on the given graph G.

The above pseudo code consists of two parts. The first part initializes all
various. The second part produces a feasible tree through steps (a)∼(c), where,
step (a) is used for exploring neighbor edges of current node, step (b) is for
computing some edges satisfying traveling distance constraints, step (c) is for
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randomly selecting an edge from step (b) and adding to current sub-tree, repeat
above steps until reaching termination conditions, obtaining S feasible spanning
trees, end. Algorithm 1 summarizes the general steps for randomly generating
some feasible radial networks.
(c) Evolution rules. According to the executing procedure of PSA, an evolutionary rule of producing object sets is designed as formula (8).
r1 : [¬((0,1)∗ ) ]1 Xi → [Xi |¬P SA ]1 , 0 ≤ i ≤ S − 1

(7)

where 0 and 1 are the elements of cells, (0, 1)∗ is a closure composed of 0 and 1
such as (0, 1)∗ = {01011...1}.
Rule r1 mainly descirbes the changed-present state of Xi (i ∈ 0, ..., S − 1)
through improved PSA. The executing method of the rule is described as: in the
initial configuration, Xi is an empty set outside the environment, and then cell
1 can start executing after adding the alphabets 0 and 1 to the content of cell 1
with the action of PSA, Xi becomes an non empty object that is mapped as an
undirected network of the TNTOP satisfying radial and length constraints when
an execution is completed, repeat the process under this rule until S objects
are generated, end. Through the analysis of the rule, it can make the cell to
produce directly feasible multi-objects in a limited amount of time, compared
with traditional methods that produce randomly a solution and then judge the
feasibility of the solution.
Compared with prim algorithm [27], the difference between Algorithm 1 and
prim algorithm lies in the generated form. Algorithm 1 generates a random radial
network while prim algorithm just generates a minimum network. From the
perspective of solving large scale problems, the improved algorithm can randomly
produce S feasible radial networks within a limited time. In summary, compared
with the method [27], the proposed improvement is effective and competitive in
running time of the algorithm by theory analysis.
(2) Rules in cell 2: ExChange-Tree Mechanism
Because PSO in [10] has a high time complexity of when selecting next move
location of the particles and the quality of solutions of this algorithm cannot
get satisfied when solving large-scale problems, we propose an exchange-tree
mechanism (ECTO) to handle above bottleneck problems. In addition, we propose a modified roulette method to modify the quality of solutions. The specific
process is as follows: where pi+1 records the sum of weights from vi to vi1 ,
U = U + {e(i+1,i+2) } is to add an edge e(i+1,i+2) to set U , the other is similar.
Input: A radial distribution path X1 and two endpoints of an edge vi and vj ;
0
Output: A new radial distribution path X1 .
Step 1 Start from a distribution center v1 , apply depth first search method to
find vi and vj in a radial distribution path;
Step 2 Start from vi (vj ), apply backtracking method to find all nodes of a circle;
Step 3 For each node of the circle, the proposed algorithm is executed as follows:
Step 3.1 Apply depth first search to find the farthest leaf node vi1 (vj1 ) of
vi (vj );
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Step 3.2 Repeat the following steps until all deleted edges are selected:
(a) Let pi+1 be pi+1 + w(i+1,i+2) and let pj+1 be pj+1 + w(j+1,j+2) ;
(b) Adjust whether pj+1 and pi+1 are less than p0 ;
(c) If less than, execute U = U +{e(i+1,i+2) } and U = U +{e(j+1,j+2) };
Step 4 Repeat the above steps until stopping, and obtain an edge-deleted set U ;
Step 5 An edge is selected from set U by using an improved roulette method,
over.
The steps of ECTO shows that this factor can assess the limitation of instances using ECTO. Through our analysis, the following four measures are
considered in this paper.
• Number of edges in set U . This measure refers to the ability to find removeable edges. The preference is to reach the largest possible number of efficient
edges.
• The efficiency of ECTO. It can directly obtain a feasible radial path in an
effective time compared with previous one.
• Coverage. This metric represents the proportion of selecting points in the
estimated efficient by applying roulette mechanism to ECTO thus increasing the
coverage speed of heuristics.
• Optimum. After introducing an improved roulette method, ECTO can
modify the quality of objects by deleting an edge owned the maximum weight
in all edges of set U with a certain probability.
The above steps introduce that the operator can compute a deleted edge
set. Because Wlofgang[28] gives an updated method-the one-dimensional arrays
near and wnear of a tree with bounded-diameter in updating a tree, and obtain
the better results through experiments. In order to verify the feasible advantages
of ECTO in generating a new feasibility object compared with this method, we
have the following lemma:
0
Lemma 1 Given an instance T1 of the TNTOP, a new distribution path T1
must be a feasible path satisfying the length constraint when executing updating
by using an exchange-tree operator mechanism.
Proof. For a radial network T1 , start from the distribution center v1 , two
nodes vi and vj are searched as follows: (a) the first branch node va is searched
by using backtracking method, and then all edges from va to vi (vj ) are stored
in set F (F = F + {vk }(k ∈ {a, ..., i(j)})); (b) start from vi (vj ), seek down
the farthest leaf nodes labeled as vi1 (vj1 ) and record the length of this branch
pvi1 or pj1 and adjust whether pvi1 or pvj1 is less than p0 : if less than, then
execute U1 = U1 + {eij }(eij ∈ F ) if and only if pvi + eij ≤ p0 (m = 1, 2, ..., N and
eij ∈ F ). And if pvj + eji ≤ p0 (n = 0, 1, ..., N − 1), then execute U2 = U2 + {eji };
0
(c) obtain a nonempty set U (U = U1 ∪U2 ). Finally, a new tree T1 can be directly
generated by deleting an edge of set U . 
The rationale of ECTO shows that the proposed method can produce an
edge-deleted set stored in a cycle of a connected graph where a radial network
(a connected acyclic graph) can be produced by deleting an edge of this set.
For traditional operation, it is of blind random in updating the set of solutions.
One of the main difference between them relies upon the fact that the form of

A P-based Hybrid Evolutionary Algorithm with ECTO

11

updating feasible solutions is different. In the proposed version, each updated
solution in reference set of solutions is a constraints-satisfying solution using
ECTO. However, in the second method, an updated solution still needs to be
verified whether it is a feasible solution satisfying radial and length constraints
using check factor. By comparison and analysis, ECTO can directly generate
a constraints-satisfied feasible tree thus avoiding the random add and delete
operation of traditional method.
ECTO can compute a removable edge set, however, each removable edge is
randomly selected from the set, which can generate some poor quality of solutions
compared with these solutions before updating. To overcome these shortcomings,
we propose an improved roulette mechanism to ECTO in order to improve the
accuracy of solutions. The method is as follows:
Random Directed. Obtaining an removable edge
1: For i = 1 → |U | do (|U | represents the number of nodes of set U )
2:
pi = pi−1 + wij (eij ∈ U & xij = 0)
3: End for
4: temp = p[|U | − 1] ∗ rand()/((double)RAN D M AX)
5: For i = 1 → |U | do
6:
if((p[i] < temp) & (temp < p[i + 1]))
7:
eij ← Ui (an edge should be deleted from the network if xij =1)
8: End for
The above pseudo code consists of two loops. The first loop describes the
position of each edge of set U in a roulette wheel. The second loop illustrates:
randomly produce a random number temp within interval [0, p[|U | − 1]] and
then explore an interval [pi , pi+1 ] satisfying pi ≤ temp and temp ≤ pi+1 . We
call the former the direction strategy because the method is to delete an edge
owned a maximum weight with greater probability. We call the latter the random
strategy because it selects randomly an edge to delete, which ensures that an
updated network can be superior to previous one with relatively large probability
to improve the solution accuracy.
(3) Rules in cell 3: Parallelism-based update for velocities
The main deficiency of PSO [10] is the low efficiency because the algorithm
uses a serial mode to update the velocity components of particles. In cell 3,
we introduce a parallel mechanism into the PSO algorithm using membrane
techniques as the following steps.
(a) According to the velocity computing method of PSO, each particle updates its velocity by using the optimal location P i (t) and the global optimum
location P g (t). P i (t) and P g (t) are respectively expressed as:
P i (t) = P besti (t) − X i (t), 0 ≤ i ≤ S − 1, 0 ≤ t ≤ Gmax − 1

(8)

P g (t) = P gbest (t) − X i (t), i ≤ S − 1, 0 ≤ t ≤ Gmax − 1

(9)

where P besti (t) = min{Xi (0), Xi (1), ..., Xi (t − 1), Xi (t)} is the best position
searched by the ith particle, P gbest (t) = (P best0 (t), P best1 (t), ..., P bestS−1 (t)) is
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the best position found so far by the entire swarm, X i (t) is the current position
of the ith particle.
(b) After two optimum locations P besti (t) and P g (t) are constructed, the
update of a velocity set Vi of the ith particle in TPPSO is expressed at the
(t + 1)th moment as:

V i (t+1) = WS (t)∗V i (t)+C 1 ∗R1 (t+1)∗P besti (t)+C 2 ∗R2 (t+1)∗P g (t) (10)
where i = 0, 1, ..., S − 1, V i (t) = {νi0 (t), νi1 (t), ..., νi(N −1) (t)} is a velocity vector
of the particle i at the tth moment, W S (t) = {w0 (t), ..., wS−1 (t)} is an inertia weight set which plays a key role in balancing global exploration and local
exploitation; C 1 and C 2 are acceleration coefficient sets, R1 and R2 store the
random numbers in the interval [0,1] which affect the stochastic nature of the
algorithm.
(c) Adjust whether each velocity vij of the velocity set Vi (t) is beyond the
boundaries: if νij < νmin , then vij = νmin ; if νij > νmax , then νij = νmax ,
0 ≤ j ≤ N − 1.
The evolution rule of a velocity set of a particle is expressed as:
r1 ≡ [V i (t)|¬(10) ]3 → [V i (t + 1)]3 , 0 ≤ i ≤ S − 1

(11)

The rule r1 introduces the velocity-updating rule of the particle i under
the function of formula (10). This rule is to compute a velocity vector of a
particle at the (t + 1)th moment. In the rule r1 , this computational method
takes all velocity components as a whole in updating each particle. Thus, it can
improve the running efficiency of TPPSO by replacing a single transmission of
each component of a particle
(4) Rules in cell 4: Location-based update of particles
PSO can be used for solving the TNTOP, however a drawback of PSO for
solving this problem is that updating all particles’ positions needs to call the rule
of cell 3 multiple times, which leads to the low efficiency. Therefore, we introduce
a parallel mechanism into the PSO algorithm by applying membrane techniques
to solve the high computational complexity of TPPSO. This mechanism updates
all particles’ positions by calling the rule of cell 3 only once. In this algorithm,
the location update steps of particle swarm are expressed as:
Step 1 During initial phase, all truth-produced S objects are transited by
using the communication rule r7 .
Step 2 For each object Xi (i=0), its edge eij is stored in set F1 if xij = 1.
Step 3 Apply S function to calculate the edges to be added the current
network: if S(νij (t)) ≤ rand, then execute F2 = F2 + {eij }(xij = 0 & F2 ⊆ F1 ).
Step 4 Update S neighborhood objects according to the following steps.
0
Step 4.1: For set F2 , execute Xi = Xi + {eij }(eij ∈ F2 & j ≤ |F2 |).
0
0
Step 4.2: For Xi , a removable set U of Xi is computed by using the rule
0
0
r2 and then execute Xi = Xi − {eij }(eij ∈ U ) if set U is not empty.
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Step 5 If S objects are updated, then stop and obtain a new swarm. Otherwise, go to Step 2.
(b) According to the update strategy of the particle i, the rule is designed
as:
0

r2 ≡ [X i |¬(xik ,U ) ]4 → [X i |¬(x0

0
ik ,xij )

0

0

]4 , 0 ≤ k, j ≤ N − 1

(12)

0

where X i = (xi0 , xi1 , ..., xik , ..., xij , ..., xiN )(k ≤ j), for each xik , we apply
cotrees to decide the layout structure of a radial network at next moment, that
is, xik ranges from 1 to 0 and xij ranges from 0 to 1.
The main difference between TPPSO and PSO is that each cell in TPPSO
is not only used as an region for independently producing and updating some
substances such as objects or rate of change of object component, but also in
charge of controlling the evolution way of multi-object set. The executing process
of each cell is described as: firstly, all objects are genereted in cell 1, secondly, all
speed components are updated in cell 3, thirdly, all objects are updated in cell
4, continue until reaching number of configuration transitions. Compared with
a serial way of PSO [10] that a velocity vector is generated and then an object
is updated, continue until all objects are updated. The computational method
of the proposed algorithm can improve the computational efficiency of solving
TNTOP by reducing the complexity of generating feasible objects.
(5) Communication rules between cells
Based on the evolution mechanism of particles, the execution of a membrane
needs to receive the information of other cells. In membrane system, six communication rules are designed as r3 ∼ r8 .
• r3 ≡ (ω(t))m1 → ((ω(t)), go)m4 , 0 ≤ t ≤ Gmax
0

0

(14)

• r4 ≡ (V i (t))m3 → ((V i (t)), go)m4 , 0 ≤ i ≤ S − 1

(15)

• r5 ≡ (P besti (t))m1 → ((P besti (t)), go)m0 , 0 ≤ i ≤ S − 1

(16)

• r6 ≡ (P g (t)m0 → (P g (t), go), 0 ≤ t ≤ Gmax

(17)

• r7 ≡ (U (X i )¬(xij =1) )m2 → (U (X i )¬(xij =0) , go)m4 , 0 ≤ j ≤ N −1

(18)

0

0

• r8 ≡ (ω (t))m3 → ((ω (t)), go)m1 , 0 ≤ t ≤ Gmax
(19)
where ω(t) = {X 0 (t), X 1 (t), ..., X S−1 (t)} is an object set at the tth moment,
0
0
0
0
ω (t) = {X 0 (t), X 1 (t), ..., X S−1 (t)} is a new object set.
In TPPSO, because the function of the velocity is used as the probability
distribution for the position, there is a communication between cell 3 and cell 4;
because a radial network (mapped as a particle) is updated under the function
of ECTO, there is a communication between cell 2 and cell 4; Based on the
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above analysis, some priorities are designed to control the normal execution of
membrane system: (1) r3 > r4 ; (2) r4 > r5 and r5 > r6 ; (3) r4 > r7 and r6 > r7 ;
(4) r7 > r8 . The system can be executed successfully if and only if these priorities
control the communication order of cells, which explains that these rules play a
key role in the system.
3.4

Procedures of TPPSO in solving TNTOP

To clearly describe the executing procedures of TPPSO in solving TNTOP,
in what follows we introduce step by step: where Gmax denote the maximum
generation number.
Step 1 Initialization: a tissue-like membrane framework with four connected
cells and channels linking each pair of cells in a common environment is created.
Initialize the related parameters such as the population size S, initial values of
cognitive coefficient C1 and C2 , maximum number of iterations Gmax .
Step 2 Evolutionary process: as shown in Figure 1, Cells 1-4 use the following
different computational methods to produce a new system configuration in next
generation, respectively:
Cell 1: An initial population with S particles is generated using the rule of
formula (8) of cell 1, where all velocities of the particles are sent to
cell 2; all particles of the particles are sent to neighborhood cell 4 by
using the rule r3 . At the same time, cell 1 become an empty cell.
Cell 2: In the process of updating positions of particles, there is a ring in current individual, cell 2 can compute a deleted edge set by using a rule
r4 and then are sent to the corresponding cells using the rule r7 .
Cell 3: The velocity set V consisted of the velocities of all particles are simultaneously updated using the rules r1 , r5 and r6 , and then V is sent
to cell 3 through the rule r4 , where V = {V0 , V1 , V2 , ..., VS−1 }.
Cell 4: The position set X consisted of the positions of all particles are simultaneously updated under by using the rule r2 according to accept the
set V from cell 2, and then sent these objects to cell 1 by
applying the rule r8 , where X = {X0 , X1 , X2 , ..., XS−1 }.
where for each particle Xi , its fitness f it(Xit ) is computed according to formula
(1), the fitness and the solution of current particle is replaced by the historical
t
t
optimal fitness f it(Pbest
) and the optimal solution Pbest
if the historical optii
i
mal fitness of this particle searched so far is less than that of current particle
t
t
t
) < f it(Xit ).
such as f it(Xit ) = f it(Pbest
) and Xit = Pbest
if f it(Pbest
i
i
i
In this cell, the position of each particle in current population is the optimal
position searched among all populations, which ensures that TPPSO can evolve
towards the direction of the optimal space thus searching the better particles.
Step 3 Termination condition: the configuration terminates when the executing time of the system reaches the maximum number of iterations.
→
−
Step 4 Output: the global solution P gbest of the system, which is collected
in cell 0, is the best one searched among all populations as far corresponding to
Gmax −1
Gmax −1
the iterations: Pgbest = Pbest
if f it(Pbest
) < f it(Pgbest ).
i
i
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The above steps show that TPPSO is always strictly executed in parallel
using membrane techniques where parallel mechanism takes a series of velocity
components as a research object. However, the original serial computing model
takes a velocity component as a research object; From this we can see, the
difference of two algorithms is that the computing order of particles is different.
Through theoretical analysis, this parallelism can improve the efficiency of the
algorithm, compared with serial execution, which explains the effectiveness of
the TPPSO algorithm.
Table 1: Summary of parameters used in TPPSO and other algorithms.
Alg.

Nota.

Value

TPPSO

S
Imax
C1
C2
Wmin
Wmax
Vt
PC
PM
P0

[100;2500]
[100;2000]
2.05
2.05
0.4
0.9
[-5.0;5.0]
{0.70,0.85}
{0.25,0.75}
[0.95;0.99]

GA

Meaning

Alg. Nota.

Value

Population size
SA Imax [100;1500]
Iterations
T0
1000
Learning factor
K 1.31 ∗ 10−23
Learning factor GASA P C {0.70,0.85}
Minimum inertia
P M {0.25,0.75}
Maximum inertia
P0
[0.95;0.99]
Upper boundary
T0
0.95I ∗ T0
Crossover rate Tabu Imax [100;1000]
Mutation rate
l0
[5;20]
Fair coefficient
r0
[7;17]

Meaning
Iterations
Temperiture
Cooling factor
Crossover rate
Mutation rate
Fair coefficient
Temperiture
Iterations
Tabu length
Neighbor radius

Special Note∗ : (a) Inertia weight wt is noted as wt = wmax −(wmaxP
−wmin
)∗I/Gmax ;
S−1 PN −1
(b) For all algorithms, length constraint p0 is noted as p0 =
i=0
j=0 wij ∗
0.0464067.
(c) Algo. and Nota. are the abbreviation of Algorithm and Notation, respectively.

4

Simulation Experiments

Before showing the computational results, a brief discussion on the reporting of
the results is provided. There are usually two types of problem background in
the application of heuristics: strategic planning and operational planning. For
strategic planning, computing time is not a constraint. For example, in a facility
location problem, the management can have several months or even years to
make a decision. In an operational planning problem, such as radial network
planning after the receipt of producing radial network only minutes or hours are
available.
Most of the heuristics have been reported under a strategic planning setting, while few heuristics are presented for the operational planning background.
Therefore, a few guidelines or standards are proposed for accurately reporting
the results of heuristics under an operational scenario:
• Solutions are reported without parameter tuning. If parameters are adjusted to improve the performance of an algorithm, the adjustment effort/time must
be improved.
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• If the best solution is found after running an algorithm several times, the
time spent in finding the best solution after running the computation times can
be long.
• The dependence of an algorithm on the scales of test cases should be analysis. Sometimes, the performance of an algorithm is sensitive to the scales, and
the algorithm may perform very poorly on other large-scale instances.
• Executable algorithms (not necessarily the source algorithm) should be
made available for comparisons in order to verify the performance of membrane
algorithm. These executable algorithms should be designed to run the same cases
and reproduce the better results easily.
The numerical experiments are conducted on an Intel 2.30GB computer with
a memory of 4GB. The proposed algorithm is coded in Microsoft Visual Studio
C++ with a Windows executable algorithm being generated. The test instances
are defined as follows. On each edge, the components of cost vectors are randomly drawn according to an uniform distribution on [1,30]. For each kind of
instances (depending on the number of nodes), we respectively select different
scale instances such as small scales Pd-15∼71, medium scales Pt-100∼900, and
large scales Pl-1000∼1200, different instances were randomly drawn to obtain
average results. The detailed experiments is as subsections 4.1∼4.4.

Table 2: Comparison of PSO with ECTO and PSO with PSA [10] with different scales.

PSO with ECTO

Instances
P d − 15
P d − 20
P d − 30
P d − 50
P t − 100
P t − 200
P t − 249
P t − 300
P t − 450
P t − 530
P t − 635
P t − 700
P t − 750
P t − 800
P t − 900
P l − 1000

Optimum

Mean

107
97
244
427
885
1864
2379
2946
4321
5271
6150
6799
7520
8117
9068
10082

115.73
103.03
244.13
436.93
936.87
1948.07
2475.23
2944.43
4457.43
5315.47
6296.03
6904.83
7571.70
8127.60
9174.50
10213.37

PSO with PSA [10]

Vari. CPU(h) Optimum Mean Vari. CPU(h)
6.54
5.44
2.61
11.27
13.91
24.19
27.97
22.43
38.54
22.83
46.96
43.83
43.21
44.23
45.40
46.48

0.10
0.14
0.23
0.72
3.12
7.98
9.31
10.39
17.31
23.17
27.10
30.02
49.71
40.56
57.60
72.31

101
108
247
411
860
1945
2484
2975
-

111.21
117.23
254.90
419.67
875.93
1958.27
2488.06
2997.13
-

5.73 0.09
5.68 0.13
1.39 0.44
8.96 1.75
9.57 4.59
10.93 12.11
10.31 13.57
19.86 21.98
∞
∞
∞
∞
∞
∞
∞
∞

Special Annotation: (a) var. is the abbreviation of variance; (b) CPU represents time
of running 30 times for two algorithms TPPSO and PSO; (c) Symbol ∞ indicates
that the running time cannot be calculated in polynomial time.
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Tests for core parameters

For heuristic algorithms, some parameters play a key role in searching the best
solutions, some parameters are tuned separately in the papers [29, 30]. In order
to make membrane algorithms reach the best test environment, we firstly execute
tuning operations for some important parameters. The selected parameters in
the experimentation to be adjusted are as Table 1.
These parameter settings remain unchanged for all the test cases used in the
numerical experiments so as to show the true performance of the algorithm without any parameter tuning for the different problem variants. In the subsequent
experiments, the parameters of the proposed algorithm is denoted according to
different scales.
Table 3: Algorithm performance comparison for efficiency based on consideration for
TPPSO under the rules of cell 3 and cell 4 and PSO with ECTO (PSO∗ ) [10].

Instances

Mean
TPPSO PSO

Ratio(%)
∗

Mean

P d − 10
P d − 30
P d − 45
P d − 50
P d − 60
P d − 71
P t − 100
P t − 131
P t − 200
P t − 249
P t − 300
P t − 450
P t − 500
P t − 700
P t − 800
P l − 1000

79.81 94.16 −16.70
234.67 230.50 1.77
413.10 410.33 0.67
436.93 423.67 3.03
474.23 472.27 0.41
586.77 599.80 −2.22
897.63 947.01 −5.50
1234.67 1240.00−0.43
1948.12 1958.31−0.53
2475.24 2468.63 0.27
2967.73 2921.77 1.55
4457.44 4390.00 1.51
4962.31 5042.67−1.61
6787.00 6904.83−1.74
8114.30 8127.60−0.16
10200.5710203.63
−0.03

Average

−1.23

Var.

Ratio(%)
∗

TPPSOPSO
0.63
5.38
11.97
11.27
11.42
13.75
7.19
15.33
24.19
27.97
22.34
38.54
28.10
31.33
50.29
48.14

0.69
7.33
14.31
5.13
13.90
12.71
11.20
15.27
10.93
10.93
26.15
35.5
30.69
43.83
44.23
41.42

Var.
−9.60
−36.24
−19.54
54.48
−21.71
7.56
−55.77
0.39
54.81
−54.81
−17.05
7.89
−9.21
−39.89
12.05
13.69

CPU(h)

Ratio(%)
∗

TPPSOPSO CPU(h)
0.036
0.134
0.147
0.245
0.401
0.741
1.864
2.73
6.658
9.394
13.92
55.44
20.94
76.58
87.64
121.17

−11.29

0.048
0.139
0.171
0.347
0.364
0.576
1.962
2.62
6.111
9.692
14.13
62.51
20.32
92.72
104.64
167.54

−33.3
−3.73
−13.79
−41.63
9.23
22.2
−5.26
4.03
8.21
−3.17
−1.51
−12.75
2.96
−21.07
−19.39
−38.27
−9.21

Special Annotation: Ratio(%) = (RT P P SO − RP SO∗ )/RT P P SO , where R represents
M ean, V ariance or T ime, respectively.

4.2

Performance comparisons for TPPSO and PSO

To ensure a thorough analysis of the performance of the TPPSO algorithm,
additional analyses are performed using multiple versions of the algorithm to
understand the utility of each component of the algorithm. The different versions
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of the TPPSO algorithm are subjected to statistical analysis to determine the
importance of various features:
• PSO∗ Ver1: PSO with the ECTO on the basis of PSA.
• TPPSO Ver2: PSO with a distributed-parallel framework .
• TPPSO Ver3: TPPSO with double precision strategies.
In the following subsections, we compare the limitation of the scale of instances by introducing ECTO, analyze the efficiency of TPPSO and the precision of the algorithm, and the results about the efficiency obtained by introducing a distributed-parallel framework when comparing with PSO∗ for some
topic instances and about the precision obtained by introducing roulette strategies when comparing with traditional one. Additionally, results on the real data
corresponding to graph theory are offered. The detailed descriptions are listed
as (1)∼(3).
Table 4: Optimum comparison in various testing algorithms TPPSO with a randomdirectional strategy and PSO∗ . Bold data indicate better values for each instances.

Instances

Constraints
p0

P d − 15
P d − 18
P d − 22
P d − 25
P d − 40
P d − 50
P d − 71
P t − 100
P t − 200
P t − 300
P t − 350
P t − 400
P t − 450
P t − 500
P t − 530
P t − 650
P t − 700
P t − 750
P t − 800
P t − 900
P l − 1000
P l − 1200
Average

30.16
32.67
39.44
47.52
73.50
114.99
140.05
220.62
432.97
675.49
781.30
914.30
935.18
1130.09
1191.63
1412.52
1539.86
1706.80
1759.42
2018.59
2239.77
2665.23

Optimum

Ratio(%)

Mean

∗

TPPSO PSO Optimum TPPSO
96
96
62
104
144
174
149
164
225
244
411
417
549
554
885
860
1854 1945
2878 2886
3368 3420
3947 4026
4421 4424
4905 4928
5249 5319
6126 6225
6792 6965
7506 7959
8111 8010
9068 9176
10082 10186
12215 12374

0.00
−67.74
−20.83
−10.07
−8.41
−1.46
−0.91
2.82
−4.91
−0.28
−1.54
−2.01
−0.06
−0.47
−1.33
−1.61
−2.50
−6.31
1.21
−1.19
−29.79
−1.31
−7.21

96.71
84.50
147.01
157.90
244.61
446.94
549.77
946.87
1948.07
2944.44
3427.60
4031.17
4457.44
4841.67
5315.47
6179.31
6812.65
7571.70
8219.71
9174.50
10214.47
12245.91

PSO

Ratio(%)
∗

101.17
109.41
174.00
172.46
251.67
424.14
554.04
870.42
1962.17
2897.44
3474.31
4102.13
4448.05
4962.41
5334.13
6397.14
7513.16
7601.24
8069.81
9192.53
11279.57
12736.96

Mean
−4.61
−29.47
−18.35
−9.35
−2.88
5.10
−0.77
8.07
−0.72
1.59
−1.36
−1.76
0.21
−2.49
−0.35
−3.50
−10.21
−0.39
1.81
−0.19
−10.42
−4.01
−3.66

(1) Test with instance scales by introducing ECTO and PSA
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In this section, we test the size of instance scales under different factors
such as ECTO and PSA as Table 1. In Table 1, the parameters selected of
two algorithms are the same conditions when testing these instances in order to
ensure the fairness, and two experimental results were generated by two improved
TPPSO. The compared results are as the below table.

Table 5: Performance comparisons by evoluating three indexes for deterministic optimization using the membrane algorithm (TPPSO) and genetic algorithm (GA)[31].

Instances

Optimum

Optimum

Mean

TPPSO GA Ratio(%) TPPSO

Mean
GA

−6.87

CPU

Ratio(%) TPPSO GA Ratio(%)

P d − 15
96
100
−4.16
109.48 134.07 −22.5
P d − 18
62
101 −62.90 106.07 113.73 −7.22
P d − 20
75
109 −45.33
97.90
113.21 −15.7
P d − 22
161
171
−6.21
163.41 173.90 −6.41
P d − 25
149
164 −10.06 157.90 165.17 −4.60
P d − 30
227
234
−3.08
230.50 234.57 −1.76
P d − 40
225
244
−8.44
244.27 251.37 −2.91
P d − 50
411
435
−5.84
416.94 435.23 −4.38
P d − 71
549
535
2.55
586.77 535.87
8.67
P t − 100
885
846
4.41
946.87 875.47
7.54
P t − 121 1040 1120 −7.69 1095.50 1131.07 −3.24
P t − 200 1854 1895 −2.21 1861.07 1915.20 −2.91
P t − 300 2886 2943 −1.97 2897.00 2954.40 −1.98
P t − 400 2878 2944 −2.29 2912.07 2957.32 −1.55
P t − 450 4421 4402
0.43
4457.44 4406.90
1.13
P t − 500 4947 4905
0.84
5042.67 4950.15
1.83
P t − 530 5249 5377 −2.43 5315.47 5526.13 −3.96
P t − 635 6150 6372 −3.61 6296.03 6431.78 −2.16
P t − 700 6799 6995 −2.88 6904.83 7123.17 −3.16
P t − 750 7520 7506
0.18
7524.70 7531.80 −0.09
P t − 800 7981 8138 −0.26 8123.31 8139.90 −0.21
P t − 900 9033 9293 −1.96 9192.53 9354.27 −1.76
P l − 1000 10064 10186 −1.21 10071.47 10198.31 −12.59
P l − 1200 11310 12215 −0.80 12075.31 12245.90 −1.41
Average

CPU(h)

−3.38

0.011
0.014
0.018
0.069
0.143
0.249
0.336
0.76
1.41
3.63
5.34
7.22
11.29
17.16
21.72
24.43
25.42
27.10
30.24
34.97
38.54
51.01
65.94
73.98

0.023
0.029
0.071
0.137
0.267
0.323
0.635
1.28
3.72
11.23
13.25
21.36
26.57
29.13
34.16
39.13
40.13
42.37
43.95
47.27
57.84
62.37
71.04
93.27

−109.09
−107.14
−294.44
−98.55
−86.71
−29.71
−88.98
−68.42
−163.82
−209.36
−148.12
−196.95
−135.34
−69.75
−57.27
−60.17
−57.86
−56.34
−45.35
−35.17
−50.07
−22.27
−7.73
−26.07
−92.69

It can be observed from Table 2 that the fact of applying ECTO, which corresponds to the left experiment, is an effective option to compute a larger number
of large-scale instances such as P t-450∼1000 than PSO with check factor used
to measure the feasibility of solutions. Through the analysis of consuming time
such as ECTO: 10.39 and PSA: 21.98, this is because PSO with ECTO applies operation-directed to break the ring route in current network thus ensuring
searching the position of the ring route in tree in limit time, however, PSO with
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check factor blindly exploring the position of the ring by constantly trying to
deleting and adding to an edge, which consumes a plenty of time in adjusting
the feasibility of solutions so that the algorithm can not get feasible solutions in
effective time. In summaries, the conclusion of Lemma 1 in the second section is
effective in solving large-scale instances.
(2) Comparisons of efficiency for TPPSO and PSO
It was expected that PSO introduced an exchange tree factor in Table 2
would perform better than the simple traditional version, but the results did not
support this expectation. It is possible that the algorithm introduced ECTO can
be viewed as a type of producing operator. In fact, ECTO can only generates
several solutions of large-scale instances in polynomial time at each iteration,
but it spend a plenty of time in exploring feasible solutions. Therefore, we apply
a distributed-parallel framework to promote the generation of all particles to
further improve the efficiency of traditional algorithm, which results are listed
as Table 3.
Table 6: Performance comparisons for the optimum by the TPPSO, Tabu search algorithm (Tabu), simulated annealing algorithm (SA) and genetic algorithm with simulated annealing mechanism (GASA).

Optimum

Instances

TPPSO Tabu
P d − 20

75

650

SA
143

Average
GSGA TPPSO

Tabu

SA

GSGA
125.97

109

97.50

675.70

168.87

P d − 30

227

1193

281

243

230.50 1255.20

309.27

261.50

P d − 50

411

1878

481

431

416.94 1937.57

150.38

457.73

P d − 71

549

2257

612

518

549.77 2331.53

661.38

594.80

913

946.87

892.67

944.20

P t − 100

885

3628

894

P t − 121

1040

4287

1067

1031 1095.50 4388.47 1104.53 1158.23

P t − 200

1854

7066

1918

1753 1861.07 7192.23 1960.27 1918.81

P t − 300

2886

11246 2492

2888

P t − 400

2878

15274 3312

3946 2912.07 15427.40 3886.10 4054.73

P t − 500

4947

18974 5036

5010 5042.67 19086.00 5066.20 5122.70

3704.43

2897.00 11425.17 2836.13 2955.20

Average 1575.20 6645.3 1603.5 1682.20 1608.68 6742.37 1704.81 1759.38

Runtime analysis: to verify the efficiency of TPPSO, we analyze its CPU time,
the runtime is estimated as a function of the instance size. First, membrane
algorithm with PSO mechanism is performed to determine whether there is
better efficiency by introducing multi cells to control the evolution of all objects,
compared with traditional algorithm. The results of this test, which the average
time decreases by 9.21% by introducing parallelism of cells into PSO, compared
with PSO, indicated that the algorithm can really get better effort between
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the instance size and the average CPU time, which demonstrates that cells can
promote the execution of parallelism of particles. However, there are some worse
results such as the positive deviation rates, this is because the blind randomness
of heuristics can directly explore some feasible solutions with smaller probability,
this case is reasonable to a certain degree. From this we can see, the parallelism
computing modes of cell 3 and cell 4 are effective for improving the efficiency of
TPPSO.
(3) Comparisons of precision for DTPPSO and TPPSO
The experimental results in Table 3 showed that TPPSO cannot compute
some better experimental results. Therefore we introduce a random-direction
strategy on the basis of membrane techniques in Table 4.
The results obtained using the third version of the method showed that the
results are improved significantly using the proposed TPPSO as Table 4. In particular, the overall average precision or mean is reduced significantly by 7.21%
and 3.66% from the version with double precision strategies, which may be considered as a huge improvement. This is very important because it demonstrates
the utility of including the strategies in the TPPSO algorithm. However, for
worse results such as percentage deviations 2.82% and 1.21%, they are mainly
caused by random factors, but these factors can promote the evolution of population by increasing the diversity of population. From this we can see, the proposed
strategies are effective in improving the precision of membrane algorithm.
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Figure 2. Comparison of the optimum and the running time between TPPSO and GA
under different scales. Left: comparison of the optimum; Right: comparison of the
running time.

4.3

The comparisons for different heuristic algorithms

In Tables 5 and 6, we analyze the performance of TPPSO on different types of
datasets and compared them with other heuristics. In Table 5, for small scales,
TPPSO can obtain the best results in addition to instances P d−71 and P d−100
compared with GA. For medium and large scales, the percentage deviation is
on average within 1.43% of the best computed results of TPPSO. Only in the
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P t − 450, P t − 500 and P t − 750 problems, the average is 1.043%, which shows
that inferior to that of GA. On the basis of the overall average (-6.87%) TPPSO
has attained better results than all others; For running time, TPPSO reduces
by 92.69% by comparing with GA; The results have clearly explained the effect
of all designed rules of cells showed in Figure2. In Figure 2 (Left), it shows
the comparison of the optimums between two algorithms. It is clear that most
of the optimal values are superior to those of GA. On the right, we introduce
time difference such as T2-T1 where T1(T2) is running time of TPPSO(PSO)
to avoid cover of curves, because all results are less than those of GA). From
this picture, the different is always greater than 0, which shows that TPPSO can
quickly generate feasible solutions. These tables and two graphics illustrate that
the effectiveness of parallel update mode of positions and velocities. Compared
with other algorithms of Table 6, the optimum of TPPSO is on average within
13.6% and are superior to 57.7% (Tabu), 13.9% (SA) and 14.6% (GSGA). It is
clear that TPPSO on average outperforms other algorithms by introducing new
techniques into PSO.

5

Conclusions

In this paper, the TNTOP is defined to consider the problem of traffic network
transportation with a radial and distance constraints. An improved strategy
is developed based on producing initial population, which is derived from an
existing exact algorithm-Prim Algorithm for solving minimum spanning tree
problem. Due to the limited research works and results for the TNTOP, we have
evaluated our algorithm on the graph instances, as well as other instances of the
problem variants of TNTOP with other constraints, such as degree constraint,
customer constraint, and time constraint.
Our contribution is to introduce a tissue-like P system for improving the
performance of traditional one and to propose this effective procedure such as
ECTO procedure to further improve the capable for solving the TNTOP, which
is able to provide reasonably better running efficiency for TPPSO. Furthermore,
double precision strategies have been proposed and results for improving the
quality of solutions are reported. In addition, some reporting rules are proposed
to facilitate fair comparison among different algorithms. From the computational
experiments, it is observed that membrane system makes the performance of
solutions get improved no matter what compare with the variant of the algorithm
or other heuristics, which proves the efficiency of membrane algorithm.
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Abstract. This work explores some properties of Spiking Neural dP Systems,
namely: (1) balance and, (2) homogeneity. This class of Spiking Neural dP Systems uses Extended SNP systems with Request Rules. As a case study, this
work presents 3 SNdP systems that accept the language Lww = {ww | w ∈
{b1 , . . . , bk }n , n ≥ 1}, where these SNdP systems differ in the balance of the
input partition, the homogeneity of components of the system, or the number of
SNP components. An analysis of the communication cost and running time is
given for all three presented SNdP system.

Keywords: Membrane Computing, Spiking Neural P Systems, dP Systems, SNdP systems

1

Introduction

In the field of computer science, natural computing is an area that aims to produce
models of computation inspired by nature. One further branch of natural computing
is membrane computing, inspired by the membrane structure of living cells, which is
meant to provide computational models along the lines of computability theory. [1]
P systems are nondeterministic maximally parallel computing model. Communications play vital role in its computations. Communication complexity of P systems was
sugested as a research topic in [2] and [3] . A related measure for symport/antiport P
systems namely communication difference (Comdif) was discussed in [4]. Comdif is the
difference of numbers of input and output objects in an antiport rule. This measure of
communication is static. The idea of using communication complexity of P systems as
a dynamic measure was initiated in [5]. And in applying the idea of communication
complexity started in 1979 by Yao [6], dP systems was introduced in [7].
Our particular P system model focus for this work is the Spiking Neural P system
(SNP system). SNP systems was first introduced in [8], a P system that mimics the
way neural systems in the brain function by use of electrical impulses sent through
neurons via synapses. Since the introduction of SNP systems, much work has been
done regarding their computing power, efficiency, and applications as in [9–13], the
SNP systems chapter of the handbook in [14], and references therein.
An extension of the spiking rules were introduced in [15], and in [16], request rules
were introduced to allow the system to interact with the environment. The generating
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and accepting power of SNP systems with request rules was analysed in [16], with respect to how the output (for generating) or input (for accepting) spikes of the system
are interpreted. In particular, does the system interpret a no spike output/input as a symbol (restricted mode), or as an empty string (unrestricted mode). Similar to SNP systems with standard rules, SNP working in restricted mode are unable to recognize some
context-sensitive non-context-free languages such as Lww = {ww | w ∈ {0, 1}∗ }.
In addition to the introduction of request rules, input partition was also introduced
for SNP systems. Using SNP systems as components of dP system, Spiking Neural
dP (SNdP) systems was introduced in [16], with some further investigations in [17].
In [16], it was shown that the use of input distribution enabled the SNdP system to
accept languages such as Lww without using unrestricted mode of computation.
The focus of the paper is to analyse two properties of SNdP systems: balance and
homogeneity. Balance refers to the the input of each component of the SNdP sytem; a
balanced system means that each component receives the same length of input strings
from the environment while a nonbalanced system does not need each component to
receive input strings of the same length. Homogeneity refers to the neurons of each
component: a homogeneous system means that each component has the same set of
neurons while a nonhomogeneous system has each component have a different set of
neurons. Three different SNdP systems are made, a 2-component balanced and homogeneous, a 2-component nonbalanced and nonhomogeneous, and a 3-component nonbalanced and nonhomogeneous. These three SNdP systems are made to recognize strings
from the language Lww and the cost of their communication rules are computed. The
2-component balanced and nonhomogeneous system presented in [16] will be also be
considered for comparison purposes.
The paper is arranged as follows: Section 2 gives the defines the concepts and notations used throughout the paper, Section 3 presents the main results of this work,
presenting the 3 SNdP systems recognizing Lww and then followed by their analyses
and comparison, and finally Section 4 discusses future works from this work.

2

Preliminaries

The reader is assumed to be familiar with the fundamentals of formal language theory.
Let Σ be an alphabet, the Kleene closure of Σ, denoted as Σ ∗ , is the set of all finite
words over the alphabet Σ. We denote by λ the word of length zero (the empty word),
and by Σ + the set of all non-empty words. A multiset M over Σ, is a mapping from Σ
to the set of non-negative integers.
2.1

dP Systems

A dP scheme (of degree n ≥ 1) is a construct of the form ∆ = (O, Π1 , . . . , Πn , R),
where:
1. O is the alphabet of objects;
2. Π1 , . . . , Πn are cell-like P systems with O as the alphabet of objects and the skin
membranes labeled with s1 , . . . , sn , respectively;
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3. R is the finite set of rules of the form (si , u/v, sj ), where 1 ≤ i, j ≤ n, i 6= j, and
u, v ∈ O∗ , with uv 6= λ; |uv| is called the weight of the rule (si , u/v, sj ).
The systems Π1 , . . . , Πn are the components of ∆ and the rules in R are the intercomponents communication rules. Each component is able to take an input, work on it,
communicate with other components through the rules in R, and provide an answer to
problems when it reaches a halting computation. [7]
2.2

Estimating the Cost of Communication in dP Systems

Consider a dP system ∆, and let δ : w0 =⇒ w1 =⇒ . . . =⇒ wh be a halting computation in ∆, with w0 being the initial configuration. Then, for each i = 0, 1, . . . , h − 1,
we can write:
– ComN (wi =⇒ wi+1 ) = 1 if a communication rule is used in the transition, 0
otherwise,
– ComR(wi =⇒ wi+1 ) = the number of communication rules used in this transition,
– ComW (wi =⇒ wi+1 ) = the total weight of communication rules used in this
transition.
When we consider the strings in L(∆), (that is to say, the language of ∆), we can
define ComX ∈ {ComN, ComR, ComW } where:
Ph−1
– ComX(δ) = i=0 ComX(wi =⇒ wi+1 ), for δ : w0 =⇒ w1 =⇒ . . . =⇒ wh is
a halting computation,
– ComX(w, ∆) = min{ComX(δ) | δ : w0 =⇒ w1 =⇒ . . . =⇒ wh is a computation in ∆ which accepts the string w },
– ComX(∆) = max{ComX(w, ∆) | w ∈ L(∆)},
2.3

Extended Spiking Neural P Systems with Request Rules

For this work, Extended Spiking Neural P Systems with request rules will be used as
components for dP Systems. The following is a formal definition of this model:
Definition 1 (SNP system) [16] An extended Spiking Neural P System with request
rules is a construct of the form
Π = (O, σ1 , . . . , σm , syn, in, out),
where:
1. O = {a} is the singleton alphabet (a is called spike);
2. σ1 , . . . , σm are pairs σi = (ni , Ri ), 1 ≤ i ≤ m, called neurons, where ni ≥ 0 and
ni ∈ N ∪ {0} represents the initial spikes in σi , and Ri is a finite set of rules of the
form:
(a) E/ac → ap , where E is a regular expression over O, and c ≥ p ≥ 1 (spiking
rules);
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(b) E/λ ← ar , where E is a regular expression over O, and r ≥ 1 (request rules);
(c) and as → λ, with s ≥ 1 (forgetting rules) such that there is no rule spiking
rule E/ac → ap ; d or request rule E/λ ← ar such that as ∈ L(E).

3. syn is the synapse set, a nonreflexive relation on {1, . . . , m} × {1, . . . , m};
4. in, out ∈ {1, 2, . . . , m} are the indices of the input and output neurons, respectively.
Applications of rules are as follows:

– (spiking rules) if neuron σi contains k spikes, ak ∈ L(E) and k ≥ c, then the rule
E/ac → ap ∈ Ri can be applied. The application of this rule consumes or removes
c spikes from σi , so that only k − c spikes remain in σi . The neuron sends a spike
to every σj such that (i, j) ∈ syn. The output neuron has a synapse not directed to
any other neuron, only to the environment.
– (request rules) if neuron σi contains k spikes, ak ∈ L(E), then the rule E/λ ← ar
can be applied. The application of this rule produces r spikes, so that the number
of spikes in σi is now r + k. Spikes produced using request rules are considered as
input from the environment.
– (forgetting rules) if neuron σi contains exactly s ≥ 1 spikes, then all spikes are
removed from σi , leaving 0 spikes.
SNP systems assume a global clock, so the application of rules and the sending of
spikes by neurons are all synchronized.
The non-determinism in SNP systems occurs when, given two rules E1 /ac1 → ab1
and E2 /ac2 → ab2 , it is possible to have L(E1 ) ∩ L(E2 ) 6= ∅. In this situation, only
one rule will be non-deterministically chosen and applied. SNP systems are globally
parallel but are locally sequential.
A configuration of the system at time k is denoted as Ck = hr1 /t1 , . . ., rm /tm , re i,
where each element of the vector (except for re , representing the spikes in the environment) represents the number of the symbol a (spikes) in neuron σi , with ri ≥ 0, ri ∈
N ∪ {0} and neuron i is open after ti ≥ 0 steps. When a rule in a neuron with delay
d = ti is fired, ti is decreased by one every time step until the neuron fires when ti = 0.
An initial configuration C0 is therefore hn1 /0, . . . , nm /0, 0i since no rules whether
with or without delay, have yet been applied and the environment is initially empty.
2.4

Spiking Neural dP Systems

Definition 2 (SNdP system) [16] A Spiking Neural dP System (SNdP system) is a
construct of the form ∆ = (O, Π1 , . . . , Πn , esyn), where:
1. O = {a} is the singleton alphabet (a is still the spike).
2. Πi = (O, σi,1 , . . . , σi,ni , syn, ini ) is an SNP system with request rules present
only in neuron σini
– σi,j = (ni,j , Ri,j ), where ni,j is the number of spikes initially present in the
neuron and Ri,j is the finite set of rules of the neuron, 1 ≤ j ≤ ni .

Some Notes on SNdP Systems

5

3. esyn, is the set of external synapses between neurons Πi with the restriction that
between any two sysems Πi , Πj , there exists at most one link from a neuron of Πi
to a neuron of Πj and vice versa.
As in dP automata, each component can take an input through the use of request
rules, do computations using the spiking and forgetting rules of the neurons, and communicate with other components through the synapses in esyn. The systems Πi , 1 ≤
i ≤ n are called components or modules of ∆.
When r spikes are taken from the environment, a symbol br is associated with that
step, and the strings that can be formed by and introduced in the system are over an
alphabet V = {b0 , b1 , . . . , bk }, with k being the maximum number of spikes that can
be obtained by the request rule of a component.
A halting computation with respect to ∆ accepts the string x = x1 x2 . . . xn over the
alphabet V if the components Π1 , Π2 , . . . , Πn , beginning from their initial configurations and working in a synchronous, nondeterministic way, bring from the environment
the substrings x1 , x2 , . . . , xn , respectively, and halts eventually.
SNdP systems are synchronized by a universal clock that exists for all components
and neurons to make sure that the time is marked in the same way throughout the whole
system.
2.5

Balance and Homogeneity

This work analyses two properties of SNdP systems: balance and homogeneity.
Balance refers to the input of each component of the SNdP system. A system that
takes inputs in a balanced way means that each component receives the input strings
from the environment that are of the same length or have a difference of at most 1. That
is, for an SNdP system ∆ of degree n, we define its language L(∆) with strings x ∈ O∗ ,
where O is the singleton alphabet of the system, such that we can write x = x1 x2 . . . xn ,
with ||xi | − |xj || ≤ 1 for all 1 ≤ i, j ≤ n, each component of ∆, Πi , takes as input
the string xi , 1 ≤ i ≤ n, and the computation halts. On the other hand, a system takes
input in a nonbalanced way if it does not need each component to receive input strings
in this manner [18].
A homogeneous SNP system is an SNP system where all neurons have the same set
of rules [19]. In SNdP systems, however, we do not apply homogeneity to the each individual neuron of each component. We apply homogeneity to the dP components of the
SNdP system. A homogeneous SNdP system, therefore, means that each component has
the same set of neurons, with the same set of starting spikes, spiking rules, request rules
(if any), and forgetting rules. Likewise, in a nonhomogeneous system, each component
will have different sets of neurons.
As a case study, the aforementioned balance and homogeneity are applied to the
language Lww = {ww | w ∈ {0, 1}∗ }.

3

Results

In [16], an SNdP accepting the language Lww = {ww | w ∈ {0, 1}∗ } was presented.
This system uses a balanced partition, and uses two components that have different
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sets of neurons. Thus, for the purpose of our work, we categorize this particular SNdP
accepting Lww as a Balanced and Nonhomogeneous system.
For the following, an SNdP with a balanced partition, using two similar components,
accepting Lww is presented.
3.1

Balanced and Homogeneous SNdP

Proposition 1 {ww | w ∈ {b1 , b2 , . . . , bk }n , n ≥ 1} can be recognized by a 2component SNdP system, ∆, with balanced input and homogeneous components, where
ComN (∆) = kn and ComW (∆) = 2kn + 4n, and ∆ uses a total of 16 neurons in 2
components.
Proof: Let Σk = {b1 , . . . , bk } and w0 ∈ Σk+ . The input string, w0 , is partitioned
into two substrings in this way: w0 = w1 w2 , where ||w1 | − |w2 || ≤ 1.
The Balanced and Homogeneous SNdP system that can recognize the above language using the above partition is the following:
∆ = ({a}, Π1 , Π2 , {((2, 2), (1, 4)), ((1, 2), (2, 4))})

a2

(1, 3)

(2, 3)

a→λ

a→λ

a2 /λ ← ar , 1 ≤ r ≤ k
a3 → a
a3 → a3
4
a
→λ
(a3 )a+ /a → a
(1, 1)

(1, 5)

a

a→λ

a6 → a2

(1, 7)

a→a

+

a /a → a

(1, 6)
a→a

a6 → λ
a+ /a → a

(1, 8)

a2 /a → a
a4 → a4
a4 → a3
(1, 2)
a2 → λ
a4 → a
a5 → a
a6 → a6
a7 → λ
a8 → λ
(1, 4)

a2

a2 /λ ← ar , 1 ≤ r ≤ k
a3 → a
a3 → a3
a4 → λ
3 +
(a )a /a → a
(2, 1)

a

a2 /a → a
a4 → a4
a4 → a3
(2, 2)

a→λ

a6 → a2

(2, 7)

a→a

a2 → λ
a4 → a
a5 → a
a6 → a6
a7 → λ
a8 → λ
(2, 4)

(2, 5)

+

(2, 6)

a /a → a

a→a

a6 → λ
a+ /a → a

(2, 8)

Fig. 1. The SNdP system for the proof of Proposition 1

Figure 1 shows the 2-component SNdP system with balanced input partition and
homogeneous components recognizing Lww . r spikes produced using the request rules
represents the character br from the alphabet of w, {b1 , b2 , . . . , bk }. The first component, Π1 , takes in w1 while the second component, Π2 takes in w2 . The system then
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tries to check if both components received the same inputs strings from the environment. Because the input is partitioned in a balance manner, both components would be
taking an input of length n from the environment, so that |w0 | = 2n. The system is homogeneous, so both components have the same number of neurons and these neurons
have the same rules.
For brevity of discussing the flow of the computation, we only refer to the computation of one component (unless both components are involved for a computation step).
As the components are homogeneous, they would have the same flow of computation.
Let α ∈ {1, 2}.
At the start of the computation, σ(α,1) will get r spikes from the environment using
the request rule a2 /λ ← ar , 1 ≤ r ≤ k. Then, σ(α,1) will send the r − 1 spikes one-byone using the spiking rule (a3 )a+ /a → a to σ(α,2) . For the last spike, the rule a3 → a3
will be used instead, consuming all remaining spikes in σ(α,1) .
For the first r − 1 spikes, neuron σ(1,2) will send its spikes to σ(1,4) and σ(2,4) ,
using spiking rule a2 /a → a. Likewise, σ(2,2) will also send its spikes to σ(1,4) and
σ(2,4) . For the last spike of the current symbol, σ(α,2) will non-deterministically choose
between rules a4 → a4 xor a4 → a3 to apply. Neuron σ(α,3) are used to ensure that
neuron σ(α,2) will have one spike when it uses rule a4 → a3 . The number of spikes sent
by σ(1,2) and σ(2,2) to the other components will be interpreted as follows:
– 1 spike from σ(α,2) indicates that component Πα is still processing the symbol it
requested from the environment.
– 3 spikes indicate that component Πα has finished processing the last spike of its
current symbol. In addition, 3 spikes mean that Πα wishes to request a new symbol
from the environment.
– 4 spikes indicate that component Πα has finished processing the last spike of its
current symbol. In addition, 4 spikes mean that Πα will not request anymore symbols from the environment.
The purpose of neuron σ(α,4) is to receive the spike sent from the other component’s
neuron 2 and, together with the spike sent by σ(α,2) , decide if the current symbols
processed by the components are the same. The following are the responses of σ(α,4)
based on the sum of spikes received from σ(1,2) and σ(2,2) :
– Positive Response - Neuron σ(α,4) will either enable the request of new symbols,
or halt the computation and hence, the system, ∆, will accept the input string w0 =
w1 w2 .
• (2 spikes) Both components are still processing the spikes of their respective
current symbols, so computation should continue. The 2 spikes are erased by a
forgetting rule.
• (6 spikes) Both components have processed the last spike of their respective
current symbols, and that both components wishes to request a new symbol
from the environment. Neuron σ(α,4) will use rule a6 → a6 to send 6 spikes to
neurons σ(α,5) , to continue the symbol request process by returning 2 spikes to
neuron σ(α,1) . Neuron σ(α,6) which will erase the 6 spikes.
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• (7 spikes) Both components have processed the last spike of their respective
current symbols, but one component wishes to request a new symbol, while the
other wishes to end the system computation. For this case, we opt to just end the
computation if at least one component does not wish to request a new symbol.
Hence, the 7 spikes are forgotten to stop further request of new symbols. This
ends the computation of ∆.
• (8 spikes) Both components have processed the last spike of their respective
current symbols, and both components wishes to end the computation. Hence,
the 8 spikes are forgotten to stop further request of new symbols. This ends the
computation of ∆.
– Negative Response - Neuron σ(α,4) will cause a nonhalting computation, making
the system reject the input string.
• (4 spikes, 5 spikes) One component has processed the last spike of its request
symbol, while the other component has not. This indicates that the two requested symbols of the two components are not the same. Hence, the input
string w0 ∈
/ Lww , and must be rejected. Neuron σ(α,4) will send one spike to
neuron σ(α,5) , which will forget the spike, and to neuron σ(α,6) , which will
relay the spike to neurons σ(α,7) and σ(α,8) . Neurons σ(α,7) and σ(α,8) will
exchange the spikes indefinitely, causing a nonhalting computation.
• (1 spike) These occurs when in the previous computation step, σ(α,4) received
either 4 spikes or 5 spikes. Neuron σ(α,4) will fire 1 spike, but this will not
affect the nonhalting computation anymore.
The algorithm makes use of two components with eight neurons each. Suppose the
input string to ∆, w0 , is of length 2n. Partitioning w0 to w1 w2 , each substring is of length
n. Analysing the running time of an accepting computation, for α ∈ {1, 2}, for every
symbol, br , 1 ≤ r ≤ k, of input string wα to component Πα , it takes 1 step to request
r spikes from the environment, and takes r steps before the final spike of br arrives at
neuron σ(α,2) . Then, 1 step to move the last spike to σ(α,4) . And then, two more steps
to produce 2 spikes back in σ(α,1) . Since the running time is affected by which symbols
are requested from the environment, we consider the worst case in which the component
will always request the maximum k spikes. Hence, for the partitioned input string wα
of length n, the first n − 1 symbols will take (k + 4)(n − 1) and the last symbol of wα
requires k + 3 steps to process. Thus, the total running time of a halting and accepting
computation is (kn + 4n − 1) steps.
To analyse the communication complexity between the two components, note that
the number of times a component sends to the other depends on the number of spikes
r it receives from the environment, which, again, is k at most. And since the system
is structured in such a way that both components send spikes at the same time, the
number of communications used between two components is at most k. Hence, for an
input of length n, there are kn communications between two components. Therefore,
ComN (∆) = kn.
For each character br , the component sends r + 2 spikes, and both components
send to each other at the same time. For the last symbol of the input substring, wα ,
the number of spikes sent is r + 3. Taking again the maximum possible number of
spikes per character, which is k, the number of spikes required to be communicated is
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(k + 2)(n − 1) + k + 3 = kn + 2n + 1 per component. Hence the total weight of
the communication is 2(kn + 2n + 1) = 2kn + 4n + 2. Therefore, ComW (∆) =
2kn + 4n + 2.
3.2

Nonbalanced and Nonhomogeneous SNdP

Proposition 2 {ww | w ∈ {b1 , b2 , . . . , bk }n , n ≥ 2} can be recognized by a 2component SNdP system, ∆, with a nonbalanced input partition and nonhomogeneous
components, where ComN (∆) = b n2 ck and ComW (∆) = b n2 c(k + 2). SNdP ∆ uses
a total of 52 n + 18 neurons.
Proof:
Let Σk = {b1 , . . . , bk }. The input string, say w0 ∈ Σk∗ which is of length 2n,
for an n ≥ 1, will be partitioned into two substrings in this way: w0 = w1 w2 , where
||w1 | − |w2 || ≤ 1. w1 is further partitioned in the following manner: w1 = w1.1 w1.2
n
where w1.1 = x1 x2 . . . xn1 where n1 = b 2n
4 c = b 2 c and w1.2 = xn1 +1 . . . xn2 where
2n
n2 = b 2 c = n. w2 is further partitioned in the following manner: w2 = w2.1 w2.2
3n
where w2.1 = xn2 +1 . . . xn3 , and w2.2 = xn3 +1 . . . xn4 , with n3 = b 6n
4 c = b 2 c and
n4 = 2n.
The Nonbalanced and Nonhomogeneous SNdP system that can recognize the above
language using the above partition is the following:
∆ = ({a}, Π1 , Π2 , {((1, 4), (2, 5(n2 − n1 + 1) + 4))})
Figure 2 shows the first component and Figure 3 shows the second component of
the 2-component SNdP system with nonbalanced partition and nonhomogeneous components recognizing Lww .
For this SNdP system, the number of neurons in each component depends on the
number of characters expected to be input. For a given input w0 of length 2n, the first
component will receive input of length n1 = b n2 c, and it will have 4 + 5n1 neurons,
with the 5n1 neurons used for storing characters. The second component will receive
input of length 2n−n1 . It will have 5(n2 −n1 ) neurons dedicated for storing characters,
where n2 = n. After the two components have stored a sum of n2 characters, it will
compare these stored characters to the remaining characters of the input string. The
input of the system is nonbalanced, so the components do not necessarily have to take
inputs of equal length from the environment. And since the system is nonhomogeneous,
the system does not need to have components with the same neurons.
The system utilizes numerous counters, and are initialized in different ways. Neuron
(1, 3) has a counter of 2n1 so it can get n1 characters while neuron (2, 3) is initialized to
2(n2 − n1 + 1). Each neuron for storing characters also has two counters attached to it.
As the first neuron of both components sends the spikes it gets to all the storage neurons,
these first of counters tell the neuron when the character it receives is intended for it by
giving the storage neuron a threshold number of spikes. While the storage neuron does
not have the threshold spikes yet, it will simply forget the spikes it receives, because this
signifies that the character is not to be stored in that neuron. To ensure that the threshold
spike is not mistaken for a character, it is set to k + 2, where k is the maximum amount
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Fig. 2. The first component of the SNdP system for the proof of Proposition 2
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Fig. 3. The second component of the SNdP system for the proof of Proposition 2
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of spikes that represent a character. The second of these counters signal the neurons that
it is time to release their stored character by sending another set of threshold spikes.
The computations starts with the third neurons of both components. Every time step,
they send one spike to the second neurons, and every two steps the second neurons
receive, they will use up both spikes to send one spike to the first neurons. The first
neurons then receive input from the environment, which it will pass on to all the storage
neurons. For the storage neurons to be able to tell which character is for them, they have
a counter neuron which counts down in sync with the other counters in the system, and
each counter will send a threshold number of spikes to the storage neuron to signal that
the character is to be stored. Otherwise, if the storage neuron has no threshold spikes
yet, it will simply forget all spikes it receives. Afterwards, these storage neurons will
use all the spikes to store the character spikes (minus the threshold spikes) in another
neuron. This goes on until all the spikes in the third neurons are exhausted, signaling
that the first n2 characters of the string have already been stored.
The computation then proceeds to compare the w1 with w2 . To do this, the second
component gets a spike from the environment again with the last spike it receives from
the first counter. It sends it to another, last storage neuron, but this time, as this storage
neuron sends the spikes to the next neuron, the threshold spikes in this storage neuron
are preserved, so that it can still receive more spikes later on.
The storage neurons have another counter attached to them, this time to signal when
they would send the spike to the fourth neuron. Both fourth neurons are to send spikes
to a neuron on the second component. This neuron would also receive spikes from the
last storage neuron of the second component, so that the characters can be compared.
If the comparison neuron receives one spike from both of them, it will just forget the
spikes.
If the comparison neuron receives one 1 spike and one 3 spikes, it means that the
characters are not equal. It will then send a spike to a neuron that will signal two neurons
to cause an infinite loop of spike exchange, causing a non-halting computation, rejecting
the string.
On the other hand, if the comparison neuron receives a two 3 spikes, it will then update its own counter neuron, signaling that the characters are equal and the computation
will proceed. This counter neuron will then send a spike to the first neuron of the second
component, causing it to get another character from the environment and continuing the
computation.
If all the spikes in the counter are exhausted, the computation will halt and thus, the
string will be accepted.
The algorithm starts by taking the string w1 = w1.1 w1.2 of length n and dividing
it between the two components. The first part of the computation stores the characters
of w1.1 in component Π1 and w1.2 in component Π2 , taking 2n1 steps to store all
characters of w1.1 , 2 steps to before the first request occurs, and then one last step to for
the last character. The first part will run in 2(n2 − n1 ) + 3 time steps. The second part of
the computation deals with the remaining half of the input string. For every character,
it takes 4 steps to get the input from the environment and send it to the last storage
neuron of the second component, followed by r steps depending on the character, with
r a maximum of k, and then another 2 steps to send spikes and count down the timer,
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for a total of k + 6 steps per character, and for n characters, the total time steps needed
to complete the second half of the algorithm is n(k + 6). Combining the two halves of
the algorithm, the total run time would be about 2(b n2 c) + n(k + 6) + 2 time steps.
To analyse the communication complexity between the two components, note that
there is only one connection between the two components, which is from component 1
to component 2. The number of times a component sends to the other depends on the
number of spikes r it receives from the environment, which is k at most. Hence, for an
input string, w0 of length 2n, there would only be b n2 ck communications between the
two components. Therefore, ComN (∆) = b n2 ck.
Also note that for a spike r, the neuron sends 1 spike to the first component for
up to r − 1 times and then sends 3 for the last spike. This means that each character
causes one component to send (r − 1) + 3 = r + 2 spikes. And because the maximum
r for each character is k, that means per character, the total weight of communication is
k+2. Then, a string w0 of length 2n will have a total communication cost of b n2 c(k+2).
Hence, ComW (∆) = b n2 c(k + 2).
3.3

3-component Nonbalanced and Nonhomogeneous SNdP

Proposition 3 {ww | w ∈ {b1 , b2 , . . . , bk }n , n ≥ 1} can be recognized by a 3component SNdP system, ∆, with nonbalanced input partition and nonhomogeneous
components, with ComN (∆) = nk + k and ComW (N ) = kn + 2k, and ∆ uses a
total of 13 neurons across all components.
Proof: Let Σk = {b1 , . . . , bk }. The input string, say w0 ∈ Σk2n , n ≥ 1, will be
partitioned into two substrings in this way: w0 = w1 w2 , where ||w1 | − |w2 || ≤ 1. The
first component, Π1 , takes in w1 while the second and third components, Π2 and Π3 ,
takes in w2 . w2 is further partitioned between these two components in this way: w2 =
x1 x2 . . . xn where k = |w2 |. If n is odd, y1 = x1 x3 x5 . . . xn and y2 = x2 x4 . . . xn−1 .
If n is even, y1 = x1 x3 x5 . . . xn−1 while y2 = x2 x4 . . . xn .
∆ = ({a}, Π1 , Π2 , Π3 , {((1, 4), (3, 1)), ((1, 7), (2, 1)), ((2, 2), (1, 3)), ((3, 2), (1, 6))})
Figure 4 shows the 3-component SNdP system using nonbalanced partition and nonhomogeneous components recognizing Lww , where x is d |w|
2 e, around the half length
of w, and y is |w| − x, around the other half of w, and 1 ≤ r ≤ k. r spikes represents
the character br from the alphabet of w, {b1 , b2 , . . . , bk }.
The first component, Π1 , takes in w1 while the second component takes y1 and the
third component takes y2 . The input of the system is nonbalanced, so the components
do not necessarily have to take inputs of equal length from the environment. And since
the system is nonhomogeneous, the system does not need to have components with the
same neurons. The first neuron on modules 2 and 3 is a counter that is initialized to
have 2x and 2y spikes, respectively.
At the beginning of the computation, σ(1,7) has two spikes. It uses these two spikes
to send a spike each to σ(1,1) and σ(2,1) . This causes the counter in σ(2,1) to decrement
and send a spike to σ(2,2) using the rule a(aa)+ /a → a and for σ(1,1) to get an input
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Fig. 4. The SNdP system for the proof of Proposition 3

from the environment using its request rule a/λ → ar . σ(1,1) then sends these spikes
one by one to σ(1,2) and σ(1,5) using either the rules (aa)a+ /a → a if it is not yet
the last spike or the rule a2 → a2 if it is the last spike, consuming all spikes in the
neuron in the process. However, since σ(1,5) has no spikes at first, it will just forget if
it gets one spike. When σ(1,1) sends its first spike to σ(1,2) , σ(2,2) gets a spike from the
environment. Both σ(1,2) and σ(2,2) then sends the spikes they get one by one to σ(1,3) ,
σ(1,2) using either the rule a3 /a → a or the rule a4 → a2 which consumes all spikes
in σ(1,2) if σ(1,1) sends two spikes, meaning it received the last character. σ(2,2) sends
spikes in the same manner as σ(1,1) . If σ(1,3) receives the same spikes from both σ(1,2)
and σ(2,2) , it just forgets these spikes using either a2 → λ or a4 → λ. Otherwise, it
uses a3 → a to send a spike to σ(1,8) to cause it to have infinite spikes with σ(1,9) .

When σ(1,1) sends its last two spikes, it will give two spikes to σ(1,5) and will cause
σ(1,2) to use all of its spikes to send two spikes to σ(1,4) which will be used to send
one spike to σ(1,1) and σ(3,1) . This causes the counter in σ(3,1) to decrement and send
a spike to σ(3,2) using the rule a(aa)+ /a3 → a. This causes computations similar to
the one done between the first and second components but this time using a different
set of neurons. Because this time it is σ(1,5) that has two spikes and σ(1,2) has none, the
latter will just forget if it obtains one spike while the former will do the computations
of sending either one or two spikes to σ(1,6) and σ(1,7) . As with σ(1,3) , if σ(1,6) receives
the same spikes, it will forget them, but receiving different spikes causes it to send to
σ(1,8) , which, again, causes infinite spikes in the system.
These computations go on, with Π1 alternating between computing with Π2 and
Π3 . If both counters finish counting down to 0, the computation will halt, signaling that
the whole ww string has been read and accepted.
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The algorithm makes use of three components: one with nine neurons, and two
with two neurons each. For every character of input, it takes 1 step for either σ(1,4) or
σ(1,7) to send a signal to the counter in one of the neurons, 1 step to decrement from the
counter and for σ(1,1) to get the input from the environment, then 1 step to send to σ(1,2)
and for σ(2,2) or σ(3,2) to get an input from the environment. Then, the input spikes are
decremented one by one and sent to either σ(1,3) or σ(1,6) . For a character r where
1 ≤ r ≤ n, with n as the maximum number of steps. As the last spike of the character
is used, the neuron that will send to the counter is also reinitialized. This shows that it
takes a maximum of n + 3 steps per character. Thus, for any input string of length with
any length n, It will take at most kn + 3n steps to reach a halting computation.
To analyse the communication complexity between the three components, note that
the number of times a component sends to the other depends on the number of spikes
r it receives from the environment, which, again, is k at most. There is also one communication between components sent when decrementing from the counter. Thus, the
number of communications used between three components is at most k + 1. And for
an input string w0 = w1 w2 of length 2n, there are kn + n communications between the
three components.
Also note that for a spike r, the σ(2,2) or σ(3,2) sends 1 spike to the first component
for up to r − 1 times and then sends 2 for the last spike. This means that each character
causes one component to send (r −1)+2 = r +1 spikes. One spike is also sent between
communications to decrement the counter per character. And because the maximum r
for each character is k, that means per character, the total weight of communication is
k + 1 + 1 = k + 2. Then, for a string w0 of length 2n, the total communication cost of
kn + 2n spikes. And hence, ComN (∆) = kn + n and ComW (∆) = kn + 2n.
3.4

Comparison Between Models

Table 1. Balance and Homogeneity of SNdP Systems recognizing Lww
Balanced Input Partition Nonbalanced Input Partition
Homogeneous Components
In this work
Open Problem
Nonhomogeneous Components In [16]
In this work

Looking at the three models, i.e., the balanced and nonhomogeneous system, the
balanced and homogeneous systems, and the nonbalanced nonhomogeneous system,
we can compare them in terms of their communication costs as well as the neurons
needed per component.
For the balanced and nonhomogeneous system presented in [16], we see that per
character, the second component communicates with the first component r times because it sends the spikes one by one, and afterwards, the first component communicates with the second component once. Since the maximum r is given by k, then the
number of communications between the components in a given computation is k + 1.
For a string of length n, this means that there are kn + n communications. When the
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weights of the communications are considered, we see that the second component sends
to the first component 1 spike r − 1 times, and 3 spikes once per character for a total
of r − 1 + 3 = r + 2 spikes per character with k as the maximum r, and it does
this for n characters. The second component then sends for a communication cost of
n(k + 2) = kn + 2n. The first component, on the other hand, sends 3 spikes for
the first n − 1 characters and just 1 spike for the last character, which means it sends
3(n − 1) + 1 = 3n − 2 spikes in total. Adding the two, the total communication cost is
kn + 5n − 2. The number of time steps needed to finished computing one character is
k + 2. For n character, this means a running time of kn + 2n.
The balanced and nonhomogeneous system, then, has a ComN (∆) = kn + k and
ComW (∆) = kn + 5k − 2. The balanced and homogeneous system has ComN (∆) =
kn and ComW (∆) = 2kn+4k and the nonbalanced and nonhomogeneous system has
ComN (∆) = b n2 ck and ComW (∆) = b n2 c(k + 2). Here, we see that the nonbalanced
and nonhomogeneous gives the least communication cost at almost a quarter of the
balanced and nonhomogeneous system, while the balanced and homogeneous system
gives the most, which is almost double that of the balanced and homogeneous system.
In terms of the number of neurons of the components, the balanced and nonhomogeneous used the least neurons, with 7 neurons on the first component and 1 neuron on
the second component for a total of 8 neurons. The balanced and homogeneous system,
being homogeneous, used the same number of neurons per component, which is 8, for
a total of 16 neurons.
The nonbalanced and nonhomogeneous system uses the most neurons, with the
number of components being dependent on the length of the input string. For string,
w0 ∈ Lww of length 2n, let n1 = b n2 c and n2 = n. The first component would have
5n1 + 4 neurons while the second component would have 5(n2 − n1 ) + 14 neurons.
Adding both numbers of neurons, we get 5n2 + 18 neurons in total for the system. This
is a highly undesirable tradeoff for a smaller communication cost.
Between the two nonbalanced and nonhomogeneous models, the one with two
components had less cost of communication ComN (δ) = b n2 ck and ComW (δ) =
b n2 c(k +2) compared to the one with three components which had ComN (δ) = kn+k
and ComW (δ) = kn + 2k. On the other hand, the system with three components only
requires 13 neurons total across the components, which is a lot smaller than the number
of neurons for the 2-component system.

4

Final remarks

This work was only able to model SNdP that are either balanced and homogeneous or
nonbalanced and nonhomogeneous. As shown in Table 1, constructing an SNdP system with a nonbalanced partition and homogeneous components is still left open. Some
things to note for future reference are difficulties in communicating between components when they do not have inputs of equal lengths, as well as the difficulty of making
sure that neurons have the same rules and are able to use them effectively.
Additionally, for the 2-component nonbalanced and nonhomogeneous SNdP presented, the number neurons required is O(n). As stated above, this is a highly undesirable trade-off to obtain a smaller communication cost. The high number of neuron
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Table 2. Comparison between models
Number of
Number of
Weighted Cost
Communications
Neurons
2-component
Balanced
Nonhomogeneous
2-component
Balanced
Homogeneous
2-component
Nonbalanced
Nonhomogeneous
3-component
Nonbalanced
Nonhomogeneous

Running Time

nk + k

nk + 5k − 2 8

kn + 2n

kn

2kn + 4k

kn + 4n − 1

b n2 ck

b n2 c(k + 2)

+ 18,
2(b n2 c) + n(k + 6) + 2
18 minimum

nk + k

kn + 2k

13

16
5
n
2

kn + 3n

required is caused by the need to store the input symbols for a period of time. Additionally, it must be stored in a particular order, the order they arrived into the system.
Currently, there are no definite array structures in SNP. But, if we are able to store these
informations into a single neuron (e.g. as an array, or encoding the information into a
number of spikes), then we can reduce the number of neurons needed.
This work mainly looked into SNdP systems that recognize the language {ww | w ∈
{b1 , b2 , . . . , bn }n , n ≥ 1}. However, this can be generalized further into the family of
languages {wk , k ≥ 2 | w ∈ {b1 , b2 , . . . , bn }n , n ≥ 2}. Some ideas to do this is to
follow a pattern similar to the components of the homogeneous and balanced SNdP
systems in this work. There can be one component for each w and the spikes counter
and rules can be adjusted accordingly to accommodate more spikes being exchanged in
between components.
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Abstract. Spiking neural P systems (SN P systems, for short) are a
class of distributed and parallel computing devices inspired from the
way neurons communicate by means of spikes. In most of the SN P
systems investigated so far, the system communicates on command, and
the application of evolution rules depends on the contents of a neuron.
However, inspired from the parallel-cooperating grammar systems, it is
natural to consider the opposite strategy: the system communicates on
request, which means spikes are requested from neighboring neurons,
depending on the contents of the neuron. Therefore, SN P systems with
communication on request were proposed, where the spikes should be
moved from a neuron to another one when the receiving neuron requests
that. In this paper, we consider implementing arithmetical operations
by means of SN P systems with communication on request. Specifically,
adder, subtracter and multiplier are constructed by using SN P systems
with communication on request.
Keywords: Membrane computing, Spiking neural P system, Communication on request, Arithmetic operation

1

Introduction

Since Gh. Păun ﬁrst circulated his idea of membrane computing in 1998 [1] (ﬁrst
circulated as a Turku Center for Computer Science (TUCS) Report 208, 1998),
membrane computing has developed rapidly for almost two decades. As a branch
of natural computing, Membrane computing aims on abstract computing ideas
from the structure and the functioning of a single cell, and also from complexes
of cells, such as tissues and organs (including the brain) [2]. The computational
devices in membrane computing are known as membrane systems (P systems,
⋆

Corresponding author.

for short). Till now, three main classes of P systems have been investigated: celllike P systems [1], tissue-like P systems [3, 4] and neural-like P systems [5]. The
present paper deals with a class of neural-like P system, called spiking neural P
systems (SN P systems, for short) [5].
SN P systems are a class of distributed parallel computing devices inspired
from the way the neurons communicate by sending spikes to each other. In SN
P systems, neurons (in the form of membranes) are placed in the nodes of a
directed graph, with the edges representing synapses. Each neuron contains a
number of identical objects, denoted by a and called spikes. Each neuron may
also contain a number of ﬁring rules and forgetting rules. When the contents of
a neuron satisfy some regular expression, a ﬁring rule allows a neuron to send
information to other neurons in the form of spikes. On the other hand, forgetting
rule removes from the neuron a speciﬁed number of spikes. The system evolves
by means of ﬁring rules and forgetting rules. And it evolves synchronously, in
each time unit, each neuron which can use a rule, no matter ﬁring or forgetting,
should use one. When the computation halts, no further rule can be used, and a
result is obtained, e.g., in the form of the distance between the ﬁrst two spikes
of the output neuron, or the number of spikes present in a speciﬁed neuron in
the halting conﬁguration.
Since 2006 there have been quite a few research eﬀorts put forward to SN
P systems. Many variants of SN P systems have been proposed, such as asynchronous SN P systems [6], SN P systems with anti-spikes [7], homogenous SN P
systems [8], sequential SN P systems [9], SN P systems with astrocytes [10], SN
P systems with weighted synapses [11], SN P systems with a generalized use of
rules [12], SN P systems with weights [13], SN P systems with rules on synapses
[14], SN P systems with white hole neurons [15], cell-like SN P systems [16], SN
P systems with request rules [17]. Most of the classes of SN P systems obtained
are computationally universal, equivalent in power to Turing machines [18–27].
An interesting topic is to ﬁnd small universal SN P systems [28–34]. In certain
cases, polynomial solutions to computationally hard problems can also be obtained in this framework [35, 36]. Moreover, SN P systems have been applied
to solve real-life problems, for example, to design logic gates, logic circuits [37]
and databases [38], to represent knowledge [39], to diagnose faults [40–42], or to
approximately solve combinatorial optimization problems [43].
SN P systems can also be applied in a very diﬀerent way, where they are
viewed as components of a restricted Arithmetic Logic Unit. Some SN P systems
were constructed for dealing with basic arithmetic operations. These systems
apply diﬀerent encoding method. In [44], the binary number is encoded as a
sequence of spikes: at each time unit, zero or one spike will be provided to the
input neuron, depending on the corresponding bit being 0 or 1. The numbers
used in [45] are encoded as the interval of time elapsed between two spikes.
Under the third encoding mechanism, natural numbers are encoded in the form
of spike train and introduced in the system through the input neurons, while the
results of arithmetic operations are encoded in the form of the number of spikes
emitted to the environment [46].

These SN P systems mentioned above perform communication on command,
that is the initiative for communication belongs to the emitting neuron. Specifically speaking, the application of evolution rules depends on the contents of
a neuron, (as mentioned above, checked by a regular expression), a speciﬁed
number of spikes are consumed and a speciﬁed number of spikes are produced,
and then sent to each neurons linked to the evolving neuron by a synapse. Inspired from parallel-cooperating grammar systems, it is natural to consider the
opposite strategy – communication on request. In this case, spikes are requested
from neighboring neurons, depending on the contents of the neighboring neuron
(also checked by a regular expression). On the other hand, no spike is consumed
or created, they are only moved from a neuron to another one along synapses
when the receiving neuron requests that. This request-response communication
is an important concept in software engineering, and computers use it as a basic
method to communicate with each other. Recently, communication on request
was introduced into SN P systems by Pan et al., and this variant of SN P systems
is shortly called SNQ P systems [47]. Communication on request is a powerful
feature in SN P systems: SNQ P systems using two types of spikes are proved to
be universal, equivalent with Turing machines, and it is reported that 49 neurons
are suﬃcient for SNQ P systems to achieve Turing universality.
In this work, SN P systems with communication on request for performing the
arithmetic operations are introduced. The arithmetic operations we will consider
are addition, subtraction and multiplication. Natural numbers can be encoded
in the form of the number of spikes and introduced in the system through input
neurons. And then by performing the computation of the system, a number of
spikes are present in the output neuron when the system halts. By analyzing the
number of speciﬁc spikes in the output neuron, we can obtain the result of this
arithmetic operation.
The paper is organized as follows. In the next section we recall some preliminaries that will be used in the following, including the formal deﬁnition of SN
P systems with communication on request. In Section 3.1 we present an SN P
system with communication on request that is used to add two natural numbers.
A subtracter based on SN P system with communication on request is given in
Section 3.2. An SN P system with communication on request for multiplication
is constructed in Section 3.3. Conclusions and some open problems for future
works are present in Section 4.

2

Spiking Neural P Systems with Communication by
Request

Formally, a spiking neural P system with communication on request (shortly,
SNQ P system), with k types of spikes, is a construct of the form (this form is
almost the same as the one appearing in [47], except one reasonable change by
introducing input neurons)
Π = (O, σ1 , σ2 , . . . , σm , aiin , aiout , in, out),

where:
1. O = {a1 , a2 , . . . , ak } is an alphabet (ai is a type of spikes), k ≥ 1;
2. σ1 , σ2 , . . . , σm are neurons, of the form
σi = (an1 1 an2 2 . . . ank k , Ri ), 1 ≤ i ≤ m, nj ≥ 0, 1 ≤ j ≤ k,
where:
a) nj ≥ 0 is the initial number of spikes of type aj contained in the neuron
σj , 1 ≤ j ≤ k;
b) Ri is a ﬁnite set of rules of the form E/Qw, with w a ﬁnite non-empty list
of queries of the forms (aps , j) and (a∞
s , j), 1 ≤ s ≤ k, p ≥ 0, 1 ≤ j ≤ m,
or j = env;
3. aiin , aiout , 1 ≤ iin , iout ≤ k, are the types of input spikes and output spikes,
4. in, out ∈ {1, 2, . . . , m} indicate the input and the output neurons, respectively.
A query (aps , j) means that neuron σi requests p copies of as from neuron σj ,
while the meaning of (a∞
s , j) is that all spikes of type as from σj , no matter how
many they are, are requested by σi . Speciﬁcally, a query of the form (a, env)
is allowed to be used, which means that one copy of a is requested from the
environment – with the environment supposed to contain arbitrarily many copies
of a. This kind of rules can be removed [47], so it will not eﬀect the arithmetic
operations.
A rule of the form E/Qw can be used if both of the following conditions are
satisﬁed: (1) the contents of the neuron are described by the regular expression
E; (2) all queries formulated in w are satisﬁed (for example, if σj contains strictly
less than p spikes, then the query (aps , j) is not satisﬁable). Speciﬁcally, there is
a situation called the conﬂicting queries, where two diﬀerent neurons σi1 , σi2
ask diﬀerent numbers of occurrences of the same spike as from the same neuron
σj (namely, two queries of the forms (aps , j), (ars , j) with p ̸= r, or of the forms
(aps , j), (a∞
s , j) for p a given number). In the case of conﬂicting queries, the
two rules cannot be used simultaneously, but one of them, non-deterministically
chosen, can be used.
In SNQ P systems, the deﬁnition of a computational step is quite delicate
because of the interplay of the queries. A computational step is described in
terms of three sub-steps: (1) In each neuron, a rule is chosen to be applied,
and its applicability is checked; (2) The requested spikes are removed from the
neurons where they were present. (3) The queries are satisﬁed, the requested
spikes are moved to the requesting neuron. The three sub-steps together form a
step, which lasts for one time unit.
An SNQ P system starts from the initial conﬁguration, which is described
by the number of spikes of each type present in each neuron in the beginning of
the computation. Then it proceeds by applying the rules synchronously, which
means in each neuron if a rule can be used then it is applied. Using the rules
as described above and after a computation step as illustrated above, we can
deﬁne transitions conﬁgurations. Any sequence of transitions starting from the

initial conﬁgurations is called a computation. A computation halts if reaches a
conﬁguration where no rule can be used. The result of a halting computation
is the number of copies of spikes aiout present in neuron σout in the halting
conﬁguration.
In order to perform arithmetic operations, it is necessary to introduce the
numbers to be computed into the system, which may be encoded in many different ways. We here use the way as discussed in [44]. A positive integer number
is given as input to a speciﬁed input neuron. The number is speciﬁed as the
number of input spikes initially contained in the input neuron. The result of
the operation is encoded as the number of output spikes present in the output
neuron when a computation halts.
In the next sections SNQ P systems are represented graphically, which is
easy to understand. An oval with the initial number of spikes and rules inside
is used to represent a neuron. The input neurons have incoming arrows and the
output neuron have outgoing arrows, suggesting their communication with other
devices (or the environment).

3

Performing Arithmetic Operations by SN P Systems
with Communication on Request

3.1

An SNQ P System for Addition

In this section we present an SN P system with communication on request, as
shown in Fig. 1, for dealing with the addition of two arbitrary natural numbers.
System Πadd is composed of 5 neurons, where two speciﬁed neurons are used
for inputting the summand and addend, one neuron is used for outputting the
obtained result.

1/in1

3
λ/Q(c1 , env)
c1 /Q(a∞ , 1)

ax

5/out
λ/Q(c1 , env)
a∗ b∗ c1 /Q(a∞ , 3)(ab, 4)
2/in2
b

y

4

λ/Q(c1 , env)
c1 /Q(b, 2)
bc1 /Q(a, env)

Fig. 1. The structure of adder Πadd

Theorem 1. For two arbitrary natural numbers x and y, SN P system with
communication on request Πadd as shown above computes the addition of x and
y.
Proof. SNQ P system Πadd functions as follows. In the initial conﬁguration of
Πadd , all neurons are empty. The summand x and the addend y are encoded
as spikes ax and by , and are provided to neuron σin1 and neuron σin2 , respectively. Since neurons σ3 , σ4 and σout are empty, all of them can use the rule
lambda/Q(c1 , env), the spikes c1 arrives in them, and these neurons become active. With spike c1 inside, neuron σ3 can absorb from neuron σin1 all spikes a ,
which will be requested by neuron σout in a later step. In the meantime, neuron
σ4 absorb spike b, one by one, from neuron σin2 . In the next step, the spike b in
neuron σ4 will absorb from environment one spike a, and then both the spike a
and spike b are requested by neuron σout together. In this way, through neuron
σ3 , the spikes a in σin1 move to σout at one time, and through neuron σ4 , the
spikes b in σin2 move to σout one by one, together with a spike a every time.
When the last spike b in σin2 is requested by neuron σ4 , and then moves to σout
together with a spike a, all the spikes a and b in neurons σin1 , σin2 , σ3 and σ4 are
exhausted. The computation halts, because there is no rule can be used in the
system. At this time, the spikes present in neuron σout are ax+y by (ax absorbed
from neuron σ3 and (ab)y absorbed from neuron σ4 ). The number of spikes a
from the output neuron is x + y, which means that the result computed by the
system is x + y.
With the explanation above, readers can check that, for given x, y > 0,
system Πadd can correctly compute the addition of x and y, which completes
the proof.
⊓
⊔
As an example, let us consider the addition 5 + 2 = 7. Table 1 reports the
spikes contained in each neuron of Πadd at each step during the computation.
The input and output spikes are written in bold.
Table 1. Spikes in each neuron of Πadd at each step during the computation of the
addition 5 + 2 = 7
step
0
1
2
3
4
5
6
7

1/in1
5

a
a5
λ
λ
λ
λ
λ
λ

2/in2
2

b
b2
b
b
b
λ
λ
λ

3

4

5/out

λ
c1
a 5 c1
a 5 c1
c1
c1
c1
c1

λ
c1
bc1
abc1
c1
bc1
abc1
c1

λ
c1
c1
c1
a6 bc1
a6 bc1
a6 bc1
a 7 b 2 c1

3.2

An SNQ P System for Subtraction

We now describe an SN P system with communication on request Πsub used
as subtracter, which is shown in Fig. 2. System Πsub is composed of 6 neurons,
where two speciﬁed neurons are used for inputting the minuend and subtrahend,
one neuron is used for outputting the obtained result.

1/in1

3/out
λ/Q(a∞ , 1)

ax

5/out
λ/Q(c2 , env)
a b c2 /Q(a∞ , 3)(b, 4)
∗ ∗

2/in2
b

y

4
λ/Q(b∞ , 2)

6
(ab)∗ /Q(ab, 5)
Fig. 2. The structure of subtracter Πsub

Theorem 2. For two arbitrary natural numbers x and y, where x > y > 0,
SN P system with communication on request Πadd as shown above computes the
subtraction of x and y.
Proof. SNQ P system Πsub functions as follows. In the initial conﬁguration of
Πsub , all neurons are empty. The minuend x and the subtrahend y are encoded as
spikes ax and by , and are provided to neuron σin1 and neuron σin2 , respectively.
Since neurons σ3 , σ4 are empty, the spikes ax will be absorbed by σ3 , and
the spikes by by σ4 , respectively. In the meantime, neuron σ5 can use the rule
λ/Q(c2 , env), and spike c2 arrives in it. With spike c2 inside, the neuron σ5 will
absorb one spike a from neuron σ3 and one spike b from σ4 . In the next step,
this pair of spikes a and b will move to the neuron σ6 , and spike c2 remains in
the neuron σ5 . So the absorbability of pairs of spikes a and b continues. When
the spikes b in σ2 get exhausted, the last spike b will be absorbed by σ4 , moves
to σ5 together with one spike a from σ3 , and this last pair of spikes of a and b

moves to σ6 at last. At this time, there is no rule can be used in the system,
so the computation halts. During the computation there are y pairs of a and b
moves to σ6 , the spikes b get exhausted in neuron σ4 , and there are x − y spikes
of a left in neuron σ3 . At the end of computation, the number of spikes a present
in the output neuron is x − y, which means that the result computed by the
system is x − y.
With the explanation above, readers can check that, for given x > y > 0,
system Πsub can correctly compute the subtraction of x and y, which completes
the proof.
⊓
⊔
As an example let us calculate 5 − 2 = 3. Table 2 reports the spikes that
occur in each neuron of Πsub at each step during the computation. Also, the
input and output spikes are written in bold.
Table 2. Spikes in each neuron of Πsub at each step during the computation of the
subtraction 5 − 2 = 3

3.3

step

1/in1

2/in2

3

4

5/out

6

0
1
2
3
4

a5
λ
λ
λ
λ

b2
λ
λ
λ
λ

λ
a5
λ
λ
λ

λ
b2
b
λ
λ

λ
c2
a5 bc2
a4 bc2
a3 c2

λ
λ
λ
ab
a2 b 2

An SNQ P System for Multiplication

In this section, we present an SN P system with communication on request Πmul ,
as shown in Fig. 3 with 6 neurons, for implementing the multiplication of two
arbitrary natural numbers.
Theorem 3. For two arbitrary natural numbers x and y, where x, y > 0, SN
P system with communication on request Πmul as shown above computes the
multiplication of x and y.
Proof. SNQ P system Πmul functions as follows. In the initial conﬁguration
of Πmul , all neurons are empty. The multiplicand x and the multiplier y are
encoded as spikes ax and by , and are provided to neuron σin1 and neuron σin2 ,
respectively. Since neurons σ3 , σ4 , σ5 and σout are empty, all of them can use
the rule λ/Q(c3 , env), the spikes c3 arrives in them, and these neurons become
active.
With spike c3 inside, neuron σ5 can absorb from neuron σin2 one spike b. Now
spike b is present in σ5 , so the rule c3 /Q(a∞ , 1)(b, 5)(a∞ , 4) in neuron σ3 can be
used: all spikes a in neuron σin1 and the one spike b in neuron σ5 are requested
by neuron σ3 (there is no spike a in neuron σ4 , so no spike a requested). After

3

1/in1

4

λ/Q(c3 , env)
c3 /Q(a∞ , 1)(b, 5)(a∞ , 4)

ax

λ/Q(c3 , env)
c3 /Q(a∞ , 3)

6/out

5

2/in2

λ/Q(c3 , env)
c3 /Q(b, 2)

by

λ/Q(c3 , env)
a∗ b∗ c3 /Q(a∞ , 3)(b, 3)

Fig. 3. The structure of multiplier Πmul

this rule is used, neuron σin1 becomes empty, and spike c3 is left in neuron σ5 ,
which means neuron σ5 can use again the rule c3 /Q(b, 2). In the next step, the
spikes ax and b are requested by the neuron σout , and the spike c3 is left in
neuron σ5 . This is the ﬁrst time the spikes ax arrive in the output neuron. In
the meantime, with spike c3 present in neuron σ4 and σ5 , neuron σ5 absorb the
second spike b from neuron σin2 , neuron σ4 absorb the spikes ax from neuron
σ3 , Also with the present of spike c3 , these spikes ax and b will be requested by
neuron σ3 in the next step, and then moves to neuron σout , which is the second
time the spikes ax arrive in the output neuron.

Table 3. Spikes in each neuron of Πmul at each step during the computation of the
subtraction 5 × 2 = 10
step

1/in1

2/in2

3

4

5

6/out

0
1
2
3
4
5
6

a5
a5
a5
λ
λ
λ
λ

b2
b2
b
b
λ
λ
λ

λ
c3
c3
a5 bc3
c3
a5 bc3
c3

λ
c3
c3
c3
a 5 c3
c3
a 5 c3

λ
c3
bc3
c3
bc3
c3
c3

λ
c3
c3
c3
a5 bc3
a5 bc3
a10 b2 c3

With the above explanation, readers can check that, the spikes ax in neuron
σin1 ﬁnally arrive y times at the output neuron, and at the end of the computation, the number of spikes a present in the output neuron is xy, which means

that the result computed by the system is xy. So for given x, y > 0, system Πmul
can correctly compute the product of x and y, which completes the proof.
⊓
⊔
For example let us consider 5 × 2 = 10. Table 3 reports the spikes that occur
in each neuron of Πmul at each step during the computation. Also, the input
and output spikes are written in bold.

4

Conclusions and Future Work

Using the SN P systems with communication on request instead of the traditional
SN P systems communicating on command, we have restudied the problem of
considering SN P systems as components of arithmetic logic unit. Speciﬁcally
speaking, we have proposed three SN P systems with communication on request
to implement addition, subtraction and multiplication of two arbitrary natural
numbers, respectively. In these systems, the natural number is introduced into
the system as the number of some spike in input neuron, while the result of an
arithmetic operation is the number of speciﬁed spike present in output neuron
at the end of computation.
First of all, it is an urgent task to propose an SNQ P system to compute the
division between two natural numbers, and this one is probably the most diﬃcult
to design. In this work, the adder, subtracter and multiplier contain 5 neurons, 6
neurons and 6 neurons, respectively. The number of neurons is less than that is
used in [45] (10 neurons, 12 neurons and 26 neurons, respectively), but it has no
obvious advantage when compared to that is used in [46] (2 neurons, 2 neurons
and 11 neurons, respectively). Therefore, it deserves to be investigated whether
the SNQ P systems for arithmetic operations can be simpliﬁed by carefully
examining the structure, or by using a diﬀerent construction. Besides, for the
further investigation, it is natural to mention this problem: how to construct an
SNQ P system to implement arithmetic operations with signed number.
Acknowledgments. This work was supported by National Natural Science
Foundation of China (61502063 and 61602188).
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Abstract. Spiking Neural P system (or SN P system) is a computing
model based on the neurons in a living being. It is composed of neurons
containing spikes interconnected by synapses. Each neuron contain a set
of rules which will determine how the spikes are passed in the system.
It is a non-deterministic and parallel system which makes GPU a good
candidate for simulating this computing model. A matrix representation
for system without delay was previously developed and an algorithm
for simulating deterministic systems with delay was also presented. In
this work, an algorithm for simulating non-deterministic Spiking Neural
P System was presented. To accelerate simulations of Spiking Neural
P Systems, this algorithm was then implemented and used to simulate
nonuniform and uniform solution to the subset sum problem as a case
study. Time and space resources in the GPU of such simulations are then
compared and analyzed.
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Introduction

Spiking Neural P system (or SN P system) is a computing model under membrane computing [1] that is based on neurons in a living being where each neurons
sends electric signals to each other to deliver information [2]. The model consists
of computing units called neurons which contains spikes. The neurons are interconnected via synapses and passes spikes to each other based on a set of rules.
The model works in a parallel and non-deterministic manner, i.e. each neuron

2

Carandang et al

“processes” their spikes simultaneously and non-deterministically chooses which
rule to apply in case multiple rules can be selected. Creating a simulator for new
computation model like SN P is important to validate them experimentally as
well as to see how well they perform with our current technologies. There are
already efforts in creating simulator for SN P systems like [3] and [4], [5] , [6]
with earlier versions of the CuSNP simulator in [7] (but only for deterministic
systems). In this paper, we present an algorithm for simulating non deterministic SN P systems. This is mainly done mainly by extending representations
in the previous work from vectors to matrices where each row corresponds to a
different configuration of the system. The algorithm was then implemented as a
case study and used to simulate uniform and nonuniform solution to the subset
sum problem as presented in [8]. Time and space usage for both simulations are
then compared and analyzed to give insight regarding how we can further accelerate simulations of non deterministic spiking neural p systems. An algorithm
for generating Spiking Vectors is also presented. The algorithm works by first
finding all possible rules that can fire at that time step. However, not all rules
can fire according to the semantics of an SN P system so we generate different
valid spiking vectors that follows the semantics of an SN P system.
Based on our experiments with the case study simulator, running a nonuniform and uniform solution to the subset sum problem, the non-uniform solution ran faster with a speedup of at most 17.04 times. Comparing the runs
with the simulator that runs on CPU only (i.e. serial execution of tasks), the
parallel version of the simulator running the non-uniform solution has a faster
runtime with a speedup of at most 2 times compared to the serial execution.
However, the story is different for the simulation running the uniform solution
as the serial version was faster using all of our test cases. This is due to the
unoptimized nature of the parallel simulator which leads it to be slower.
The paper is structured as follows: Section 2 provides a formal definition
of the Spiking Neural P System and some matrix representation is presented;
Section 2.2 presents CUDA programming paradigm; Section 3 presents the algorithm for simulating non deterministic SN P systems as well as generating
spiking vectors as well as matrix representation used in this report; Section 4
shows the results of implementing the algorithm and simulating different systems; and Section 5 provides conclusion as well as some future work.

2
2.1

Preliminaries
Spiking Neural P Systems

The reader is assumed to be familiar with basics of membrane computing and
formal language theory. A Spiking neural P system Π is of the form:
Π = (O, σ1 , ..., σm , syn, in, out)
1. O = {a} is the alphabet containing a single symbol (the spike);
2. σ1 , ..., σm are neurons, of the form σi = (αi , Ri ), 1 ≤ i ≤ m where:
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(a) αi ≥ 0 is the initial number of spikes contained in σi .
(b) Ri is a finite set of rules of the following two forms:
(i) (Spiking Rule) E/ac → ap ; d where E is a regular expression over O
and c ≥ p ≥ 1, d ≥ 0.
(ii) (Forgetting Rule) as → λ, for s ≥ 1, with the restriction that for
each rule E/ac → ap ; d of type (i) from Ri , we have as 6∈ L(E) ;
3. syn ⊆ {1, 2, ..., m} × {1, 2, ..., m} with i 6= j for all (i, j) ∈ syn, 1 ≤ I, j ≤ m
(synapses between neurons);
4. in, out ∈ {1, 2, ..., m} indicate the input and the output neurons, respectively.
An SN P system whose spiking rules have p = 1 is said to be of the standard
type (non-extended). A spiking rule is applied as follows: if a neuron σi contains
k spikes, and ak ∈ L(E), k ≥ c, then the rule E/ac → ap ; d ∈ Ri can be applied.
This means we remove c spikes so that k − c spikes remain in σi , the neuron is
then fired and produces p spikesafter d time steps. Spikes are fired after t + d
steps where t is the current time step of the computation. If d = 0, the spikes are
fired immediately. Between step t and t + d, we say σ has not fired the spike yet
and is closed, i.e. σi cannot receive spikes from other neurons connected to it. If
neurons with a synapse to σ fire, the spikes are lost. At step t + d, the spikes are
fired, and σi is now open to receive spikes. At t + d + 1, σi can apply a rule.
A forgetting rule is applied as follows: If σi contains exactly s spikes, then
the rule as → λ from Ri can be applied, meaning all of the s spikes are removed
from σi . Rules of type (i) where E = ac can be written in the shortened form
of ac → ap ; d. In the case two or more rules of σi are applicable at the same
step, only one rule is applied and is non-deterministicaly chosen. A configuration
of the system at step t is denoted as Ct = hr1 /k1 , . . . , rm /km i for 1 ≤ i ≤ m,
where σi contains ri ≥ 0 spikes and remains closed for ki more steps. The initial
configuration of the system is therefore C0 = hr1 /0, . . . , rm /0i. Rule application
provides us a transition from one configuration to another. A computation is
any (finite or infinite) sequence of configurations such that: (a) the first term
is the initial configuration C0 ; (b) for each n ≥ 2, the nth configuration of the
sequence is obtained from the previous configuration in one transition step; and
(c) if the sequence is finite (called halting computation) then the last term is a
halting configuration, i.e. a configuration where all neurons are open and no rule
can be applied. Two common ways to obtain the output of an SN P system are
as follows: (1) obtaining the time interval between exactly the first two steps
when the output neuron σout spikes, e.g. number n = tn − t1 is computed, where
σout produced its first two spikes at steps t1 and tn ; (2) counting the number of
spikes produced by σout until the system halts. In this work, we consider systems
that produce their output as given in (2) and was done in [8].
In this paper, we will look at SN P systems solving the subset sum problem
mainly, how the uniform and non-uniform solution to this problem compares to
each other. When a system is constructed in such a way that it depends directly
at an instance of a problem, we say that the solution is non-uniform, otherwise
it is uniform. For the subset sum problem for example, we just need to know the
number of integers in the set for the uniform solution while we need to know
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both the number of integers in the set as well as each integer for the non-uniform
solution as the number of neurons will also depend on this. We point the readers
to [8] for more details.
2.2

Simulation with CUDA GPUs

Next, we briefly discuss the Compute Unified Device Architecture (in short,
CUDA) for GPU programming. CUDA is a parallel programming computing
platform and application programming interface model developed by NVIDIA
[9] [10]. CUDA allows software developers to use a CUDA enabled GPUs for
general purpose GPU (in short, GPGPU) computing.
Functions that execute in the GPU, known as kernel functions, are executed
by one or more threads arranged in thread blocks. The thread blocks are then
arranged in grid of thread blocks. It is the task of the developer to arrange
threads in such a thread hierarchy, i.e. in a block of threads, and a grid of thread
blocks. In the CUDA programming model, the GPU is often referred to as the
device, while the CPU is referred to as the host. The host performs the kernel
function calls to be executed on the device.
CUDA uses a single program, multiple data (in short, SPMD) paradigm. In
this paradigm, threads execute similar code, while allowing such threads to access
multiple (possibly different values of) data. Aside from the thread hierarchy,
CUDA also implements a memory hierarchy similar to how there exist memory
hierarchies in the CPU. We do not go into details of the thread and memory
hierarchy of CUDA and instead refer the reader to [9] [10].

3
3.1

Algorithms for CuSNP
Matrix Representation

1

2

a2
(1) a2 → a2
(2) a2 → a

a
(3) a → a
(4) a → a; 1

Fig. 1: A Spiking Neural P System with 2 neuron

For the following matrix representation we will use the system Π presented
in 1 as a sample which could formally define as:
Π = ({a}, σ1 , σ2 , syn)
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where
1. σ1 = (2, {a2 /a2 → a2 ; 0, a2 /a2 → a; 0}),
2. σ2 = (1, {a/a → a; 0, a/a → a; 1}),
3. syn = {(1, 2), (2, 1)}
In this section we first introduce the modifications of the matrix representation given in [11] in order to simulate SN P systems with delay. After the
modifications are presented, the algorithms for the simulation in CuSNP are
provided.
Let Π be an SN P system with delay having m neurons and n rules.
Definition 1: (Configuration Vector). The configuration vector C (k) =
hc1 , ..., cm i, where ci is the amount of spikes in σi at time k, as was done in [11].
For our example, the initial configuration vector C (0) = h2, 1i
Definition 2: (Status Vector). The kth status vector is denoted by St(k) =
hst1 , ..., st(
m i from for [4] such that,
1, if neuron m is open,
sti =
0, if neuron m is closed.
The initial Status Vector of system Π is St(0) = h1, 1i since all the neurons
are initially open
Definition 3: (Countdown Vector). The countdown vector at time step
k is represented
by D0(k) = hd01 , ..., d0m i from [4] such that,


−1, if rule i is not fired,
0
di = 0, if rule i is activated,


≥ 1, if rule i is fired but has a delay
Note that d0 tells us the time remaining before a rule releases it’s spikes.
For our example, the initial countdown vector D0(0) = h−1, −1, −1, −1i since
all of the rules are not activated yet.
Definition 4: (System Configuration). We then define the system configuration of Π as Conf (k) at time step k with m neurons and n rules by the
following:
Conf (k) = {C (k) , St(k) , D0(k) }
We can say that Conf (0) = {C (0) , St(0) , D0(0) } is the initial system configuration.
Definition 5: (Spiking Matrix). A Spiking Matrix of system Π can be
defined as follows
h
i
S (k) = s(k)
ij
q×n

Where:
(k)
sij

(
1, if Ei is satisfied and ri is applied in instance q
=
0, otherwise.

6

Carandang et al

That is to say that each row of the Spiking Matrix S is composed of individual
valid spiking vectors as defined in [4]. In our case, q is the number of valid spiking
vectors from a single configuration Conf (k) .
Definition 6: (Indicator Matrix). An Indicator Matrix of system Π
can be defined as follows
h
i
IM (k) = im(k)
ij
q×n

where

(k)

imij



1, if rule ri with delay d fired at time step s where s + d = k
= (i.e. the rule fired and is done with its delay)


0, otherwise.

Like the Spiking Matrix SM , the Indicator Vector is also extended into a
matrix where each row represents a single indicator vector.
Definition 7: (Status Matrix) A Status Matrix of system Π can be
defined as follows
h
i
SM (k) = sm(k)
ij
q×m

where
(
(k)
smij

=

1, if neuron σi is open at instance j
0, otherwise.

Definition 8: (Transition Matrix). The Transition Matrix from [11] of
system Π can be defined as follows


T M = tmij n×m
where

p, if rule ri is in neuron σs (s 6= j and (s, j) ∈ syn)



 and is applied producing p spikes
tmij =

−c, if rule ri is in neuron σj and is applied consuming c spikes



0, otherwise.
From the the definition of T M , we define two more matrix based from T M
as follows




−
T M + = tm+
= tm−
ij n×m and T M
ij n×m
where That is to say that T M + contains the positive values in T M (i.e. the
number of spikes produced by the rules) and T M − contains the negative values
(i.e. the number of spikes consumed)
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(
tmij , if tmij > 0
0, otherwise.

tm−
ij =
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(
tmij , if tmij < 0
0, otherwise.

Definition 9: (Net Gain Vector). The Net Gain Matrix can be defined
as:


N G(k) = C (k+1) − C (k) q
That is to say that each row is w, 1 ≤ w ≤ q is a single Net Gain Vector.
We can compute for N G(k) by:
(k)

(k)

(k)

(k)

+
−
N Gq×m = Stq×m ⊗ (IVq×n ∗ T Mn×m
) + Sq×n ∗ T Mn×m

where ⊗ is the elementwise multiplication for matrix.
Continuing with our example, the following the matrices for figure 1

T M+


0
0
=
1
1



2
−2

1
 T M − = −2
0
0
0
0


0
0

−1
−1

 




11
1010
1010






1
0
0
0
1
0
0
1
(1)
(1)
1 0



S (1) = 
0 1 1 0 IM = 0 1 1 0 SM = 1 1
10
0100
0101

 
 
   
  
−1 1
−2 0
1010
02
1010
11
1 0 1 0 0 0 0 1 1 0 0 1 −2 0  −2 −1

 
 
   
 
N G(1) = 
1 1⊗0 1 1 0 ∗ 1 0+0 1 1 0 ∗  0 −1 = −1 0 
−2 −1
0 −1
0101
10
0100
10

C (1)

C (1) = C (0) + N G(1)
  
  
21
−1 1
12
2 1 −2 −1 0 0
  
 
=
2 1 + −1 0  = 1 1
21
−2 −1
00

Next, we provide the algorithms that make use of the definitions provided
above.
3.2

Main Simulation Algorithm

Algorithm 1 is an algorithm for simulating non deterministic Spiking Neural P
Systems.
We use a queue (i.e. a first-in, first out data structure implemented with a
1D array) to store the configurations so we can process the computation tree
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Algorithm 1 Main simulation algorithm for non deterministic SN P
1: Given a Queue Q which initially contains the system configuration Conf (0)
Require: Q
2: Get a system configuration Conf (k) from Q
(k)
3: Generate the Spiking Matrix Sq×n
0(k)

(k)

(k)

4: Generate the Indicator Matrix IMq×n , and Dq×n Status Matrix Stq×m , where q is
the number of possible outcomes the non deterministic SN P sytem Π has based
(k)
on Sq×n .
(k+1)

N Gq×m = St(k) ⊗ (IV (k) ∗ T M + ) + S (k) ∗ T M −
0
for d0 ∈ Dq×n
do
0
if d 6= −1 then
d0 ← d0 − 1
end if
end for
w→1
while w ≤ q do
Generate a new system configuration
(k+1)
0(k+1)
N Gw , Stw
, Dw
}.
14:
Added the new configuration to Q
15: end while
16: return Q
5:
6:
7:
8:
9:
10:
11:
12:
13:

(k+1)

Confw

=

{C (k) +

in a Breadth First manner. We repeat this steps so we can simulate the system
to a definite number of steps or until the computation halts and no configuration remains the the queue. We can generate the Indicator Matrix, Countdown
Matrix, and Status Matrix based on their definitions above using the Spiking
Vector. The next section will present how we can generate the spiking matrix.
3.3

Algorithm for Generating Spiking Vectors
(k)

For generating the spiking matrix Sq×n , we first introduce some vectors and
matrices to help us.
Definition 10: (Applicability Vector). The Applicability Vector AP
for a system Π with m neurons and n rules at timestep k is defined as follows
(k)

(k)

AP (k) = hap1 , ap2 , ..., ap(k)
n i
(
1, if rule Ei of rule ri is satisfied and the rule can be fired
where
=
0, otherwise
The applicability vector gives us which rules could activate without considering first the semantics of an SN P system. In 1, the applicability vector AP
is
AP (1) = h(1, 1), (1, 1)i
(k)
api

since all rules are applicable. Note, we group the rules according to the neuron
that owns them.
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Definition 11: (Count Vector). We then define the Count Vector CV (k) =
(k)
where cvi , 1 ≤ i ≤ m contains the number of applicable
rule for neuron i
We can get q which is number of possible outcomes the system will have by
(k)
(k)
(k)
hcv1 , cv2 , ..., cvm i

q=

m
Y

(k)

cvi

i=1

From our sample
CV (k) = h2, 2i and q = 4
Definition 12: (Change Frequency). We also define the Change Fre(k)
quency Vector F V (k) where for each f vi , 1 ≤ i ≤ m ∈ F V (k)
(
1, if i = 1
(k)
f vi =
(k)
(k)
f vi−1 ∗ cvi , otherwise
From our sample:
F V (k) = h1, 2i
Definition 12: Order Vector By assigning a total order for each rule that
can active with respect to their neuron owner, we can create a close formula for
(k) (k)
(k)
generating SV . We’ll call this the Order Vector O(k) = ho1 , o1 2..., o1 i
For our example, O(k) = h1, 2, 1, 2i
(k)
Based from the definition above, we can generate the Spiking Matrix S(q×n)
by algorithm 2
Algorithm 2 Compute Spiking Vector
Require: Conf (k)
1: Generate AP (k) , CV (k) , q, F V (k) , O(k) from the definitions above
2: i → 1
3: while i ≤ q do
4:
j→1
5:
while j ≤ n do
j
k
(k)
(k)
(k)
6:
if api = 1 and (oi − 1) ≡ (j − 1)/f vσs
mod cvσs then
(k)

7:
sij → 1
8:
else
(k)
9:
sij → 0
10:
end if
11:
j →j+1
12:
end while
13:
i→i+1
14: end while
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Experimental Results with CuSNP-nd

Algorithm 1 was implemented in C++ and CUDA C++ as a case study simulator
without much optimization. The solution to the subset sum problem presented
in [8] was simulated using cusnp-nd with the set size of 3 to 7. The input size is
chosen due to simulator implementations. Such input sizes for Subset Sum are
sufficient in the meantime, however, to demonstrate effects in time and space
of GPUs for simulating nonuniform and uniform solutions. Integers between 50
and 100 inclusive were randomly chosen and a random half of the generated set
were chosen to serve as the solution. This is to ensure that each problem have
a solution. The same set is used for uniform and nonuniform systems and the
simulation is averaged over 10 runs. The simulations were done in a system running on Ubuntu 16.04 with Intel Core i7-6700 CPU clocked at 3.40GHz, GeForce
GTX 1070 with 1,920 CUDA Cores clocked at 1.84 GHz with a dedicated 8GB
memory for its graphics card, and 32GB RAM.
First, we compare the runtime of the nonuniform and uniform solution to the
subset sum problem presented as presented in [8]. Figure 2 shows the runtime
comparison of both system at different input size (i.e. the number of integers in
the set). Since the nonuniform system is sure to finish in 4 steps, it is expected
that it would run faster than the uniform solution. This however comes with a
trade off of using more space (i.e. more neurons). The runtime of the uniform
solution is based on how the integers in the set and uses the same number of
neurons for the same input size.

Fig. 2: Nonuniform vs Uniform Solution to Subset Sum
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Comparing the runtime of series and parallel execution of the algorithm using
the nonuniform solution we can see that the serial version of the simulator is
much faster with smaller input size as presented in Figure 3. However, at input
size 7, we can see a 2 times speedup of the parallel version of the simulator
compared to the sequential version.
However, using the uniform solution for the subset sum shows a different
trend in the runtime comparison of the two simulators. Even at input size 7, the
sequential simulator appears to run faster than parallel simulator. This might
be due to the parallel version being not optimized. It requires a lot of device to
host copies at each simulation step. Since the nonuniform solution requires less
step than the uniform solution, less simulation step is required which leads to
less device to host copy. This leads to the nonuniform solution finding a solution
to the subset problem 17 times faster than its uniform counterpart based on our
test.
Table 1 presents the number of neuron required for both uniform and nonuniform solution as well as the speedup of the nonuniform solution versus the uniform solution for different input sizes. We can see here that the nonuniform
solution uses more neurons since each integers are also encoded as neurons while
the uniform solutions encodes each integers as spikes. This leads to the nonuniform solution requiring 8 times more neurons according to our test. We also
note that the uniform solution uses the same number of neurons regardless of
the integers in our input while the nonuniform solution could potentially use
more or less neurons depending on the integers in the set. However, the use of
more neurons by the nonuniform solution was compensated by having a faster
runtime, running at most 17.04 times faster accordong to our tests.

Fig. 3: Parallel vs Serial Execution of Nonuniform Solution to Subset Sum
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Fig. 4: Parallel vs Serial Execution of Uniform Solution to Subset Sum

Table 1: Number of Neurons Required for Uniform and Nonuniform Solution
No of Neurons
Input Size Nonuniform Solution
3
124
4
241
5
247
6
334
7
385

5

Uniform Solution Speedup
28
1.55
33
1.92
38
2.68
43
5.02
48
17.04

Final remarks

In this work, we presented an algorithm for simulating non-deterministic Spiking
Neural P Systems. This is done by extending vectors presented in previous work
into matrices in order to store different configuration under the same system. An
algorithm for generating a Spiking Vector from an Applicability Vector was also
presented which can be easily implemented in CUDA. A case study simulator
was implemented and tested by simulating a uniform and nonuniform solution
to the subset sum problem. While the runtime for using the nonuniform solution
is much faster for the parallel version of the simulator, the runtime for using the
uniform solution using the sequential simulator was faster because the parallel
simulator is not optimized.
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We intend to further optimize the parallel simulator for non-deterministic
spiking neural p systems. We also intend to test more uniform and nonuniform
system and compare them experimentally using the simulator.
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Abstract. In this work, we propose a simulation model called an intelligence decision P system, which is inspired by the process of cell migration. In this model, cells are considered as intelligent particles
with decision-making mechanisms and moving mechanisms. They move
towards their goals on a two-dimensional space under the guidance of
external signals and their own regulations. Moreover, they can communicate with their neighbors according to specific interaction mechanism
to update their knowledge bases. The environment is defined as the site
of cell movement. It includes signal objects, some of which help start
or end the migration and others have great influence on the speeds and
directions of cells. It also keeps a record of current position for each cell
in each step. The process of cell migration has some similarities with
pedestrian walking behavior, so the intelligence decision P system can
be used as a simulation model for evacuation behaviour. A case study is
about modeling and simulating a building evacuation problem in a fire
emergency by using an intelligence decision P system. The interaction
between pedestrians and their surroundings are well modeled. Simulation result shows that our model allows much easier and more precise
modelling of pedestrian evacuation problems.
Keywords: membrane computing, P system, modeling and simulation,
pedestrian evacuation
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Introduction

Membrane computing is a branch of natural computing. It is inspired by the
structure and the function of living cells as well as the organization of cells
in tissues, organs, and other higher order structures [1–3]. The computational
devices in membrane computing are called P systems. It provides distributed
?
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parallel and non-deterministic computing frameworks [4–7]. Most P systems are
computationally universal, and can solve NP-hard problems or PSPACE problems in a polynomial time or even a linear time [8–11]. Until now, they have
been applied to various aspects of engineering [12–14]. Some kind of P systems
are used as modelling notation for ecological systems [15] and crowd behaviour
[16].
Tissue P system processes symbols in a multiset rewriting sense in a net of
cells [17]. Each cell has a finite state of memory, processes multisets of symbolimpulses, and can send impulses to the neighboring cells. By using the intercellular communication, a link has been established between cells, tissue P system
can process the impulses in the complex net. Most of P systems do not involve the
concept of position except the spatial P systems [18] and grid-exploring P system
[19]. In spatial P systems, objects in membranes are associated with positions.
Membranes delimit space to different regions. Evolution rules are associated with
membranes, and take into account the positions of objects. Spatial P systems are
universal and can be used to model the evolution of populations in presence of
geographical separations. Grid-exploring P system uses generalized membranes
to form the grid elements. By artificial evolution, the arrangement of the inner
membrane of the grid is optimized to shorten the total time required for all
particles to pass through the full channel. So the grid-exploring P system is an
optimization algorithm rather than a decision system. Cells in the grid-exploring
P system are not free to move. It takes the information-carrying particles as the
main body of the movement.
Cellular Automata also use a representation of the space [20, 21]. It is composed of a finite grid of cells, where each cell has an associated state taken from
a finite set of different states. Time is discrete, and at each step of the evolution
all the cells change state in accordance with a rule, which is characteristic of the
particular cellular automaton model. The rule is deterministic and local, in the
sense that the new state of a cell is determined only on the basis of the previous
states of cell itself and of nearby cells. From the point of view of information
transmission, the speed of information transfer in cellular automata is limited.
Although there are many new models based on cellular automata, the cells are
not free to move in these models.
Cell migration is a central process in the development and maintenance of
multicellular organisms. Tissue formation during embryonic development, wound
healing and immune responses all require the orchestrated movement of cells
in particular directions to specific locations. Cells often migrate in response to
specific external signals, including chemical signals and mechanical signals. When
they receive the signals, they open their internal switches and start the migration
process. Some of the signal molecules may even affect the speed and direction of
cell migration. After that, the signal molecules inside cells pass the information
to the cytoskeleton and the molecular motor to complete the migration process.
For example, when the white blood cells attract by f-Met-Leu-Phe, they move
to the invading bacteria and kill them.

3

The motivation of our study is to propose a new modelling technique for
pedestrian walking behaviour. We proposed a simulation model called an intelligence decision P system, which was inspired by the process of cell migration. This
model involves running cells with decision-making mechanism, moving mechanism and interaction mechanism. It can also provide an accurate description of
surroundings around these cells. Cells in our model can be considered as intelligent particles. They move towards their goals on a two-dimensional space under
the guidance of external signals and its own regulations. That is, they make decisions in the light of their own knowledge bases, and interact with other cells or
with specific external signals during the moving process. In each step, cells decide
what is the next action to be performed through a deliberation decision-making
process. In consideration of the similarity between cell migration process and
pedestrian walking behavior, the intelligence decision P system was used as a
modelling notation for building evacuation problems. The topology structure of
our model is a network. Cells in our model also have interactive behavior like in
tissue P systems. However, the biggest difference between our model and other
P systems is that cells in our model can move towards their goals according to
their own decision-making patterns.

2

Intelligence Decision P System

Formally, an intelligence decision P system of degree n ≥ 1 is defined as follows
(0)

Π = (Γ, E (0) , C1 , . . . , Cn(0) , R, G, ss , st ),
where:
– n ≥ 1 (the system contains n cells, labeled with 1, 2, · · · , n);
– Γ is the alphabet of objects;
– E (0) is the set of objects in the environment at the beginning of the simulation, each with an arbitrarily many copies; the environment E is defined
as the site of cell movement. It includes signal objects, some of which help
start or end the migration and others have great influence on the speed and
directions of cells. It keeps a record of current position of each cell.
(0)
(0)
– C1 , . . . , Cn are strings over Γ , describing n knowledge bases placed in
1, . . . , n cells respectively at the beginning of the simulation;
– R includes three kinds of rules:
1. Decision-making rules:
Suppose there are m inference rules, cell i can obtain ik schemes at step
j according to the following rules,
(j)

(j)

(j)

Ci {r1 , . . . , rm } → {Schemei,1 , . . . , Schemei,ik },
(j)

where Ci means the knowledge base placed in cell i at step j.
(j)
Choose the best scheme Schemei,best according to specific requirement,
for example, minimizing distance from current position to the exit.
(j)

(j)

(j)

{Schemei,1 , . . . , Schemei,ik } → Schemei,best .
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Then, the expected velocity and moving direction can be calculated,
0(j)

(j)

Schemei,best → (vi

0(j)

, di ).

It is worth mentioning that priorities can be easily added to these rules
for decision-making .
2. Interaction rules:
(1) Cells communicate with each other and update their knowledge bases
according to the new information shared by others,
(j)

Ci

0(j+1)

→ Ci

.

(2) Interaction with environment:
Signals in the environment may carry useful information and help update
knowledge bases of cells,
0(j+1)

Ci

(j+1)

→ Ci

.

(3) Considering possible blocking, pushing or competition behaviour between each other, cells may not move according to the expected velocity
and moving direction. In that case, they have to revise them to achievable
ones,
0(j) 0(j)
(j) (j)
(vi , di ) → (vi , di ),
(j)

and move with velocity vi
3. Position-updating rules:
(j)

(j)

(j)

and direction di

at step j.

(j)

, yi

(j)

(j+1)

(xi , yi )(vi , di ) → (xi
(j)

(j)

(j+1)

),
(j)

where (xi , yi ) means the position of cell i at step j, (vi , d(j) ) means
the speed and the moving direction of cell i at step j.
– G is the set of destinations or exits of the moving cells.
– ss is the starting signal for cell movement, while st is the termination signal.
The rules of a system as above are used in the non-deterministic maximally
parallel manner. When the starting signal ss appears in the environment, cells
move towards their goals under the guidance of rules in R. In each step, cells
decide what is the next action to be performed, that is, velocities and directions.
They usually stop moving when they reach their destinations or the termination
signal st appears in the environment.

3

Intelligence Decision P System for Evacuation
Simulation

Evacuation planning has become increasingly important in recent years which
has attracted the attention of more and more researchers. Effective evacuation
strategy is the key to improve evacuation efficiency and reduce casualties. The
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perception of spatial accessibility of building and optimal path selection play
very significant roles in the efficiency of building evacuation.
The degree of familiarity with architecture affects the choice of paths to a
large extent. If the people know more than one exit from the building, they have
multiple options when an emergency occurs, and the chances of a successful
evacuation are greater. People tend to move toward familiar exits, but this is
not necessarily the shortest path. People who know only one exit may walk a far
route and lose the good chance to evacuate.
In this section, we designed an intelligence decision P system to model the
evacuation process of people with different knowledge bases. The model involved
the decision-making process of different kinds of people, the interaction process
with leaders and the perception of guide signs. When a fire occurs, people receive
signals and start to move to the exits. When the smoke concentration reaches a
certain value, the people in the building will get injured. So a threshold is set
to limit the evacuation time. If the evacuation time exceeds the specified value,
people remaining in the building cannot move, and the simulation process will
be stopped.
3.1

Environment setup

The experimental scene in this paper is a teaching building of China University
of Geosciences (Beijing). We consider a slight modification of the map of the
building. After the 2D processing and simplification, draw the graphic map of
mechanical engineering experiment teaching center by mapping software and
then import it into NetLogo. As shown in Figure 1, we made simple marks for
each area. The yellow area represents the classroom. The gray area represents
the wall. The blue area represents the door of the classroom. The light blue area
represents the corridor and the green area represents the exit of the building.
From left to right are exit 1, exit 2 and exit 3. The black area represents the safe
area outside the building. And the orange area represents the guide signs. The
E 0 given by
[
E 0 = Eg − (Ired Igray ) Ired ∈ Eg Igray ∈ Eg
(1)
where Eg is a collection of building component of the classroom building,
including classrooms, corridors, road signs, exits, etc. Ired is a fire area where
represented by a red color, and people cannot pass through the area. Igray are
the separated component of the teaching building which represented by a gray
color. They divide the inner space of the building into separate spaces.
3.2

The attribute setting of the cell

In our model, people are denoted by cells with different knowledge bases and
inference rules. They are divided into eight categories according to their familiarity about the exits. The first kind of people have the knowledge about how to
reach all the exits; the second, the third and the fourth kinds of people have the
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Fig. 1. The experimental scene.

knowledge about two exits; the fifth, the sixth and the seventh kinds of people
know one exit only and the eighth kind of people have no idea about any passable exits, see Table 1. People knowing all the exits have the whole knowledge
of the building, we call them “leaders”. Others have partial information about
the building, we call them “follower”. In the initial state, people know at least
one exit.

Table 1. Types of people with different familiarity about exits.
Type of people
1
2
3
4
5
6
7
8

Exit 1
√

Exit 2
√
√

√
√

Exit 3
√
√

√
√

√

√
√

Next, we set the other attributes of the cell. In the initial state, the location
of each cell is randomly assigned. Figure 2 shows the distribution of cells in the
initial state, where different kinds of cell are described in different colors. As the
people in the teaching building are normal adults, we set the speed to the same
and constant value of 1, and set the cell to the same size. As shown in Figure
3, we set the viewing angle for the cell, the default is 120◦ . People can only see
objects within the field of view, and people cannot see the situation in other side
of the wall.
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Fig. 2. The distribution of people at beginning.

Fig. 3. The view of the cell.
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3.3

The evacuation process
(0)

The individual i has initial knowledge base Ci at the beginning. When the ss
(initial signal) appears, the movement process starts.
In the evacuation process, people use decision-making rules to select the
direction of movement. First, according to their own knowledge base, people
find all feasible schemes and choose the best scheme from them. Then, people
decide the next move direction according to the best scheme.
People obtain new knowledge through interaction rules and update their own
knowledge base. There are three kinds of interaction rules. The first one is communication rules with other followers and leaders. They update their knowledge
bases according to the new information shared by others. For the interactive
behavior between people, we set a certain probability of occurrence. People may
get the current best path from leaders. However, the paths obtained by communicating with followers are not necessarily optimal. Then, they search their
knowledge bases and find several schemes to move according to specific inference
rules. They evaluate those schemes and select the best one. Then, they calculate
the expected moving speeds and corresponding directions. The second one is
guiding by the guide signs. The guide signs will direct people to the nearest exit.
The third is selecting path based on real-time road conditions. When people
meet a crowded crowd, they will choose another path.
During the evacuation process, different kinds of cell can be converted to
each other. When a fire occurs, the exit may be blocked by fire. In that case,
some people may have no useful information to find any exit. They have to walk
randomly until their knowledge bases are updated by interaction with other
people or the environment. When they get the corresponding exit knowledge,
they are converted to the corresponding categories of cell. Similarly, cells can
become leaders when they obtain information about all exits during the evacuation process. This type of conversion is performed by changing the color of the
cell. Figure 4 shows this transformation. P0 represents some people who have
no idea about any passable exits. P1 represent some people who know one exit.
P2 represents some people who know two exits. In the same way, P3 represents
some people who know all exits.

Fig. 4. The transformation of each kinds of cell.

To avoid collisions, cells attempt to keep a distance from the surrounding
obstacles while moving. These obstacles include walls and other evacuees. The
movement of the cell is affected by the repulsion force which produced by the
obstacles. At the same time, the movement of cells is also affected by the desti-

9

nation. These forces are illustrated in Figure 5, corresponding to the following
formula.
X
X p
(F w
(2)
(F in ) +
F i = F gi +
im )
n

m

where F i is the average interaction force that determines the direction of movement of the cell i. F gi is the force of the destination on the cell i. It always exists
and drives the cell i to move toward the exit. F pin is the repulsion force of other
evacuees (exclude leaders) to cell i. F w
im is the repulsive force of the wall to cell
i.

Fig. 5. Force analysis of cell.

4

Simulation

The simulation system is implemented using NetLogo. NetLogo divides the scene
into areas of box, and the initial position of people is randomly distributed. The
total number of people is set to 500. The number of leaders can be adjusted by
the slider control. The percentage of other kinds of people in followers at the
beginning is given in Table 2. After some tests, we found that the concentration
of smoke generally reached the maximum value that people can bear within 180s
in the teaching building. So we set the simulation time to 180s. Two scenarios
Table 2. Initial percentage of people in followers.
Type of people Exit 1 Exit 2 Exit 3 Proportion
√
√
1
10%
√
√
2
10%
√
√
3
10%
√
4
20%
√
5
30%
√
6
20%
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are considered in this study. In scenario 1, fire occurs in the classroom and not
block any exit. In scenario 2, the fire makes exit 1 impassable. The results of
experiment are evaluated by average evacuation time and the number of casualty.
For each experiment, the mean result collected over ten runs is reported.
In order to compare the number of people passing through the exits and
evacuation time in different cases, place a counter at each exit to count. We use
average evacuation time to measure evacuation efficiency. The average evacuation
time is calculated by [22]
Avg.E(t) =

ne
tei ) + ts nf
(Σi=1
ntotal

(3)

where ntotal is the total number of people in the building, tei is the time to exit
for people i, ts is the total simulation time, ne is the number of people who have
successfully evacuated, nf is the total number of people who did not escape in
the simulation.
Some of the properties of the experiment are simulated by random control,
so individual simulation results with the same environment and parameter specifications may be different. The properties of experiment that are controlled in
this way include the initial position of people and people’s interactive behavior.
Because of this potential difference between simulations, we perform multiple
simulations of each scenario and note the average result.

4.1

The effect of leaders

To analyze the effect of leaders, four experiments were conducted. The number
of leaders are set to 0, 20, 50, 100 respectively, see Table 3. From the simulation
process, we can see that people are moving to the nearest exit they know, but
these are not the best choice for them. With no accurate information on the best
exit, people spend a lot of time on redundant paths. But after joining the leader,
this situation has improved greatly. Because the leader will inform the people
around the current best exit position. When some followers know all the exits,
they turn into leaders and continue to affect more people.
From two different experimental scenarios, we can feel the great role played by
the leaders. In scenario 1, the average evacuation time decreased with increasing
number of leaders. But if the number of leaders exceeds a threshold, its effect on
the evacuation process will not be obvious. In scenario 2, the average evacuation
time is increased comparing with that in scenario 1 and some people get injured.
After leaders appear, the average evacuation time is shortened obviously and the
number of injured people is greatly reduced. Figure 6 represents the evacuation
situation when there is no leader in scenario 1 and scenario 2. Figure 7 represents
the evacuation situation under the influence of leaders in scenario 1 and scenario
2. It can be seen that leaders play an important role in the evacuation process.
The more leaders, the fewer injured people. Therefore, we should pay attention
to popularize the building structure knowledge to people at ordinary times.
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Fig. 6. The evacuation situation without leader

Fig. 7. The evacuation situation with leader
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Table 3. The effect of leaders.
Experiments
Exp#1
Exp#2
Exp#3
Exp#4
Exp#
Exp#1
Exp#2
Exp#3
Exp#4

4.2

Scenario 1
number of people
500
500
500
500
Scenario 2
num of people
500
500
500
500

number of leaders
0
20
50
100

Avg.E(t)
52
38
30
26

Avg.Hurt
0
0
0
0

num of leaders
0
20
50
100

Avg.E(t)
83
66
59
52

Avg.Hurt
36
5
0
0

The effect of guide signs

In this subsection, we analyze the effect of guide signs. In these experiments,
we did not add the leaders. Exp#1 is tested without guide signs, while Exp#2
is tested with guide signs. Table 4 shows that the average evacuation time is
reduced after adding a guide signs in scenario 1. However, there will be a dramatic increase in the number of people at exit 1, and the risk of overcrowding
and danger will rise. As shown in Figure 7, exit 1 will be congested, it will reduce the evacuation efficiency. Attention should be paid to evacuation guidance
in this area. In scenario 2, exit 1 is blocked, but there are still a lot of people
moving towards exit 1 because of the guide sign. Because some people walk an
ineffective path, both the average evacuation time and the total evacuation time
are increased. Therefore, if an exit is blocked by fire, the corresponding guide
signs may have a bad effect on the evacuation process. Figure 9 represents the
evacuation situation when there is no guide signs in scenario 1 and scenario 2.
Figure 10 represents the evacuation situation under the influence of guide signs
in scenario 1 and scenario 2. We can see that, in general, guide signs can promote
the evacuation process.

Table 4. The effect of guide signs.
Experiments
with guide signs ?
Avg.E(t)
Avg.Hurt

Scenario 1
Exp#1
No
56
0

Exp#2
Yes
34
0

Scenario 2
Exp#1
No
82
75

Exp#2
Yes
53
0
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Fig. 8. The congestion in exit 1

Fig. 9. The evacuation situation without guide signs
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Fig. 10. The evacuation situation with guide signs

4.3

The utilization rate of different exits

To analyze the utilization rate of different exits, we designed eight sets of experiments. In the two experiment scenarios, we divided eight cases according to
whether there was a leader or a guide sign, see Table 5. By analyzing the utilization rate of exits under various conditions, we come to the following conclusions.

Table 5. The utilization rate of different exits.
Experiments

Scenario 1
Scenario 2
Exp#1 Exp#2 Exp#3 Exp#4 Exp#1 Exp#2 Exp#3 Exp#4
number of leaders
0
0
50
50
0
0
50
50
with guide signs ?
No
Yes
No
Yes
No
Yes
No
Yes
Exit 1
160
194
177
201
0
0
0
0
Exit 2
214
219
213
181
263
404
346
389
Exit 3
126
87
110
118
180
96
154
111

The use of emergency exits depends largely on how familiar people are to it.
People who do not know the location of exits tend to overlook the emergency
exits outside their scope of vision. In this subsection, the utilization rate of each
exit is analyzed. According to Table 5, the utilization of exit 3 is the lowest in
either scenario 1 or scenario 2, especially in scenario 2. People who are unfamiliar
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with exits of the building hardly notice the exit 3. Increasing the utilization rate
of exit 3 will help improve the average evacuation time.

5

Conclusions

In this work, we propose a simulation model called an intelligence decision P
system, which is inspired by the process of cell migration. It involves decisionmaking mechanism, moving mechanism, interaction mechanism and it also involves an accurate description of external information. Each cell moves towards
their goals on a two-dimensional space under the guidance of external signals
and its own regulations. Each cell has its own decision-making mechanism and
moving mechanism. They also communicate with each other or communicate
with the environment according to the interaction mechanism. Unlike tissue P
systems, the environment is defined as the site of cell movement. It includes signal objects, some of which help start or end the migration and others have great
influence on the speed and directions of cells. It also keeps a record of current
position for each cell.
The intelligence decision P system is a good simulation model for pedestrian
walking behaviour. A case study is about modeling and simulating a building evacuation problem in a fire emergency by using an intelligence decision P system.
The model involved the decision-making process of different kinds of people, the
interaction process with leaders and the perception of guide signs. When a fire
occurs, people receive signals and start to move to the exits. When the smoke
concentration reaches a certain value, the people in the building will get injured.
So a threshold is set to limit the evacuation time. If the evacuation time exceeds
the specified value, people remaining in the building cannot move, and the simulation process will be stopped. We analyze the effects of leaders, guide signs
and the utilization rate of different exits. The result shows that the intelligence
decision P system allows much easier and more precise modelling of pedestrian
evacuation problems.
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12. Pan, L., Păun, Gh., Pérez-Jiménez, M.J.: Spiking neural P systems with neuron
division and budding. Science China Information Science. 54(8), 1596–1607 (2011)
13. Alhazov, A., Martin-Vide, C., Pan, L.: Solving a PSPACE-complete problem by
recognizing P systems with restricted active membranes. Fundamenta Informaticae. 58(2), 66–77 (2003)
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Abstract. Spiking neural P systems (SN P systems, for short) are a
class of distributed and parallel computing devices inspired by the way
neurons communicate by means of spikes. SN P systems with astrocytes
are a new variant of SN P systems, where astrocytes are considered to
control the amount of spikes passing along synapses at any moment. In
this work, we investigated the computational power of SN P systems
with astrocytes working in an asynchronous mode. Specifically, it is obtained that asynchronous SN P systems with astrocytes can characterize
recursively enumerable languages, thus can achieve Turing universality
as language generating devices. In the universality proof, no forgetting
rule is used with the application of astrocytes to annihilate overmuch
spikes passing along certain synapses.
Keywords: Membrane computing; Spiking neural P system; Turing universality; Astrocyte
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Introduction

Spiking neural P systems (SN P systems, for short) are a class of neural-like
computing models initialed in [3], with the attempt to incorporate the idea of
spiking neurons into the area of membrane computing [8]. Briefly, an SN P
system consists of a set of neurons, each of which contains a number of spikes
and a set of spiking (or firing rules). The neurons can send signals (spikes) along
synapses to other neurons. Graphically, an SN P system can be represented as

2

Y. Kong et al.

a directed graph with the neurons placed on the nodes, and the arcs connecting
neurons represent the synapses. Each neuron can apply spiking rules to send a
certain number of spikes to other neurons, and can remove a predefined number
of spike out of the neuron (out of the system) by forgetting rules. One of the
neurons is designed to be the output neuron, and its spikes are also sent to
the environment. The computation result of the systems is associated with the
number of spikes emitted into the environment when the system halts.
Until now, many contributions have been made to SN P systems, and most
of them focus on computational properties of the systems in theoretical level.
As computing devices, SN P systems were proved to be Turing universal as
natural number acceptors and generators [3], language generators [2, 9], and
function computing devices [6, 7]. Recently, some important applications of SN
P systems have been developed, such as SN P systems provide a novel way to
solve combinatorial optimization problems [14] and make themselves capable
of representing and processing fuzzy and uncertain knowledge [12]. Recently,
some new variants of SN P systems were achieved. For instance, cell-like spiking
neural P systems [13], which inspired by both of the way in which neurons
process information and communicate to each other by means of spikes and
the compartmentalized structures of living cells; spiking neural P systems with
request rules [11]. Most of the variants of SN P systems are universal as number
generating/accepting devices, language generating devices or function computing
devices.
In the present work, we deal with a class of SN P systems with astrocytes
from [5], working in an asynchronous mode investigated in [1]. For SN P systems
with astrocytes working in an asynchronous manner, in any step, a neuron can
apply or not apply its rules which are enabled by the number of spikes (further
spikes can come and change the enabled rules in the next step). Moreover, the
astrocytes with specific values of thresholds can control the number of spikes
passing along a certain number of synapses. Specifically, if the number of spikes
passing along the synapses is less than the value of threshold, then these spikes
can ”safely” arrive at the target neurons; if the number of spikes passing along
the synapses is larger than the value of threshold, then no spike can arrive at
the target neurons; if the number of spikes passing along the synapses equals to
the value of threshold, then the astrocyte non-deterministically chooses to pass
or annihilate the passing spikes.
In this work, we investigate the computational power of asynchronous SN
P systems with astrocytes (SNPA systems for short). It is obtained that asynchronous SNPA systems can characterize recursively enumerable languages, thus
can achieve Turing universality as language generating devices. In the universality proof, no forgetting rule is used with the application of astrocytes to annihilate
overmuch spikes passing along certain synapses.
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Spiking Neural P Systems with Astrocytes

We here specify a few notations and basic definitions about language and automata theory, and readers can consult the details from [10].
Spiking neural P systems with astrocytes (SNPA systems, for short) was presented in [5].
An SNPA system with extended rules, of degree m ≥ 1, l ≥ 1, is a construct
of the form
Π = (O, σ1 , . . . , σm , syn, ast1 , . . . , astl , σout ), where:
• O = {a} is the singleton alphabet (a is called spike);
• σ1 , . . . , σm are neurons, of the form σi = (ni , Ri ), 1 ≤ i ≤ m, where:
(1) ni ≥ 0 is the initial number of spikes contained in σi ;
(2) Ri is a finite set of rules of the following form:
E/ac → ap
where E is a regular expression over O, and c ≥ 1.
• syn ⊆ {1, 2, ..., m} × {1, 2, ..., m} with (i, i) ∈
/ syn for 1 ≤ i ≤ m (synapses
between neurons);
• ast1 , . . . , astl are astrocytes, of the form asti = (synasti , ti ), where 1 ≤ i ≤ l,
synasti ⊆ syn is the set of synapses controlled by the astrocyte asti , ti ∈ N
is the threshold of astrocyte asti ;
• σout ∈ {1,2,...,m} indicates the output neuron.
The rules of type E/ac → ap are extended spiking rules. If p = 1, then the
rules E/ac → a are standard spiking rules. We here briefly introduce the work
of astrocytes, and the more details of rules, please refer to [5].
In SNPA systems, the astrocytes can sense the spike traffic along the neighboring synapses at the same time. Assume that astrocyte asti has a given threshold ti , and there are k spikes passing along the synapses in synasti . If k > ti ,
then the astrocyte asti has the inhibitory influence on the neighboring synapses
and the k spikes are suppressed (namely, the k spikes are lost from the system).
If k < ti , then the astrocyte asti has the excitatory influence on the neighboring
synapses and the k spikes survive and reach their destination neurons. If k = ti ,
then the astrocyte asti non-deterministically chooses the inhibitory or excitatory influence on the neighboring synapses. In this work, we do not consider that
two or more astrocytes control the same synapses.
Under asynchronous mode, an SNPA system work as follows. In any time
unit, any neuron is free to use a rule or not. A neuron can wait in spite of the
fact that it contains rules enabled by its contents. If the contents of the neuron
are not changed, in some step the enabled rules can fire later. If the contents of
the neuron are changed (new spikes are received), then it is possible that other
rules will be enabled and applied or not.
A configuration of the system is defined as the number of spikes contained
in each neuron. So, the initial configuration is denoted by hn1 , · · · , nm i. Using
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the rules as mentioned above, one can define transitions among configurations.
A transition between two configurations C1 , C2 is denoted by C1 ⇒ C2 . Any sequence of transitions starting in the initial configuration is called a computation.
A computation halts if it reaches a configuration where no rule can be applied. In
an asynchronous SNPA system, a computation is considered as successful only
when it is a halting computation.
In general, the computational result of the systems is defined as the total
number of spikes sent into the environment by the output neuron. In this work,
we consider a string itself as the result of a halting computation in the following
way. The symbol bi is associated with a step when the output neuron emits i
spikes, so a string is associated with a halting computation of an asynchronous
SNPA system. Because the application of rules is non-deterministic, an asynchronous SNPA system can generate a language in such way. Since ”the time
dose not matter” for asynchronous SNPA system, the spike train can have arbitrarily many occurrences of b0 between any two occurrences of bi (i ≥ 1). Thus,
the symbol b0 can be interpreted as a new symbol or the empty string (in this
work, b0 is interpreted as the empty string). Successful computations which send
no spike out can be considered as generating the empty string, but we here take
the convention to ignore the empty string when comparing the computational
power of two devices.
The language generated by an asynchronous SNPA system with extended
rules Π is denoted by Leλ (Π) (superscript ”e” means that the system uses extended rule, subscript ”λ” means that b0 is interpreted as the empty string λ).
The family of all languages Leλ (Π) generated by asynchronous SNPA systems
with extended rules is denoted by Lλ SN P Aem (rulek , consq , prods , astl ), with
at most m ≥ 1 neurons, at most k ≥ 1 rules in each neuron, all spiking rules
E/ac → ap having c ≤ q and s ≤ p, and at most l astrocytes. When any of the
parameters m, k, q, l is not bounded, then it is replaced with ∗.

3

A Characterization of Recursively Enumerable
Languages

In this section, a characterization of recursively enumerable languages can be
obtained by SN P systems after adding astrocytes, and the forgetting rules become unnecessary (while it is necessary if no astrocyte is considered in SN P
systems [15]).
Theorem 1. RE = Lλ SN e P A∗ (rule∗ , con∗ , prod∗ , ast∗ )
Proof. We only prove the inclusion RE ⊆ Lλ SN e P A∗ (rule∗ , con∗ , prod∗ , ast∗ );
the converse inclusion is straightforward. Let us consider a register machine M =
(m, H, l0 , lh , R), where m is the number of registers, H is the set of instruction
labels, l0 is the start label, lh is the halt label (assigned to instruction HALT),
and R is the set of instructions; each label from H labels only one instruction
from R. The instructions are of the following forms:
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– li : (ADD(r), lj ) (add 1 to register r and then go to the instructions with label
lj );
– li : (SUB(r), lj , lk ) (if register r is non-zero, then subtract 1 from it, and go
to the instruction with label lj ; otherwise, go to the instruction with label
lk );
– lh : HALT (the halt instruction).
Let us take an arbitrary language L ∈ RE and V = {b1 , b2 , · · · , bs } (L ⊆ V ∗ ).
We construct an SNPA system Π (as shown in Fig. 1) which generates the
language L when working in the asynchronous manner. Clearly, L ∈ RE if and
only if vals (L) ∈ N RE (note that vals (L) = {vals (x) | x ∈ L}, vals (x) denotes
the values in base k +1 of x, for any language L over V ). In turn, a set of number
is recursively enumerable if and only if it can be accepted by a deterministic
register machine. Let M ′ be such a register machine, i.e., N (M ′ ) = vals (L). The
subsystem M corresponds to another register machine M . The role of register
machine M is to produce the number vals (x) and put in the comment register
c1 (x ∈ L). Once the register machine M ′ is triggered, the system passes to the
phase of checking whether the number vals (x) stored in register c1 is accepted.
Assume the register machines M = (m, H, l0 , lh , R), M ′ = (m′ , H ′ , l0′ , lh′ , R′ ),
where H ∩ H ′ = ∅. Here we take a fact that a register machine can be simulated
by an asynchronous SNPA system with extended rules. For each register r (r′ )
of register machine M (M ′ ), a neuron σr (σr′ ) is associated; each label in H
(H ′ ) is associated with a neuron. Specifically, if register r (r′ ) holds number
n ≥ 0, then neuron σr (σr′ ) will contain 8n + 8 spikes; if register r (r′ ) is empty
(that is, the content of register r (r′ ) is zero), then neuron σr (σr′ ) contains 8
spikes. In order to produce the number vals (x) in the common neuron σc1 , the
subsystem corresponding to register machine M needs to perform the following
operations: multiply the number stored in neuron σc1 by s + 1, then add the
number from neuron σc0 . In particular, if neuron σc0 holds 8i + 8 spikes and
neuron σc1 holds 8n + 8 spikes, for some i ≥ 0, n ≥ 0, then we end this step with
8((n + 1)(s + 1) + i + 1) spikes in neuron σc1 and 8 spikes in neuron σc0 .
We now describe the work of the system Π (as shown in Fig. 1) in asynchronous manner, and define i, j with the following properties:
– i = l mod 8, l = 1, 2, · · · , 7, and j = 0 mod 8l;
– i = 0 mod 8, that is, k = i/8 and j = 0 mod 64k;
– j = 8i.
With s spike inside, neuron σout is fired by rule as → ai (i ∈ {1, 2, . . . , s}),
sending i spikes to each of neurons σbk (k = 1, 2, . . . , 8). Neurons σbk (k =
1, 2, . . . , 8) can get fired and apply their rules simultaneously or not. If these
neurons do not fire at the same time, then the other neurons in the system wait
until the neurons applying their rules. When neuron σd1 accumulates 8i spikes,
it is enabled. At some time, neuron σd1 fires, sending j (j = 8i) spikes to each
of neurons σc0 and σd2 . Therefore, the neuron σc0 now holds 8i + 8 spikes (it
has been 8 spikes before receiving 8i spikes), and the system waits until that
neuron σd2 applies rule a8i → a2 ; the application of rule a8i → a2 results to two
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M′
c1

M

c0

l0′

lh

l0

a2 → a2
d8
2

a → a2

d1

aj → a2
j = 8i
i = 1, 2, · · · , s

aj → aj
j = 8i
i = 1, 2, · · · , s

d6

d4
2

a →a

2

a4 → a

d2
a2 → a2

a4 → a

d3

d7

ai → ai
i = 1, 2, · · · , s
b8

d5

a2 → a2
a4 → a3
t=5
(2)
asti

out
as
as → ai
i = 1, 2, · · · , s

ai → ai
i = 1, 2, · · · , s
b1

a4 → a3
a3 → a
c1

(1s)

asti

t=2

a4 → a3
a3 → a

cs

t=2
(11)
asti

Fig. 1. The structure of asynchronous SNPA system from the proof of Theorem 1.
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spikes sending into neuron σl0 , and triggers the work of subsystem M . So, the
subsystem M corresponding to the register machine starts to work, multiplying
the number of spikes contained in neuron σc1 by s + 1 and adding to the number
of spikes from neuron σc0 . When this process halts, neuron σlh is activated. In
this way, two spikes are sent to neurons σd3 and σd4 , respectively. And then
neuron σd5 receives two or four spikes.
If neuron σd5 receives 4 spikes, then each of neurons σck (k = 1, 2, . . . , s)
receives 3 spikes, and these neurons get fired. No matter neurons σck (k =
1, 2, . . . , s) fire simultaneously or not, the spikes sent out by σck can reach neuron
σout , because astrocytes ast1k
i (k = 1, 2, . . . , s) have excitatory influence on their
controlled synapses. When neuron σout accumulates s spikes totally, the system
Π returns a configuration as starting. In this way, the above process is repeated
and the generating string can be continued. Neuron σd5 also sends spikes to
neurons σd6 and σd7 , while the sent spikes can not reach neurons σd6 and σd7
(2)
because of the inhibitory influence of astrocyte asti .
If neuron σd5 receives 2 spikes, then neurons σd3 and σd4 get fired alternately.
Without loss of generality, we assume that neuron σd3 applies its rule before
neuron σd4 . After receiving 2 spikes, neuron σd5 is enabled, and there are two
cases.
(a) Neuron σd5 will not consume the first 2 spikes before receiving 2 spikes
from neuron σd4 . In this case, neuron σd5 is enabled by rule a4 → a3 , sending 3
spikes to each of neurons σd6 , σd7 , σc1 , . . . , σcs , respectively. Since the inhibitory
(2)
influence of astrocyte asti , the spikes passing the synapses (d5 , d6 ) and (d5 , d7 )
are suppressed. However, the spikes sent out by neurons σck , k = 1, 2, . . . , s can
reach neuron σout , and the system returns to a configuration as the starting of
the system and the work of system continue.
(b) Neuron σd5 consumes the first 2 spikes before receiving the second 2 spikes
from neuron σd4 . In this case, each of neurons σck (k = 1, 2, . . . , s) is fired by rule
a4 → a3 , and astrocytes ast1k
i (k = 1, 2, . . . , s) have inhibitory influence on their
controlled synapses, causing that neuron σout can not be enabled. Moreover,
each of neurons σd6 and σd7 accumulates 4 spikes and becomes activated by rule
a4 → a, leading to that neuron σl′ can receive 2 spikes from neurons σd8 . In this
0
way, neuron σl′ becomes activated, triggering the work of register machine M ′ .
0
Hence, the system passes to the process of checking whether the produced string
is accepted or not. The computation stops if and only if vals (x) is accepted by
M ′.
It is necessary to show that how the two register machines (M and M ′ ) are
simulated by asynchronous SNPA systems, with the common neuron σc1 , and
without mixing the computations. For this aim, we construct ADD and SUB
modules to simulate their ADD and SUB instructions (as shown in Figs. 2, 3
and 4), respectively.
The ADD instructions of register machines M and M ′ are both simulated
by the module presented in Fig. 2.
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li
a2 → a2

li,0
2

a →a

li,1
2

li,2

2

a →a

li,4

li,5

lj

2

2

a →a

2

li,3
2

a → a2

a8 → a8
r
a8 → a2

a2 → a2

Fig. 2. Module ADD simulating li : (ADD(r), lj )

The SUB instructions of register machines M and M ′ are simulated by the
modules as shown in Figs. 3 and 4, respectively. Because the SUB modules are
similar to the ones in Theorem 1 of [4], the details are omitted here.
Since the register machines M and M ′ have a common register c1 , two points
should be checked:
(1) no rule for simulating an instruction (ADD or SUB instructions) of M in
the common neuron σc1 can fire when we simulate an instruction of M ′ or vice
versa.
(2) the common neuron σc1 also sends 9 or 10 spikes to neurons σl′i,1 and
σl′i,2 , respectively. We should ensure that these spikes will not lead to undesired
simulations of the SUB instructions acting on register c1 of M ′ .
It is easy to find that there is no interference between the ADD instructions of
register machines M or M ′ . However, it is possible to have interference between
the SUB instructions of register machines M or M ′ . To solve the problem, neuron
σli is enabled by rule a2 → a2 for a SUB instruction of M , and neuron σl′i is
fired by rule a2 → a for a SUB instruction of M ′ . So, if the SUB instructions of
M are simulated, then neuron σc1 will be fired by rule a10 (a8 )+ /a10 → a10 ; if
the SUB instructions of M ′ are simulated, then neuron σc1 will be fired by rule
a9 (a8 )+ /a9 → a7 .
For the second point, if each of neurons σl′i,1 and σl′i,2 receives 9 or 10 spikes
from neuron σc1 , then the spikes sent out by neurons σl′i,1 and σl′i,2 are suppressed
(1)

(2)

because of the inhibitory influence of astrocytes asti or asti . In this way, it
is ensured that these spikes will not lead to “wrong” simulations of the SUB
instructions acting on register c1 of M ′ .
It is not sure that lj′ and lk′ are labels of ADD or SUB instructions in register
′
machine M ′ , we design that neuron σl′j contains the rule of form a2 → aδ(lj ) ,
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a12 → a6
a11 → a6
a10 → a4
a9 → a4
a2 → a2

li,1

li
a2 → a

(1)

asti

a → a li,0

t=5
r
a10 (a8 )+ /a10 → a10
li,2 a12 → a3
a11 → a3
a10 → a4
a9 → a4
a4 → a4

a10 → a9
(2)

asti

t=7
li,3

li,4

a3 → a3
a2 → a2

a3 → a3
a2 → a2

li,5

li,6
a6 → a2
a4 → a4

(3)

asti

t=3
a2 → aδ(lj )

(4)

asti

a6 → a6
a4 → a4

t=9

li,7
a4 → a4

a4 → a4
li,8

lj
li,9

li,10

a8 → a8

a8 → a2
lk
a2 → aδ(lk )

Fig. 3. Module SUB(simulating li : (SUB(r), lj , lk )) for machine M
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a10 → a6
′
li,1
a9 → a6
a8 → a6
a7 → a6
a6 → a6
a→a

li′
a2 → a

′
a → a li,0

(1)

asti

t=5
r
a9 (a8 )+ /a9 → a7
′
li,2
a10 → a4
a9 → a4
a8 → a3
a7 → a4
a6 → a2

a9 → a6
(2)

asti

t=7
′
li,3

′
li,4

a3 → a3
a2 → a2

a3 → a3
a2 → a2

′
li,5

′
li,6

a6 → a2
a4 → a4

(3)

asti

t=3
a2 → a
lj′

δ(l′j )

(4)

asti

a6 → a6
a4 → a4

t=9

′
li,7

a4 → a4

a4 → a4
′
li,8

′
li,9

′
li,10

a8 → a8

a8 → a2
lk′
′

a2 → aδ(lk )

Fig. 4. Module SUB(simulating li′ : (SUB(r), lj′ , lk′ )) for machine M ′
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′

and neuron σl′k contains the rule of form a2 → aδ(lk ) . The function δ is defined
on H ′ as follows:

′

δ(l ) =

(

′

′

1, if l is the label of a SUB instruction of register machine M ;
′
′
2, if l is the label of an ADD instruction of register machine M .

With the above explanation, we get that an arbitrary languages L ⊆ V ∗ ,
L ∈ RE, can be generated by the system Π, which completes the proof.
⊓
⊔

4

Conclusions and Remarks

In this work, we have considered the power of SNPA systems as languages generators under an asynchronous mode. It is shown that the forgetting rules can be
ignored when the systems characterize recursively enumerable languages, while
the forgetting rules are necessary in SN P systems. It is interesting to find restriction on the form and/or the functioning of SNPA system in order to characterize other families of languages, such as those of regular, linear, context-free
languages. It is interesting and challenging to reduce the numbers of neurons
and/or use standard rules in SNPA systems.
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2. Chen, H., Freund, R., Ionescu, M., Păun, G., Pérez-Jiménez, M.J.: On string languages generated by spiking neural P systems. Fundamenta Informaticae 75(1),
141–162 (2007)
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9. Păun, G., Pérez-Jiménez, M.J., Rozenberg, G.: Spike trains in spiking neural P
systems. International Journal of Foundations of Computer Science 17(4), 975–
1002 (2006)
10. Rozenberg, G., Salomaa, A.: Handbook of Formal Languages, vol. 3. SpringerVerlag, Berlin (1997)
11. Song, T., Pan, L.: Spiking neural p systems with request rules. Neurocomputing
193, 193–200 (2016)
12. Wang, J., Shi, P., Peng, H., Perez-Jimenez, M.J., Wang, T.: Weighted fuzzy spiking
neural p systems. Fuzzy Systems, IEEE Transactions on 21(2), 209–220 (2013)
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Pázmány Péter sétány 1/c, 1117, Hungary
csuhaj@inf.elte.hu
Laboratoire d’Algorithmique, Complexité et Logique,
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Abstract. Generalized communicating P systems are particular variants of networks of cells where each rule moves only two objects. In
this paper we show that GCPSs with three cells and with only join, or
only split, or only chain rules are computationally complete computing
devices. These bounds are improvements of the previous results.

1

Introduction

Purely communicating P systems are of particular interest in membrane computing [9]. These membrane systems work without any change of their objects
but only with importing/exporting objects from and/or to the environment and
communicating objects between their regions. A lot of these P system variants
are computationally complete, demonstrating that rewriting can be replaced by
communication with the environment where some objects are supposed to be
found in an unbounded number of copies. This means that whenever to complete a transition the P system needs more (a finite number of new) objects than
it has inside, then these objects are always available.
Generalized communicating P systems, introduced in [12] are such models,
originally with the aim of providing a common generalization of various purely
communicating models.
A generalized communicating P system, or a GCPS for short, is a tissue-like
P system where each node represents a cell and each edge is represented by a
rule. Every node contains a multiset of objects that can be communicated, i.e.,
it may move between the cells according to interaction (communication) rules.
The form of an interaction rule is (a, i)(b, j) → (a, k)(b, l) where a and b are
objects and i, j, k, l are labels identifying the input and the output cells. Such
a rule means that an object a from cell i and an object b from cell j move

synchronously (in one step) to cell k and cell l, respectively. These rules are
particularly simple, since they describe the move of only two objects.
The system is embedded in an environment, represented by cell 0, which
may have certain objects in an infinite number of copies and certain objects
only in a finite number of copies. The generalized communicating P system and
the environment interact by using the communication (interaction) rules given
above, with the restriction that at every computation step only a finite number
of objects is allowed to enter in any cell from the environment.
The rules are applied in a maximally parallel manner, possibly changing the
multisets representing the contents of the cells (the configuration of the GCPS).
A computation in a GCPS is a sequence of configurations directly following
each other, starting from the initial configuration and ending in a halting configuration. The result of the computation is the number of objects found in a
distinguished cell, the output cell.
Due to their simplicity and relation to other fields like the theory of Petri
nets, GCPSs have been studied in details. It has been shown that even restricted
variants of these constructs (with respect to the form of rules) are able to generate any recursively enumerable set of numbers. Furthermore, several of them
even with relatively small numbers of cells and with simple underlying hypergraph architectures are computationally complete [3], [5–7]. It is also shown that
the maximal expressive power can also be obtained with GCPSs where the alphabet of objects is a singleton [2]. Furthermore, computational completeness
with small number of cells can also be obtained if the objects of the environment
are provided step by step with a multiset generating system [1].
In the paper, we demonstrate that computational completeness of three restricted variants, namely, GCPSs with only three cells and with only join rules,
or only split rules, or only chain rules are computationally complete. The proofs
are based on simulating the register machines [8] and by using the formal framework of P systems [4]. The formal framework is a general concept of networks of
cells; (variants of) P systems can be obtained as special cases of these networks.

2

Basic Notions

The reader is supposed to be familiar with formal language theory and membrane
computing; for further details consult [10] and [9].
For a finite multiset of symbols M over an alphabet V , supp(M ) denotes the
set of symbols in M (the support of M ) and |M | denotes the total number of
its symbols (its size). The number of occurrences of symbol x in M is denoted
by |M |x . The set of all finite multisets over V is denoted by V ◦ .
Throughout the paper, every finite multiset M is presented as a string w,
where M and w have the same number of occurrences of symbol a, for each
a ∈ V . The empty multiset is denoted by λ.
A register machine [8] is a 5-tuple M = (Q, R, q0 , qf , P ), where Q is a finite
non-empty set, called the set of states, R = {A1 , . . . , Ak }, k ≥ 1, is a set of
registers, q0 ∈ Q is the initial state, and qf ∈ Q is the final state. P is a set of

instructions of the following forms: (p, A+, q, s), where p, q, s ∈ Q, p 6= qf , A ∈ R,
called an increment instruction, or (p, A−, q, s), where p, q, s ∈ Q, p 6= qf , A ∈ R,
called a decrement instruction. For every p ∈ Q, (p 6= qf ), there is exactly one
instruction of the form either (p, A+, q, s) or (p, A−, q, s).
A configuration of a register machine M , defined above, is a (k + 1)-tuple
(q, m1 , . . . , mk ), where q ∈ Q and m1 , . . . , mk are non-negative integers; q is
the current state of M and m1 , . . . , mk are the current numbers stored in the
registers (the current contents of the registers or the value of the registers)
A1 , . . . Ak , respectively.
A transition of the register machine consists in executing an instruction. An
increment instruction (p, A+, q, s) ∈ P is performed if M is in state p, the number
stored in register A is increased by 1, and after that M enters either state q or
state s, chosen non-deterministically. A decrement instruction (p, A−, q, s) ∈ P
is performed if M is in state p, and if the number stored in register A is positive,
then it is decreased by 1, and then M enters state q, and if the number stored
in A is 0, then the contents of A remains unchanged and M enters state s.
A register machine M = (Q, R, q0 , qf , P ), with k registers, given as above,
generates a non-negative integer n if starting from the initial configuration
(q0 , 0, 0, . . . , 0) it enters the final configuration (qf , n, 0, . . . , 0). The set of nonnegative integers generated by M is denoted by N (M ).
Next we recall the basic definitions concerning generalized communicating P
systems [12].
A generalized communicating P system (a GCPS) of degree n, where n ≥ 1,
is an (n + 4)-tuple Π = (O, E, w1 , . . . , wn , R, h) where
1.
2.
3.
4.

O is an alphabet, called the set of objects of Π;
E ⊆ O; called the set of environmental objects of Π;
wi ∈ O∗ , 1 ≤ i ≤ n, is the multiset of objects initially associated to cell i;
R is a finite set of interaction rules or communication rules of the form
(a, i)(b, j) → (a, k)(b, l), where a, b ∈ O, 0 ≤ i, j, k, l ≤ n, and if i = 0 and
j = 0, then {a, b} ∩ (O \ E) 6= ∅; i.e., a ∈
/ E and/or b ∈
/ E;
5. h ∈ {1, . . . , n} is the output cell.

The system consists of n cells, labeled by natural numbers from 1 to n,
which contain multisets of objects over O. Initially, cell i contains multiset wi
(the initial contents of cell i is wi ). An additional special cell, labeled by 0 and
called the environment is distinguished. The environment contains objects of E
in an infinite number of copies.
The cells interact by means of the rules (a, i)(b, j) → (a, k)(b, l), with a, b ∈ O
and 0 ≤ i, j, k, l ≤ n. As the result of the application of the rule, object a moves
from cell i to cell k and b moves from cell j to cell l. If two objects from the
environment move to some other cell or cells, then at least one of them must not
appear in the environment in an infinite number of copies.
A configuration of a GCPS Π, as above, is an (n + 1)-tuple (z0 , z1 , . . . , zn )
with z0 ∈ (O \ E)∗ and zi ∈ O∗ , for all 1 ≤ i ≤ n; z0 is the multiset of objects
present in the environment in a finite number of copies, whereas, for all 1 ≤ i ≤ n,

zi is the multiset of objects present inside cell i. The initial configuration of Π
is the (n + 1)-tuple (λ, w1 , . . . , wn ).
Given a multiset of rules R over R and a configuration u = (z0 , z1 , . . . , zn )
of Π, we say that R is applicable to u if all its elements can be applied simultaneously to the objects of multisets z0 , z1 , . . . , zn such that every object is used
by at most one rule. Then, for a configuration u = (z0 , z1 , . . . , zn ) of Π, a new
configuration u′ = (z0′ , z1′ , . . . , zn′ ) is obtained by applying the rules of R in a
non-deterministic maximally parallel manner.
One such application of a multiset of rules satisfying the conditions listed
above represents a transition in Π from configuration u to configuration u′ . A
transition sequence is said to be a successful generation by Π if it starts with
the initial configuration of Π and ends with a halting configurations, i.e., with
a configuration where no further transition step can be performed.
Π generates a non-negative integer n if there is a successful generation by Π
such that n is the size of the multiset of objects present inside the output cell in
the halting configuration. The set of non-negative integers generated by a GCPS
Π in this way is denoted by N (Π).
In the following we recall the notions of the possible restrictions on the interaction rules (modulo symmetry). We distinguish the following cases, called
GCPSs with minimal interaction:
1. i = j = k 6= l: the conditional-uniport-out rule (the uout rule) sends b to
cell l provided that a and b are in cell i [11];
2. i = k = l 6= j: the conditional-uniport-in rule (the uin rule) brings b to cell
i provided that a is in that cell;
3. i = j, k = l, i 6= k : the symport2 rule (the sym2 rule) corresponds to the
minimal symport rule [9], i.e., a and b move together from cell i to k;
4. i = l, j = k, i 6= j : the antiport1 rule (the anti1 rule) corresponds to the
minimal antiport rule [9], i.e., a and b are exchanged in cells i and k;
5. i = k and i 6= j, i 6= l, j 6= l: the presence-move rule (the presence rule)
moves the object b from cell j to l, provided that there is an object a in cell
i and i, j, l are pairwise different cells;
6. i = j, i 6= k, i 6= l, k 6= l : the split rule sends a and b from cell i to cells k
and l, respectively;
7. k = l, i 6= j, k 6= i, k 6= j : the join rule brings a and b together to cell k;
8. l = i, i 6= j, i 6= k and j 6= k : the chain rule moves a from cell i to cell k while
b is moved from cell j to cell i, i.e., to the cell where a located previously;
9. i, j, k, l are pairwise different numbers: the parallel-shift rule (the shif t rule)
moves a and b from two different cells to another two different cells.
N OtPk (x) denotes the set of numbers generated by generalized communicating P systems with minimal interaction of degree k, k ≥ 1, and with rules
of type x, where x ∈ {uout, uin,
sym2, anti1, presence, split, join, chain, shif t}.
S∞
N OtP∗ (x) is the notation for k=1 N OtPk (x).
Generalized communicating P systems are particular variants of network of
cells, constructs introduced in [4] as a formal framework of P systems.
A network of cells of degree n ≥ 1 is a construct Π = (n, O, w, Inf, R) where

– n is the number of cells;
– O is an alphabet;
– w = (w1 , . . . , wn ) where wi ∈ O◦ , for all 1 ≤ i ≤ n, is the finite multiset
initially associated to cell i;
– Inf = (Inf1 , . . . , Infn ) where Infi ⊆ O, for all 1 ≤ i ≤ n, is the set
of symbols which may occur in infinitely many copies in cell i (in most of
the cases, only one cell, called the environment, may contain symbols with
infinite multiplicity);
– R is a finite set of rules of the form (X → Y ; P, Q) where X = (x1 , . . . , xn ),
Y = (y1 , . . . , yn ), xi , yi ∈ V ◦ , 1 ≤ i ≤ n, are vectors of multisets over O
and P = (p1 , . . . , pn ), Q = (q1 , . . . , qn ), pi , qi , 1 ≤ i ≤ n are finite sets of
multisets over O. We will also use the notation
(1, x1 ) . . . (n, xn ) → (1, y1 ) . . . (n, yn ) ; [(1, p1 ) . . . (1, pn )]; [(1, q1 ) . . . (n, qn )]
for a rule (X → Y ; P, Q); moreover, if some pi or qi is an empty set or some
xi or yi is equal to the empty multiset, 1 ≤ i ≤ n, then we may omit it from
the specification of the rule.
The above rule means the following: objects xi from cells i are rewritten into
objects yj in cells j, 1 ≤ i, j ≤ n, if every cell k, 1 ≤ k ≤ n, contains all multisets
from pk and does not contain any multiset from qk .
A configuration C of Π is an n-tuple of multisets (u1 , . . . , un ) over O where
ui ∩ Infi = ∅, 1 ≤ i ≤ n.
Networks of cells compute sets of numbers; the result of the computation
can be defined in several manners, among other by the number of objects in a
distinguished cell in a halting configuration.
It is easy to see that GCPSs are particular variants of networks of cells:
any rule (a, i)(b, j) → (a, k)(b, l) of a generalized communicating P system corresponds to a rule (i, a)(j, b) → (k, a)(l, b) in the corresponding network of cells.
Obviously, if the GCPS is with minimal interaction, the form of the rules in the
corresponding network of cells is modified accordingly.
Thus, without any proof, we may state that for any generalized communicating P system Π = (O, E, w1 , . . . , wn , R, h), 1 ≤ h ≤ n, there exists a network
of cells Π ′ = (n, O, w, Inf, R) of degree n such that N (Π) = N (Π ′ ) and Π and
Π ′ strongly simulate each other. (In the case of a strong simulation, one step of
the simulated system is performed using one step in the simulating system. If
two systems can simulate each other, then we speak about bi-simulation.)

3

Main Results

In the following we present the computational completeness results concerning
generalized communicating P systems with minimal interaction. For simplicity,
throughout the paper we follow the notations used for networks of cells.
In [3] it was shown that GCPSs with 7 cells and only join rules are computationally complete. The result was improved in [5, 6] to bound 4. Here we present
a further improvement.

Theorem 1. N OtP3 (join) = N RE.
Proof. Let us consider an arbitrary register machine M = (Q, R, q0 , qf , P ) with
R = {A1 , . . . An }, n ≥ 1, given as in Section 2. To prove the statement, we
construct a generalized communicating P system Π = (O, E, w1 , w2 , w3 , R1 , 2)
with join rules such that N (Π) = N (M ). The proof is based on the simulation
of M by Π and conversely, i.e., by showing that for any successful generation
in M there exists a successful generation in Π and conversely such that the two
generation processes yield the same number as result.
Since for every p ∈ Q, (p 6= qf ), there is exactly one instruction of the form
either (p, A+, q, s) or (p, A−, q, s), the set of instructions R of M can be labeled
by the elements of Q in a one-to-one manner.
Let Q+ and Q− be the sets of labels of the increment instructions and the
decrement instructions of M , respectively.
Let us define the alphabet of objects of Π as
O = Q ∪ R ∪ {p′ | p ∈ Q} ∪ {p̄, p1 | p ∈ Q− } ∪ {Ci | Ai ∈ R}.
Let E = Q ∪ R ∪ {p′ | p ∈ Q+ } ∪ {p1 | p ∈ Q− } ∪ {Ci | Ai ∈ R}. and
w1 = {q0 }, w2 = ∅, w3 = {p̄ | p ∈ Q− }.
The set of rules R1 of Π is defined as follows.
For any instruction (p, Ai +, q, s) of M we add the following rules to R1 :
p.1 : (1, p)(0, q ′ ) → (3, pq ′ )

p.1′ : (1, p)(0, s′ ) → (3, ps′ )

p.2 : (3, p)(0, Ai ) → (2, pAi )
For any instruction (p, Ai −, q, s) of M we add the following rules to R1 :
p.1 : (1, p)(0, Ci ) → (3, pCi )
p.3 : (2, p1 )(1, p̄) → (0, p1 p̄)

p.2 : (3, p)(0, p1 ) → (2, pp1 )
p.4 : (0, p̄)(3, Ci ) → (1, p̄Ci )

p.5 : (0, p̄)(1, Ci ) → (2, p̄Ci )
p.7 : (1, p̄)(0, s′′ ) → (2, p̄s′′ )

p.6 : (2, p̄)(0, q ′ ) → (3, p̄q ′ )
p.8 : (3, s′′ )(1, Ci ) → (2, s′′ Ci )

p.9 : (2, s′′ )(0, s′ ) → (3, s′′ s′ )

p.10 : (3, s′′ )(2, Ci ) → (0, s′′ Ci )

We also add following rules to R1 :
p.p′ : (3, p′ )(0, p) → (1, p′ p), for all p ∈ Q
p.q : (2, p)(1, q ′ ) → (0, pq ′ ), for all p, q ∈ Q
ci .1 : (3, Ci )(2, Ai ) → (1, Ci A)
ci .2 : (2, Ci )(1, Ai ) → (0, Ci Ai )
Now we prove that Π simulates M . For this, we show how the rules given
above simulate the instructions of M . We first note that the simulation of any
instruction of M starts with a symbol p in cell 1 which the corresponds to a state
of M and no other symbol corresponding to a state of M can be found in this
cell. However, cell 1 contains symbol p̄ for any state p of M which appears in a

decrement instruction. During the simulation of any instruction of M , Π cannot
start the simulation of some other instruction, thus the simulating phases do not
interfere. The contents of register Ai is represented by the number of symbols
Ai appearing in the cells, symbol Ci assists the simulation of the decrement of
register Ai , 1 ≤ i ≤ n.
We start with the simulation of instructions of the form (p, Ai +, q, s). After
applying rule p.1 or p.1′ , respectively, symbols q ′ or s′ move to cell 3. Then by
applying rules p.2 and p.p′ in parallel, cell 2 will contain one more symbol Ai .
In the next step, by applying rules q.q ′ or s.s′ and p.q or p.s, respectively, in
parallel, symbol q or s enters cell 1 and q ′ or s′ leave the system. Thus, the
simulation of (p, Ai +, q, s) has completed.
The simulation of instruction (p, Ai −, q, s) is as follows: First rule p.1 is
applied and thus p and Ci enter cell 3. Then, depending on whether or not cell 2
contains at least one copy of Ai (register Ai is empty or not) the following rules
are applied. If cell 2 contains at least one Ai , then by rule ci .1 symbols Ci and
Ai move to cell 1. Meantime, by applying rule p.2, and then p.3 and p.5, p̄ enters
cell 2 and Ci moves from cell 1 to cell 2. Then, by rule ci .2, symbols Ai and Ci
leave the system and by rule p.6 symbol p̄ introduces a copy of q ′ in cell 3. Then,
by performing rule q.q ′ and p.q, symbol q arrives in cell 1, and the simulation
of the next instruction (if q 6= qf ) may start. If cell 2 does not contain any copy
of Ai , then Ci in cell 3 introduces from the environment the copy of p̄ that was
sent out the system before. Then by rules p.7 and p.9 symbols s′′ and s′ move to
cell 3. After then, by executing rule p.8 and p.10, symbols Ci and s′′ leave the
system, meantime by rules s.s′ and p.s symbol s moves to cell 1, and thus the
simulation of the instruction ends.
The reader may notice that the rules can be performed only in the manner
described above. This implies that any computation in M can correctly be simulated by Π and N (M ) = N (Π) holds. Since N (M ) is a recursively enumerable
set of numbers, the statement of the theorem holds.
Next we show that three cells (and the environment) are sufficient to obtain
computational completeness in case of GCPSs with only split rules. In [3] it
was shown that GCPSs with 9 cells and only split rules are computationally
complete, in [5, 6] the bound was improved to 5.
Theorem 2. N OtP3 (split) = N RE.
Proof. Let us consider an arbitrary register machine M = (Q, R, q0 , qf , P ) with
R = {A1 , . . . An }, n ≥ 1, given as in Section 2. To prove the statement, we
construct a generalized communicating P system Π = (O, E, w1 , w2 , w3 , R1 , 2)
with split rules such that N (Π) = N (M ). The proof is based on the simulation
of M by Π and vice versa, i.e., by showing that for any successful generation in
M there exists a successful generation in Π and conversely such that the two
generation processes yield the same number as result.
Let Q+ and Q− be the sets of labels of the increment instructions and the
decrement instructions of M , respectively.

Let us define the alphabet of objects of Π as
O = Q ∪ R ∪ {p′ | p ∈ Q} ∪ {p̄, p1 , p2 , p3 | p ∈ Q− } ∪ {Si | Ai ∈ R} ∪ {Z, Z ′ , Z ′′ }.
Let E = Q ∪ R ∪ {Z ′′ } and w1 = {q0 } ∪ {Si | Ai ∈ R} ∪ {p1 | p ∈ Q− },
w2 = {Z}, w3 = {Z ′ } ∪ {q ′ | q ∈ Q} ∪ {p2 , p3 | p ∈ Q− }.
The set of rules R1 of Π is defined as follows.
For any instruction (p, Ai +, q, s) of M we add the following rules to R1 :
p.1 : (1, pSi ) → (0, Si )(3, p)

p.2 : (0, Si Ai ) → (1, Si )(2, Ai )

p.3 : (3, pq ) → (2, p)(0, q )
p.4 : (0, qq ′ ) → (3, q ′ )(1, q)
p.5 : (2, pZ) → (0, p)(3, Z)

p.3′ : (3, ps′ ) → (2, p)(0, s′ )
p.4′ : (0, ss′ ) → (3, s′ )(1, s)
p.6 : (3, ZZ ′ ) → (2, Z)(0, Z ′ )

′

′

p.7 : (0, Z ′ Z ′′ ) → (3, Z ′ )(1, Z ′′ )
For any instruction (p, Ai −, q, s) of M we add the following rules to R1 :
p.1 : (1, pp1 ) → (3, p)(2, p1 )

p.2 : (2, p1 Ai ) → (3, p1 )(0, Ai )

p.3 : (3, pp2 ) → (0, p)(2, p2 )
p.5 : (2, p1 p2 ) → (1, p1 )(0, p2 )

p.4 : (3, p1 p3 ) → (1, p1 )(2, p3 )
p.6 : (0, p2 s) → (3, p2 )(1, s)

p.7 : (2, p2 p3 ) → (0, p3 )(3, p2 )

p.8 : (0, p3 q) → (3, p3 )(1, q)

Now we prove that any instruction of M can be simulated by a set of rules
of Π. We first note that during the functioning of Π there is no more than one
symbol p ∈ Q in cell 1, and the simulation of any instruction of M can only
start if an element of Q is in cell 1.
We start with instructions of the form (p, Ai +, q, s). The simulations starts
with p in cell 1. Then rule p.1 is applied, after then p.2 and p.3 or p2 and p.3′
are performed in parallel. At the end of this phase of the computation, p and
one more copy of Ai will be in cell 2 and q ′ or s′ , respectively, moves to the
environment. At the next moment, either rules p.4 and p.5 or p.4′ and p.5 are
applied in parallel, resulting in symbols q or s in cell 1, p being sent out to the
environment, and Z is in cell 3. Now, the simulation of a new instruction of
M can start. However, two more rules are still applied in the next two steps,
p.6 and p.7. These two rules provide Z in cell 2 and Z ′ in cell 3; these symbols
will be needed later. Notice that the application of these rules does not interfere
with the simulation of any instruction of M , thus they can be performed. We
also note that during the computation symbols Z ′′ are accumulated in cell 1,
but this fact does not influence the simulation. It is easy to see that the rules
can be performed only in the order above and that this computation phase of Π
corresponds to the execution of instruction (p, Ai +, q, s).
We continue with the simulation of instructions of the form (p, Ai −, q, s). At
the first step, rule p.1 is applied which moves symbol p to cell 3 and symbol p1
to cell 2. If cell 2 contains at least one copy of Ai , then in the next step rules
p.2 and p.3 can be applied in parallel, otherwise only p.3 is applicable. Suppose
that cell 2 contains at least one Ai . Then one copy of Ai and p leave the system,
p1 moves to cell 3 and p2 to cell 2. After then rules p.4, p.7, and p.8 are applied,

thus p1 and symbol q enter cell 1, and symbols p2 and p3 return to their original
location, namely to cell 3. If cell 2 does not contain any copy of Ai , then after
applying rule p.3, rules p.5 and p.6 are applied one after each other. Thus, the
zero check has been simulated since cell 1 contains symbols s and p1 and cell 3
has p2 and p3 . The reader may easily see that these rules of Π can be applied
only in the order given above. This means that they simulate the instruction
(p, Ai −, q, s) of Π and only that.
By the previous considerations, we obtain that any computation in M can
correctly be simulated by Π and conversely and N (M ) = N (Π) holds. Since
N (M ) is a recursively enumerable set of numbers, the statement of the theorem
is valid.
As in the previous cases, generalized communicating P systems with three
cells and with only chain rules are computationally complete computing devices.
In [3] computational completeness was proved, however no size bound was presented.
Theorem 3. N OtP3 (chain) = N RE.
Proof. Let us consider an arbitrary register machine M = (Q, R, q0 , qf , P ) with
R = {A1 , . . . An }, n ≥ 1, given as in Section 2. To prove the statement, we
construct a generalized communicating P system Π = (O, E, w1 , w2 , w3 , R1 , 2)
with chain rules such that N (M ) = N (Π). The proof is based on the bisimulation
of M by Π, i.e., by showing that for any successful generation in M there exists a
successful generation in Π and conversely such that the two generation processes
yield the same number as result.
Let Q+ and Q− be the sets of labels of the increment instructions and the
decrement instructions of M , respectively.
Let us define the alphabet of objects of Π as
O = Q ∪ R ∪ {p′ , p̄ | p ∈ Q} ∪ {p1 , p2 | p ∈ Q− } ∪ {Z}.
Let E = Q ∪ R ∪ {p′ | p ∈ Q+ } ∪ {p1 , p2 | p ∈ Q− } ∪ {Z}. and w1 = {q0 } ∪ {p̄ |
p ∈ Q}, w2 = ∅, w3 = ∅.
The set of rules R1 of Π is defined as follows.
For any rule (p, Ai +, q, s) of M we add the following rules to R1 :
p.1 : (1, p)(0, p′ ) → (2, p)(1, p′ )
p.2′ : (1, p′ )(0, s) → (2, p′ )(1, s)

p.2 : (1, p′ )(0, q) → (2, p′ )(1, q)
p.3 : (2, p)(0, Ai ) → (3, p)(2, Ai )

p.4 : (3, p)(2, p′ ) → (0, p)(3, p′ )

p.5 : (0, Z)(3, p′ ) → (1, Z)(0, p′ )

For any rule (p, Ai −, q, s) of M we add the following rules to R1 :
p.1 : (1, p)(0, p1 ) → (3, p)(1, p1 )

p.2 : (1, p1 )(0, p2 ) → (2, p1 )(1, p2 )

p.3 : (3, p)(2, Ai ) → (0, p)(3, Ai )
p.5 : (3, p)(1, p2 ) → (0, p)(3, p2 )

p.4 : (3, Ai )(2, p1 ) → (0, Ai )(3, p1 )
p.6 : (0, q)(3, p1 ) → (2, q)(0, p1 )

p.7 : (3, p2 )(1, s̄) → (0, p)(3, s̄)
p.9 : (0, s)(3, s̄) → (1, s)(0, s̄)

p.8 : (1, p2 )(2, q) → (0, p2 )(1, q)
p.10 : (0, s̄)(2, p1 ) → (1, s̄)(0, p1 )

We show that any instruction of M can be simulated by applying rules of
Π, and conversely, any successful computation in Π corresponds to a successful
computation in M . We note that as in the proofs of the previous theorems, cell
1 contains at most one symbol that corresponds to a state of M .
Let us consider instructions of M of the form (p, Ai +, q, s). To simulate this
instruction, first rule p.1 and then either rule p.2 or rule p.2′ is applied (depending
on whether the next state of M will be q or s) in parallel with rule p.3. Then, the
number of symbols Ai in cell 2 is increased by one and the symbol representing
the new state, i.e., q or s enters cell 1. (During the work of Π, cell 2 will store
symbols Ai which represent the contents of the corresponding register.) Still we
need to remove p and p′ from the system. This is done by rules p.4 and p.5. Notice
that the simulation of a new instruction may start before the application of rules
p.4 and p.5, but these two rules do not interfere with any such computation
phase, so these two rules may be applied. It can also be seen that the above
rules, performed in the above order, simulate instruction (p, Ai +, q, s) and only
that. We note that symbols Z are accumulated in cell 1, but the presence of
these symbols in cell 1 has no effect on the simulation.
Now let us consider instructions of the form (p, Ai −, q, s). First rule p.1 is
applied and then either rules p.2 and p.3 are applied in parallel (cell 2 contains at
least one Ai ) or only rule p.2 can be applied (cell 2 does not contain Ai ). Suppose
that cell 2 has at least one symbol Ai . Then, by applying rules p.4, p.5, p.6 and
p.8 in this order, one copy of Ai leaves the system, symbol q enters the system
and finally moves to cell 1, and assistant symbols p1 and p2 leave the systems as
well. No other rule can be applied during this phase of the computation. Suppose
now that cell 2 does not contain any occurrence of Ai . Then, only rule p.2 can be
applied. Then, p is present in cell 3, p1 in cell 2, and p2 in cell 1. After then, rules
p.5, p.7, p.9 and p.10 are applied in this order. As a result, s enters the system
and enters cell 1, assistant symbols p1 and p2 leave the system, and the further
assistant symbol s̄ enters cell 1 and remains there. The presence of this symbol
in cell 1 and the fact that rule p.10 is applied after s reaches its destination, cell
1, do not affect the computation.
We may easily notice that the rules can be performed only in the manner described above. Thus, any computation in M can correctly be simulated by Π and
conversely, and N (M ) = N (Π) holds. Since N (M ) is a recursively enumerable
set of numbers, the theorem holds.

4

Conclusions

In this paper we proved that GCPSs with three cells and with only join, or only
split, or only chain rules are computationally complete computing devices. These
bounds are improvements of the previous results. We guess that the number of
cells can also be significantly reduced (to 3) in the case of other variants of
generalized communicating P systems with minimal interaction, we plan investigations in this direction in the near future.
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Abstract. We continue the study of spiking neural P systems with a
generalized use of rules (which combine spiking neural P systems with the
exhaustive use of rules and sequential use of rules) by considering these
computing devices as language generators. Specifically, mark the moment
that the output neuron emitted spikes as a character, thus constitutes
the language generated by that system. The computational power of
spiking neural P systems with a generalized use of rules is investigated,
when considering them as language generating devices. Specifically, it is
proved that finite and recursively enumerable languages are characterized by spiking neural P systems with a generalized use of rules. The
relationships with regular languages are also investigated.
Keywords: Membrane computing, spiking neural P systems, generalized use of rules.

1

Introduction

Membrane Computing is a vivid research area nowadays which was first proposed by Păun at 1998 and recorded in [10]. General information about membrane computing can be found in [11], [12] and the membrane computing website
(http://ppage.psystems.eu). The devices of the obtained models usually called
P systems, they are basically distributed and parallel. According to the different biological systems, there are three variants of P systems, tissue P systems,
cell-like P systems and spiking neural P systems. The tissue P systems can be
learnt in [7] and [21]. However this article centers the spiking neural P systems,
introduced by [4].
Spiking neural P systems (SN P Systems) are a class of computing models,
which consist of a set of neurons. And each neuron contains a number of spikes
and a set of spiking rules. An SN P System can be represented as a graph with the
arcs connecting the nodes represent synapses and the nodes denote the neurons.
In a neuron, spiking rules can be applied to send spikes to other neurons, and
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forgetting rules can make the neuron remove spikes. Generally, a neuron can be as
the output neuron. Thus two main kinds of outputs can be got by a computation
in an SN P System: a set of numbers or the string. The case of SN P Systems
which generate sets of numbers was investigated in several papers, such as [17].
In this case, SN P Systems with standard rules were investigated in [4] and the
SN P Systems with extended rules were investigated in [3], where it is proved
that such systems are Turing complete. Another case, a string corresponding to
the sequence of spikes which mainly in the following two generated ways. For SN
P Systems with standard rules, the string is a binary one, with 1 associated with
a step when a spike is emitted and 0 associated with a step when no spike is
emitted which was investigated in [2]. For SN P Systems with extended rules, a
symbol bi is associated to a step when the output neuron sends i spikes into the
environment, with two cases: b0 ( a step when no spike is emitted) is regarded
as a symbol which called the restricted case or as the empty string which called
the non-restricted case. On an arbitrary alphabet the extended SN P Systems
produces the string languages were investigated in [3]. In the article, we research
on the strings generated by the extended SN P Systems.
Recently there have been many papers published that are devoted to the research of SN P Systems. Among these researches, some SN P Systems have been
used for solving computational hard problems(e.g., ([20]) and also many variants
of SN P Systems have been investigated (e.g.,([18]), ([19]), ([16]),([6]),([17]),([1])
and ([15]).)
The application of the rules is crucial for SN P Systems, there are three
ways of using rules have been investigated in an SN P System: the sequential
use of rules, the exhaustive use of rules and the generative use of rules. The
sequential use of rules means that in a neuron, at a step, one of the enabled
rules is nondeterministically chosen for the application, and then the chosen rule
is applied only once, so the system works in a sequential way at the level of the
neuron, which were investigated in [9] and [23] as number generators and in [2]
and [3] as language generators, and they were all proved to be computationally
complete devices. The exhaustive use of rules means that in a neuron, at a step,
one of the enabled rules is nondeterministically chosen for the application, and
then the chosen rule is applied as many times as possible. The SN P Systems with
exhaustive use of rules were proved to be universal not only as number generators
in [5] but also as language generators in [24]. The generalized use of rules is
between the sequential way and the exhaustive way. Specifically, a generalized
use of rules means that the chosen rule is applied for any l times, where l ∈
{1, 2, ..., m}; m is the maximum number of times for which the chosen rule can
be applied under the way of the exhaustive use of rules. The computational power
of SN P Systems with a generalized use of rules which were regarded as number
generators was investigated in [22]. In this article, we consider SN P Systems
with a generalized use of rules as language generators. Like in the case of SN
P Systems with extended rules as language generators which mentioned above.
Characterizations of finite and recursively enumerable languages are obtained
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by SN P Systems with a generalized use of rules. The relationships with regular
languages are also investigated.
This article is organized as follows. In section 2, some formal language theory
prerequisites are recalled. In section 3, SN P Systems with a generalized use of
rules are introduced. The generated languages by SN P Systems with a generalized use of rules are investigated in Section 4. Conclusions and remarks are
given in section 5.

2

Prerequisites

The reader should know little about basic language and automata theory in
order to read this paper, hence we briefly introduce here the necessary notations
and basic definitions, also they can learn from [13], [14] and [22] etc..
For an alphabet V , V ∗ denotes the set of all finite strings over V , with
denoting the empty string by λ. The set of all nonempty strings over V is denoted
by V + . When V = {a} is a singleton, then simply make a∗ and a+ instead of
{a}∗ , {a}+ . More importantly the length of a string x ∈ V ∗ is denoted by |x|.
The families of finite, regular, and recursively enumerable languages are denoted
by FIN, REG, RE, respectively.
We can define a regular expression over an alphabet V in three ways: 1. λ and
each a ∈ V is a regular
S expression, 2. if E1 , E2 are regular expressions over V,
then (E1 )(E2 ), (E1 ) (E2 ), and (E1 )+ are regular expressions over V, 3. nothing
else is a regular expression over V. Each expression E we associate a language
L(E) is defined inSthe following way:
S 1. L(λ) = {λ} and L(a) = {a}, for all
a ∈ V , 2. L((E 1 ) (E 2 )) = L(E 1 ) L(E 2 ), L((E 1 )(E 2 )) = L(E 1 )L(E 2 ), and
L((E 1 )+ ) = (L(E 1 )+ ), for all regular expressions E1 , E2 over V. Non-necessary
S
parentheses are omitted when writing a regular expression, and also (E)+ {λ}
can be written as E ∗ . We can define V = {b1 , b2 , ..., bs }, for some s ≥ 1. For
a string x ∈ V ∗ , let us denote by vals (x) the value in base s + 1 of x (we use
base s + 1 in order to consider the symbols b1 , ..., bs as digits 1, 2, . . . ,s, thus
avoiding the digit 0 in the left hand of the string). We extend this notation in
the natural way to sets of strings.
Give a Chomsky grammar in the form G = (N, T, S, P ), where N denotes
the nonterminal alphabet, T denotes the terminal alphabet, S ∈ N is the axiom,
and P is the finite set of production rules. For regular grammars, the production
rules are of the form A → aB, A → a, for some A, B ∈ N , a ∈ T .
All the universality results of the article are based on the notion of a register
machine. Here introduce this notation in the non-deterministic version. A register
machine is a construct M = (m, H, l0 , lh , I), where m denotes the number of
registers, H denotes the set of instruction labels, l0 is the start label , lh is
the halt label , and I is the set of instructions; each label from H labels only
one instruction from I, thus precisely identifying it. The instructions are of the
following forms:
• li : (ADD(r), lj , lk ) (add 1 to register r and then go to one of the instructions
with labels lj , lk non-deterministically chosen),
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• li : (SUB(r), lj , lk ) (if register r is non-empty, then subtract 1 from it and go
to the instruction with label lj , otherwise go to the instruction with label
lk ),
• lh : HALT (the halt instruction).
To prove a register machine M was Turing computable not only as generating
device but also as accepting device, we simply introduce here some main points.
Firstly, a register machine M generates a set N(M) of numbers as follows: starting
with all registers empty, the system applies the instruction with label l0 and
continues to apply instructions as indicated by the labels, if the system reaches
the halt instruction, then the number n present in register 1 at that time is
said to be generated by M. It is known (see, e.g.,[8]) that the register machines
generate all sets of numbers which are Turing computable. Secondly, a register
machine M also is regarded as a number accepting device as follows: Start with
introducing a number n is some register r0 , then work with instruction with label
l0 , if M finally halts, then n is accepted. In summary, both in the generating and
accepting case, M can be deterministic.

3

SN P Systems with a Generalized Use of Rules

We introduce here SN P Systems with a generalized use of rules and the languages generated by them are introduced in this section.
An SN P System with a generalized use of rules, of degree m ≥ 1, is a
construct of the form
Π = (O, σ1 , . . . , σm , syn, i0 ),
where:
1. O = {a} is the singleton alphabet (a is called a spike);
2. σ1 , ..., σm are neurons, of the form
σi = (ni , Ri ), 1 ≤ i ≤ m,
where:
(a) ni ≥ 0 is the initial number of spikes contained in σi ;
(b) Ri is a finite set of rules of the form E/ac → ap , where E is a regular
expression over a, and c ≥ 1, p ≥ 0, with the restriction c ≥ p.
3. syn ⊆ {1, 2, . . . , m} × {1, 2, . . . , m} with i 6= j for each (i, j) ∈ syn, 1 ≤ i,
j ≤ m (synapses between neurons);
4. i0 ∈ {1, 2, . . . , m} indicates the output neuron of the system.
In this article we do not consider the delay between firing and spiking rules
in the proofs below, this means spiking rules are always of the form E/ac → ap ;
d, with d = 0. Certainly, under the normal case, d ≥ 0.
A firing rule E/ac → ap is used in a generalized way as follows. If some neuron
σi contains k spikes and ak ∈ L(E), k ≥ c, then the rule can be applied. The
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number of times of the rules is decided by the generalized way which expresses
the following. Assume that k = sc + r for some s ≥ 1 and 0 ≤ r < c; if there
is a l nondeterministically chosen from the set{1, 2, ..., s}, then lc spikes can
be consumed. If the rule consumes lc spikes, for 1 ≤ l ≤ s, then lp spikes are
produced and sent to each of the neurons σj because of (i, j) ∈ syn, and k − lc
spikes remain in neuron σi , and if the case in the output neuron, lp spikes are
also sent to the environment. Of course, if neuron σi has no synapse leaving
from it, the produced spikes are lost. A forgetting rule E/ac → λ is applied in
a generalized way works like a spiking rule. It is worth noting that if several
rules of a neuron can be applied at the same step, then only one of them is
nondeterministically chosen to be used, and the chosen rule will be applied in a
generalized way as mentioned above.
A configuration of the system is described by the number of spikes present in
each neuron during a computation. Thus, the initial configuration is hn1 , n2 , . . . , nm i.
Any sequence of transitions starting in the initial configuration is called a computation. A computation halts if it reaches a configuration where no rule can be
used. The result of a computation can be defined in several ways. In this paper,
we only consider a string as the result of a halting computation in the following
way: the symbol bi is associated with a step when the output neuron emits i
spikes, thus a string is associated with a halting computation as the sequence
of these symbols bi . Then, two cases arise. The first one interprets b0 (hence
a step when no spike is emitted) as a symbol, and this is called the restricted
case; in the other case, b0 is interpreted as the empty string, and this called
non-restricted case.
Q
Q
For an SN P System , we denote by Lgen
res ( ) (with “gen”
Q coming from
“generalized” and “res” coming from “restricted”) and Lgen
(
) the language
λ
computed by SN P Systems with a generalized use of rules for the restricted
and non-restricted cases, respectively. For the above two cases, we denote by
gen
Lα SN Pm
(rulek , consq , prodl ) (when α = res means the system in restricted
case, Q
α = λ meansQthe system in non-restricted case. )the family of all sets
gen
Lgen
res ( ) and Lλ ( ) generated by SN P Systems working in the generalized
mode, with at most m ≥ 1 neurons, using at most k ≥ 1 rules in each neuron,
with all spiking rules E/ac → ap having c ≤ q and p ≤ l. If any of the parameters
m, k, q, l is not bounded, it is replaced with *. For any given language L, it always
work with the alphabet V = {b1 , b2 , . . . , bs }, for some s ≥ 1. When a symbol b0
is used in some step, it is supposed that b0 ∈
/ V.

4

The Languages Generated by SN P Systems with a
Generalized Use of Rules

In this section, we investigate SN P Systems with a generalized use of rules as
language generators.
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4.1

A characterization of FIN

Finite languages can be characterized by SN P Systems consisting of one neuron
working in a generalized way, so the following theorem holds.
Theorem 1. Lα SN P1gen (rule∗ , cons∗ , prod∗ ) = F IN, α ∈ {res, λ}
Proof. The inclusion Lα SN P1gen (rule∗ , cons∗ , prod∗ ) ⊆ F IN, α ∈ {res, λ} can
be easily proved. The number of spikes in a neuron is limited, it consumes at
least one spike at any a step. Assume the neuron only consumes a spike at a
step, hence the computation lasts at most as many as steps as the number of
spikes present in the system at the beginning. Hence, the generated strings have
a bounded length.
Now we prove the opposite inclusion F IN ⊆ Lα SN P1gen (rule∗ , cons∗ , prod∗ ).
Take a finite language, L = {x1 , . . . , xn } ⊆ V ∗ , n ≥ 1 and xi = xi1 . . . xiri , for
Pk
xij ∈ V ,1 ≤ i ≤ n,1 ≤ j ≤ ri = |xi |. Denote αk = i=1 |xi |, 1 ≤ k ≤ n. For any
b ∈ V , define index(b) = i if b = bi .And we assume that card(V ) = s.
From the Theorem 1 in [24], any a rule in the neuron of the system only can
be applied once. Hence for the SN P Systems with a generalized use of rules, the
theorem still holds true.
Theorem 2. If L ∈ F IN , L = {x1 , . . . , xn }, xi ∈ V , for 1 ≤ x ≤ n, and xi is
a single character, then L ∈ Lα SN P1gen (rule∗ , cons∗ , prod∗ ), α ∈ res, λ.
Proof. Initially, the neuron contains as+i+1 spikes, and only the rules as+i+1 /as+1 →
aindex(xi ) can be applied, for 1 ≤ i ≤ n. Then the neuron produces index(xi )
spikes, means that generate any a string xi , and at the next step , the remained
i spikes can be lost because of the rule ai → λ. Hence, the generated string xi is
a single character, and concludes the computation.
Consequently, all the strings in L can be generated by the above SN P System
with a generalized use of rules, which concludes the proof.

Fig. 1. An SN P System with a generalized use of rules from the proof of Theorem 2
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4.2

Relationship with Regular Languages

Regular languages can be represented by SN P Systems with extended rules([3])
and SN P Systems with exhaustive use of rules([24]). Such a representation can
also be obtained by SN P Systems with a generalized use of rules.
Theorem 3. If L ∈ V ∗ , L ∈ REG, then L{b0 } ∈ Lres SN P3gen (rule∗ , cons∗ , prod∗ ).
Proof. Make a rule in a neuron be used exactly once in the above SN P System
with a generalized use of rules, we can get that Theorem 3 from [24] still holds
true. Hence, the proof can be concluded.
Theorem 4. Lλ SN P2gen (rule∗ , cons∗ , prod∗ ) ⊆ REG.
Proof. For an SN P System with two neurons in the generalized mode, the
number of spikes from the system can remain the same after a step, but it
cannot increase. Therefore, the system consumes the number of spikes at most
is the number present at the beginning. This means that the system can pass
through a finite number of configurations. Consequently, the generated language
is regular (see similar reasonings in [3]).
gen
Theorem 5. Lλ SN P13
(rule3 , cons2 , prod2 ) − REG 6= φ.

Proof. The SN P System Π with a generalized use of rules from Fig.2 generates
n m
the language Lgen
λ (Π) = {b1 b2 |n ≥ 1, m ≥ 1}, which obviously is non-regular.

Fig. 2. An SN P System with a generalized use of rules from the proof of Theorem 5
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The SN P System with a generalized use of rules works here briefly shown
as follows. Start with two spikes in neuron σ2 and 4 spikes in neuron σ1 1. In the
neuron σ2 , the rule a2 → a2 (or a2 → a) can be applied, non-deterministically
chosen. Assume that we choose the rule a2 → a2 , two spikes are sent to neurons
which connect it. At the same step, only the rule (a2 )+ /a2 → a2 can be applied,
and it can be used one or two times non-deterministically. Then the neuron
σ1 0 accepts two or four spikes and emits two or four spikes to neuron σ1 1 at
next step. Neuron σ3 receives two spikes and then spikes to neuron σ4 at next
step. Neuron σ4 applies the rule a → a and sends one spike to the environment.
Because neuron σ1 and neuron σ2 spike each other, the system can continue.
At some step, if the rule a2 → a is used, then the rule a(a2 )+ /a2 → λ is used
in neuron σ1 1, therefore, the number of spikes in neuron σ1 1 will not increase.
And neuron σ1 3 will send two or four spikes to neuronσ9 at a step, then apply any
a rule and emit two spikes to neuron σ4 . Neuron σ4 sends a spike to environment
at next step. Because neuron σ9 and neuron σ1 3 spike each other, the system
can continue.
For the above SN P System with a generalized use of rules, some rules can be
applied one or two times, so the number of symbol b1 doesn’t equal the number
of symbol b2 .
Consequently,the language {bn1 bm
2 |n ≥ 1, m ≥ 1} can be generated by the
system Π, which concludes the proof.
4.3

A characterization of RE

A characterization of recursively enumerable languages is obtained by the SN P
Systems with a generalized use of rules. Let us write n in front of a language
family notation in order to denote the subfamily of languages over an alphabet
with at most n symbols.
Theorem 6. nRE ⊆ nLλ SN P∗gen (rule7 , cons5n+1 , prod5n ), for n ≥ 1.
Proof. To prove the above inclusion, we construct SN P Systems with a generalized use of rules to simulate register machines which can characterize N RE.
For V = {b1 , b2 , . . . , bn }, let us take an arbitrary language L ⊆ V ∗ , L ∈ RE.
Obviously, L ∈ RE if and only if valn (L) ∈ N RE. In turn, a set of numbers
is recursively enumerable if and only if it can be accepted by a deterministic
register machine. Let M1 be such a register machine, i.e., N (M1 ) = valn (L).
An SN P System Π with a generalized use of rules that generates L is shown
in Fig.3.
An SN P System Π working in a generalized way of using rules can be
constructed to simulate the register machine M. For each register r of the register machine M we consider a neuron σr in Π whose contents correspond
to the contents of the register. Specifically, if the register σr holds the number m ≥ 0, then neuron σr will contain 5m spikes. Therefore, σco and σc1
are two distinguished neurons of Π, which are empty in the initial configuration. The role of the register machine M0 is to multiply the number stored

9

Fig. 3. The structure of the SN P System with a generalized use of rules from the proof
of Theorem 6
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in neuron σc1 (initially, we have here number 0) by n + 1, then add the number from neuron σc0 ;specifically, if neuron σc0 holds 5i spikes and neuron σc1
holds 5m spikes, m ≥ 0, then we end this step with 5(m(n + 1) + i) spikes
in neuron σc1 and no spike in neuron σc0 . Assume that the registerTmachines
M0 = (m0 , H0 , l0,0 , lh,0 , I0 ) and M1 = (m1 , H1 , l0,1 , lh,1 , I1 ) have H0 H1 = φ.
In all cases below, i ∈ {1, 2, . . . , n}. Start with 5n spikes in the neuron σ9 , then
it spikes in the first step and sends 5n spikes to neuron σ5 and neuron σ7 . In
the next step the rule a5n → a5i can be used in neuron σ5 , non-deterministically
choosing the number i, while no rule can be used in neuron σ7 . Then, neuron
σ1 , neuron σ6 and neuron σ8 receive 5i spikes respectively. Neuron σ7 outputs i
spikes to the environment non-deterministically at next step, at the same time
neuron σ1 sends 5i spikes to neuron σc0 and neuron σ6 sends 5 spikes to neuron
σlo,o . Therefore, the number of spikes in neuron σc0 becomes 5i (representing
the number i) and five spikes are sent to neuron σlo,o , thus triggering the start
of a computation in M0 . The subsystem corresponding to the register machine
M0 starts to work, multiplying the value of σc1 with n + 1 and adding i. When
this process halts, neuron σlh,o is activated, and in this way 5 spikes are sent to
neuron σ2 .
In the neuron σ2 , two rules a5 → a5 or a5 → a can be chosen non-deterministically.
If the first rule is applied, 5 spikes are sent to neuron σlh,o , which activates neuron
σlh,o thus starting the simulation of the register machine M1 . If the second rule is
applied, the rule aa5n → a5n can be used in the neuron σ7 , so we can repeat this
process and this means that the string should be continued.The computation
stops if and only if valn (x) is accepted by M1 .
In order to complete the proof we need to show how the two register machines
are simulated, using the common neuron σc1 but without mixing the computations. Therefore, we consider the modules ADD and SUB from Figures 4 and 5.
As we know from above content, neurons are associated with each label of the
machine and with each register (if a neuron contains 5n spikes representing the
number n from the register); there also are additional neurons with primed labels
C it is important to note that all these additional neurons have distinct labels.
We must ensure that when the ADD or SUB instruction in M0 is simulated, the
rules of register r in M0 can not be applied.
Module ADD (shown in Fig.4), simulating an ADD instruction. The ADD
module li :(ADD(r), lj ) works as follows. At some step t, the register r holds
number n. At the same time, neuron σli contains five spikes, and no spike is
present in other neurons except for neurons associated with the registers. The
rule a5 → a is used in that step, sending a spike to neurons σli,m , for m =
{0, 1, 2, 3, 4}. Then at step t+2 neurons σli,5 is applied, emits five spikes to
neuron σr and neuron σlj . Neuron σr receives five spikes, which corresponds to
the fact that the number in the register r is incremented by one. At next step,
neuron σlj becomes active, which means that the system starts to simulate the
instruction lj of the register machine M. Therefore, it correctly simulates the
ADD instruction li :(ADD(r), lj ).
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Fig. 4. Module ADD for simulating li :(ADD(r),lj )

Module SUB (shown in Fig.5), simulating a SUB instruction. The SUB
module li :(SUB(r), lj , lk )works as follows. Initially, at some step t, the neuron
σli contains five spikes, then the rule a5 → a2 can be applied, emits two spikes to
neurons σ1 , σ2 , σ3 and σr . At next step, neurons σi , i = {1, 2, 3} send six spikes
in total to neuron σ4 and two spikes to neuron σr . After receives two spikes,
the rules can be used in the neuron σr . Therefore, there are three cases will be
turned out.
Case one, neuron σr has zero spike at step t(corresponding to the fact that
the number stored in register r is 0). Therefore, at step t+1 the neuron σr sends
two spikes to σ4 . So the rule a8 → a in neuron σ4 is used at next step. And then
at step t+5, the only rule in neuron σlk is used, which means that neuron σlk is
activated, and the number of spikes stored in neuron σr is still zero. Therefore,
SUB instruction li is correctly simulated.
Case two, neuron σr has five spikes at step t(corresponding to the fact that
the number stored in register r is 1). At step t the neuron σr sends three spikes
to neuron σ4 , then the rule a9 → a5 is used at next step. Similarly, the only
rule in neuron σ8 will be applied at step t+5, which means that the instruction
lj is simulated, the neuron σlj is activated. And the number of spikes stored in
neuron σr is still zero, because the two spikes received from σ1 will spike the
rule a2 → a2 , and the two spikes pasted to the neuron σ4 will be missed by the
rule a2 → λ. Therefore, SUB instruction li is correctly simulated.
Case three, neuron σr has 5n spikes, n ≥ 2 at step t(corresponding to the
fact that the number stored in register r is n). Neuron σr receives 5n+2 spikes at
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Fig. 5. Module ADD for simulating li :(SUB(r), lj , lk )
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step t + 1, so the rule a2 (a5 )/a9 → a9 can be applied. Because of the generalized
use of rules, the above can be uses several times which is nondeterministically
chosen. Here we can assume a number stored in the register r, and then run the
process, (similar explanation in [22]), the details left to the readers. So under
a generalized use of rules, the simulation has two possibilities: neuron σlj is
activated and the number of spikes in neuron σr is decremented by five, or the
simulation does not halt and it gives no result. This means that SUB instruction
li is still correctly simulated in case three.
We should note that assure an SUB instruction of M is still correctly simulated when it shares a register with another instruction by using the rule
(a9 )+ /a9 → λ.
In summary, the simulation of SUB instruction is correct in the above three
cases.

5

Conclusions and Remarks

In this paper, we have investigated the language generating power of SN P Systems with a generalized use of rules. The relationships with regular languages
have been considered and we have also proved that finite and recursively enumerable languages can be characterized by SN P Systems with a generalized use
of rules.
In this work, the string languages produced by SN P Systems with generalized
rules are composed by the symbol bi which is associated to a step when the
output neuron sends i spikes into the environment. In [2], the binary languages
is defined as the sequences of symbols 0 and 1 which describe the behavior of the
output neuron: if the output neuron spikes, then we write 1, otherwise we write
0 mentioned. It will be of interest to investigate the binary languages generated
by SN P Systems with the generalized use of rules.
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Abstract. In this study we use a variant of spiking neural P (SNP)
systems known as spiking neural P systems with structural plasticity (or
SNPSP systems) to design a module that acts both as an information
storage (memory module) and a processing unit (arithmetic module). We
call such module as arithmetic-memory module. In previous literature,
an arithmetic module’s only responsibility is to perform the arithmetic
operation. Storing the numbers, both the input and output, is not the
responsibility of an arithmetic module. We were able to incorporate the
information storing functionality to an arithmetic module to come up
with the arithmetic-memory module.
The module can store a single non-negative integer. Two modules can
be activated to perform any of the four arithmetic operations: addition,
subtraction, multiplication, and division. Each of the two modules holds
one of the operands. When activated, the two modules will perform the
specified arithmetic operation and the result of the operation will be
stored in another module.
By using SNPSP system’s plasticity rule, we were able to design the
module to have the ability to interact (creating synapses and exchanging
spikes) with any other module. It means that the connections between
modules are not static and that an arithmetic operation can be performed
on any two numbers stored in any two modules in the system.
Keywords: Membrane Computing, Spiking Neural P Systems, Arithmetic Operation, Memory Module
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Introduction

A family of related models of computation known as P systems is the topic of
the area of theoretical computer science called membrane computing. Membrane
computing studies biologically-inspired unconventional models of computation
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(see [9]). P systems include models of computation inspired by the mechanism
inside of a biological cell. They also include models inspired by the workings
of a group of connected cells (tissue-like models) and models inspired by the
workings of a group of neurons (neural-like models).
In 2006, neural-like P systems known as spiking neural P systems (SNP systems) were introduced in [4]. The SNP system model is inspired by the workings
of the brain. It is an unconventional model of computation whose main computing elements are called neurons. The neurons also serve as storage, each neuron
storing a single number called a spike count. An SNP system is a collection of
such neurons that can be connected to each other using synapses. This model
will later be called classic SNP system.
There are many structures and mechanisms in the brain that are good sources
of inspiration for the creation of new variants of SNP systems. e.g. weighted
synapses, neuron division, threshold mechanism, astrocytes, neuron budding,
axons, etc. After being introduced in 2006, many other variants of SNP systems
that incoporate these structures and mechanisms have been developed. Some of
these SNP variants can be found in [7,8,11,12,5,6,10,13,16,14].
A more recently introduced variant is known as SNP system with structural
plasticity (SNPSP system) [1]. The main inspiration for this variant is the idea
of the brain structural plasticity (the brain having the ability to rewire itself).
Capability for synaptogenesis and synaptic pruning is the new feature added to
SNPSP systems. Synaptogenesis is the creation of new synapses while synaptic
pruning is the elimination of existing synapses. This feature gives the SNPSP
systems the ability to change their structure which is not possible for SNP systems.
In this paper, we use SNPSP systems to design a module that is both an
information storage (memory module) and a processing unit (arithmetic module). We call this module as arithmetic-memory module. An arithmetic-memory
module can store a single non-negative integer. Two modules can be activated
to perform any of the four arithmetic operations: addition, subtraction, multiplication, division.
In [3], [15], and [2], SNP systems have been used to create arithmetic modules. Usually, an arithmetic module is designed to perform only one of the four
arithmetic operation (except for one module in [2] that can perform both addition and subtraction). An arithmetic module receives spike trains (representing
the operands) from outside the module and produces a spike train representing
the result of the operation. The arithmetic-memory module is different to the
arithmetic modules in [3], [15], [2] in two significant ways: (1) When performing
an arithmetic operation, the operands are already stored in the modules since
the modules are also memory units. One module stores the first operand and another module stores the second operand. (2) The modules are multi-functional.
When an arithmetic operation will be performed, two modules containing the
operands will be activated. A part of activating these modules is specifying the
operation that will be performed. This means that any two modules can perform
any of the four arithmetic operations.
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The rest of the paper is structured as follows: In Section 2, we introduce and
briefly discuss some preliminary concepts from language and automata theory.
We also discuss SNPSP systems, the SNP system variant that is the focus of
this work. In Section 3, we design the arithmetic-memory module. In the subsections of Section 3, we discuss different functionalities of the arithmetic-memory
module. e.g. In Section 3.2 we detailed how the modules can perform addition or
subtraction and in Section 3.3 we detailed how the modules can store persistent
information. In Section 4, we provide final remarks about the arithmetic-memory
module by comparing it to arithmetic modules in the literature.

2
2.1

Preliminaries
Languages and Regular Expressions

An alphabet V is a set of symbols. A string s is a concatenation of symbols. If
a string s uses only symbols of a particular alphabet V , that string is said to be
over the alphabet V . If s is a string over V , the notation |s| is used to denote the
length of s while |s|a where a ∈ V is used to denote the number of occurrences
of symbol a in s.
A language L is a set of strings. When talking about languages , the term
word can be used as a synonym for string. If V is a finite alphabet, then V ∗
is a language that contains all strings over the alphabet V . V ∗ also includes
the empty string, denoted as λ, which is the string with no symbols. V + is a
language that contains all non-empty strings over V .
Since languages are sets , the usual set operations (union, intersection, subtraction) can be applied to languages to produce a new language , e.g. L3 =
L1 ∪ L2 , L3 = L1 ∩ L2 . Concatenation of languages L1 and L2 , denoted as L1 L2 ,
will produce the language L = {s1 s2 |s1 ∈ L1 , s2 ∈ L2 }. The unary operator ∗
applied to some language L will produce a new language L∗ that contains the
empty string λ and all words created by concatenating words of L.
A regular expression is a string that can represent a specific language over
some alphabet V . Any language that can be defined by a regular expression is
called a regular language. The set of all regular languages is usually denoted as
REG.
Given a regular expression E , the language it defines is denoted as L(E). If
a regular expression E defines a language over V , then E itself, is a string over
the alphabet V ∪ {(, ), ∗, +}. Given an alphabet V , the symbol λ, any symbol
a ∈ V , and the symbol ∅are regular expressions. λ defines the language {λ}, ∅
defines the empty language {}, and a defines the language {a}. If E1 and E2 are
regular expressions, then (E1 ), E2∗ , E1 E2 , E1 + E2 are also regular expressions.
(E1 ) defines the language L(E1 ), E2∗ defines the language L(E2 )∗ , E1 E2 defines
that language L(E1 )L(E2 ), and E1 + E2 defines the language L(E1 ) ∪ L(E2 ).
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2.2

Spiking Neural P Systems with Structural Plasticity

Spiking neural P systems with structural plasticity (SNPSP systems) were introduced in [1]. They are variants of classic spiking neural P systems (SNP systems)
from [4].
Formally, an SNPSP system Π of degree m ≥ 1 is a construct Π = (O, σ1 , . . . ,
σm , syn, in, out) , where
– O = {a} is a singleton alphabet containing only the symbol a. a is called a
spike.
– σ1 , . . . , σm are the neurons of the system. A neuron σi (1 ≤ i ≤ m) has the
form (ni , Ri ). ni is a non-negative integer that indicates the initial number
of spikes in σi . ni is represented by the string ani over the alphabet O. Ri
is a finite set of rules with the following forms:
1. Spiking Rule: E/ac → a where E is a regular expression over O and
c ≥ 1. When E = ac , the rule can be written as ac → a.
2. Plasticity Rule: E/ac → αk(i, N ) where c ≥ 1, α ∈ {+, −, ±, ∓},
N ⊆ {1, . . . , m}, and 1 ≤ k ≤ |N |. When E = ac , the rule can be
written as ac → αk(i, N ).
– syn ⊆ {1, . . . , m} × {1, . . . , m}, with (i, i) 6∈ syn, is the set of initial synapses
between neurons.
– in, out are neuron labels that indicate the input and output neurons , respectively.
The semantics of SNPSP systems is as follows. For every time step, each neuron of an SNPSP system Π will check if any of its rules is applicable. Activation
requirements of a rule are specified as E/ac . A rule is applicable if the following
conditions are met: (1) the number of spikes in the neuron (that contains the
rule), represented by an , falls under that pattern of the regular expression E
(symbolically an ∈ L(E)) and (2) the number of spikes in the neuron is at least
c.
It is possible that multiple rules are applicable in a neuron at a given time.
This occurs when the languages defined by the regular expressions of the rules
intersect. i.e. Rule 1: E1 /ac1 → a, rule 2: E2 /ac2 → a and L(E1 ) ∩ L(E2 ) 6= ∅.
When multiple rules are applicable in a neuron, the neuron will non-deterministically
select a rule to activate. When a rule is activated c spikes are consumed in the
neuron.
When a spiking rule is activated at some neuron σi , all neurons σj such that
(i, j) ∈ syn will receive a spike from σi .
When a plasticity rule E/ac → αk(i, N ) is activated in the neuron, the
neuron will perform one of the following actions:
1. (α = +) Add a set of k synapses from σi to some k neurons whose labels are
specified in N
2. (α = −) Delete a set of k synapses that connect σi to some neurons whose
labels are specified in N
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3. (α = ±) At time step t, add a set of k synapses from σi to some k neurons
whose labels are specified in N , then in the next time step t + 1, delete those
same k synapses
4. (α = ∓) At time step t, delete a set of k synapses that connect σi to some
neurons whose labels are specified in N , then in the next time step t + 1 add
those same k synapses back
Let P (i) = {j|(i, j) ∈ syn}. It is the set of neuron labels (j) such that σi
is connected to σj . If a plasticity rule is activated and is specified to add k
synapses there will be cases when it can only add less than k synapses. This
occurs when most of the neurons specified in N already have connections from
σi , i.e. |N − P (i)| < k. The rule will connect σi to the remaining neurons
specified in N that are not in P (i). If |N − P (i)| = 0 then there are no more
synapses to add. If |N − P (i)| = k then there are exactly k synapses to add.
When |N −P (i)| > k then the rule will non-deterministically select k neurons
from N − P (i) and connect σi to those neurons.
Additionally we note the following: When a synapse is created at time step
t, connecting σi to σj , a spike is sent to σj at the same time step t.
Similar cases can occcur when deleting synapses. If |P (i)| < k, then a rule
will only delete less than k synapses that connect σi to neurons specified in N
that are also in P (i). If |P (i)| = 0, then there will be no synapses to delete. If
|P (i) ∩ N | = k then the rule will delete exactly k synapses that connect σi to
neurons specified in N .
When |P (i)∩N | > k then the rule will non-deterministically select k synapses
that connect σi to neurons in N and delete those synapses.
A plasticity rule with α ∈ {±, ∓} will be active for two time steps. When
such rule is activated at time step t it will be active until time step t + 1. During
time steps t and t + 1 no other rules can be activated but the neuron can still
receive spikes.
There are two main ways to interpret the output of the system. The output
neuron will send spikes to the environment in two different time steps t and
t + n. The time difference between the first and last spike t − (t + n) = n is
the number output of the system. One can also observe the output neuron and
record its activities. If the output neuron send a spike to the environment, the
its current symbol output is ‘1’. If the output neuron did not send a spike to
the environment then its current symbol output is ‘0’. The (binary) string of
symbols produced by the system, known as a spike train, will be the output of
the system.

3
3.1

Combined Arithmetic and Memory Module
Overview

Using SNPSP systems, we will design a module that acts as an information
storage (memory module) and a processing unit (arithmetic module). We will
call such module as arithmetic-memory module. The module can store a single
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non-negative integer. Two modules can be activated to perform any of the four
arithmetic operations: addition, subtraction, multiplication, and division.

Fig. 1. Arithmetic-Memory modules performing arithmetic operations

Figure 1 shows an overview of an SNPSP system that has 12 arithmeticmemory modules, modules A, B, C, D, E, F , G, H, I, J, K, and L, and one
control subsystem. The control subsystem can send spikes to the modules to
activate them. In the figure, the control subsystem sent spikes to modules A
and B instructing them to perform the addition operation on the numbers they
store, na in module A and nb in module B, and store the sum na + nb in module
C. The control subsystem also sent spikes to modules D and E instructing them
to compute the absolute diffence |nd − ne | between their numbers, nd in module
D and ne in module E, and store the result in module F . The control subsystem
sent spikes to modules G and H instructing them to perform the multiplication
ng × nh and store the product in module I. The control subsystem also sent
spikes to modules J and K instructing them to perform the interger division
nj /nk and store the quotient in module L.
The modules will be designed so that any two modules can be instructed to
perform any of the four arithmetic operations (for simplicity we call the absolute
difference operation as ‘subtraction’ and the interger division as ‘division’). i.e.
In the example above, modules A and B are instructed to perform the addition
na + nb and store the sum in module C, due to the module’s design, modules
A and B can also be instructed to perform the other 3 arithmetic operations
and store the result in other modules (or a specified neuron). Any module can
be paired with any other module in order to perform any of the arithmetic
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operations. The only restriction is that a module should only be involve in one
arithmetic operation at a given time.
In the follow sections, we will be designing the module in parts by highlighting the different functionalities that will be added to the module.
3.2

Addition and Subtraction

In this section, we create limited prototypes of the arithmetic-memory module,
two modules that can only perform addition and can only iteract with each other
and two modules that can only perform subtraction and can only iteract with
each other.
In Figure 2, we have 4 prototype arithmetic-memory modules: A, B, C, D.
Each module has a neuron S. Module A has neuron Sa , module B has neuron
Sb , module C has neuron Sc , and module D has neuron Sd . Each module stores
a number n as 2n spikes in its neuron S. Module A stores the number x as 2x
spikes in neuron Sa , module B stores the number y as 2y spikes in neuron Sb ,
module C stores the number p as 2p spikes in neuron Sc , and module D stores
the number q as 2q spikes in neuron Sd .

Module A
Sa
Xa,1
R1
Out1

a2x

Module B Module C Module D
Sb
Xb,1
R2

a2y

Sc
Xc,2
R3
Out2

a2p

Sd

a2q

Xd,2
R4

Sa / Sb / S c / S d :
a3(a2)+/a2→a
a3→a
a→λ
Xa,1 / Xb,1:
a+/a→a
Xc,2 / Xd,2:
a→a, a2→λ
R1 / R 2 / R 3 / R 4 :
a→a

Fig. 2. Modules A and B can add numbers, Modules C and D can subtract numbers

When a spike is sent to neuron Sa of module A and neuron Sb of module B
at the same time, the modules are activated and they will perform the addition
operation x + y.
When a spike is sent to neuron Sa , the spike count is changed from 2x to
2x + 1. If neuron Sa has 2x + 1 spikes and x = 1, then the rule “a3 → a”
will activate consuming all 3 spikes and sending a spike to Xa,1 . If neuron Sa
has 2x + 1 spikes and x > 1, then the rule “a3 (a2 )+ /a2 → a” will activate
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consuming two spikes and sending one spike to neuron Xa,1 . Activating neuron
Sa by sending a spike to the neuron will eventually lead to all spikes in neuron
Sa being consumed and x spikes being sent from neuron Sa to neuron Xa,1 .
When a spike is sent to neuron Sb , neuron Sb will behave exactly like neuron
Sa when activated. After activating neuron Sb (contains 2y spikes) by sending a
spike to the neuron, all spikes in the neuron will eventually be consumed and y
spikes will be sent to neuron Xa,1 .
Neuron Xa,1 , using the rule “a+ /a → a” will simply ‘forward’ all the spikes
it received to neurons R1 and R2 . Neurons R1 and R2 will double the spikes
coming out of neuron Xa,1 and will send these spikes to neuron Out1 . Neuron
Xa,1 will receive a total of x + y spikes, x spikes from neuron Sa and y spikes
from neuron Sb which will eventually be sent to neuron Out1 as 2(x + y) spikes.
When a spike is sent to neuron Sc of module C and neuron Sd of module D at
the same time, the modules are activated and they will perform the ‘substraction’
operation |p − q|. Absolute difference is computed since the modules can only
store non-negative integers.
Neurons Sc and Sd have the same set of rules as neurons Sa and Sb . When
neurons Sc and Sd are activated (by sending a spike to each neuron), they will
eventually consume all their spikes, neuron Sc will send p spikes to neuron Xc,2 ,
and neuron Sd will send q spikes to neuron Xc,2 . When there are two spikes in
neuron Xc,2 , the neuron simply consumes those two spikes (a2 → λ). When there
is a single spike in the neuron Xc,2 , the neuron ‘forwards’ the spike to neurons
R3 and R4 (a → a). Neurons Sc and Sd are activated at the same time. As
long as both of them are sending spikes to neuron Xc,2 , neuron Xc,2 will simply
forget those spikes. When either neuron Sc or neuron Sd ran out of spikes, the
other neuron will be the only one providing spikes to neuron Xc,2 . At this point,
neuron Xc,2 will only see one spike and will forward this spike to neurons R3
and R4 . These situations are shown in Figure 3.

Case 1:

Xc,2
Case 2:

Xc,2

p
11111...111111
111...11100000
q
p-q
p
q-p
111...11100000
11111...111111
q

Sc
Sdc
Sc
Sdc

Fig. 3. Neurons Sc and Sd sending spikes (1) to neuron Xc,2
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Neuron Xc,2 would spike |p − q| times which will eventually send 2(|p − q|)
spikes to neuron Out2 .
In these modules, neurons S (e.g. Sa , Sb , Sc , Sd ) are the information storage neurons of the modules storing the number n as 2n spikes. Neurons X1
(e.g. Xa,1 , Xb,1 ) are the ‘operator’ neurons for addition while neurons X2 (e.g.
Xc,2 , Xd,2 ) are the ‘operator’ neurons for subtraction. Neurons Xb,1 and Xd,2
are not used in the example.
One issue with these prototype modules is that after performing the arithmetic operation the storage neuron S will be empty. The number stored in the
module is erased after the module performs an arithmetic operation. We will
solve this issue in the section below.
3.3

Persistent Memory

The number (n) stored in the module is erased after the module performs an
arithmetic operation because the spikes (2n spikes in neuron S) represeting this
number are consumed in the process. To prevent this information from being
forgotten by the module, we will add another information storage neuron S 0 .
When the module is performing the arithmetic operation, the storage neuron
that contains the number will copy this number to the other storage neuron.
Figure 4 shows the updated prototype modules (modules A and B) that
perform addition operation. For both modules, a second storage neuron is added,
neuron Sa0 for module A and Sb0 for module B. The additional neurons T , neurons
0
0
0
0
Ta,1 , Ta,2 , Ta,1
, Ta,2
for module A and neurons Tb,1 , Tb,2 , Tb,1
, Tb,2
for module B,
help transfer the spikes (stored number) from one storage neuron to another.
Module A

Module B

T’a,1

T’a,2

a2x

a2y

Ta,1

Sa

S’a

T’b,2

S’a : a→λ
a3 →±3(Sa, {Xa,1, Ta,1, Ta,2})
a3(a2)+/a2→±3(S’a, {Xa,1, Ta,1, Ta,2})

Sb

S’b
Tb,2

Xa,1

Out

Sa : a→λ,
a3 →±3(Sa, {Xa,1, T’a,1, T’a,2})
a3(a2)+/a2→±3(Sa, {Xa,1, T’a,1, T’a,2})

Tb,1

Ta,2

R1

T’b,1

Xb,1
R2

Sb : a→λ
a(a2)+/a2→±3(Sb, {Xa,1, T’b,1, T’b,2})
S’b : a→λ
a(a2)+/a2→±3(S’b, {Xa,1, Tb,1, Tb,2})
Xa,1 / Xb,1: a+/a→a
Ta,1 / Ta,2 / T’a,1 / T’a,2 / Tb,1 / Tb,2 /
T’b,1 / T’b,2 / R1 / R2 : a→a

Fig. 4. Modules A and B can add numbers without erasing their information content
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The stored number can either be in neuron S or neuron S 0 of the module.
Similar to the module A in Section 3.2, you can activate the updated module A
by sending a spike to each its storage neurons Sa and Sa0 . The storage neuron
that does not contain the number will use the rule a → λ to simply forget the
added spike. If neuron Sa is the storage neuron that contains the number, the
added spike sent to Sa will change the spike count to 2x + 1 and the plasticty
0
0
rule “a3 (a2 )+ /a2 → ±3(Sa , {Xa,1 , Ta,1
, Ta,2
})” will activate if x > 1. If x = 1,
3
0
0
then the plasticity rule “a → ±3(Sa , {Xa,1 , Ta,1
, Ta,2
})” will activate.
Similar to module A in Section 3.2, when activated the storage neuron Sa will
send spikes to neuron Xa,1 via creation of a synapse (carrying a spike) to neuron
Xa,1 . The additional task performed by Sa (by activating a plasticity rule) is
0
0
the creation (and then deletion) of synapses to neurons Ta,1
and Ta,2
and thus
0
0
sending a spike to each neuron. Neurons Ta,1 and Ta,2 will then forward these
spikes to the other storage neuron S 0 . This additional task is the way the module
copies the number stored in neuron S to neuron S 0 in order to avoid forgetting
the number during the process of addition.
If neuron Sa0 is the neuron that contains the number, neuron Sa0 will peform
similar tasks performed by Sa using similar plasticity rules. The only difference
is that Sa0 will create (and then delete) synapses to neuron Ta,1 and Ta,2 . In this
case, the module is copying the number stored in neuron Sa0 to neuron Sa .
In module B, similar tasks are performed by neurons Sb and Sb0 using similar
plasticity rules to that of the rules in neurons S of module A.
Using this mechanism of copying the number from one storage neuron to
another, the module can now retain the information even after performing an
arithmetic operation. This additional storage neuron will be shown to be essential
when designing the mechanism for multiplication and division in the section
below.
3.4

Multiplication and Division

For performing addition or subtraction, two modules are activated at the same
time. They are activated by sending a spike to each module’s storage neuron,
neuron S or neuron S 0 . For each module, the storage neuron that contains the
number will send spikes to the ‘operator’ neuron of the first module, either neuron X1 for addition or neuron X2 for subtraction. The case would be different
for multiplication. To trigger a multiplication operation x × y between two modules, you only need to activate the module that contains the multiplier y. The
module that contains the multiplier y will then activate the module containing
the multiplicand x.
In Figure 5, module A stores the multiplicand x as 2x spikes in the storage
neuron Sa while module B stores the multiplier y as 2y spikes in the storage
neuron Sb . We start by sending a spike to neuron Ib,1 in module B. We can
think of neuron Ib,1 as a neuron that takes instructions from outside the module.
Neuron Ib,1 will forward the spike from outside to the storage neuron Sb that
contains the multiplier y. To make Figure 5 less complex, in this section we
simply assume that the ‘instruction’ neuron Ib,1 already knew which storage
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neuron (Sb or Sb0 ) stores the number (multiplier) for the module. We will explain
this mechanism in Section 3.5.
Module A

Module B

Ia,1

Ib,1
T’a,1

T’b,1

T’a,2

a2x

a2y

Ta,1

Sa

S’a
Ta,2

Out

Tb,1

S’a : a→λ
a3→±4(S’a, {Xa,1,Ta,1,Ta,2, Ib,1})
a3(a2)+/a2→±3(S’a, {Xa,1, Ta,1, Ta,2})
S : a→λ

b
S’b a(a
2 + 3
) /a →±3(Sb, {Ia,1,T’b,1,T’b,2})

Sb
Tb,2

Xa,1
R1

T’b,2

Sa : a→λ
a3→±4(Sa, {Xa,1,T’a,1,T’a,2, Ib,1})
a3(a2)+/a2→±3(Sa, {Xa,1,T’a,1,T’a,2})

Xb,1

S’b : a→λ
a(a2)+/a3→±3(Sb, {Ia,1,Tb,1,Tb,2})
Xa,1 / Xb,1: a+/a→a

R2

Ta,1 / Ta,2 / T’a,1 / T’a,2 / Tb,1 / Tb,2 /
T’b,1 / T’b,2 / R1 / R2 / Ia,1 / Ib,1 :
a→a

Fig. 5. Modules A and B can multiply numbers

Neuron Sb will now activate since it stores the multiplier y and it received an
additional spike from neuron Ib,1 . From 2y spikes, neuron Sb will now have 2y +1
0
0
spikes and will activate the plasticity rule “a(a2 )+ /a3 → ±3(Sb , {Ia,1 , Tb,1
, Tb,2
}
)”. The first purpose of this rule is to decrement the number in Sb by consuming
3 spikes and increment the number in Sb0 by sending 2 spikes to neuron Sb0 via
0
0
neurons Tb,1
and Tb,2
. After the activation of the plasticity rule, neuron Sb will
now have ((2y + 1) − 3) = 2(y − 1) spikes which represents the number y − 1
and after two time steps neuron Sb0 will now have 2 spikes which represents the
number 1. The second purpose of the plasticity rule is to activate module A by
sending a spike to its ‘instruction’ neuron Ia,1 .
Neuron Ia,1 will forward the spike to neuron Sa since it stores the multiplicand y. (Again, we assume neuron Ia,1 already knew which storage neuron
contains the number) Neuron Sa will active since it stores the multiplicand x
and it received an additional spike from neuron Ia,1 .
Neuron Sa (and Sa0 ) behaves almost exactly like it is peforming an addition
operation. When activated, neuron Sa will use the plasticity rule “a3 (a2 )+ /a2 →
0
0
})” before reaching a spike count of 3 in the neuron.
±3(Sa , {Xa,1 , Ta,1
, Ta,2
Activation of this rule transfers the content of neuron Sa to neuron Sa0 via
0
0
neurons Ta,1
and Ta,2
and sends a spike to the operator neuron Xa,1 . This is
the exact behavior of the first module when performing addition. The difference
0
0
, Ta,2
, Ib,1 })”. In
would be in the other plasticity rule “a3 → ±4(Sa , {Xa,1 , Ta,1
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addition, the similar rule consumes 3 spikes and only creates synapses (and
0
0
send spikes to) neurons Xa,1 , Ta,1
, Ta,2
. In multiplication, the rule also creates a
synapse (and send a spike to) neuron Ib,1 .
Module A sending a spike to neuron Ib,1 will repeat the processes previously
performed by module B. Module B, using its plasticity rule, will decrement the
number in neuron Sb from y −1 to y −2, increment the number in neuron Sb0 from
1 to 2, and activate module A by sending a spike to neuron Ia,1 . The alternating
activation of module B and module A will only stop when Sb contains 0 and Sb0
contains the original multiplier y as 2y spikes.
Modules A and B perform the multiplication as repeated addition. This is
the reason why module A behaves like it is performing addition. Every iteration,
module A will copy its content x from neuron Sa to Sa0 (or form Sa0 to Sa ) and
will send x spikes to operator neuron Xa,1 . Module B will continue activating
module A until it has performed y addition operations. In total, x × y spikes are
sent neuron Xa,1 which will then be forwarded to neuron Out as 2(x × y) spikes.
In Figure 6, modules A and B can be activated to perform the (integer)
division x/y where the dividend x is stored in module A while the divisor y is
stored in module B.

Module A

Module B

Ib,1

Ia,1

Sa : a→λ
a(a2)+/a2→±4(Sa, {Xa,2,T’a,1,T’a,2,Vb})

Vb

T’a,1

T’b,1

S’a : a→λ
a(a2)+/a2→±4(S’a, {Xa,2,Ta,1,Ta,2,Vb})

T’b,2

Sb : a→λ
a3→±4(Sb, {Xa,2,T’b,1,T’b,2,Vb})
a3(a2)+/a2→±2(Sb, {T’b,1,T’b,2})

T’a,2

a2x

Ta,1

Sa

S’a
Ta,2

Out

Tb,1

Sb

S’b
Tb,2

Xa,2
R1

a2y

Xb,2
R2

S’b : a→λ
a3→±4(S’b, {Xa,2,Tb,1,Tb,2,Vb})
a3(a2)+/a2→±2(S’b, {Tb,1,Tb,2})
Xa,2 / Xb,2 / Vb: a→λ, a2→a
Ta,1 / Ta,2 / T’a,1 / T’a,2 / Tb,1 / Tb,2 /
T’b,1 / T’b,2 / R1 / R2 / Ia,1/ Ib,1 : a→a

Fig. 6. Modules A and B can divide numbers

The division starts by sending a spike to the instruction neurons, neurons
Ia,1 and Ib,1 , of both modules. The instruction neurons will forward the spike to
the storage neuron that stores the number for the module.
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Neuron Ia,1 will forward the spike to neuron Sa since it stores the number,
dividend x, for the module. After receiving the spike, neuron Sa will now have
2x + 1 spikes and it will activate the plasticity rule “a(a2 )+ /a2 → ±4(Sa , {Xa,2 ,
0
0
Ta,1
, Ta,2
, Vb })”. This rule will create synapses (and then delete them) and send
0
0
spikes to neurons Xa,1 , Ta,1
, Ta,2
and Vb . This is similar to the activities of the
module when performing subtraction. Neuron Sa sends spikes to the operator
neuron Xa,2 (also used in subtraction). Neuron Sa also copies its content by
0
0
sending spikes to neuron Sa0 via neurons Ta,1
and Ta,2
. Neuron Sa peforms the
additional task of sending a spike to neuron Vb of module B.
In module B, neuron Ib,1 will forward the spike to neuron Sb since it stores
the number, divisor y, for the module. After receiving the spike, neuron Sb will
now have 2y + 1 spikes and it will activate the plasticity rule “a3 (a2 )+ /a2 →
0
0
±2(Sb , {Tb,1
, Tb,2
})”. This rule will simply copy the content of neuron Sb to
0
neuron Sb by creating synapses (and then deleting them) and sending spikes to
0
0
neurons Tb,1
and Tb,2
. When the spike count in neuron Sb reaches 3, the plasticity
3
0
0
rule “a → ±4(Sb , {Xa,2 , Tb,1
, Tb,2
, Vb })” will activate. Aside from sending spikes
0
0
to neurons Tb,1 , Tb,2 , neuron Sb will also send spikes to neuron Vb and the operator
neuron Xa,2 in module A.
Neuron Sa in module A is continually (every two time steps) sending spikes
to neuron Xa,2 and Vb . Neuron Sb only sends spikes to neurons Xa,2 and Vb
when it reaches 3 spike count and uses the plasticity rule “a3 → ±4(Sb , {Xa,2 ,
0
0
Tb,1
, Tb,2
, Vb })”. When neuron Vb contains one spike, the spike is simply forgotten.
When neuron Vb contains two spikes, then it will send a spike to both neurons Sb
and Sb0 . After copying the number y from neuron Sb to neuron Sb0 , if Vb receives
2 spikes then it will restart the copying process (by sending a spike to neuron
Sb0 ) but this time the number y stored in neuron Sb0 will be copied to neuron Sb .
In the example, similar to neuron Vb , neuron Xa,2 will only spike when it receives two spikes, one from neuron Sa and one from Sb (or Sb0 ). This is illustrated
in Figure 7.

r-y r

Xa,2

x

001...11111...11111...11...111...11
100...00100...00100...00...100...00
y
y
y
y

r = x mod y

Sa
Sb/S’b

Neuron Xa,2 spikes

Fig. 7. Neurons Sa and Sb /Sb0 sending spikes (‘1’) to neuron Xa,2 (neuron Sa actually
sends a spike every two time steps since ± plasticity rules take two time steps to
complete)

Neuron Xa,2 is counting the number of y’s “that can fit” in the number x.
For every spike sent from neuron Sb /Sb0 to neuron Xa,2 then its one instance of
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y being counted. Neuron Xa,2 only counts the instance of y when it also receives
a spikes from Sa . Neuron Xa,2 will spike exactly bx/yc times, eventually sending
2bx/yc spikes to neuron Out.

3.5

Data Line and Instruction Line

In this section we will discuss how the instruction neurons I (e.g. Ia,1 , Ib,1 ) of the
modules determine which storage neuron to forward the spike they received from
the outside. We will also discuss how data (the stored number) is introduced to
the module.
When the module is not performing any arithmetic operation, the number
stored in the module is either in storage neuron S or neuron S 0 . To activate
a module to perform an arithmetic operation, a spike is sent to the instruction
neuron I. This spike should be forwarded by neuron I to the storage neuron S/S 0
that contains the number. This means that neuron I should have a synapse to
neuron S if the number is stored in neuron S or should have a synapse to neuron
S 0 if the number is stored in neuron S 0 .
We introduce a new neuron D in the module that we will call ‘data’ neuron.
Neuron D is used to change the data (number) stored in the module. When a
spike is sent to neuron D, the stored number x should be incremented by 1. If
number x is stored in neuron S, neuron D should send a spike to (new) neurons
R1 and R2 . Neurons R1 and R2 will then forward these spikes to neuron S. From
2x spikes representing number x, neuron S will now have (2x + 2) = 2(x + 1)
spikes representing the number x + 1. If number x is stored neuron S 0 , neuron D
should send a spike to (new) neurons R10 and R20 . Neurons R10 and R20 will then
forward these spikes to neuron S 0 . This will increment the number x in neuron
S 0 by 1.
We call these new neurons R1 , R2 , R10 , R20 as ‘receiving’ neurons. The instruction neuron I1 will now connect and send spikes to either receiving neuron R1
or neuron R10 . Both data neuron D and instruction neuron I will either be connected to the receiving neurons (R) of neuron S (if x is stored in neuron S) or
the receiving neurons (R0 ) of neuron S 0 (if x is stored in neuron S 0 ).
Figure 8 shows the new neurons in module A. Aside from the receiving neurons and data neuron, the updated module A (can perform addition) also has 9
0
0
, Ga,1 , . . . , Ga,5 . These 9 neuadditional neurons: neurons Wa,1 , Wa,2 , Wa,1
, Wa,2
rons are used when changing the connection from data neuron Da and instruction
neuron Ia,1 to the receiving neurons R/R0 . i.e. neuron Da removing its synapses
to neurons R1 and R2 and creating synapses to neuron R10 and R20 and neuron
Ia,1 removing its synapse to neuron R1 and creating a synapse to R10 .
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Module A
...

Ga,1

Ga,5

Da

Ra,1

Ia,1
Wa,1 W’a,1

Ra,2

Sa : a→λ
a3→±10(Sa, {Xa,1,T’a,1,T’a,2,W’a,1,W’a,2,Ga,1,...,Ga,5})
a3(a2)+/a2→±3(Sa, {Xa,1,T’a,1,T’a,2})

W’a,2

Wa,2

R’a,1
R’a,2

T’a,1

Sa

a

S’a
2x

T’a,2
Ta,1
Ta,2

S’a : a→λ
a3→±10(S’a, {Xa,1,Ta,1,Ta,2,Wa,1,Wa,2,Ga,1,...,Ga,5})
a3(a2)+/a2→±3(Sa, {Xa,1,Ta,1,Ta,2})
Da : (a + a3 )/a → a
a5/a → −2(Da, {R1, R2})
a4/a2 → +2(Da, {R’1,R’2})
a7/a → −2(Da, {R’1,R’2})
a6 → +2(Da, {R1,R2})

Ia,1 : (a + a3 )/a → a
a5/a → −1(Ia,1, {R1})
a4/a2 → +1(Ia,1, {R’1})
a7/a → −1(Ia,1, {R’1})
a6 → +1(Ia,1, {R1})

Ta,1 / Ta,2 / T’a,1 / T’a,2 / Xa,1 : a→a
Ga,1 / ... / Ga,5 : a→a
Wa,1 / Wa,2 / W’a,1 / W’a,2 : a→a
Ra,1 / Ra,2 / R’a,1 / R’a,2 : a4→λ, a3→λ, a→a

Xa,1

Fig. 8. Modules A with instruction and data lines

When performing any of arithmetic operation, a module copies its number
from one storage neuron to another (from neuron S to neuron S 0 or vice versa).
In Figure 8, module A stores the number x in neuron Sa . Since neuron Sa
contains number x, the data neuron Da is connected to the receiving neurons
R1 , R2 and instruction neuron Ia,1 is connected to receiving neuron R1 of neuron
Sa . Neuron Da and Ia,1 contain no spikes. If a spike is sent to either neuron, it
will simply forward the spike to the receiving neurons using the rule (in both
neurons Da and Ia,1 ) “(a + a3 )/a → a”.
In Figure 4 in Section 3.3, when performing addition, the last rule used by
0
0
neuron Sa is the plasticty rule “a3 → ±3(Sa , {Xa,1 , Ta,1
, Ta,2
})” which send
0
0
spikes to operator neuron Xa,1 and transfer neurons Ta,1 and Ta,2
. The activation of this rule completes the transfer of number x from neuron Sa to neuron Sa0 . For the updated module A in Figure 8, we add 7 additional neuron
targets to the plasticty rule making the last rule activated by neuron Sa as
0
0
0
0
“a3 → ±10(Sa , {Xa,1 , Ta,1
, Ta,1
, Wa,1
, Wa,2
, Ga,1 , . . . , Ga,5 }”. This rule is activated when the last spikes in neuron Sa are consumed and spikes are sent to
0
0
.
neuron Sa0 via the transfer neurons Ta,1
and Ta,2
The rule will create (and then delete) synapses form neuron Sa to neurons
0
0
0
0
and Wa,2
. Neurons Wa,1
and Wa,2
will receive one spike each and will
Wa,1
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forward the spikes to all receiving neurons R10 and R20 . Each receiving neu0
0
ron will have two spikes, one from Wa,1
and another from Wa,2
. The rule will
also send spikes to neurons Ga,1 , . . . , Ga,5 . Neurons Ga,1 , . . . , Ga,5 will forward
these spikes to the data neuron Da and instruction neuron Ia,1 which will then
contain 5 spikes each. Neuron Da having 5 spikes will activate plasticity rule
“a5 /a → −2(Da , {R1 , R2 })” which will remove the synapses from neuron Da
to neurons R1 and R2 . Neuron Ia,1 having 5 spikes will activate the plasticity rules “a5 /a → −1(Ia,1 , {R1 })” which will remove the synapse from neuron
Ia,1 to neuron R1 . Then neuron Da will have 4 spikes which will activate the
rule “a4 /a2 → +2(Da , {R10 , R20 })” adding synapses and sending spikes to neurons R10 and R20 . Neuron Ia,1 will also have 4 spikes which will activate the rule
“a4 /a2 → +1(Ia,1 , {R10 })” adding a synapse and sending a spike to neuron R10 .
Neuron Da will have 2 spikes left and no rules will activate. Neuron Ia,1 will
also have 2 spikes left and no rules will activate. Neuron R10 will now have 4
0
0
spikes (from Wa,1
, Wa,2
, Da , Ia,1 ) which will activate the rule “a4 → λ”. Neuron
0
0
0
R2 will now have 3 spikes (from Wa,1
, Wa,2
, Da ) which will activate the rule
3
“a → λ”. Any spikes sent to neurons Da and Ia,1 will be forwarded to the
receiving neurons R10 and R20 using the rule (in both neurons) “(a + a3 )/a → a”.
The second case would be number x being transfered from neuron Sa0 to
neuron Sa . Both data neuron Da and instruction neuron Ia,1 are connected to
receiving neurons R10 and R20 and have two spikes each. Neuron Sa0 will activate
“a3 → ±10(Sa0 , {Xa,1 , Ta,1 , Ta,1 , Wa,1 , Wa,2 , Ga,1 , . . . , Ga,5 }”. Neurons R1 and
R2 will receive two spikes one from Wa,1 and another from Wa,2 . Neurons Da
and Ia,1 will receive 5 neurons from Ga,1 , . . . , Ga,5 . Neuron Da will now have
7 spikes which will activate the rule “a7 /a → −2(Da , {R10 , R20 })” removing the
synapses to neurons R10 and R20 . Neuron Ia,1 will also now have 7 spikes which
will activate the rule “a7 /a → −1(Ia,1 , {R10 })”. Then neuron Da will have 6
spikes which will activate the rule “a6 → +2(Da , {R1 , R2 })” adding synapses
and send spikes to neurons R1 and R2 . Neuron Ia,1 will also have 6 spikes
which will activate the rule “a6 → +1(Ia,1 , {R1 })” adding a synapse and send
a spike to neuron R1 . Neurons Da and Ia,1 will now have zero spikes. Neuron
R1 will now have 4 spikes (from Wa,1 , Wa,2 , Da , Ia,1 ) which will activate the rule
“a4 → λ”. Neuron R2 will now have 3 spikes (from Wa,1 , Wa,2 , Da ) which will
activate the rule “a3 → λ”. Any spikes sent to neurons Da and Ia,1 will now be
forwarded to the receiving neurons R1 and R2 using the rule (in both neurons)
“(a + a3 )/a → a”.
3.6

Neuron Addressing

Any of prototype modules in the previous sections can only interact with one
other module to perform an arithmetic operation. We want the modules to have
the ability to interact with any other module specified by the control subsystem.
In this section we will discuss a way to direct outgoing spikes from a neuron to
a specified target neuron.
In Figure 9, we have neuron M whose main function is to forward spikes
to a specified neuron Ni ∈ {N1 , . . . , Nk }. We can specify the target neuron Ni
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by sending 3i spikes in neuron M via neurons A1 , A2 , A3 . Neuron M has the
set of plasticity rules of the form “a(a3i )/a → ±1(M, {Ni })” for 1 ≤ i ≤ k. At
time t if neuron M has 3i spikes and it receives one spike, the rule “a(a3i )/a →
±1(M, {Ni })” will activate at time t. The rule will consume a spike, returning
the spike count to 3i. The rule will create a synapse and send a spike to neuron
Ni at time t and then delete the synapse at time t + 1.

A1

A2

A3

A1 / A2 / A3: a→a
M:
a5(a3)+/a3 →λ
a5 →λ
a(a3i)/a→±1(M,{Ni})
for 1 ≤ i ≤ k

M

...
N1

N2

N3

Nk

Fig. 9. Mechanism for forwarding a spike to different neurons

Neuron M can only forward one spike every two time steps since ± plasticity
rules work in two time steps. To changed specified target neuron from neuron
Ni to some neuron Nj ∈ {N1 , . . . , Nk }, send two spikes to neuron M using two
neurons in {A1 , A2 , A3 }. This will activate the rule a5 (a3 )+ /a3 → λ. This rule
will simply consume 3 spikes very time step until the spike count reaches 5.
When the spike count is 5, neuron M will activate the rule a5 → λ forgetting
the remaining 5 spikes in the neuron. 3j spikes can now be sent to neuron M .
This mechanism can be integrated to the modules. Before activating the modules to perform some arithmetic operation, the control subsystem can specifiy
the ‘address’ of the output neuron (or module) to one of the modules. If modules
A and B will perform addition, the control subsystem should specify the ‘address’ of the output neuron to module A. In the addition operation, the second
operand module B will send spikes to the operator neuron Xa,1 in module A.
This means that ‘address’ of neuron Xa,1 in module A should be specified in
module B before activating both modules to perform addition.
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Architecture of Arithmetic-Memory Module

Figure 10 shows the architecture of the arithmetic-memory module. In order for
the module to perform any of the arithmetic operations, the control subsystem
should be able to specify the operation when activating the modules involved.
This is done by allowing the control subsystem to send multiple spikes to neurons
S or S 0 via multiple instruction neuron. All the neurons in the figure are from
the prototype modules in Section 3.

G
D

I
A’1

A1
A2
W

R

R’

A’2
A3

A’3

S’

S
T

M

X’1

X’2

V

V’

X2

X1
O
E

E

E

E

E

Fig. 10. Architecture of Arithmetic-Memory Module

Neuron D is the data neuron. Neurons I are instruction neurons I1 , . . . , I8 .
Neurons R are the receiving neurons R0 , . . . , R8 of storage neuron S. Neurons
R0 are the receiving neurons R00 , . . . , R80 of storage neuron S 0 . Neurons G are
neurons G1 , . . . , G5 , neurons W are neurons W1 , W2 and neurons W 0 are neurons W10 , W20 . Neurons G, W , and W 0 are used in switching the connections of
the data neuron D and instruction neurons I from one set of receiving neurons to another (i.e. changing connections of neurons D, I from neurons R to
neurons R0 or vice versa). Neurons T are the tranfer neurons T0 , . . . , T8 while
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neurons T 0 are the transfer neurons T00 , . . . , T80 . Neuron X1 is the operator neuron when the module is performing addition or multiplication. Neuron X2 is the
operator neuron when the module is performing subtraction or division. Neuron
O is the output neuron which only forwards spikes from the operator neurons
X1 , X2 . Neurons X10 , X20 are pre-operator neurons. If the module contains the
first operand, the pre-operator neurons will forward the spikes they receive to
the module’s operator neurons. If the module contains the second operand, the
pre-operator neurons will forward the spikes they receive to another module’s
operator neurons. Neurons V, V 0 are used in division operation (see Section 3.4).
Neuron M is used by the module during multiplication when the module contains
the multiplicand and it wants to signal the module containing the multiplier (see
Section 3.4).
Table 1 shows all the operations (and the corresponding spike count needed)
that a module can perform. Two additional unary operations, clear and decrement, are added. A number n is stored as 9n in one of the storage neurons.
Sending spikes (1 to 8 spikes) to the instruction neurons I will activate the module. N
No. of Spikes (in S or S 0 ) Operation
9n + 0
Storage (no operation)
9n + 1
Clear
9n + 2
Decrement
9n + 3
Addend
9n + 4
Sub Operand
9n + 5
Multiplicand
9n + 6
Multiplier
9n + 7
Dividend
9n + 8
Divisor
Table 1. Module Operations

1. Storage (0). When the number of spikes in neuron S (or S 0 ) is 9n + 0 for
some n ≥ 0, then the module is simply a storage storing the number n as 9n
spikes in neuron S (or S 0 ).
2. Clear (1). When the number of spikes in neuron S (or S 0 ) is 9n+1 for some
n ≥ 0, then the module will empty-out the storage by removing all 9n + 1
spikes in neuron S (or S 0 ).
3. Decrement (2). When the number of spikes in neuron S (or S 0 ) is 9n + 2
for some n ≥ 0, then the module will decrement the number n in memory by
one thus the number that will be stored is (n − 1). If the module is storing
the number n as 9n spikes in neuron S (or S 0 ) and 2 spikes were introduced
in neuron S (or S 0 ), then the module will remove (9 + 2) spikes in neuron S
(or S 0 ). There will be 9(n − 1) remaining spikes which represents the number
(n − 1).
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4. Addend (3). When the number of spikes in neuron S (or S 0 ) is 9n + 3 for
some n ≥ 0, then the module (A) will act as the first addend in an addition
computation. The addition computation a + b will involves 3 modules: modules A, B, and C. Module A stores number a as 9a spikes, module B stores
the number b as 9b spikes, and module C stores number c as 9c spikes. When
3 spikes are introduced to neuron S (or S 0 ) of module A, then the module
will ‘interact’ with module B and module C in order to perform the addition
computation. We will give the details of these interactions below. After the
addition computation has been performed by the modules, module A would
still store number a as 9a spikes, module B would still store number b as 9b
spikes, while module C will now store the number (a + b + c) as 9(a + b + c)
spikes. If the initial content of module C is zero (c = 0), then after the
computation, module C will store the number (a + b) as 9(a + b) spikes.
Module (B) will act as the second addend in an addition computation. Addition computation will only start properly when module A and module B
receive additional 3 spikes in their neuron S (or S 0 ) at the same time.
5. Sub Operand (4). When the number of spikes in neuron S (or S 0 ) is 9n + 4
for some n ≥ 0, then the module (A) will act as the first sub operand in the
‘subtraction’ computation. Since our modules can only store non-negative
integers, then ‘subtraction’ computation will actually be the absolute difference |a − b|. The computation will involves 3 modules: modules A, B, and
C. Module A stores number a as 9a spikes, module B stores the number
b as 9b spikes, and module C stores number c as 9c spikes. When 4 spikes
are introduced to neuron S (or S 0 ) of module A, then the module will ‘interact’ with module B and module C in order to perform the ‘subtraction’
computation. We will give the details of these interactions below. After the
‘subtraction’ computation has been performed by the modules, module A
would still store number a as 9a spikes, module B would still store number
b as 9b spikes, while module C will now store the number (|a − b| + c) as
9(|a − b| + c) spikes. If the initial content of module C is zero (c = 0), then
after the computation, module C will store the number |a − b| as 9(|a − b|)
spikes.
Module (B) will act as the second sub operand in an ‘subtraction’ computation. ‘Subtraction’ computation will only start properly when module A
and module B receive additional 4 spikes in their neuron S (or S 0 ) at the
same time.
6. Multiplicand (5). When the number of spikes in neuron S (or S 0 ) is 9n +
5 for some n ≥ 0, then the module (A) will act as the multiplicand in
multiplication computation. The multiplication computation a·b will involves
3 modules: modules A, B, and C. Module A stores number a as 9a spikes,
module B stores the number b as 9b spikes, and module C stores number c
as 9c spikes. When 5 spikes are introduced to neuron S (or S 0 ) of module
A, then the module will ‘interact’ with module B and module C in order
to perform the multiplication computation. We will give the details of these
interactions below. After the multiplication computation has been performed
by the modules, module A would still store number a as 9a spikes, module
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B would still store number b as 9b spikes, while module C will now store the
number (a · b + c) as 9(a · b + c) spikes. If the initial content of module C is
zero (c = 0), then after the computation, module C will store the number
(a · b) as 9(a · b) spikes.
7. Multiplier (6). When the number of spikes in neuron S (or S 0 ) is 9n + 6 for
some n ≥ 0, then the module (B) will act as the multiplier in a multiplication
computation. In the multiplication computation (a·b = c) described in 6, the
second operand number b, is stored in module B as 9b spikes. Multiplication
computation will only start properly when module A receives an additional
5 spikes in its neuron S (or S 0 ) at the same time that module B receives an
additional 6 spikes in its neuron S (or S 0 ).
8. Dividend (7). When the number of spikes in neuron S (or S 0 ) is 9n + 7
for some n ≥ 0, then the module (A) will act as the dividend in the division computations. The division computation ba/bc will involve 3 modules:
modules A, B, C. Module A stores number a as 9a spikes, module B stores
the number b as 9b spikes, module C stores number c as 9c spikes. When
7 spikes are introduced to neuron S (or S 0 ) of module A, then the module
will ‘interact’ with module B, and module C in order to perform the division computations. We will give the details of these interactions below. After
the division computations have been performed by the modules, module A
would still store number a as 9a spikes, module B would still store number b
as 9b spikes, module C will now store the number (ba/bc + c) as 9(ba/bc + c)
spikes. If the initial contents of module C is zeroes (c = 0), then after the
computations, module C will store the number (ba/bc) as 9(ba/bc) spikes.
9. Divisor (8). When the number of spikes in neuron S (or S 0 ) is 9n + 8 for
some n ≥ 0, then the module (B) will act as the divisor in the division
computations. In the division computation ba/bc , described in 8, the second
operand number b, is stored in module B as 9b spikes. Division computations
will only start properly when module A receives an additional 7 spikes in its
neuron S (or S 0 ) at the same time that module B receives an additional 8
spikes in its neuron S (or S 0 ).

4

Final Remarks

We can compare the arithmetic-memory modules to the modules created in
[3]. The created SNP system modules in [3] can perform addition, subtraction,
comparision and multiplication by a constant factor. Their modules are similar
to a CPU’s arithmetic-logic units which means, unlike our arithmetic-memory
modules, they are strictly processing units and do not store information. Their
modules take external spike train inputs. The operands enter the modules as
spike trains which are interpreted as binary numbers. The output of the module
is a spike train representing the binary number result of the operation. One
advantage of their addition module is that it can take multiple (greater than 2)
inputs and produce the sum of more than two numbers.
In [15], four SNP system modules are created that can perform addition, subtraction, multiplication, and division. Similar to the modules in [3], the modules
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in [15] are strictly arithmetic(-logic) units. No information is stored persistently
in the modules. Similar to the arithmetic-memory modules, modules in [15] can
only take two inputs. A number x, input or output, is represented by the spike
train 10x−1 1. Two spike trains will enter the module as inputs. One advantage
of using the modules in [15] is the modules’ ability to work even if the input
spike trains do not enter the module at the same time. Since numbers are represented by spike trains of the form 10x−1 1, the module can determine if both
inputs already entered the module by counting the number of ‘1’ it received.
Receiving 4 spikes means the two inputs already entered the module and the
computation can begin. The arithmetic-memory modules rely on the external
control subsystem to activate two modules at the same time in order to perform
the arithmetic operation properly.
The main advantage of the arithmetic-memory module its ability to store a
number persistently. Combining the arithmetic module and memory module bypasses the von Neumann bottleneck. If the number of arithmetic modules in less
than the number of memory modules and the memory modules share common
data lines to the arithmetic modules then the bottleneck can occur. This does
not occur when you use arithmetic-memory modules since every module already
contain part of the processing unit.
Another advantage of using the arithmetic-memory module is its inherently
parallel nature. The control subsystem can instruct multiple modules to perform
different arithmetic operations at the same time.
For future works, the arithmetic-memory modules can easily be modified to
include other binary operations like number comparison. One can also modify
the module to have the ability to represent negative integers.
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Abstract. In this paper we introduce a new P system model called as
parallel contextual hexagonal array insertion deletion P system based
on the modified X-direction, Y-direction Z-direction contextual rules of
parallel contextual hexagonal array grammar. This model makes use of
parallel double window movement along the arrow heads for generating
hexagonal array languages. We discuss some properties for the family
of languages generated by this new P system and find their generating
power by comparing them with certain other families of hexagonal array
languages.
Keywords: P system, hexagonal array, parallel contextual array grammar

1

Introduction

Two-dimensional languages are one of the extensions of string languages theory.
To study the problem of picture generation and description, where pictures are
considered as connected, digitized finite arrays in the two-dimensional plane,
there has been a continued interest in adapting the techniques of formal string
language theory for developing various new methods.
Hexagonal pictures occur in several application areas especially in picture
processing and image analysis [10]. Hexagonal kolam array grammars for generating hexagonal arrays and hexagonal patterns on triangular grids which can
be treated as two-dimensional representation of three-dimensional blocks was
constructed by Siromoney et al. [16]. Recently, the hexagons and the hexagonal
tiling have been addressed by a symmetric coordinate frame in [7] and possible
link of applications in [10].
Contextual grammars were introduced by S.Marcus[8] in 1969 as another
model to describe natural languages. A contextual grammar produces a language by starting from a given finite set of strings and adding, iteratively, pairs
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of strings(called as contexts), associated to sets of words(called selectors) to the
string already obtained. Many variants of contextual grammars have been considered in the literature and investigated from a mathematical point of view [3,
9].
In [18], D.G.Thomas et al developed a new method of generating hexagonal
arrays based on an extension of contextual grammars called parallel contextual
hexagonal array grammars. Their systems yield languages of hexagons using
parallel rewriting relations. They make use of ’window movement’ on arrow
heads to decide whether the languages are generated by array contexts of choice
mappings by the applications of array contextual operations in parallel.
A P system or membrane system, which was introduced by Paun [11], evolves
in parallel; at each step all objects, which can evolve should evolve. A computation starts from an initial configuration of a system, defined by a membrane
structure with objects and evolutions rule in each membrane, and terminates
when no further rule can be applied. It is possible to assign a result to a computation in two ways: considering the multiplicity of objects present in a designated
membrane in a halting configuration, or concatenating the symbols leaving the
system in order that they are sent out of the skin membrane. Various types of P
systems have been introduced in the literature and their properties, computing
power, normal forms and basic decision problems have been studied.
In P systems with string objects one uses the Chomskian way of rewriting for computations. In [6] the contextual way of handling string objects in P
systems has been considered and that the contextual P systems are found to be
more powerful than ordinary string contextual grammars and its variants. In [?],
Ceterchi et al introduced array P systems of the isometric variety, extending the
string rewriting P systems to arrays using context-free type of rules. Henceforth,
several P system models for generating arrays, both isometric and non-isometric
variety, have been considered in the literature (for example [15, 1]). In [15], a P
system model, called Contextual array P system with array objects and array
contextual rules has been introduced based on the contextual style of array generation considered in [4], and its generative power in the description of picture
arrays is examined. In [1], a P system model namely, external and internal array
contextual P systems have been introduced along with external array contextual
P systems with erased contexts based on the contextual style of array generation
considered in [5].
In this paper based on a grammar called parallel contextual hexagonal array
insertion deletion grammar which is a modified form of parallel contextual style
of internal parallel contextual hexagonal array grammars considered in [18] and
incorporating insertion and deletion operation, we introduce a new P system
model called as parallel contextual hexagonal array insertion deletion P system.
In section 2, we give some prerequisites. In Section 3, we define parallel contextual hexagonal array insertion deletion P system and give an example. In Section
4, some properties of this new P systems is discussed. In Section 5, we compare
the family of languages generated by these new P systems with certain other
families of hexagonal array languages like HLOC, HREC in [2] and thus bring
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out their generative powers. In Section 6, we conclude the article with a brief
remark.

2

Preliminaries

In this section we recall some notions related to hexagonal array grammars and
parallel contextual hexagonal array grammars. We can refer to [18, 2] for further
details.
Definition 1. We consider hexagons of the following type:
upper left vertex
upper right vertex
leftmost vertex
lower left vertex

rightmost vertex
lower right vertex

Let Σ be a finite alphabet of symbols. A hexagonal picture p over Σ is a
hexagonal array of symbols over Σ. For example, a hexagonal picture over the
alphabet {a, b, c} is: p =

a b
a c b
a b

. The set of all hexagonal arrays over Σ is

denoted by Σ ∗∗H . A hexagonal picture language L over Σ is a subset of Σ ∗∗H .
z
With respect to a triad x
y of triangular axes x, y, z, the coordinates of
each element of a hexagonal picture can be fixed.
For l, m, n ≥ 1, Σ l,m,n denotes the set of all hexagonal pictures of size (l,
m, n).
Definition 2. Let Γ be a finite alphabet. A hexagonal picture language L⊂ Γ ∗∗H
is called local if there exists local system 4 of hexagonal tiles over Γ ∪ {#} such
that L = {p ∈ Γ ∗∗H |B2,2,2 (p̂) ⊆ 4}where B2,2,2 (p̂) is the set of all hexagonal
tiles of the picture p of size (2,2,2).
The family of all hexagonal local picture languages is denoted by HLOC.
We now introduce the family of recognizable hexagonal picture languages
using the notion of hexagonal local picture languages and the notion of projection
of a language.
Definition 3 (Hexagonal Recognizable Languages). Let Σ be a finite alphabet. A hexagonal picture language L⊆ Σ ∗∗H is called recognizable if there
0
exists a hexagonal local picture language L (given by a set 4 of hexagonal tiles)
0
over an alphabet Γ and a mapping Π : Γ → Σ such that L = Π(L ).
The family of all recognizable hexagonal picture languages is denoted by HREC.
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(


a1



 b1 a 2
b2
=

ak



bk

a2

a1 b2



b1




a1 b1








 a
2 b2
∗∗Yz
k≥1 ,V
k≥1
=









a k bk


···
···

V ∗∗Yx

, V ∗∗Xy =

a1
b1

·
··· ··

a1 a2 · · · ak
b1 b2 · · · bk



··· ··
·









···
···

Definition 4. We define the sets, V

)
a1 a2 · · · ak
∗∗Zy
=
=
b1 b2 · · · bk k ≥ 1 , V




a k bk









∗∗Xz
k≥1 ,V
k
≥
1
=
,
a2 b2









a1 b1


∗∗Zx

Definition 5. Let V be a finite alphabet. A zx array context over V is of the
a1 a2 · · · ak
form, czx = b b · · · b
∈ V ∗∗Zx , k ≥ 1.
1 2
k
A zy array context over V is of the form, czy =

a1 a2 · · · ak
∗∗Zy
, k ≥ 1.
b1 b2 · · · bk ∈ V

A xy array context over V is of the form, cxy =

·
··· ··

ak
bk

a2
a1 b2
b1

∈ V ∗∗Xy , k ≥ 1.

A yx array context over V is of the form, cyx =

A yz array context over V is of the form, cyz =

a2 b2
a1 b1

∈ V ∗∗Xz , k ≥ 1.

a1
a2 b1
b2 ∈ V ∗∗Yx , k ≥ 1.

·
··· ··

A xz array context over V is of the form, cxz =

···
···

ak bk

ak
bk

a1 a2 · · · ak
∗∗Yz
, k ≥ 1.
b1 b2 · · · bk ∈ V

·
··· ··
···
·
·
·
·
·
··
··
·
·
··
··

Definition 6. Consider a hexagonal array H of size (l, m, n). Let i = l + m, j ≥
1, k ∈ {2, 3, . . . , l + m − 1}. The xy-arrowhead in the direction of Z is defined
a11 a12 · · · a1j
as, ak1 ak2 · · · akj

. When j = 1, we call it as xy-arrow. The maximum possible

ai1 ai2 · · · aij
xy-arrowhead of H is denoted by H .
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···
···
···
···

a11 a12 · · · a1j
ak1 ak2 · · · akj

. When

···
···
···
···

The yx-arrow head in the direction of Z is defined as,

ai1 ai2 · · · aij

j = 1, we call it as yx arrow.. The maximum possible yx arrowhead of H is
denoted by H .









Similarly, in the direction of X we can define the yz and zy arrowheads. In the
direction of Y we can define the xz and zx arrowheads. The maximum possible yz,
zy, xz and zx arrowheads of H are denoted by H , H , H , H respectively.
Note 1. If H is a hexagonal array of size (l, m, n), then let |H|X = l, |H|Y =
m, |H|Z = n. If X is a xy arrow head, then |X|Z denotes the number of elements
in the border of X in Z-direction. If H 0 is a xy arrow, then |H 0 |Z =1. We can
give similar type of notions for yx, yz, zy, zx, xz arrow-heads or arrows.

ajq · · · ajr

, with |A|Z + |B|Z ≤ n, |A|X =

···

···

···

aks · · · akt

B =

···

akq · · · akr

rowheads A =

···

···

···

···

Definition 7. The Z-directional parallel contextual insertion operation is defined as follows: Let V be an alphabet, ZX and ZY be the finite subsets of
V ∗∗Zx and V ∗∗Zy whose elements are zx and zy array contexts respectively and
ϕIzx : (V ∗∗Zx , V ∗∗Zx ) → 2ZX , ϕIzy : (V ∗∗Zy , V ∗∗Zy ) → 2ZY be the choice
mappings. For an hexagonal array H of size (l, m, n), we consider the yx ara1q · · · a1r
a1s · · · a1t

ajs · · · ajt

ak1 · · · akh

if

···

···

ϕ̂Iz : (V ∗∗H , V ∗∗H ) → V ∗∗H such that, Iz ∈ ϕ̂Iz (A, B), Iz =

···

···

|B|X = l, |A|Y = |B|Y = m, q < s ≤ t, j = l + m, k = m. We define
a11 · · · a1h

aj1 · · · ajh

auq · · · aur
au1 · · · auh
aus · · · aut
cu = av1 · · · avh ∈ ϕIzy
avq · · · avr ,
avs · · · avt , cu ∈ ZY, 1 ≤ u ≤ m −


auq · · · aur
au1 · · · auh
aus · · · aut
I
,
1, v = u + 1, h ≥ 1 and du = av1 · · · avh ∈ ϕzx avq · · · avr , avs · · · avt
du ∈ ZX, 1 ≤ u ≤ l − 1, v = u + 1, h ≥ 1, not all need to be distinct.
Given an hexagonal array H ∈ V ∗∗H of size(l, m, n), we consider the maximum possible yx-arrowhead H , |H |Z = n such that H = X1 >A >B >X2 ,
a1q · · · a1r
a1g · · · a1n
a11 · · · a1p
a1s · · · a1t

···

···
, X2 =

akg · · · akn

···

aks · · · akt

···

···

···
, B=

···

···

akq · · · akr

···

···

···
, A=

···

···

ak1 · · · akp

···

X1 =

···

···



,

aj1 · · · ajp
ajq · · · ajr
ajs · · · ajt
ajg · · · ajn
1 ≤ q ≤ s < g ≤ n + 1 (or) 1 ≤ q < s ≤ g ≤ n + 1, with p = q − 1, r =
s − 1, t = g − 1, j = l + m, k ∈ {2, 3, . . . , l + m − 1}, we write H ⇒I H 0 if
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0
H
= X1 >A >Iz >B >X2 , such that Iz ∈ ϕ̂Iz (A, B). Iz is called as the inserted yx-arrowhead context. We say that H’ is obtained from X by Z-directional
parallel contextual insertion operation. The following 4 special cases for H =
X1 >A >B >X2 is also considered,

1.
2.
3.
4.

For
For
For
For

q = 1, we have X1 = Λ.
s = 1, we have X1 = Λ and A = Λ.
g = n + 1, we have X2 = Λ.
s = n + 1, we have B = Λ and X2 = Λ.

The case q = s = g is not possible for performing Z-directional parallel contextual
insertion operation. We can also consider H ⇒I H 0 with H = X1< A< B< X2
0
and H
= X1< A< Iz < B< X2 .
Similarly we can define X-directional and Y-directional parallel contextual
insertion operations.

···

ajq · · · ajr

···

aks · · · akt

, with |A|Z + |B|Z ≤ n, |A|X = |B|X = l, |A|Y =

···

B =

···

···

akq · · · akr

···

···

···

Definition 8. The Z-directional parallel contextual deletion operation is defined as follows: Let V be an alphabet, ZX and ZY be the finite subsets of
V ∗∗H whose elements are the zx and zy array contexts respectively and ϕD
zx :
∗∗Zy
ZY
∗∗Zy
,
V
)
→
2
be
the
choice
mappings.
:
(V
(V ∗∗Zx , V ∗∗Zx ) → 2ZX , ϕD
zy
For an hexagonal array H of size (l, m, n), we consider the yx arrowheads A =
a1q · · · a1r
a1s · · · a1t

ajs · · · ajt

···

···

···

···

∗∗H
, V ∗∗H ) → V ∗∗H such that, Dz ∈
|B|Y = m, q < s ≤ t we define ϕ̂D
z : (V
a12 · · · a1j


auq · · · aur
au1 · · · auh
aus · · · aut
D
a
a
kj
·
·
·
k2
(A,
B),
D
=
ϕ̂D
if
e
=
∈
ϕ
,
u
z
z
zy
avq · · · avr
av1 · · · avh
avs · · · avt ,

ai2 · · · aij

eu ∈ ZY, 1 ≤ u ≤ m−1, v = u+1 and fu =

au1 · · · auh
av1 · · · avh

∈

ϕD
zx



auq · · · aur
avq · · · avr

,

aus · · · aut
avs · · · avt

···

···

aks · · · akt

, X2 =

···

aji · · · ajw

, B=

···

aki · · ·akw

···

ajq · · · ajr

, Dz =

···

···

···

···

akq · · · akr

···

aj1 · · · ajp

, A=

···

···

···

ak1 · · · akp

X1 =

···

···

···

fu ∈ ZX, 1 ≤ u ≤ l − 1, v = u + 1, not all need to be distinct.
Given an hexagonal array H ∈ V ∗∗H of size(l, m, n), we consider the maximum possible yx-arrowhead H , |X|Z = n such that H = X1 >A >Dz >B >X2 ,
a1q · · · a1r
a1i · · ·a1w
a1s · · · a1t
a11 · · · a1p

ajs · · · ajt

···

···

a1g · · · a1n

···

···

akg · · · akn
ajg · · · ajn

, 1 ≤ q ≤ s < g ≤ n + 1 (or) 1 ≤ q < s ≤ g ≤ n + 1, with


,

Parallel Contextual Hexagonal Array Insertion Deletion P System

7

p = q−1, r = i−1, w = s−1, s = i+h, t = g−1, j = l+m, k ∈ {2, 3, . . . , l+m−1},
0
we write H ⇒D H 0 if H
= X1 >A >B >X2 , such that Dz ∈ ϕ̂D
z (A, B). Dz is
called as the deleted yx-arrowhead context. We say that Y is obtained from X by
Z-directional parallel contextual deletion operation. The following 4 special cases
for X = X1 >A >Dz >B >X2 is also considered,
1.
2.
3.
4.

For
For
For
For

q = 1, we have X1 = Λ.
s = 1, we have X1 = Λ and A = Λ.
g = n + 1, we have X2 = Λ.
s = n + 1, we have B = Λ and X2 = Λ.

The case q = s = g is not possible for performing Z-directional parallel contextual
deletion operation. We can also consider H ⇒D H 0 with H = X1< A< Dz < B< X2
0
and H
= X1< A< B< X2 .
Similarly we can define X-directional and Y-directional parallel contextual
deletion operations.
Definition 9. A parallel contextual hexagonal array insertion deletion grammar
is defined as,
G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY )
where,
V is the finite nonempty set of symbols called total alphabet;
T ⊆ V is the set of terminal alphabet;
M is a finite set of hexagonal arrays over V called axiom set;
ZX is the finite set of zx array contexts;
ZY is the finite set of zy array contexts;
XY is the finite set of xy array contexts;
XZ is the finite set of xz array contexts;
Y X is the finite set of yx array contexts;
Y Z is the finite set of yz array contexts;
D
ΦZ = ϕIzx ∪ ϕIzy ∪ ϕD
zx ∪ ϕzy
I
I
D
ΦX = ϕxy ∪ ϕxz ∪ ϕxy ∪ ϕD
xz
D
ΦY = ϕIyx ∪ ϕIyz ∪ ϕD
yx ∪ ϕyz
ϕIzx : (V ∗∗Zx , V ∗∗Zx ) → 2ZX and ϕIzy : (V ∗∗Zy , V ∗∗Zy ) → 2ZY are the choice
mappings which perform the Z-directional parallel contextual insertion opera∗∗Zx
∗∗Zy
tions. ϕD
, V ∗∗Zx ) → 2ZX and ϕD
, V ∗∗Zy ) → 2ZY are the
zx : (V
zy : (V
choice mappings which perform the Z-directional parallel contextual deletion operations.
ϕIxy : (V ∗∗Xy , V ∗∗Xy ) → 2XY and ϕIxz : (V ∗∗Xz , V ∗∗Xz ) → 2XZ are the
choice mappings which perform the X-direction parallel contextual insertion op∗∗Xz
erations. ϕdxy : (V ∗∗Xy , V ∗∗Xy ) → 2XY and ϕD
, V ∗∗Xz ) → 2XZ are
xz : (V
the choice mappings which perform the X-direction parallel contextual deletion
operations.
ϕIyx : (V ∗∗Yx , V ∗∗Yx ) → 2Y X and ϕIyz : (V ∗∗Yz , V ∗∗Yz ) → 2Y Z are the choice
mappings which perform the Y-direction parallel contextual insertion operations.
∗∗Yx
∗∗Yz
, V ∗∗Yx ) → 2Y X and ϕD
, V ∗∗Yz ) → 2Y Z are the choice
ϕD
yx : (V
yz : (V
mappings which perform the Y-direction parallel contextual insertion operations.
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The insertion derivation with respect to G is a binary relation ⇒i on V ∗∗H
and is defined as H ⇒i H 0 , where H, H 0 ∈ V ∗∗H if and only if,

>

>

<

X8 or

B

X10 or

B

<

A Ixz

<

= X11

Izx

B

<

>
>

<
<







>

<

A

>

>

X12 , H

Iyz

<
<

B

A

= X9

0



A

X10 , H

<

= X11

B

0



A

X8 , H 0 = X7

>
>

B

<
<



6. H

= X9

A

>



5. H

= X7

>
>

4. H

<
<



>
>

0
1. H = X1 >A >B >X2 , H
= X1 >A >Iyx >B >X2 or
0
2. H = X3< A< B< X4 , H
= X3< A< Ixy < B< X4 or
3. H = X5 A B X6 , H 0 = X5 A Izy B X6 or

X12

for some X1 , X2 ∈ V ∗∗Zx , X3 , X4 ∈ V ∗∗Zy , X5 , X6 ∈ V ∗∗Xy , X7 , X8 ∈ V ∗∗Xz ,
X9 , X10 ∈ V ∗∗Yx , X11 , X12 ∈ V ∗∗Yz , and Ixy , Iyx are inserted xy and yx arrowhead contexts obtained by the Z-directional parallel contextual insertion operations, Izy , Iyz are inserted zy and yz arrowhead contexts obtained by the
X-directional parallel contextual insertion operations, Izx , Ixz are inserted zx
and xz arrowhead contexts obtained by the Y-directional parallel contextual
insertion operations according to the choice mappings.
The deletion derivation with respect to G is a binary relation ⇒d on V ∗∗H
and is defined as H ⇒d H 0 , where H, H 0 ∈ V ∗∗H if and only if,

X10 or

A B

<

= X11

B

X8 or

<



>

>
>
A

<
<

X12 , H



B

= X9

A B

<
<

<



>

>

<

>
>



= X7

X10 , H

<

Dxz

<

A

<
<



H 0 = X11

B

X8 , H



A Dzx

B

>

A Dyz

>
>

>

= X9

>



H

0

>
>

H 0 = X7

<
<



0
= X1 >A >B >X2 or
H = X1 >A >Dyx >B >X2 , H
0
H = X3< A< Dxy < B< X4 , H = X3< A< B< X4 or
H 0 = X5 A Dzy B X6 , H = X5 A B X6 or

X12 ,

for some X1 , X2 ∈ V ∗∗Zx , X3 , X4 ∈ V ∗∗Zy , X5 , X6 ∈ V ∗∗Xy , X7 , X8 ∈ V ∗∗Xz ,
X9 , X10 ∈ V ∗∗Yx , X11 , X12 ∈ V ∗∗Yz , and Dxy , Dyx are deleted xy and yx arrowhead contexts using the Z-directional parallel contextual deletion operations,
Dzy , Dyz are deletion zy and yz arrowhead contexts using the X-directional parallel contextual deletion operations, Dzx , Dxz are deleted zx and xz arrowhead
contexts using the Y-directional parallel contextual deletion operations according to the choice mappings.
The direct derivation with respect to G is a binary relation ⇒i,d on V ∗∗
which is either ⇒i or ⇒d .
Definition 10. Let G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY ) be a
parallel contextual hexagonal array insertion and deletion grammar. The language generated by G, denoted by L(G) is defined as,
L(G) = {H 0 ∈ T H∗∗ |H ⇒∗i,d H 0 , H ∈ M }.
The family of all array languages generated by parallel contextual array grammar systems is denoted by PCHAIDL.

Parallel Contextual Hexagonal Array Insertion Deletion P System

Example 1. Consider the grammar,
G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY )
where,
V = {a, Y }
T = {a}


 a a 
a a a
M=
an array over V is the axiom set;
 a a 
 


a Y
Y
ZY =
a Y ,
Y

 

a Y
Y
ZX =
,
a Y
Y





a

XY =  Y a  , Y
Y 

Y

 
 h
i
a a
a Y
XZ =
,
, Y Y
Y Y
Y Y



 




Y
Y
Y
Y X = $yx  Y a  ,  Y a  ,
Y


a
Y

 
 h

i
Y Y
Y Y
YZ =
a a ,
a Y , Y Y

 

a
a Y
I
ϕzy
a , Λ =
a Y


 
a
a Y
I
ϕzx a , Λ =
a Y



 
a

a
ϕIxy Λ , a =  Y a 


Y


h
i
a a
I
a
a
ϕxz Λ ,
=
Y Y

i  a
h
Y
ϕIxz Λ , a Y =
Y Y



 

Y
a
ϕIyx Λ ,
= Y a
Y


Y



 

Y
a
I
ϕyx Λ , a
= Y a


a


i
h
Y
Y
I
a
a
=
ϕyz Λ ,
a a

h
i 
Y Y
ϕIyz Λ , a Y =
a Y

9
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ϕD
zy



Y





Y



a , Λ =
Y
 

a
Y
ϕD
,
Λ
=
zy
a
Y

 

a
Y
D
ϕzx a , Λ =
Y


 
a
Y
ϕD
,
Λ
=
zx
Y
Y

 

Y
Y
D
ϕxy
a , Λ =
Y

 

a
Y
ϕD
,
Λ
=
xy
a
Y
h
i nh
io
D
ϕxz a a , Λ =
Y Y

 

a
Y
D
ϕyx a , Λ =
Y
h
i nh
io
D
ϕyz a a , Λ =
Y Y


The language generated by this grammar is, L(G) = {H ∈ {a}∗∗H | |H|Z =
|H|X = |H|Y }.
A derivation of how an hexagonal array in L(G) of size (3,3,3) is generated
from the axiom is as follows:
- is the contextual arrowhead inserted
- is the contextual arrowhead to be deleted
Y Y Y Y
a a a Y
Y a a a Y
a a a a Y
a a
a a a Y
a a a a Y
a a a ⇒i a a a a Y ⇒i
a a a a Y
⇒i Y
a
a a a a Y
Y
a a
a a a Y
Y a a a Y
a a a a Y
Y
Y Y Y Y
Y a a a Y
Y Y Y Y
Y Y Y
Y Y Y Y
Y Y Y
Y a a a
Y a a a Y
a a a
Y
a a a a
Y a a a a Y
⇒d Y
⇒d Y a a a a ⇒d
Y a a a a a
Y a a a a a Y
a a a a a
Y a a a a Y
Y a a a a
a a a a
Y a a a Y
Y a a a
a a a
Y Y Y Y
Y Y Y
a a a
a a a a
a a a a a
a a a a
a a a
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Parallel Contextual hexagonal array insertion deletion
P System

Definition 11. A parallel internal contextual hexagonal array insertion deletion
P
Q system is a construct,
= (V, T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 , D1 ), . . . , (Mh , Ih , Dh ), ΦZ , ΦX , ΦY , i0 )
where,
V is the finite nonempty set of symbols called total alphabet;
T ⊆ V is the set of terminal alphabet;
µ is the membrane structure with h membranes or regions;
ZX is the finite set of zx array contexts;
ZY is the finite set of zy array contexts;
XY is the finite set of xy array contexts;
XZ is the finite set of xz array contexts;
Y X is the finite set of yx array contexts;
Y Z is the finite set of yz array contexts;
Mi , 1 ≤ i ≤ n is a finite set of hexagonal arrays over V called axioms, initially
present in the region i.
D
ΦZ = ϕIzx ∪ ϕIzy ∪ ϕD
zx ∪ ϕzy
D
I
I
ΦX = ϕxy ∪ ϕxz ∪ ϕxy ∪ ϕD
xz
D
ΦY = ϕIyx ∪ ϕIyz ∪ ϕD
yx ∪ ϕyz
ϕIzx : (V ∗∗Zx , V ∗∗Zx ) → 2ZX and ϕIzy : (V ∗∗Zy , V ∗∗Zy ) → 2ZY are the choice
mappings which perform the Z-directional parallel contextual insertion opera∗∗Zx
∗∗Zy
tions. ϕD
, V ∗∗Zx ) → 2ZX and ϕD
, V ∗∗Zy ) → 2ZY are the
zx : (V
zy : (V
choice mappings which perform the Z-directional parallel contextual deletion operations.
ϕIxy : (V ∗∗Xy , V ∗∗Xy ) → 2XY and ϕIxz : (V ∗∗Xz , V ∗∗Xz ) → 2XZ are the
choice mappings which perform the X-direction parallel contextual insertion op∗∗Xz
, V ∗∗Xz ) → 2XZ are
erations. ϕdxy : (V ∗∗Xy , V ∗∗Xy ) → 2XY and ϕD
xz : (V
the choice mappings which perform the X-direction parallel contextual deletion
operations.
ϕIyx : (V ∗∗Yx , V ∗∗Yx ) → 2Y X and ϕIyz : (V ∗∗Yz , V ∗∗Yz ) → 2Y Z are the choice
mappings which perform the Y-direction parallel contextual insertion operations.
∗∗Yx
∗∗Yz
ϕD
, V ∗∗Yx ) → 2Y X and ϕD
, V ∗∗Yz ) → 2Y Z are the choice
yx : (V
yz : (V
mappings which perform the Y-direction parallel contextual insertion operations.
I = φ (or)
i



auq · · · aur
aus · · · aut
au1 · · · auh
I
ϕzx avq · · · avr , avs · · · avt
=
∪
av1 · · · avh



 
auq · · · aur
aus · · · aut
au1 · · · auh
ϕIzy
=
∪
avq · · · avr ,
avs · · · avt
av1 · · · avh , α
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,

aûq̂ bv̂q̂

ϕIyz



··· ··
·

··· ··
·

bṽr̃

bṽt̃

aũq̃ bṽq̃

aũs̃ bṽs̃

,

···
···



···
···



aũt̃ bṽt̃

aũr̃ bṽr̃



·
··· ··


∪

aû1
bv̂1
aûĥ bv̂ĥ

=




∪

,α

aû1 bv̂1


ũt̃

aûĥ
bv̂ĥ

=



aûŝ bv̂ŝ


aũq̃
aũs̃


b
b
ṽ
q̃
ṽs̃
ϕIyx 
a
aũr̃ ,











=
aũ1 bṽ1

=



aũ1
bṽ1

··· ··
·

aût̂ bv̂t̂

aûr̂ bv̂r̂



···
···

·
··· ··
bv̂ŝ

···
···

ϕIxz 

bv̂q̂

···
···





·
··· ··


aût̂
aûr̂


b
bv̂r̂
I 
ϕxy  aûq̂
, aûŝ v̂t̂

···
···
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aũh̃
bṽh̃


∪


,α

aũh̃ bṽh̃

1 ≤ u ≤ n − 1 , 1 ≤ û ≤ l − 1 , 1 ≤ ũ ≤ m − 1 , v = u + 1 , v̂ = û + 1 , ṽ =
ũ + 1 , h ≥ 1 , ĥ ≥ 1 , h̃ ≥ 1 , 1 ≤ q ≤ r < s ≤ t ≤ l , 1 ≤ q̂ ≤ r̂ < ŝ ≤ t̂ ≤
n , 1 ≤ q̃ ≤ r̃ < s̃ ≤ t̃ ≤ m
i0 is the output membrane
Q
The direct derivation with respect to
is a binary relation ⇒ on V ∗∗H and
0
0
∗∗H
is defined as H ⇒in H , where H, H ∈ V
if and only if,
H = X1< X2 >X3 , H 0 = X1< L< X2 >R >X3 , where X1 is a xy arrow-head
or a xy arrow, X3 is a yx arrow-head or yx arrow, X2 ∈ V ∗∗H is of size (l, m, n0 )
where n0 < n and L is a xy arrow-head or xy arrow, R is a yx arrow-head or
yx arrow are the contexts obtained by using the evolution rules Ri based on the
Z-direction parallel internal xy, yx, xx, yy array contextual operations according
to the choice mappings ϕxy , ϕyx , ϕ0xx , ϕ0yy .
(or)

>
>

>

>
>

>

H = X1 X2 X3 , H 0 = X1 L X2 R X3 where X1 is a yz arrow-head
or a yz arrow, X3 is a zy arrow-head or a zy arrow, X2 ∈ V ∗∗H is of size (l0 , m, n)
where l0 > l and L is a yz arrow-head or yz arrow, R is a zy arrow-head or zy
arrow are the contexts obtained by using the evolution rules Ri based on the
X-direction parallel internal yz, zy, yy, zz array contextual operations according
to the choice mappings ϕyz , ϕzy , ϕ00yy , ϕ0zz .
(or)

<
<

<

<
<

<

H = X1 X2 X3 , H 0 = X1 L X2 R X3 where X1 is a zx arrow-head
or a zx arrow, X3 is a xz arrow-head or a xz arrow, X2 ∈ V ∗∗H is of size (l, m0 , n)
where m0 > m and L is a zx arrow-head or zx arrow, R is a xz arrow-head or
xz arrow are the contexts obtained by using the evolution rules Ri based on the
Y-direction parallel internal zx, xz, zz, xx array contextual operations according
00
00
to the choice mappings ϕzx
Q, ϕxz , ϕzz , ϕxx .
Initially the P-system
consists of the membrane structure µ with h membranes which are labeled as 1, 2, . . . , h. The outermost membrane being the skin
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membrane is labeled as 1, which also is our output membrane. We use the insertion or deletion rules, Ii or Di , which are based on the choice mappings
ΦZ , ΦX , ΦY present in the membrane labeled i and carry out the step by step
computation. The obtained hexagonal array is placed in the membrane as indicated by α. If α is chosen as ‘here’, then the resulting hexagonal array remains
in the same membrane. If α is chosen as ‘int ’, then the resulting array is sent to
the membrane with label t. If α is chosen as ‘out’, then the resulting hexagonal
array is sent out from the present membrane and enters the immediate outer
membrane. If that outer membrane is the skin membrane, then we say that the
resulting hexagonal array is present in the language generated by this P-system.
The computation is said to be successful, when there is no rule applicable to the
hexagonal array obtained after the last computation and hence the system halts.
A successful computation may result in a hexagonal array being sent out to the
skin membrane depending on α. All the hexagonal arrays with symbols over
T thus collected in the skin membrane is called the language generated by the
parallel contextual
Q hexagonal array insertion deletion P system and is denoted
by PCHAIDP( ).
Q
The family of all array languages PCHAIDP( ) generated by parallel contextual hexagonal array insertion deletion P systems with at most h membranes
is denoted by PCHAIDPh .
If a P system does not involve X-direction parallel contextual hexagonal array insertion deletion operations and Y-direction parallel contextual hexagonal
array insertion deletion operations then we call that P system as Z-direction
parallel contextual
hexagonal array insertion deletion P system and denote itQ
by
Q
ZPCHAIDP( ). The family of all hexagonal array languages ZPCHAIDP( )
generated by the Z-direction parallel contextual hexagonal array insertion deletion P systems with at most h membranes is denoted by ZPCHAIDPh .
Similarly we can define XPCHAIDPhQand YPCHAIDPh , Q
the family of all
hexagonal array languages XPCHAIDP( ) and YPCHAIDP( ) generated by
the X-direction and Y-direction parallel contextual hexagonal array insertion
deletion P systems with at most h membranes, respectively.
Example 2. We give an example for a parallel contextual hexagonal array insertion
Q deletion P system with 2 membranes,
= (V, T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 , D1 ), (M2 , I2 , D2 ), ΦZ , ΦX , ΦY , 1)
where,
V = {a, b, Y }
T = {a, b}
µ = [1 [2 ]2 ]1


a
ZY = b aY , aY , Y
Y
Y
Y


a Y
a Y
Y
ZX = a
,
,
Y
Y
b Y


a
 b

Y
XY =
Y a, Y a,
Y 
 Y
Y

14

S James Immanuel et al. . .


XZ =

a a
a Y
,
, Y b , Y Y
Y Y
Y Y
Y Y






 Y
Y
Y
Y
YX =
Y Y , Y a, Y a,
Y 
 b
a
Y

YZ =

Y Y , Y Y , Y Y ,
Y Y
a a
a Y
Y b



M1 = ∅


 b b 
M2 =
b a b
 b b 
I1 = ∅
( (
ϕD
xy

D1 =



b
Y

, b


Y

= Y

Y

,

ϕD
xy



Y

, Ya
b



= Y

Y

,

ϕD
xy
)



b
b
!

,



a
a

h
i
h
i
= Y , ϕD
b b , a a = Y Y , ϕD
b b , a b = Y Y , here ,
xz
xz
Y
(




h
i
b , a = Y , ϕD
b , a = Y , ϕD
ϕD
b b , a a
yx
yx
yz
a
Y
Y
b
b
b
)
!)
h
i
= Y Y , ϕD
b b , a b = Y Y , here
yz
( (






a
a Y
a
Y
b
b
b
b
I
I
I2 =
= a
, ϕzy
= a
, ϕzx a ,
a ,
a ,
Y
Y
b
b
b
)
!
(




b
a
a
b = a Y , here ,
ϕIxy b , b a = Y a ,
= a Y , ϕIzx
,
Y
b
b
b Y
b
Y


a
h
i
h
i
a
a a
, ϕIxz b Y , a Y
ϕIxy b , a = Y a , ϕIxz b b , a a =
Y Y
b
Y
)
!
(


h
i
a Y
Y
Y
Y
b
I
I
=
, ϕxz Y b , Y b =
, here ,
ϕyx
,
=
Y Y
Y Y
b
b




h
i
Y
Y
Y
a
b ,
b , a =
= Y a , ϕIyx
Y Y , ϕIyx
Y a , ϕIyz b b , a a
a
Y
Y
b
a
Y
b
)
!)
h
i
h
i
Y
Y
Y
Y
Y
Y
= a a , ϕIyz b Y , a Y = a
, ϕIyz Y b , Y b =
, here
Y
Y b
ϕIzy



b
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( (




Y
Y , ϕD a , b
,
=
zx
a
a
Y
Y
Y
Y
b
b






a
a
Y , Y
b = Y , ϕD
b = Y , ϕD
= Y , ϕD
,
zy
zy
zy
a , b
Y
Y
Y
Y
Y
b
b
) !)
= Y ,α
, α ∈ {here, out}
Y
The language generated by this P system is set of all hexagonal arrays over
{a} bordered with ‘b’s and of sizes (l, m, n) with l = m = n ≥ 3.
D2 =

ϕD
zx



b

, b



= Y

, ϕD
zx
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Y

Note 2. We also consider parallel contextual hexagonal array insertion P system
which
involves only the insertion operation i.e.,
Q
= (T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 ), . . . , (Mh , Ih ), ΦZ , ΦX , ΦY , i0 )
with ΦZ = ϕIzx ∪ ϕIzy
ΦX = ϕIxy ∪ ϕIxz
ΦY = ϕIyx ∪ ϕIyz
Q
The language generated by this P system
is called as PCHAIP( ). The
Q
family of all array languages PCHAIP( ) generated by parallel contextual
hexagonal array insertion P systems with at most h membranes is denoted by
PCHAIPh .
Q
The language generated in example 2 can also be generated by a PCHAIP( ),
Y
= (T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 ), (M2 , I2 ), (M3 , I3 ),
(M4 , I4 ), ΦZ , ΦX , ΦY , 1)
where,
T = {a, b}
µ = [1 [2 ]2 [3 ]3 [4 ]4 ]1


a
ZY = b a , a


a
a
ZX = a ,
b


a
XY = b a , a
o
n
XZ = a a , a b


a a
YX =
b a
n
o
YZ = a a , a b
M1 = 
∅

 b b 
M2 =
b a b
 b b 
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I1 = (
∅ (





a
a
b
b , ϕI
b
I
,
,
,
ϕ
=
=
zy
zx
a
a
a
a
b
b
)
!)


a
a
b = a , in
,
= a , ϕIzx
3
b
b
b
( (




h
a
a
b
b
b
b
I
I
, a = a , ϕxy
, a = a , ϕIxz
I3 =
ϕxy
b
b
)
!)
i
h
= a a , ϕIxz b b , a b = a b , , in4
( (




h
b , a = a , ϕI
b , a = a , ϕI
I4 =
ϕIyx
yx
yz
a
a
b
b
b
b
) !)
h
i
, α ∈ {in2 , out}
= a a , ϕIyz b b , a b = a b , α
I2 =

4

ϕIzy



a

b

a

,

b



b

b b , a a

i

b b , a a

i

Closure Properties

In this section we give some of the closure properties of the family of languages
generated by parallel contextual hexagonal array insertion deletion P systems.
Theorem 1. The families PCHAIDPh and PCHAIPh are closed under union
and arrowhead catenations.
The proofs are straight forward.
Theorem 2. The families PCHAIDPh and PCHAIPh are closed under reflection on all six sides of the hexagonal array and rotation by 60◦ , 120◦ , 180◦ , 240◦ , 300◦ .
The proofs are straight forward.
Theorem 3. PCHAIDL is closed under projection
Proof. We consider a parallel contextual hexagonal array insertion deletion grammar G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY ) generating L. Let
π : T → Γ be a projection such that π(a) = α, a ∈ T, α ∈ Γ . Without loss of
generality, we consider that T ∩ Γ = ∅. We can construct a parallel contextual
hexagonal array insertion deletion grammar,
Gp = (V 0 , Γ, M, ZX 0 , ZY 0 , XY 0 , XZ 0 , Y X, Y Z, ΨZ , ΨX , ΦY ) such that L(Gp ) =
L, where
V 0 = V ∪ Γ, 
 

π(a)
a
ZX 0 = ZX ∪
a, b ∈ T ∪ π(b) π(a), π(b) ∈ Γ ,
b
 


π(a)
a
0
a, b ∈ T ∪
π(a), π(b) ∈ Γ ,
ZY = ZY ∪
π(b)
b

 

π(a)
a
XY 0 = XY ∪
a, b ∈ T ∪
π(a),
π(b)
∈
Γ
,
π(b)
b
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XZ 0 = XZ ∪




a b a, b ∈ T


∪

π(a) π(b)
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π(a), π(b) ∈ Γ ,

I
I
D
D
ΨZ = ψzx
∪ ψzy
∪ ψzx
∪ ψzy
0

I
ψzx
: (V ∗∗Zx , V ∗∗Zx ) → 2ZX where in addition to the contextual insertion
rules of ϕIzx we also have the following rules for a, b, c, d ∈ T ,




π(a)
π(a)
a
c
a
I
I
= π(b) , ϕzx
ϕzx
,
, Λ = π(b) ,
b
d
b
0

I
ψzy
: (V ∗∗Zy , V ∗∗Zy ) → 2ZY where in addition to the contextual insertion
rules of ϕIzy we also have the following rules for a, b, c, d ∈ T ,




π(a)
π(a)
a
c
a
= π(b) , ϕIzy
ϕIzy
,
, Λ = π(b) ,
b
d
b
0

D
ψzx
: (V ∗∗Zx , V ∗∗Zx ) → 2ZX where in addition to the contextual deletion
rules of ϕD
zx we also have the following rules for a, b, c, d ∈ T ,




π(c)
π(c)
a
c
a
c
D
D
ϕzx
, π(d)
=
, ϕzx
, π(d)
=
,
λ
d
b
d
0

D
: (V ∗∗Zy , V ∗∗Zy ) → 2ZY where in addition to the contextual deletion
and ψzy
rules of ϕD
zy we also have the following rules for a, b, c, d ∈ T ,




π(c)
π(c)
c
a
c
λ
D
D
ϕzy
, π(d) =
, ϕzy
, π(d) =
,
b
d
b
d
D
D
I
I
∪ ψxz
∪ ψxy
∪ ψxz
ΨX = ψxy
0

ϕIxy : (V ∗∗Xy , V ∗∗Xy ) → 2XY where in addition to the contextual insertion
rules of ϕIxy we also have the following rules for a, b, c, d ∈ T ,




π(c)
π(c)
a
c
c
ϕIxy
,
= π(d) , ϕIxy Λ ,
= π(d) ,
b
d
d




π(c)
π(c)
a
c
c
I
I
ϕxy π(b) , π(d) = π(d) , ϕxy Λ , π(d) = π(d) ,
0

I
ψxz
: (V ∗∗Xz , V ∗∗Xz ) → 2XZ where in addition to the contextual insertion
rules of ϕIxz we also have the following rules for a, b, c, d ∈ T ,
h
i
h
i
ϕIxz π(a) π(b) , π(c) π(d) = π(c) π(d) , ϕIxz Λ , π(c) π(d) = π(c) π(d) ,
0

d
ψxy
: (V ∗∗Xy , V ∗∗Xy ) → 2XY where in addition to the contextual deletion
rules of ϕD
xy we also have the following rules for a, b, c, d ∈ T ,




π(a)
π(c)
π(a)
π(c)
a
a
D
D
, π(d) =
, ϕxy
, π(d) = π(b) ,
ϕxy
π(b)
π(b)
b
0

D
and ψxz
: (V ∗∗Xz , V ∗∗Xz ) → 2XZ where in addition to the contextual deletion rules of ϕD
xz we also have the following rules for a, b, c, d ∈ T ,
h
i
D
ϕxz π(a) π(b) , π(c) π(d) = π(a) π(b) ,

Hence we can clearly see that PCHAIDG is closed under projection.

t
u
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5

Comparison Results

In this section we compare the generative power of P CHAIDPh and P CHAIPh
along with that of HLOC, HREC available in the literature [2].
Theorem 4. PCHAIDL ⊆ PCHAIDP2 .
Proof. For every parallel contextual hexagonal array insertion deletion grammar,
G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY ) we can construct a parallel contextual hexagonal array insertion deletion P system with 2 membranes,
Q
= (V, T, [1 [2 ]2 ]1 , ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 , D1 ), (M2 , I2 , D2 ), ΦZ , ΦX , ΦY , 1)
such
that
Q
L( ) = L(G) where,
M1 = ∅
M2 = M
I1 = (
∅ (
"
#
#
)
"
a
u
u
a
b
b
1
1
1
1
1
1
I
I2 =
ϕIzy
a2 , b2 = u2
u2 ∈ ϕzy
a2 , b2 in G ∪
"
"
#
#
)
!)
(
a1
u1
u1
a1
b1
b1
I
I
,
= u
∈ ϕzx a
,
in G , here
ϕzx a
u2
b2
b2
2
2
2
"
"
( (
#
#
) (
h
i
a1
u1
u1
a1
b1
b1
I
I
I
a
a
b
b
1
2
,
∈
ϕ
,
,
∪
ϕxy
=
in
G
∪
ϕ
=
1
2
xy
xz
a2
u2
u2
a2
b2
b2
"
)
!) ( (
#
h
i
a1
b1
u1 u2 u1 u2 ∈ ϕIxz a1 a2 , b1 b2 in G , here
∪
ϕIyx a
=
,
b2
2
"
#) (
h
i
a1
u1
u1
b1
I
∪ ϕIyz a1 a2 , b1 b2 = u1 u2 u1 u2 ∈
u2
u2 ∈ ϕyx a2 , b2
)
!) ( (


h
i
a1
I
∪
ϕIzy
,
Λ
= Λ a1 , a2 ∈
ϕyz a1 a2 , b1 b2 in G , here
a2
) (
)
!)


a1
I
T ∪ ϕzx a
, Λ = Λ a1 , a2 ∈ T , out
2
D1 = (
∅ (

"

"
#
#
)
a
u
u
a
b
b
1
1
1
1
1
1
D
D2 =
ϕD
zx
a2 , b2 = u2
u2 ∈ ϕzx
a2 , b2 in G ∪
#
(
"
"
#
)
!)
a1
u1
u1
a1
b1
b1
D
D
ϕzy a
,
= u
∈ ϕzy a
,
in G , here
u2
b2
b2
2
2
2
#
"
#
) (
( (
"
h
i
a1
u1
u1
a1
b1
b1
D
D
D
a
a
b
b
1
2
,
∈
ϕ
,
,
=
∪
ϕxy
=
in
G
∪
ϕ
1
2
xy
xz
a2
u2
u2
a2
b2
b2
)
!) ( (
"
#
h
i
a1
b1
u1 u2 u1 u2 ∈ ϕD
a1 a2 , b1 b2 in G , here
∪
ϕD
=
xz
yx
a2 , b2
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u1
u2
ϕD
yz

u1
u2

h

"
∈

ϕD
yx

a1 a2 , b1 b2

a1
a2
i

,

b1

#) (

b2
)

∪ ϕD
yz
!)

h

a1 a2 , b1 b2

i

= u1 u2
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u1 u2 ∈

in G , here

1 is the output membrane.
Hence PCHAIDG ⊆ PCHAIDP2 .
Theorem 5. PCHAIPh ⊂ PCHAIDPh , ∀ h ≥ 2.
Proof. EveryQparallel contextual hexagonal array insertion P system with h
membranes, = (V, T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 ), . . . , (Mh , Ih ), ΦZ ,
ΦX , ΦY , i0 ) is a parallel
Q contextual hexagonal array insertion deletion P system
with h membranes,
= (V, T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 , D1 ), . . . ,
(Mh , Ih , Dh ), ΦZ , ΦX , ΦY , i0 ) where, V = T , D1 = D2 = . . . Dh = ∅. Hence
PCHAIPh ⊆QPCHAIDPh . Strict inclusion follows from example 2, where the
language L( ) ∈ P CHAIDP2 cannot be generated by any P CHAIP2 and
P CHAIP3 .
Theorem 6. HLOC ⊂ P CHAIDL
HLOC ⊆ P CHAIDL (Proof is given in the appendix).
To prove proper inclusion, we consider the language in example 2. This language
does not belong to HLOC as can be seen in [2].
t
u
Theorem 7. HLOC ⊂ PCHAIDP2
Proof. From Theorem 6, we have HLOC ⊂ PCHAIDL and from Theorem 5, we
have PCHAIDL ⊆ PCHAIDP2 . Hence the proof.
t
u
Theorem 8. HREC ⊂ PCHAIDL
Proof. From Theorem 3, we see that P CHAIDL is closed under projection and
from Theorem 6, we have HLOC ⊂ PCHAIDL. Since HREC is the projection
of HLOC, we get HREC ⊂ PCHAIDL.
Theorem 9. HREC ⊂ PCHAIDP2
Proof. From Theorem 8, we have HREC ⊂ PCHAIDL and from Theorem 5,
we have PCHAIDL ⊆ PCHAIDP2 . Hence the proof.
t
u
Theorem 10. HLOC ⊂ PCHAIP2
Proof. Every HLOC language can be generated by some PCHAIP2 . Let L be
a language over Γ in HLOC
with a finite set of tiles, Θ such that L = L(Θ). ConQ
sider the P CHAIP2 , = (T, µ, ZX, ZY, XY, XZ, Y X, Y Z, (M1 , I1 ), (M2 , I2 ), ΦZ , ΦX , ΦY , 1)
where,
T = Γ,
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(
ZX =

)
a b
##
b h
c d e , d e i , a b h ∈Θ
g j
f g
d e
)
a b
##
b h
c d e , d e i , a b h ∈Θ
g j
f g
d e
)
a b
c d
##
g
c d e , h f
, a b h ∈Θ
f g
i j
d e
)
a b
c d
##
c d e , h f g , a b h ∈Θ
f g
i j
d e
)
a b
##
b h
c d e , d e i , a b h ∈Θ
g j
f g
d e
)
a b
##
d e
c d e , f g h, a b h ∈Θ
f g
i j
d e

i
j

(
ZY =

h
i

(
XY =

h
i

(
i j

XZ =
(
YX =

i
j

(
YZ =
M1 = ∅
(
M2 =

i j

a b
c d e
f g

I1 = (
∅ (

)

#
#
)
"
a
u
u
a
b
b
1
1
1
1
1
1
I
I2 =
ϕIzy
a2 , b2 = u2
u2 ∈ ϕzy
a2 , b2 in G ∪
"
(
#
"
#
)
!)
a1
u1
u1
a1
b1
b1
I
I
ϕzx a
= u
in G , here
,
∈ ϕzx a
,
u2
b2
b2
2
2
2
( (
"
#
"
#
) (
i
h
a1
u1
u1
a1
b1
b1
I
I
I
a
a
b
b
1
2
∪
ϕxy
,
=
∈
ϕ
,
in
G
∪
ϕ
,
=
1
2
xy
xz
a2
u2
u2
a2
b2
b2
"
)
!) ( (
#
h
i
a1
b1
u1 u2 u1 u2 ∈ ϕIxz a1 a2 , b1 b2 in G , here
∪
ϕIyx a
,
=
b2
2
"
#) (
h
i
a1
u1
u1
b1
I
∪ ϕIyz a1 a2 , b1 b2 = u1 u2 u1 u2 ∈
u2
u2 ∈ ϕyx a2 , b2
)
!) ( (


i
h
a1
I
ϕyz a1 a2 , b1 b2 in G , here
∪
ϕIzx
,
Λ
= Λ a1 , a2 ∈
a2
) (
)
!)


a1
I
T ∪ ϕzy a
, Λ = Λ a1 , a2 ∈ T , out
2
Q
Clearly, can generate any language in HLOC and hence HLOC ⊆ PCHAIP2 .
Proper inclusion can be proved from example 2, as this hexagonal language
is not in HLOC.
Hence HLOC is properly contained in PCHAIP2 .
"
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Conclusion

In this paper, we have introduced parallel contextual hexagonal array insertion
deletion P systems along with parallel contextual hexagonal array Insertion P
and have investigated their properties. We have given some comparison results
with some families of hexagonal picture languages available in the literature. We
can exhibit more comparison results of the new models with other families of
hexagonal picture languages generated by certain other types of P systems and
study their applications and other properties.
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APPENDIX
Proof. Proof of theorem 6:
To prove: HLOC ⊆ P CHAIDL (Proof is given in the appendix)
Every HLOC language can be generated by some P CHAIDG. Let L be a
language over Γ in HLOC with a finite set of tiles, Θ such that L = L(Θ). Consider the P CHAIDG, G = (V, T, M, ZX, ZY, XY, XZ, Y X, Y Z, ΦZ , ΦX , ΦY )


Y Y Y







 Y ## Y
##
where, V = Γ {#, Y }, T = Γ , M = Y # a b Y # a b ∈ Γ , ZX = {},




e Y
d e



 Y d
Y Y Y
ZY = {},
(" Y X =
#){}, Y Z = {},
" XY = {}, XZ# = {},
Y Y
Y
## , Y

ϕIzy


Y
ϕIxy  Y # ,
#
"
#
ϕIyz Y # ,
Y

Y
ϕIyx  # Y ,
#


Y
Y

("

=

Y Y

Y =

Y

#
#)
#

#

Y

Y

=

=

nh

("

Y #

Y
#

io

#)

##
For all # a b we define,
d e

"
# "
#


##
##
#
Y
a b c ∈Θ
ϕIzy
,
=
a b
c
Y


e f
"

#


##
#
a b # ∈Θ
∪
#


e f


#

 "

#
#
c
a b
Y =
a b c ∈Θ
,
ϕIzx
Y
d e

 f
e f
"

#


##
#
a b # ∈Θ
∪
 f

e f


#

 "

#
#
f
d e , Y =
a b c ∈Θ
ϕIzx
Y Y
Y

 Y
e f


"
#


##
f
∪ $zx
$zx a b # ∈ Θ
Y


e f
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 "
#


#
# a
#
# d e ∈Θ
ϕIxy  # a , Y  =
Y
h


d
h i

"
#


# a
#
# d e ∈Θ
∪
#


# i



 h

i # a
a
b ,
e ∈Θ
#
ϕIxz
=
i
Y
Y
h
d
d e


h i


h

i # a
# d e ∈Θ
# i
∪


# i


##
For all a b c we define,
e f
# "
#
"

#
#
#
Y
I
=
,
ϕzy
g
Y
b c


"
#


##
#
c # ∈Θ
∪
b
#


f g
"
# 


c
t
b
Y
I
ϕzx e f ,
=
Y
 g

"
#


##
#
c
#
∈
Θ
∪
b

 g
f g
"
# 


g
e f
ϕIzx
, Y =
Y
Y Y
 Y



 g  # #
∪
b c # ∈Θ

 Y
f g
# 
"
h
c
b
ϕIxz e f , Y Y =
i j



h

i # a
# i
# d e ∈Θ
∪


# i
##
For all a b c we define,
e f



##
b c t ∈Θ

f g



##
b c t ∈Θ

f g



##
b c t ∈Θ

f g

i


a b

d e f ∈Θ

i j
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"
ϕIxz

b c
e f , Y Y

#
=


h


i j

i


a b

d e f ∈Θ

i j

##
For all b c # we define,
f g

"
# 
c


h
i
b
c
#
ϕIxz f g , Y Y = $xz j k $xz e f g ∈ Θ


j k


"
#
c


i
h
b
#
ϕIxz g Y , Y Y = $xz k Y $xz e f g ∈ Θ
Y


j k


 "
#


c #
#
#
Y
I  c #
=
f g # ∈Θ
ϕyx
,
Y
 l

g
k l
# a
For all # d e we define,
h i


 "
#


#
# d
#
# h i ∈Θ
ϕIxy  # d , Y  =
t
Y


t m
h
"

#


# d
#
# h i ∈Θ
∪
#


#m



 h

i
#
d
d e ,
# h i ∈Θ
ϕIxz
t m
Y Y =
h i


t m


h

i # d
#m
# h i ∈Θ
∪


#m
a b
For all d e f we define,
i j

# 
"
h

i d e
e
f
m n
j ∈Θ
,
=
ϕIxz
i
Y
Y
h
i j


m n

"
# 
h

i d e
f
n Y
ϕIxz j Y , Y Y =
h i j ∈Θ
Y


m n
# d
For all # h i we define,
#m
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"
ϕIyz

∪





$yz

h

# h
#m , Y Y
i

# # $yz

#
=


h

# q



i



h i
# m n ∈Θ

# q



h i
# m n ∈Θ

##

h i
For all # m n we define,
# q

"
# 
m n


i
h
m
#
q r ∈Θ
#
#
ϕIyz
,
$
=
$
t
Y
Y
yz
yz
# q


# t


h

i m n
# q r ∈Θ
##
∪


##
d e
For all h i j we define,
m n



 h

i
i j
i
q r
m n o ∈Θ
ϕIyz hm n , Y Y =


q r

 

h
 h

i
i
i j
i j
m n o ∈Θ ∪
m n # ∈Θ
##
##
∪

 

##
##


 

e


i j
o
m n o ∈Θ
ϕIyx  i j , Y  =
Y
 r

q r
n
 "

"
#
#
 


i j
i j
#
#
m n # ∈Θ ∪
m n # ∈Θ
∪
  #

 #
q #
##
c #
For all f g # we define,
k l


 "
# g


#
#
#
# ∈Θ
ϕIyx  g # , Y  =
k
l
Y
 t

p t
l
"

# g


#
#
# ∈Θ
∪
k
l
 #

p #
##
For all b c # we define,
f g
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# ("
Y Y
Y Y
## , Λ =
# Y
"
# ("
# Y
##
ϕD
, Λ =
zy
# Y
b c
"
# ("
# Y
b c
ϕD
zy
f g , Λ =
# Y
"
# ("
Y Y
b c
ϕD
yz
f g , Λ =
##

#)

ϕD
zy

#)

#)

#)

c #
For all f g # we define,
k l
"
#)
# ("
# Y
f g
D
ϕzy
, Λ =
# Y
k l
g #
For all k l # we define,
p #
"
#)
# ("
# Y
f g
D
ϕzy
, Λ =
# Y
k l
#)
("


#
Y
k
l
ϕD
zx
o p , Λ =
# Y
k l
For all o p # we define,
s #
#)
 ("

#
Y
k
l
ϕD
zx
o p , Λ =
# Y
o p
For all r s # we define,
##
#)
 ("

o p
# Y
D
ϕzx r s , Λ =
# Y
"
# ("
#)
r s
# Y
D
ϕzx # # , Λ =
# Y
#)
"
# ("
##
# Y
D
ϕzx
, Λ =
Y Y
Y Y
#)

 ("
p
o
#
#
ϕD
xz
r s , Λ =
Y Y
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n o
For all q r s we define,
##
#)

 ("
n
o
#
#
ϕD
xz
q r , Λ =
Y Y
m n
For all # q r we define,
##
#)

 ("
n
o
#
#
ϕD
xz
q r , Λ =
Y Y

 



#
i
 m n , Λ =  Y # 
ϕD
xy


q
Y
h i
For all # m n we define,
# q

 

#
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Y #
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n
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Λ
=
ϕD
xy

q
Y






# d
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#
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i
h
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#
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Introduction

Based on the biological background of neurons sending electrical impulses along
axons to other neurons, several models were developed in the area of neural
computation, e.g., see [12], [11], and [8]. In the area of P systems, the model
of spiking neural P systems was introduced in [9]. Whereas the basic model of
membrane systems, see [17], reflects hierarchical membrane structures, the model
of tissue P systems considers cells to be placed in the nodes of a graph. This
variant was first considered in [20] and then further elaborated, for example, in
[7] and [14, 13]. In spiking neural P systems, the cells are arranged as in tissue
P systems, but the contents of a cell (neuron) consists of a number of so-called
spikes, i.e., of a multiset over a single object. The rules assigned to a neuron
allow us to send information to other neurons in the form of electrical impulses
(also called spikes) which are summed up at the target neuron; the application
of the rules depends on the contents of the neuron and in the general case is
described by regular sets. Several biologically motivated features were included
in the model of extended spiking neural P systems considered in [2], the most
important theoretical feature being that neurons can send spikes along the axons
with different magnitudes at different moments of time. In these extended spiking
neural P systems, or ESNP for short, it is allowed to have different targets for
different rules in the same neuron, and to send different number of spikes to
different neurons by the same rule. Hence, the underlying graph structure no
longer needs to be specified in addition to the description of the rules of the
system, and the right side of a rule is the same as in transitional P systems
over a unary alphabet. In fact, the whole rule looks like a rule in a transitional
P systems over a unary alphabet, except rule applicability is decided by an
additionally specified regular expression.
In the literature, several variants how to obtain results from the computations
of a spiking neural P system have been investigated. For example, in [9] the
output of a spiking neural P system was considered to be the time between two
spikes in a designated output neuron (also called external mode, e.g., see [22]). It
was shown how spiking neural P systems in that way can generate any recursively
enumerable set of natural numbers. In the extended model considered in [2], a
specific output neuron was used for each symbol. Computational completeness
could be obtained by simulating register machines with only two actor neurons.
In [22], the hierarchical tree structure of transitional P systems was enforced
as communication structure for spiking neural P systems for several variants of
the extended model considered in [2]; the resulting systems were called cell-like
spiking neural P systems. As we shall show, some of the results shown there
can immediately be improved by directly taking the results and proofs from
[2]. Moreover, in this paper we also consider more restricted variants where all
connected membranes receive the same amount of spikes sent to them. This
variant corresponds with the variant of spiking neural P systems with extended
rules, e.g., see [5].
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The rest of the paper is organized as follows: In the next section, we recall
some preliminary notions and definitions, especially the definition and some wellknown results for register machines. In section 3 we define the extended model of
spiking neural P systems as introduced in [2] and explain how it works. Then we
will also define cell-like spiking neural P systems based on this general model and
show how based on the results and proofs from [2] some of the results obtained
in [22] can immediately be improved. In section 4 we investigate several variants
of cell-like spiking neural P systems where each rule sends the same amount of
spikes to all membranes connected in the tree structure. Finally, in section 5
we give a short summary of the results obtained in this paper and discuss some
further variants of cell-like spiking neural P systems.

2

Preliminaries

For the basic elements of formal language theory needed in the following, we
refer to any monograph in this area, in particular, to [6] and [21]. We just list
a few notions and notations: V ∗ is the free monoid generated by the alphabet
V under the operation of concatenation and the empty string, denoted by λ,
as unit element; for any w ∈ V ∗ , |w| denotes the number of symbols in w
(the length of w). N+ denotes the set of positive integers (natural numbers),
N is the set of non-negative integers, i.e., N = N+ ∪ {0}. The interval of nonnegative integers between k and m is denoted by [k..m]. Observe that there is
a one-to-one correspondence between a set M ⊆ N and the one-letter language
L (M ) = {an | n ∈ M }. By N RE we denote the recursively enumerable sets of
natural numbers.
2.1

Register Machines

The proofs of the results establishing computational completeness in the area of
P systems often are based on the simulation of register machines; we refer to [15]
for original definitions, and to [7] for definitions like those we use in this paper:
A d-register machine is a construct M = (d, B, P, l0 , lh ), where d is the number of registers, P is a finite set of instructions injectivly labeled with elements
from B, l0 ∈ B is the initial/start label, and lh ∈ B is the final label.
The instructions are of the following forms:
– p : (A (r) , q, s) (ADD instruction)
Add 1 to the contents of register r and proceed to one of the instructions
(labeled with) q and s.
– p : (S (r) , q, s) (SUB instruction)
If register r is not empty, then subtract 1 from its contents and go to instruction q, otherwise proceed to instruction s.
– lh : halt (HALT instruction)
Stop the machine. The final label lh is only assigned to this instruction.
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A (non-deterministic) register machine M is said to generate a natural number m if, starting with the instruction with label l0 and all registers containing
the number 0, the machine stops (it reaches the instruction lh : halt) with the
first register containing the number m (and all other registers being empty).
Without loss of generality, in the succeeding proofs we will assume that in
each ADD instruction p : (A (r) , q, s) and in each SUB instruction p : (S (r) , q, s)
the labels p, q, s are mutually distinct (for a short proof see [7]).
The register machines are known to be computationally complete, equal in
power to (non-deterministic) Turing machines: they generate exactly the sets
of non-negative integers which can be generated by Turing machines, i.e., the
family N RE:
Proposition 1. For any recursively enumerable set L of non-negative integers
there exists a non-deterministic 3-register machine M generating L in such a way
that, when starting with all three registers being empty, M non-deterministically
computes and halts with m in register 1 and registers 2 and 3 being empty if and
only if m ∈ L. Moreover, register 1 is never decremented.

3

Extended Spiking Neural P Systems

The reader is supposed to be familiar with basic elements of membrane computing, e.g., from [18] and [19]; for a state of the art of the domain, we refer
the reader to the P systems website [26] as well as to the Bulletin series of the
International Membrane Computing Society [25]. Moreover, for the motivation
and the biological background of spiking neural P systems we refer the reader to
[9]. The definition of an extended spiking neural P system is mainly taken from
[2], with the number of spikes k still be given in the “classical” way as ak ; later
on, we simple will use the number k itself only instead of ak .
The definitions given in the following are taken from [2], yet we do not consider delays.
Definition 1. An extended spiking neural P system (of degree m ≥ 1) (an
ESNP system for short) is a construct Π = (m, S, R) where
– m is the number of cells (or neurons); the neurons are uniquely identified
by a number between 1 and m;
– S describes the initial configuration by assigning an initial value (of spikes)
to each neuron;

– R is a finite set of rules of the form i, E/ak → P such that i ∈ [1..m]
(specifying that this rule is assigned to neuron i), E ⊆ REG ({a}) is the
checking set (the current number of spikes in the neuron has to be from E
if this rule shall be executed), k ∈ N is the “number of spikes” (the energy)
consumed by this rule, and P is a (possibly empty) set of productions of the
∗
form (l, w) where l ∈ [1..m] (thus specifying the target neuron), w ∈ {a} is
the weight of the energy sent along the axon from neuron i to neuron l.
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Definition 2. A configuration of the ESNP system is described by listing the
actual number of spikes in each neuron.
A transition from one configuration to another one works asfollows: for each
neuron i, we check whether we can find a rule i, E/ak → P to be executed,
i.e., the number of spikes in neuron i must be in E; then neuron i “spikes”,
i.e., for every production (l, w) occurring in the set P we send the corresponding
number of spikes w to cell l (on the axon from neuron i to neuron l). Finally,
in each neuron the new number of spikes is the original
number minus the k

spikes consumed by the chosen rule i, E/ak → P plus all the spikes having
been sent from all the other neurons sent to neuron i. In that way, we obtain the
description of the new configuration.
A computation is a sequence of configurations starting with the initial configuration given by S. A computation is called successful if it halts, i.e., in no
neuron a rule can be applied any more.

In the original model
introduced in [9], in the productions (l, w) of a rule

i, E/ak → {(l, w)} , only w = a (for spiking rules) or w = λ (for forgetting
rules) was allowed (and for forgetting rules, the checking set E had to be finite
and disjoint from all other sets E in rules assigned to neuron i). Moreover,
reflexive axons, i.e., leading from neuron i to neuron i, were not allowed, hence,
for (l, w) being a production in a rule i, E/ak → P for neuron i, l 6= i was
required. Yet the most important extension in ESNP systems is that different
rules for neuron i may affect different axons leaving from it whereas in the
original model the structure of the axons (called synapses there) was fixed. But
in any case, in [2], the sequence of substeps leading from one configuration to
the next one together with the interpretation of the rules from R was taken in
such a way that the original model can be interpreted in a consistent way within
the extended model introduced in that paper.
Depending on the purpose the ESNP system is to be used, some more features
have to be specified: for generating non-negative integers, we have to designate
an output neuron; the other neurons then will also be called actor neurons. As
already mentioned, there are several possibilities to define how the output values
are computed; according to [9], we can take the distance between the first two
spikes in an output neuron to define its value. As in [2], also in this paper, we
restrict ourselves to the case where we take the number of spikes at the end of
a successful computation in the neuron as the output value.
Remark 1. As already mentioned, there is a one-to-one correspondence between
(sets of) strings ak over the one-letter alphabet {a} and the corresponding nonnegative integer k. Hence, in the following, we will consider the checking sets
E of a rule i, E/ak → P to be sets of non-negative integers and write k instead of ak for any w = ak in a production (l, w) of P ; for example, we write
(i, E/k → {(l, m)}) for i, E/ak → {(l, am )} .
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ESNP Systems as Generating Devices

As in [2], we here consider extended spiking neural P systems as generating
devices.
Theorem 1. ([2], Theorem 2) Any recursively enumerable set of non-negative
integers can be generated by an ESNP system with 2 actor neurons (and one
output neuron).
3.2

Cell-like ESNP Systems as Generating Devices

We now explain how we may come to the definition of cell-like extended spiking
neural P systems based on Definition 1: In fact, as already mentioned, the connection structure is given by the rules. If this connection structure now turns out
to be a tree (probably with some self-loops), then we speak of a cell-like extended
spiking neural P systems or cESNP system for short. Again we get the result in
a specified output membrane (internal mode as it is called in [22]), which in fact
even contains no rule.
Let us denote the family of sets of non-negative integers generated by cESNP
systems with n membranes (without loops in the connection structure) getting
the output in the internal mode by Nin cESN Pn . In fact this means, by adapting
the notions from transitional P systems, that the targets are only out and ink ,
but not here. In case we also allow loops (corresponding with the target here),
then we write Nin cloop ESN Pn .
The proof given [2] immediately allows for stating the following result:
Theorem 2. Nin cloop ESN P3 = N RE.
Proof. (Sketch) The membrane structure is a linear one, with the output membrane being the skin membrane, thus allowing the two inner membranes representing the two actor neurons to communicate directly. Then the construction of
the proof of Theorem 2 from [2] can be taken over without substantial changes.
As we shall prove an even stronger result afterwards, we refrain from going into
further details here.

This already improves the result given in [22], where one membrane more
was needed. Yet we can even do better and avoid loops without needing more
membranes (in contrast to the results stated in [22]).
Theorem 3. Nin cESN P3 = N RE.
Proof. Again we take a linear membrane structure, with the output membrane
being the skin membrane, thus allowing the two inner membranes representing
the two actor neurons to communicate directly.
We now consider a register machine M = (3, B, P, l0 , lh ) with the output
register 1 and the two working registers 2 and 3 generating L ∈ N RE, and
without loss of generality, let B = [2..m + 1], l0 = 2 (the start label), and
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lh = m + 1 (the final label). Membrane 1 is the output membrane and the
actor membranes are 2 and 3, representing the two working registers of M . The
contents ci of register i ∈ {2, 3} of M is stored as (2m+1)ci spikes in membrane i.
Then we construct a cESNP system Π = (3, S, R) (with the linear membrane
structure [ [ [ ]3 ]2 ]1 ) as follows:

Π = (3, S, R) ,
S = {(i, 0) | i ∈ {1, 3}} ∪ {(2, 2)} ,
R = {(2, {(2m + 1)j + p | j ∈ N} /p → {(3, p)}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k + (2m + 1))})
| p : (A (2) , q, s) ∈ P, k ∈ {q, s}}
∪ {(2, {(2m + 1)j + p | j ∈ N} /p → {(3, p + (2m + 1))}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k)})
| p : (A (3) , q, s) ∈ P, k ∈ {q, s}}
∪ {(2, {(2m + 1)j + p | j ∈ N} /(p − 1) → {(3, p)}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k)}) ,
(2, {(2m + 1)j + 1 | j ∈ N} /1 → {(1, 1)}) ,
| p : (A (1) , q, s) ∈ P, k ∈ {q, s}}
∪ {(2, {p} /p → {(3, p)}) ,
(3, {(2m + 1) j + p | j ∈ N} /p → {(2, s)}) ,
(2, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → {(3, m + p)}) ,
(3, {(2m + 1) j + m + p | j ∈ N} /(m + p) → {(2, q)})
| p : (S (2) , q, s) ∈ P }
∪ {(2, {(2m + 1) j + p | j ∈ N} /p → {(3, p)}) ,
(3, {p} /p → {(2, s)}) ,
(3, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → {(3, q)}) ,
| p : (S (3) , q, s) ∈ P }
∪ {(2, {m + 1} /m + 1 → ∅)} .
The simulation of an instruction of P always takes two steps in Π, as in
order to avoid the target here we always have to involve both actor membranes
2 (in the first step) and 3 (in the second step). The procedure always starts
in membrane 2, where the label p of the current instruction is also stored as a
remainder modulo 2m + 1, i.e., membrane 2 then contains (2m + 1) c2 + p spikes.
Sending a spike to the output membrane 1 is the only case where in both actor
membranes rules are applied in parallel, as membrane 2 also spikes in the second
step to send a spike to the skin membrane.
ADD-instructions are simulated by adding (2m + 1) spikes in the corresponding membrane in the second (for membrane 2) or in the first simulation step (for
membrane 3).
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When simulating SUB-instructions we have to check whether the contents
of the corresponding membrane represents an empty register or not. When the
second register is to be decremented, we have to pass the information whether
the contents of the membrane represents 0 or not to the third membrane by
using two different signals p or m + p which allows the third membrane to send
back the correct instruction encoding. In contrast, when the second register is
to be decremented, the branching is carried out directly by the checking sets of
the rules in membrane 3.
As at the end of a successful computation all registers are empty and therefore
the corresponding actor membranes are empty, too, and we end up with applying
the final rule {(2, {m + 1} /m + 1 → ∅)}.

We also mention that in both cases proved above we could have saved even
one more membrane when collecting the result spikes in the environment instead
of using the additional output membrane (which can never contain a rule as
otherwise (some) results might be corrupted).

4

Cell-like Spiking Neural P Systems Without Targets

In this section 4 we investigate several variants of cell-like spiking neural P
systems where each rule sends the same amount of spikes to all membranes
connected in the tree structure, i.e., we cannot use the power of targets to control
a computation in an extended spiking neural P system. Whereas in the proof
of Theorem 3 each rule had only one target membrane, in the contrary we now
consider the variant where the spikes are sent to all connected membranes.
A cell-like spiking neural P systems where each rule sends the same amount
of spikes to all membranes connected in the tree structure is called a cell-like
spiking neural P system without targets or cESNP(nTar) system for short. Let
us denote the family of sets of non-negative integers generated by cESNP(nTar)
systems with n membranes (without loops in the connection structure) getting
the output in the internal mode by Nin cESN Pn (nT ar).
One membrane more is needed now for generating any recursively enumerable
set of non-negative integers; the reason for this is that the output membrane
must not contain spiking rules, but as a membrane interacting with another one
cannot send spikes to the output membrane immediately, we need an additional
intermediate cell blocking unwanted spikes arriving from the actor membrane.
Theorem 4. Nin cESN P4 (nT ar) = N RE.
Proof. Again we take a linear membrane structure, with the output membrane
being the skin membrane, but we now use an intermediate membrane to separate
the output (=skin) membrane from the two innermost membranes which again
represent the two actor neurons (registers).
Consider a register machine M = (3, B, P, l0 , lh ) with the output register
1 and the two working registers 2 and 3 generating L ∈ N RE, and without
loss of generality, let B = [2..m + 1], l0 = 2 (the start label), and lh = m + 1
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(the final label). We now take membrane 0 as the output membrane and the
actor membranes are 2 and 3, representing the two working registers of M . The
contents ci of register i ∈ {2, 3} of M is stored as (2m + 1)ci spikes in membrane
i. The intermediate membrane 1 separates the output membrane 0 from the
actor membrane 2 - all signals arriving there not indicating an increment of the
output register are eliminated by corresponding forgetting rules, whereas in the
other case exactly one spike is sent to both the output membrane as well as to
the inner membrane 2. Knowing that this one spike will arrive, one spike less is
sent from membrane 3 to indicate the next instruction of M to be simulated.
The main difference to the previous construction is that now whatever is sent
from membrane 2 to membrane 3 is also sent to membrane 1; moreover, when
one spike is sent from membrane 1 to the output membrane 0, then one spike is
sent to membrane 2, too.
Hence, we now we construct a cESNP(nTar) system Π = (4, S, R) (with the
linear membrane structure [ [ [ [ ]3 ]2 ]1 ]0 ) as follows:
Π = (4, S, R) ,
S = {(i, 0) | i ∈ {1, 3}} ∪ {(2, 2)} ,
R = {(1, {p} /p → ∅) (2, {(2m + 1)j + p | j ∈ N} /p → {(3, p) , (1, p)}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k + (2m + 1))})
| p : (A (2) , q, s) ∈ P, k ∈ {q, s}}
∪ {(2, {(2m + 1)j + p | j ∈ N} /p → {(3, p + (2m + 1)) , (1, p + (2m + 1))}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k)}) ,
(1, {p + (2m + 1)} /p + (2m + 1) → ∅) | p : (A (3) , q, s) ∈ P, k ∈ {q, s}} ,
∪ {(2, {(2m + 1)j + p | j ∈ N} /p → {(3, p) , (1, p)}) ,
(3, {(2m + 1)j + p | j ∈ N} /p → {(2, k − 1)}) ,
(1, {p} /p → {(0, 1) (2, 1)}) | p : (A (1) , q, s) ∈ P, k ∈ {q, s}}
∪ {(2, {p} /p → {(3, p) , (1, p)}) ,
(3, {(2m + 1) j + p | j ∈ N} /p → {(2, s)}) ,
(2, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → {(3, m + p) , (1, m + p)}) ,
(3, {(2m + 1) j + m + p | j ∈ N} /(m + p) → {(2, q)}) ,
(1, {p} /p → ∅) (1, {(m + p)} /(m + p) → ∅) | p : (S (2) , q, s) ∈ P }
∪ {(2, {(2m + 1) j + p | j ∈ N} /p → {(3, p) , (1, p)}) ,
(3, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → {(3, q)}) ,
(3, {p} /p → {(2, s)}) , (1, {p} /p → ∅) | p : (S (3) , q, s) ∈ P }
∪ {(2, {m + 1} /m + 1 → ∅)} .
As in the proof of Theorem 3, the simulation of an instruction of P always
takes two steps in Π, involving both actor membranes 2 (in the first step) and 3
(in the second step). The procedure always starts in membrane 2, where the

10

A. Alhazov, R. Freund, S. Ivanov, L. Pan, and T. Wu

label p of the current instruction is also stored as a remainder modulo 2m + 1,
i.e., membrane 2 then contains (2m + 1) c2 + p spikes.
ADD-instructions again are simulated by adding (2m + 1) spikes in the corresponding membrane in the second (for membrane 2) or in the first simulation
step (for membrane 3).
When simulating SUB-instructions we have to check whether the contents
of the corresponding membrane represents an empty register or not. When the
second register is to be decremented, we have to pass the information whether
the contents of the membrane represents 0 or not to the third membrane by
using two different signals p or m + p which allows the third membrane to send
back the correct instruction encoding. In contrast, when the second register is
to be decremented, the branching is carried out directly by the checking sets of
the rules in membrane 3.
In all cases, the spikes sent from membrane 2 to membrane 1 are eliminated
in the next step by a suitable forgetting rule of the form (1, {x} /x → ∅).
Sending a spike to the output membrane 0 via membrane 1 is the only case
which needs new explanations: In the first step, both membrane 1 and membrane 3 receive p spikes from membrane 2. Membrane 1 uses this information to
empty the membrane thereby sending one spike to the output membrane 0 and
sending one spike back to membrane 2, which therefore gets one spike less from
membrane 3 in the second step.
As at the end of a successful computation all registers are empty and therefore
the corresponding actor membranes are empty, too, and we end up with applying
the final rule {(2, {m + 1} /m + 1 → ∅)}.

Having in mind the underlying structure of the communication graph in the
cESNP(nt) system constructed in the previous proof, it becomes clear that there
is no need any more to specify the targets of the spikes on the right-hand side of
the rules. Instead of writing the whole list with the same number of spikes going
to all the connected membranes, we could only write the number of spikes. For
example, the rule
(2, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → {(3, m + p) , (1, m + p)})
then can be written in a simpler way as
(2, {(2m + 1) j + p | j ∈ N+ } /((2m + 1) + p) → m + p) .

5

Conclusions

Based on the general model of extended spiking neural P systems as introduced
in [2], we have investigated several variants of cell-like spiking neural P systems
and improved the results shown in [22] showing that only a linear membrane
structure with three membranes (even without loops in the connection graph)
is needed to generate any recursively enumerable set of non-negative integers.
Moreover, we have also investigated the variant where all connected cells have
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to get the same amount of spikes when a rule spikes. In that case, one additional
intermediate membrane is needed to get the output.
A natural extension of our results would be to investigate all these variants of
cell-like spiking neural P systems for generating sets of vectors of non-negative
integers. Although such an extension usually is not critical, due to the linearized
membrane structure of the cell-like spiking neural P systems in the proofs above
this might cause severe problems. Even more challenging might be to explore
how our proofs can be extended to get (at least weak) universality. Of course,
also other variants of spiking neural P systems may be investigated for the
special case of a hierarchical membrane structure, for example, spiking neural P
systems with an exhaustive use of rules and extended spiking neural P systems
with white holes as considered in [10, 23] and [1], extended spiking neural P
systems with anti-matter as introduced in [16] and extended spiking neural P
systems with excitatory and inhibitory astrocytes, see [3]. Another challenge for
future research is to investigate possibilities how to obtain string languages (e.g.,
see [4], [24]) by (extended) cell-like spiking neural P systems.
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intractable problems. Finally, we also introduce and study mode-free P
systems, whose results do not depend on the choice of a mode within a
fixed family of modes, and compare mode-freeness with clock-freeness.

1

Introduction

Membrane systems with symbol-objects are formal computational models of
distributed multiset rewriting. While standard models often assume maximal
parallelism and a global-clock synchronization of rules (overview in [12]), there
have been a number of attempts in the literature to relax this condition. The
extreme variant are so-called asynchronous systems, where the parallelism is
arbitrary instead of maximal [1, 7]. Not surprisingly, in many cases such systems
are much weaker (e.g., defining P sM AT instead of P sRE) or need much stronger
ingredients to be able to perform the same goal.
A different way to relax the global synchronisation condition is lifting the
assumption that all rule executions take one step. For example, in timed P
systems [5], a numerical function is defined, associating to each rule the positive
integer number of steps its application takes. In this context, time-freeness is an
(undecidable) property that the result of all computations of a P system does
not depend on the timing function.
The motivation for studying time-freeness is investigating the power and the
efficiency of P systems that are robust with respect to rule execution times.
Yet, the definition of the time-freeness property is not restrictive enough for
some goals—the time a rule application lasts cannot be different in different
situations. Indeed, since the timing function is defined on the set of rules, the
following facts are immediate:
1. If a rule is simultaneously applied multiple times, then all instances finish
simultaneously.
2. If a rule is simultaneously applied in different membranes with the same
label, then all rules finish simultaneously.
3. If a rule is applied at different steps of a computation, then all instances last
for the same amount of time.
4. If a rule is applied in different non-deterministic branches of a computation,
then all instances last for the same amount of time.
A number of publications investigate the efficiency of time-free P systems in
solving intractable problems, e.g. [15–18]. We believe that the constructions in
these publications rely on the residual synchronisation facts listed above.
In this paper we focus on a variant of timing which allows individual rule
executions to last differently. This variant was introduced under the name “clockfreeness” in [14]. In clock-free P systems, rule applications may last for “arbitrary” real periods and even applications of the same rule may have different
durations. We prove that clock-freeness deprives any variant of P systems operating under this semantics of the capability of solving intractable (NP-complete)
problems in polynomial time.
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Clock-freeness changes the way in which a P system operates quite a bit.
Indeed, since durations of rule applications are real numbers, such a P system
does not follow the ticks of a global clock any more, but instead “listens” to
events—situations in which rule applications finish and release new potential
reactants (compare this to the preliminary observations in [11]). Such a P system
therefore becomes event-driven and operates in continuous time, similarly to the
Gillespie algorithm [10] or to data stream-driven reactive programs, e.g. [6]. In
the present work, we formally define event-driven P systems and show their
relationship to clock-free and time-free P systems. Moreover, we also introduce
un-timed and un-clocked P systems, where as a result we take the union of all
results obtained by any timing and per-instance timing function, respectively.
We also consider yet another freeness property: mode-freeness. A P system
which is mode-free with respect to a family of modes has the same behaviour
under all modes from this family. We show a large family of modes under which
generating P systems yield trivial languages, but accepting P systems are computationally complete. Finally, we explore the form of some clock-free and modefree P systems and show some relatively strong connections between the two
freeness properties.
This article is organised as follows. Section 2 recalls some basic notions of formal language theory and then introduces a general definition of P systems rewriting objects from a computable set O. Section 3 recalls and formally defines timing
functions, time- and clock-free P systems, as well as introduces event-driven P
systems. Subsection 3.4 investigates the connections between these objects. Section 4 shows one of the main results of this paper: clock-free P systems cannot
solve intractable problems in polynomial time. Section 5 recalls the notion of an
evolution mode, introduces mode-freeness with respect to a family of modes, and
then shows some properties of mode-free P systems. Section 6 compares clockfreeness with mode-freeness and points out some connections between these two
properties. Section 7 discusses further possibilities for defining per-instance timing and clock-freeness. Section 8 concludes the paper and also lists several open
problems.

2

Preliminaries

We assume the reader to be familiar with the basics of formal language theory
and P systems, but we recall some of the notions for convenience. For further
introduction to the theory of formal languages and P systems, we refer the reader
to [12, 13].
After recalling these basic notions, we will give a formal explanation of general
rewriting in order to be able to introduce a general definition of P systems as
hierarchical rewriting systems, somewhat in the spirit of [2] and [8].
2.1

Multisets

A multiset over V is any function w : V → N; w(a) is the multiplicity of a in w.
A multiset w is often represented by one of the strings containing exactly w(a)
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copies of each symbol a ∈ V . The set of all multisets over the alphabet V is
denoted by V ◦ . By abusing string notation, the empty multiset is denoted by λ.
We will also (ab)use the symbol ∈ to denote the relation “is a member of” for
multisets. Therefore, for a multiset w, a ∈ w will stand for w(a) > 0.
Given two multisets w, v ∈ V ◦ , w is a submultiset of v if w(a) ≤ v(a), for all
a ∈ V . In this case, removing w from v means constructing the multiset v − w
with the property (v − w)(a) = v(a) − w(a).
For a multiset of tuples w ∈ (A1 × . . . × An )◦ we will use the notation w|Ai
to refer to the multiset of projections of the elements of w on the dimension Ai ,
1 ≤ i ≤ n. Formally, w|Ai ∈ A◦i and w(ai ) for a fixed ai ∈ Ai is equal to the
number of tuples of the form (a1 , . . . , ai , . . . , an ) in w.
2.2

General Sequential and Parallel Rewriting

Consider an (infinite, computable) alphabet of objects O. An O-rewriting rule
is a partial function r : O → O. For an object o ∈ O for which r(o) is undefined,
we say that r is not applicable to o. Often, the semantics of computing r(o) is
given by “removing the left-hand side” or r from the object o and then “adding
back the right-hand side”. Accordingly, we define the pair of partial functions
r− , r+ : O → O such that their total effect is the same as that of r, i.e., r =
r+ ◦ r− .
Example 1. Consider the alphabet V = {a, b} and the set O = V ◦ of all finite
multisets over V . The partial function r : V ◦ → V ◦ replacing an instance of a
with two instances of b is an O-rewriting rule and is often written as r : a → bb or
r : a → b2 (note that, in this notation, the symbol → is used to specify rule sides
and not the domain or the codomain of a function); r is defined for all multisets
containing at least an instance of a and is undefined for all other multisets.
For the multiset rewriting rule r, the value r− (w) can be defined by removing
the left-hand side a from the multiset w (if possible) and r+ (w) by adding the
right-hand side bb to w. Thus, r = r+ ◦ r− .
Example 2. Consider, again, the alphabet V = {a, b} and the set O = V ∗ of
all finite strings over V . In this case, an O-rewriting rule is a partial function
r : O → O replacing a substring at a particular position. To express the effect of
rewriting any substring of a string s ∈ O satisfying some particular criteria, we
need to consider a family of functions (ri : O → O)i∈I replacing the substring at
its i-th occurrence. To express the effect of rewriting any substring in any finite
string in O, we need to consider the family of functions (ri : O → O)i∈N .
Fix a set of O-rewriting rules R. To capture the possibility of applying multiple rules R in parallel, we define the (computable) partial function apply :
R◦ × O → O which applies a multiset of rules from R to an object from
O and yields a new object in O, if possible. As for the case of individual
rules, to represent the idea of “removing the left-hand sides” and “adding the
right hand sides”, we define two other mappings apply− and apply+ such that
apply(ρ, o) = apply+ (ρ, apply− (ρ, o)), with ρ ∈ R◦ and o ∈ O.
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Example 3. Consider the alphabet V = {a, b} and O = V ◦ , as in Example 1,
and two rewriting rules r1 : ab → bb as well as r2 : bb → a. Take the multiset of
rules ρ = r1 r2 ; classically, the function apply(ρ, w) is defined for such multisets
w ∈ O which contain the submultiset ab3 = ab bb, necessary to satisfy both the
applicability requirements of rules r1 and r2 . In this case, apply− (ρ, w) is the
function removing the multiset ab3 from w, apply+ (ρ, w) is the function adding
bb a to w, and apply(ρ, w) is the function first removing ab3 from w and then
adding bb a.
A sequential O-rewriting framework is the pair (O, R), where O is a set of
objects and R is a set of R-rewriting rules. A parallel O-rewriting framework is
the pair (O, R, apply− , apply+ ), where (O, R) is a sequential O-rewriting framework and apply− , apply+ : R◦ × O → O are the (computable) partial functions
defining the semantics of parallel application of rules from R to objects in O.
Our definition of rewriting frameworks are strongly inspired by the work [8].
2.3

P Systems

The definition of P systems we give in this paper directly generalises various
models of cell-like (hierarchical) P systems in which rules are “located within”
the membranes and whose membrane structure may evolve: transition P systems
with membrane dissolution rules, P systems with active membranes, etc.
A comprehensive overview of different flavors of membrane systems and their
expressive power is given in the handbook which appeared in 2010, see [12]. For
a state of the art snapshot of the domain, we refer the reader to the P systems
website [20], as well as to the bulletin of the International Membrane Computing
Society [19].
Given a parallel O-rewriting framework (O, R, apply− , apply+ ), a P system
is the following tuple:
Π = (O, OT , µ, w1 , . . . , wn , I, R1 , . . . , Rn , hi , ho ),
where O is a (computable, infinite) set of objects, OT ⊆ O is a (computable)
set of terminal objects, µ is the initial membrane structure injectively labelled
by the numbers from {1, . . . , n} and usually given by a sequence of correctly
nested brackets, I is the set of allowed ingredients (explained below), wi ∈ O
is the initial object in membrane i, Ri ⊆ R × I is the set of O-rewriting rules
associated with membrane i and enriched with some ingredients, hi , 1 ≤ hi ≤ n,
is the label of the input membrane and ho , 1 ≤ ho ≤ n, is the label of the output
membrane.
The set of ingredients I in the above definition captures the variety of additional actions which may be associated with O-rewriting rules. We give some
examples:
– Target indications: If O = V ◦ , target indications can be represented by
defining I = {none} ∪ (V × T ar)◦ , thus allowing rules to specify multisets
of pairs (a, tar) of symbols a ∈ V and target indications tar ∈ T ar.
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– Membrane dissolution: Membrane dissolution can be represented by defining
I = {none, δ} and by writing non-dissolving rules as (u → v, none) and
dissolving rules as (u → v, δ), with the usual dissolution semantics.
– Membrane division, creation, etc.: Similarly to dissolution, any modification of the membrane structure may expressed by adding the corresponding
symbols to the set I.
Finally, note that membrane polarisations can be represented without ingredients by extending the set of objects to O ×π, where π is the set of polarisations
(e.g., π = {−, 0, +}), and by having the rules read and modify the polarisations
if necessary.
A configuration of the P system Π is the tuple C = (µ0 , w10 , . . . , wn0 ), where
0
µ is the current membrane structure and wi0 ∈ O is the object contained in
membrane i. For P systems which do not dynamically modify their membrane
structure, the first component (µ0 ) of the tuple may be omitted.
A k-step computation of Π is a sequence of configurations (Cj )0≤j≤k with
the following properties:
– C0 = (µ, w1 , . . . , wh0 i , . . . , wn ), where µ is the initial membrane structure
of Π, wi , 1 ≤ i ≤ n, is the initial object in membrane i, and wh0 i = whi ] win ,
where whi ∈ O is the initial object in the input membrane hi , win ∈ O is the
input object, and ] is the operation of combining two objects (e.g., multiset
union if O = V ◦ );
– for any configuration Cj , 0 ≤ j < k, the configuration Cj+1 can be obtained
from Cj by applying the rules to the objects of Cj according to a fixed
evolution mode (e.g., the maximally parallel mode), and by then executing
the actions required by the ingredients associated with the applied rules;
– Ck is a halting configuration, i.e., a configuration satisfying the halting condition of Π. One of the best known halting condition is requiring that no
rule be applicable any more according to the fixed derivation mode (total
halting by inapplicability).
The result of the computation (Cj )1≤j≤k is derived from the object who
found in membrane ho in the halting configuration Ch . A typical way of deriving
the result is applying the terminal projection pT : O → OT which allows for
retrieving the “terminal part” pT (wh0 ). Another way may be declaring that the
derivation (Cj )1≤j≤k only produces a result if who ∈ OT (otherwise Π produces
no result).
P systems as we defined them are general device computing functions, yet
particular cases are often considered. Π is said to work in the generating mode
if it takes no input (the starting configuration C0 is the same for all computations). Π is said to work in the accepting mode if it takes an input and accepts
by a halting computation, whereas non-accepted inputs only yield non-halting
computations.
A special case of accepting P systems are deciding P systems: for any input,
all its computations must halt and are grouped into two classes—accepting and
rejecting; for each input, all computations must belong to one of these groups.
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One usual way of discriminating between the two types of computation is by
looking at the form of the object who in the output membrane in the halting
configuration: e.g., if O = V ◦ , an accepting halting configuration of Π must
contain the symbol yes in who and a rejecting halting configuration must contain
the symbol no.
We will denote the language of objects generated (respectively, accepted) by
the P system Π by Lgen (Π) (respectively, Lacc (Π)). Sometimes we will use the
notation L(Π) when the context makes it clear whether Π is an acceptor or a
generator.

3

Time- and Clock-freeness

In this section, we briefly recall (and generalise) the definition of timed and timefree P systems originally introduced in [5]. We then recall the original definition
of clock-free P systems as introduced in [14] and give a formalisation. Finally,
we show how clock-freeness can easily be captured via a simpler event-driven
semantics (a natural continuation of [11]).
We start by defining the notion of a rule queue. Given a set of rules R, and
the set of ingredients I, we will call any finite multiset of rules ρ ∈ (R × I)◦ a
rule queue. For a number set X, we will call any finite multiset ρ ∈ (R × I × X)◦
an X-timed rule queue. Intuitively, a rule queue is just an unordered collection
of rules and ingredients, while an X-timed rule queue is a collection of rules and
ingredients which have timestamps.
Given a P system Π, an extended configuration (with rule queues) is a tuple
C = (µ, w1 , . . . , wn , ρ1 , . . . , ρn ), where C = (µ, w1 , . . . , wn ) is a configuration
of Π and ρi is a rule queue (with or without timestamps).
3.1

Time-free P Systems

We will now recall the definitions of timed and time-free P systems from [5] and
generalise them to our definition of P systems.
Given a P system Π as defined in Subsection 2.3, a timing function
is a
S
computable mapping e : RΠ → N+ , with N+ = N \ {0} and RΠ = 1≤i≤n Ri ,
which assigns durations to the rules of Π. The timed P system Π(e) is a P system
with semantics modified in the following way.
Computations of Π are sequences of extended configurations with N+ -timed
rule queues (i.e., the rules in rule queues have natural timestamps). To compute
the configuration Cj+1 from a configuration Cj , consider the membrane i containing the object wi and the rule queue ρi . Π(e) shall perform the following
actions:
1. Constitute the submultiset of rules ρnow of the queue ρi which have the
timestamp j + 1; in other words, any tuple in ρnow must have the form
(r, i, j + 1). Build the new multiset ρ0i by removing ρnow from ρi . Take the
multiset ρnow |R of all O-rewriting rules in ρnow and compute the object wi0
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in the following way: wi0 = apply+ (ρnow |R , wi ). Finally, implement the effects
of all the ingredients listed in ρnow .
2. Pick a multiset of rules ρapp applicable to wi0 according to a fixed evolution
mode and set the timestamp for every rule r added to ρapp to j + 1 + e(r).
Take the multiset ρapp |R of all O-rewriting rules in ρapp and compute the
new object wi00 in the following way: wi00 = apply− (ρapp |R, wi0 ). Add ρapp to
ρ0i thus constituting the new rule queue ρ00i .
3. In configuration Cj+1 , set the contents of membrane i to wi00 and its rule
queue to ρ00i .
Thus, the queues in an extended configuration Cj contain the rules whose application started in the previous steps (excluding step j), including the rules
which are scheduled to finish at step j. All queues are empty in the starting
configuration and the first evolution step consists in launching some rules (in a
sense, it is a “dummy” step or a “half step”).
To halt, Π(e) needs to exhaust all of the rule queues: that is, the evolution
continues until there are still rules scheduled to finish in some future steps, and
all queues must be empty in the halting configuration.
The result of a computation of the timed P system Π(e) is derived from the
contents of its output membrane in its halting configuration in the same way as
described for non-timed P systems in Subsection 2.3.
A P system Π is called time-free if there exists a language of objects L ⊆ O
such that L(Π(e0 )) = L(Π(e)), for any (computable) timing functions e : RΠ →
N+ and e0 : RΠ → N+ , and L = L(Π(e)) for some timing function e : RΠ → N+ .
Therefore, time-freeness is the property of P systems to yield the same results
independently of durations statically assigned to the rules.
3.2

Clock-free P Systems

In this subsection, we will formally define clock-free P systems following the
original work [14]. The motivating intuition is as follows: real-world processes
are rarely synchronised via a shared global clock. Timed and time-free P systems
capture the fact that processes may have different durations and that some systems are robust to arbitrary variations in such durations; however the durations
are integer numbers, which still implies the presence of a discrete global clock.
Furthermore, in timed P systems, all applications of the same rule last for the
same amount of time, which does not take into account the variations in the
execution time of different instances of the same process. Clock-free P systems
as introduced in [14] lift both of these restrictions: different applications of the
same rule are allowed to last for different, real, amounts of time.
Following the same scheme as for timed and time-free P systems, we can
introduce per-instance real rule timing in the following way. Consider a P system
Π as defined in Subsection 2.3 with O-rewriting rules enriched with ingredients
RΠ × I and the set C of all sequences of extended configurations of Π. A perinstance (real) timing function is a mapping τ : C ×(RΠ ×I)◦ → (RΠ ×I ×R+ )◦ ,
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with R+ = {x ∈ R | x > 0}, assigning positive real durations to the rules in a
multiset of rules based on the given history of configurations.
Even before we define the effect of per-instance timing function, we give an
informal example to give an intuitive impression.
Example 4. Consider the following one-membrane multiset rewriting P system:
Π1 = ({a, b}◦ , {a, b}◦ , [ ] 1 , a, {none}, {r1 : a → bb, r2 : b → aa}, 1, 1)
and suppose it works in the maximally parallel mode. Take the initial configuration C0 = ([ ] 1 , aa, λ). Suppose we want to apply the rule r1 : a → bb twice
in this configuration. We will define
√ the per-instance timing function τ to have
the value (r1 , none, 0.5)(r1 , none, 2) for the singleton sequence (C0 ) and the
multiset of rules (r1 , none)2 . This will√move the system into the configuration
C1 = ([ ] 1 , λ, (r1 , none, 0.5) (r1 , none, 2)).
Among the two applications of r1 , one is scheduled to finish earlier, at time
0.5. At this moment, it releases the multiset bb into the skin, which renders the
rule r2 applicable. We define the per-instance timing function τ to have the value
(r2 , none, sin 1)(r2 , none, cos 1) for the sequence (C0 C1 ) and the multiset of rules
(r2 , none)2 . This moves the system into the configuration C2 = ([ ] 1 , λ, ρ2 ) with
√
ρ2 = (r1 , none, 2)(r2 , none, 0.5 + sin 1)(r2 , none, 0.5 + cos 1).
We will now define the semantics of per-instance real timing functions. Take
a P system Π and fix a per-instance real timing function τ for it. Computations
of Π(τ ) are sequences of extended configurations with R+ -timed rule queues
(compare this with N+ -timed rule queues for timed P systems recalled in Subsection 3.1). The queues in an extended configuration Cj contain the rules whose
applications started in configurations previous to Cj (according to a fixed derivation mode), including rules scheduled to finish in this configuration. Consider a
sequence γ = (Cm )0≤m≤j of extended configurations with R+ -timed rule queues.
To compute the next configuration Cj+1 from this sequence, Π(τ ) proceeds in
the following way:
1. Find the smallest timestamp tj ∈ R across all rule queues in configuration Cj .
2. In every membrane i, take the submultiset ρnow of the queue ρi in which the
rules have the timestamp tj and compute the object wi0 in the following way:
wi0 = apply+ (ρnow |R , wi ); also implement the effects of the ingredients listed
in ρnow . Build ρ0i by removing ρnow from ρi . (This procedure is identical
to that described in the semantics of timed P systems in Subsection 3.1,
point 1.)
3. In every membrane i, pick a multiset of rules ρapp applicable to wi0 according
to a fixed evolution mode, compute ρ0app = τ (γ, ρapp ), add tj to all timestamps in ρ0app , and add the result to the new rule queue ρ0i . Take the multiset
ρapp |R of all O-rewriting rules in ρapp and compute the new object wi00 in the
following way: wi00 = apply− (ρapp |R, wi0 ). Add ρapp to ρ0i , thereby forming
the new queue ρ00i . (This procedure is very similar to that described in the
semantics of timed P systems in Subsection 3.1, point 2.)
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4. In configuration Cj+1 , set the contents of membrane i to wi00 and its rule
queue to ρ00i .
Like for timed P systems, the starting configuration of any computation of
Π(τ ) has all rule queues empty, and, to halt, Π(τ ) needs to exhaust all queues.
The result of a computation of the P system Π(τ ) equipped with the perinstance real timing function τ is derived from the contents of the output membrane in the halting configuration in the same way as described for non-timed
P systems in Subsection 2.3.
A P system Π is called clock-free if there exists a language of objects L ⊆ O
such that L(Π(τ 0 )) = L(Π(τ )), for any (computable) per-instance real timing
functions τ and τ ’, and L = L(Π(τ )) for some per-instance real timing function τ . Therefore, clock-freeness is the property of P systems to yield the same
results independently of positive real durations dynamically assigned to rule
applications.
We will explicitly explain why our definition corresponds exactly to the
slightly informal presentation given in [14]. In the cited paper, the author states
that every rule application may have a different real duration. His proofs suppose
durations may be arbitrary, but show computational completeness nevertheless.
The fact that rule applications may have different real durations is captured
by our per-instance real timing functions. Robustness with respect to arbitrary
durations is captured by our definition of the clock-freeness property.
Example 5. Consider again the P system Π from Example 4 and the sequence
of extended configurations (C0 , C1 , C2 ). The corresponding evolution of the rule
queue associated with the only membrane of Π is illustrated in Figure 1.

(r2 , none, sin 1)
(r2 , none, cos 1)
(r1 , none, 0.5)
(r1 , none,

√
2)

t
Fig. 1. A graphical illustration of the two-step computation of Π1 described in Example 4. The hollow bullets mark the “steps”.

The hollow bullets on the time axis (denoted by the letter t on the figure)
mark the “steps”, i.e., the moments at which there is at least a rule which finishes
its execution and when Π has to check whether any new rules have to be started.
Clearly, the illustration does not show a halting computation of Π: new rules are
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started at moments t = 0 and t = 0.5, but, of course, other rules are applicable
at the other moments highlighted in the figure. We do not show or treat them
to avoid clutter.
Finally, we define an important class of per-instance real timing functions.
We will call such a function τ a Markovian real timing function if its value does
not depend on the first argument. Formally, τ is Markovian if, for a fixed multiset
of rules ρ and for any two sequences of configurations γ1 and γ2 , the following
holds τ (γ1 , ρ) = τ (γ2 , ρ). We will call P systems which are clock-free with respect
to the class of Markovian timing functions Markovian clock-free.
3.3

Event-driven P Systems

Consider again the semantics of P systems with per-instance real timing functions, and especially the illustration in Figure 1. The evolution of such P systems
is quite clearly centred around the concept of an event: the moment at which
some rule executions finish and release the results into the membrane. The computations driven by per-instance real timing functions are essentially sequences
of such events. This intuitively implies that what only matters is the order in
which rules finish, and not so much the actual individual timings. This observation was stated in a preliminary form in [11].
In this section we first introduce event-driven P systems and then show the
equivalence between this variant and clock-free P systems.
Following the same scheme as for per-instance real timing functions, we can
define finishing functions in the following way. Consider a P system as defined in
Subsection 2.3 with O-rewriting rules enriched with ingredients RΠ × I and the
set C of all sequences of extended configurations of Π with simple rule queues (no
timestamps). A finishing function is a mapping φ : C × (RΠ × I)◦ → (RΠ × I)◦
indicating, based on the history of configurations, which rules from a given rule
queue must finish their execution. Note that φ may also return an empty multiset.
Take a P system Π and fix a finishing function φ for it. We define the semantics of Π(φ) in the following way. Computations of Π(φ) are sequences of
configurations with simple rule queues (no timestamps). Again, the rule queues
of an extended configuration Cj contain the rules whose applications started before Cj according to the corresponding fixed derivation mode and Π(φ). Given a
sequence γ = (Cm )0≤m≤j of extended configurations with simple queues, Π(φ)
proceeds in the following way to obtain the configuration Cj+1 . In membrane i
containing the object wi and the rule queue ρi , Π does the following:
1. Apply the finishing function to find the submultiset of rules ρnow which must
finish: ρnow = φ(γ, ρi ). Take the multiset ρnow |R of all rewriting rules in ρnow
and compute the new object wi0 = apply+ (ρnow |R , wi ); also implement the
effect of the ingredients listed in ρnow . Build ρ0i by removing ρnow from ρi .
2. Pick a multiset of rules ρapp applicable to wi0 according to a fixed evolution mode and add ρapp to ρ0i , thereby constituting the new rule queue ρ00i .
Compute the new object wi00 in the following way: wi00 = apply− (ρapp , wi0 ).
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3. In configuration Cj+1 , set the contents of membrane i to wi00 and its rule
queue to ρ00i .
As before (Subsections 3.1 and 3.2), all computations start with empty rule
queues and the system needs to exhaust all rule queues in order to halt. The
result is retrieved as for P systems operating under conventional semantics (Subsection 2.3).
Recall that the finishing function φ is allowed to return an empty multiset.
In this paper, we choose to only consider functions which, for a given sequence of
configurations γ of a fixed P system Π, return a non-empty multiset for at least
one rule queue (non-denying functions). This ensures that every configuration
in a computation of Π corresponds to a rule finishing event.
Example 6. Consider again the P system from Example 4:
Π1 = ({a, b}◦ , {a, b}◦ , [ ] 1 , a, {none}, {r1 : a → bb, r2 : b → aa}, 1, 1)
and the first three configurations of its computation (C0 , C1 , C2 ) illustrated in
Figure 1. We can reproduce the effects of these three steps using a finishing function. The initial configuration will be, as before, K0 = ([ ] 1 , aa, λ). In this configuration the maximally parallel mode forces Π to apply r1 twice and to move
into the following configuration K1 = ([ ] 1 , λ, (r1 , none)2 ). We define the finishing function φ to return (r1 , none) for history (K0 , K1 ) and the queue (r1 , none).
This will release the products of r1 into the skin membrane and render r2 applicable. The maximally parallel derivation mode enforces the two applications of
r2 , moving Π1 into the configuration K2 = ([ ] 1 , λ, (r1 , none) (r2 , none)2 ).
We now show side by side the configurations C0 , C1 , and C2 of Π(τ ) working
under the per-instance real timing function τ from Example 4 and the configurations K0 , K1 , and K2 from the previous example (we denote t1 = 0.5 + sin 1
and t2 = 0.5 + cos 1):
Ci

Ki

0 ([ ] 1 , aa, λ)
([ ] 1 , aa, λ)
√
1 ([ ] 1 , λ, (r1 , none, 0.5) (r1 , none, 2))
([ ] 1 , λ, (r1 , none)2 )
√
2 ([ ] 1 , λ, (r1 , none, 2) (r2 , none, t1 ) (r2 , none, t2 )) ([ ] 1 , λ, (r1 , none) (r2 , none)2 )
Table 1. A comparison between the forms of configurations in Examples 4 and 6. We
denote t1 = 0.5 + sin 1 and t2 = 0.5 + cos 1.

Note that, with the finishing function from Example 6, we are able to reproduce the contents of rule queues in (C0 , C1 , C2 ), without using timestamps. We
will later formally show that per-instance real timing functions are equivalent
to finishing functions, which makes them into a useful instrument for reasoning
about computations with per-instance real timing.
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For a P system Π to be independent of the finishing strategy φ means that
there exists a language L ⊆ O of objects of Π such that L = Π(φ) for any
computable finishing function φ.
Since a finishing function essentially defines the sequencing of the releases of
“processed” rule products, P systems which are independent of this sequencing
can be seen as “waiting” for events to happen and “handling” them. Thus, we
will refer to such systems using the term event-driven P systems.
Finally, in analogy with Markovian per-instance timing functions, we define
Markovian finishing strategies. We will call a strategy φ a Markovian finishing strategy if its value does not depend on the first argument. Formally, φ is
Markovian if, for a fixed multiset of rules ρ and for any two sequences of configurations γ1 and γ2 , the following holds: τ (γ1 , ρ) = τ (γ2 , ρ). We will call P systems
which are event-driven with respect the class of Markovian finishing functions
Markovian event-driven.
3.4

Timing Types and Finishing Strategies

Because timed P systems, P systems with per-instance real timing, and P systems
with finishing strategies stem from the same idea—introduce rule durations to
P systems—it is not surprising that these models have a lot in common. In this
subsection, we outline the main connections.
First of all, we would like to bring the reader’s attention upon the form of
the configurations shown in Table 1: in many of them, the multisets contained
in the membranes are empty, the “semantic focus” being on rule queues. This
is an effect which may be surprising at first, but which actually underlines the
important difference of P systems with rule queues as compared to usual P systems: in the former case, configurations mark the intervals the start of some rule
applications and the end of some other rule applications (also seen in Figure 1),
while configurations for P systems operating under conventional semantics (Subsection 2.3) capture the moments between the end of some rule applications and
the start of some other rule applications.
We will now show a series of intuitively clear inclusions of families of P systems with rule queues. We start with a general statement about timing functions
and per-instance real timing functions.
Proposition 1. Given a P system Π and any timing function e (Subsection 3.1)
there exists a per-instance real timing function τe (Subsection 3.2) such that
L(Π(e)) = L(Π(τe )).
Proof. Consider the timing function τe always assigning the duration e(r) to any
application of the rule r in any evolution of Π. It follows from the definitions
of semantics in Subsections 3.1 and 3.2 that, for any computation γe of Π(e)
there exists a computation γτ of Π(τe ) producing the same output object, and
conversely. Moreover, for a given step j, the configurations Cj ∈ γe and Kj ∈ γτ
are identical (modulo the inclusion of N into R).
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The converse proposition is not true: there exist per-instance timing functions
which do not have a corresponding timing function.
Proposition 2. There exists a multiset-rewriting P system Π and a per-instance
timing function τ such that L(Π(τ )) 6= L(Π(e)) for any timing function e.
Proof (Sketch). Consider the one-membrane multiset rewriting P system Π with
the following rules:
r1 : a → c
r3 : cb → d
r2 : c → f
r4 : cd → ♥
Fix the starting multiset in the only membrane of Π to aab. We can construct a
per-instance real timing function for Π which will yield the evolution shown in
Figure 2. Note that the two applications of r1 take a different amount of time,
a

a

b

r1
r1

c
r3
c

d
r4
♥

Fig. 2. A computation impossible without per-instance timing (because two applications of r1 : a → c take different time).

which lets the first c arrive (on the right) to produce a d together with b so that,
when the second c arrives (on the left), it can produce ♥ together with d. On
the other hand, if all applications of r1 lasted for the same amount of time, both
c’s would appear at the same time, and one of them would have to evolve by
rule r3 turning into f and guaranteeing that rule r4 cannot be applied.
The fact that in timed P systems in the sense of Subsection 3.1 different applications of the same rule last for the same amount of time implies the statement
of the proposition.
According to the previous two propositions, per-instance timing allows richer
behaviour than simple timing (in the sense of Subsection 3.1). This immediately
implies the following statement.
Theorem 1. A P system Π which is clock-free is also time-free.
The relationship between per-instance timing functions and finishing strategies is even stronger. In the following, we say that two rule queues are equivalent
modulo timestamps removing all timestamps from both yields two equal rule
queues. We also consider the natural extension of this equivalence to configurations with rule queues.
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Proposition 3. Given an O-rewriting P system Π and any per-instance real
timing function τ such that its value τ (α, o) for the object o ∈ O does not depend
on the timestamps in the sequence of configurations α, there exists a finishing
strategy φ such that L(Π(τ )) = L(Π(φ)).
Proof. Take a computation γ of Π(τ ) and suppose that we have already defined
φ sufficiently to build a prefix γ̄j0 of length j of a computation γ 0 of Π(φ) in
which all configurations are equivalent modulo timestamps to the corresponding
configurations in the prefix γ̄j of γ. Extend the definition of φ to require the
same rules to finish in configuration Kj of γ 0 as those which are scheduled to
finish in Cj in γ. Since we require τ to be independent of the timestamps in
γ̄j , extending φ in this way is always possible. This observation, together with
the fact that the starting configurations of γ and γ 0 are vacuously equivalent
modulo timestamps (since their rule queues are empty), implies that we can
define φ such that all configurations in γ 0 are equivalent modulo timestamps to
the corresponding configurations in γ. This means that the results in the halting
configurations of γ and γ 0 are equal, which proves the proposition.
Corollary 1. Given a P system Π and any Markovian per-instance real timing
function τ , there exists a finishing strategy φ such that L(Π(τ )) = L(Π(φ)).
This corollary directly implies the following statement about event-driven P
systems and Markovian clock-free P systems.
Theorem 2. Any P system Π which is event-driven is Markovian clock-free.
The converse of Proposition 3 also holds.
Proposition 4. Given a P system Π and any finishing strategy φ, there exists
a per-instance real timing function τ such that L(Π(φ)) = L(Π(τ )).
Proof. Take a computation γ of Π(φ); γ is a sequence of configurations with
simple rule queues (without timestamps). Construct a new sequence of configurations γ 0 with R+ -timed rule queues in which all rules in all rule queues of
configuration Cj get the timestamp j. Now consider the per-instance real timing
function τ which assigns exactly these timestamps to rule applications in γ 0 . The
fact that we can always carry out this transformation implies the statement of
the proposition.
According to the previous proposition, per-instance timing strategies may
ensure richer behaviour than finishing strategies, which implies the following
statement.
Theorem 3. A P system Π which is clock-free is event-driven (in the sense of
Subsection 3.3).
Figure 3 summarises the relations between the various kinds of freeness properties of P systems with rule queues we have considered in this paper. This figure
also takes into consideration that any clock-free P system is trivially Markovian
clock-free (because Markovian per-instance timing functions form a proper subclass of per-instance timing functions). This relation is represented as a dashed
arrow.
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Time-free
P systems

Theorem 1

Clock-free
P systems

Theorem 3

ore
The

Event-driven
P systems

m2

Markovian clock-free
P systems

Fig. 3. Inclusions between the different kinds of freeness properties considered in this
section.

4

Clock-freeness and Efficiency: P versus NP

One of the famous features of some variants of P systems is the capability of
solving intractable (NP-complete) problems in polynomial time. The classical
approach is generating an exponential number of computing units in polynomial
time, which allows fast exploration of the space of candidate solutions (see [12]
for some classic examples). Recently, efficient time-free solutions to intractable
problems have been provided, e.g. in [15–18]. Since there is no upper bound
on the values the timing function may assign, the authors of the cited papers
measure the time complexity of their constructions in terms of rule starting
steps—the number of moments in the evolution of the P system at which rule
executions start—rather than in terms of the total running time.
On the other hand, we tend to see the number of rule finishing steps as a
better measure for time complexity of time- and clock-free P systems. We take
as a motivating example a computation in which rules only start in the first
configuration and then finish at different times. This computation has only one
starting step, but it may have multiple finishing steps, the number of which is
more closely related to the number of events that occurred.
We now show that, assuming that in order to solve an NP-complete problem
an exponential number of computing units is necessary, efficient (in terms of the
number of finishing steps) clock-free solutions are impossible to construct (we
assume P 6= NP). The intuition is as follows: in time-free P systems, we may
not assume any particular duration for a given rule application, but we are sure
that all applications of the same rule take the same amount of time. The fact
that this property is no longer guaranteed under clock-freeness turns out to be
essential for (in)efficiency.
Theorem 4. Consider an NP-complete problem P and take a P system Π solving it. Then there exists a per-instance (real) timing function under which all
computations of Π contain an exponential (in the size of the input) number of
rule finishing steps (assuming that in order to solve an NP-complete problem an
exponential number of computing units is needed).
Proof. In P systems as defined in Subsection 2.3, the atomic “computing units”
are single rule applications. Therefore, according to our assumption, Π must run
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an exponential number of rule applications. Since Π operates under per-instance
timing, we can ensure that no two rule applications end at the same time, which
implies that Π has exponentially many rule finishing steps.

5

Mode-freeness

Considering time-free, clock-free, and event-driven P systems motivates further
discussion about robustness with respect to variations of other parameters. In
this section we will consider mode-freeness: robustness with respect to the choice
of the evolution mode.
5.1

Evolution Modes

Take a (computable) set of objects O and consider a parallel O-rewriting framework (O, R, apply− , apply+ ). Following [9], we denote by Appl(R, o) the set
of multisets of rules applicable to the object o ∈ O in parallel. Given an nmembrane O-rewriting P system Π and a configuration C of it, we denote by
Appl(Π, C) the set of tuples of the form (ρ1 , . . . , ρn ), in which ρi is a multiset
of rules applicable to the object wi in membrane i in configuration C.
Example 7. Consider the multiset ab and the set of multiset rewriting rules
R = {r1 : a → b, r2 : b → c}. Then Appl(R, ab) = {r1 , r2 , r1 r2 }. Take a
multiset-rewriting P system Π with the set of ingredients I = {none} and two
membranes with equal sets of rules R1 = R2 = {(r1 , none), (r2 , none)}. Consider the configuration C = (µ, ab, ab) of Π, then Appl(Π, C) = A × A, where
A = {(r1 , none), (r2 , none), (r1 , none)(r2 , none)}.
Given a P system Π and a configuration C, an evolution mode (derivation
mode) is a strategy ϑ for filtering the set Appl(Π, C). According to [9], we
denote by Appl(Π, C, ϑ) ⊆ Appl(Π, C) the set of tuples of multisets of rules
of Π applicable in configuration C according to the derivation mode ϑ. When
Appl(Π, C, ϑ) contains more than one element, Π chooses between the allowed
tuples non-deterministically in order to continue the computation. We will denote the language generated (respectively, accepted) by Π operating under the
derivation mode ϑ by Lgen (Π, ϑ) (respectively, Lacc (Π, ϑ)).
We will now recall some typical examples of derivation modes considered
in [9]. All of these examples are formulated for a P system Π and a configuration
C of it.
Example 8. The asynchronous derivation mode asyn is the mode allowing any
combination of rules to be applied: Appl(Π, C, asyn) = Appl(Π, C).
Example 9. The sequential derivation mode sequ is the mode only allowing one
rule to be applied at any time. Appl(Π, C, sequ) therefore contains tuples of
singleton multisets of rules.
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Example 10. The maximally parallel derivation mode max only includes tuples
of non-extendable multisets of rules.
Formally, for a tuple (ρ1 , . . . , ρn ) ∈ Appl(Π, C, max), the set Appl(Π, C)
contains no tuple (ρ01 , . . . , ρ0n ) such that at least one ρi is a submultiset of ρ0i , for
1 ≤ i ≤ n.
A very interesting derivation mode (considered in a detailed way in [3]) is
the following one.
Example 11. The set-maximally parallel mode smax only allows tuples of multisets containing at most one instance of any rule. Formally, for any tuple
(ρ1 , . . . , ρn ) ∈ Appl(Π, C, smax), it is true that ρi (r) ≤ 1 for any rule r in
membrane i, 1 ≤ i ≤ n.
Finally, we show several more derivation modes which we use later.
Example 12. The max≥k mode only allows tuples of multisets which contain at
least k rules. That is, for any tuple (ρ1 , . . . , ρn ) ∈ Appl(Π, C, max≥k ), it must
hold that |ρi | ≥ k, for all 1 ≤ i ≤ k.
Example 13. Suppose that the sets of rules Ri associated with membranes i of Π,
1 ≤ i ≤ n, are equipped with total orders ≤i and consider the mode det (“the
determinator”) which only allows tuples of singleton multisets of rules, which are
also minimal with respect to the corresponding order. Formally, for any tuple
(ρ1 , . . . , ρn ) ∈ Appl(Π, C, det), it is true that |ρi | ≤ 1 and, for any other tuple
of singleton multisets (ρ01 , . . . , ρ0n ) ∈ Appl(Π, C), it holds that ri ≤i ri0 , where
ρi = ri , ρ0i = ri0 , and 1 ≤ i ≤ n.
Note that, according to this definition, Appl(Π, C, det) is either empty (if
Appl(Π, C) is empty) or a singleton set, which justifies the informal name “the
determinator”.
Finally, an extreme example of an evolution mode.
Example 14. The empty evolution mode ∅ is the evolution mode disallowing any
rule applications: Appl(Π, C, ∅) = ∅.
5.2

Freeness with Respect to a Family of Modes

Consider an O-rewriting P system Π and the family of evolution modes Θ. We
say that Π is Θ-mode-free if there exists a language L ⊆ O such that L =
L(Π, ϑ), for all ϑ ∈ Θ. We use the notation pLgen (O, Θ) to refer to the family of
languages over O generated by Θ-mode-free O-rewriting P systems. We replace
the subscript gen by acc to refer to the family of languages accepted by Θ-modefree O-rewriting P systems.
It turns out that the idea mode-freeness has already been indirectly invoked
in the literature. Indeed, the constructions from the paper [3] that literally hold
for the modes max and smax are {max, smax}-mode free.
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We start our discussion of more general kinds of mode-freeness by remarking
that mode-freeness with respect to the family of all modes (denoted by ΘU ) is
a very restrictive condition filtering out non-trivial behaviour.
Proposition 5. Consider the family of all derivation modes ΘU . Then the following statements hold:
– pLgen (O, ΘU ) only contains ∅ and singleton languages,
– pLacc (O, ΘU ) = 2O , where 2O is the set of all subsets of O, but all computation is done by the procedure extracting the result from the output object.
Proof. Consider the ΘU -mode free O-rewriting P system Π. Since Π should yield
the same language under any mode, it is sufficient to investigate its behaviour
under the empty mode ∅. Under this mode, Π never evolves.
For generation, this means that the result is computed from the initial object
placed in the output membrane, which, depending on the procedure for extracting the result, may yield a singleton language or the empty language (e.g., in the
case in which the initial object in the output membrane has no corresponding
terminal projection).
Suppose now that Π is an acceptor. We will consider the following cases.
– If Π accepts by halting, it accepts any object because it halts immediately:
Lacc (Π) = O.
– Suppose Π accepts by placing an object of a specific form into the output
membrane.
• If the output membrane of Π is different from its input membrane and
the initial object placed into the output membrane does not satisfy the
acceptance criterion, then Π rejects all inputs: Lacc (Π) = ∅.
• If the output membrane of Π is the same as its input membrane, then
Π will accept those inputs objects which satisfy the acceptance criterion
for output objects. Therefore Π can be made to accept any subset of O
by varying its acceptance criterion.
These observations conclude the proof.
To avoid trivial results, we assume in what follows that the procedure for
extracting the result out of the output object is reasonably simple.
As we have just seen, ΘU -mode-freeness is a very strong restriction. We will
now consider an important subfamily of ΘU : non-denying modes. Given a P system Π, a mode ϑ is non-denying if, for any configuration C of Π, Appl(Π, C) 6= ∅
implies that Appl(Π, C, ϑ) 6= ∅. The mode is called denying otherwise. We will
use the notation Θ¬deny to refer to the subfamily of non-denying modes.
Example 15. The derivation modes asyn, sequ, max, smax, and det are nondenying. The derivations modes max≤k and ∅ are denying modes.
Mode-freeness with respect to non-denying modes turns out to be a much
more interesting property than ΘU -mode-freeness. In the generative case, Θ¬deny mode-freeness yields P systems generating singleton languages and the empty
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language. (Note that ΘU -mode-free P systems can achieve the same behaviour
only by playing on the procedure for extracting the result out of the output
object.)
Proposition 6. pLgen (O, Θ¬deny ) only contains ∅ and singleton languages.
Proof. Consider a Θ¬deny -mode-free P system Π. Since Π should generate the
same language under any non-denying mode, we can investigate its behaviour
under “the determinator” mode det. Under this mode, Π evolves sequentially and
deterministically. This means that it can either generate a singleton language, or
the empty language in case it never halts or generates an output object without
a terminal projection.
The situation changes drastically in the accepting case: indeed, deterministic
acceptor P systems simulating deterministic register machines exist (e.g., [4,
Theorem 2]). We nevertheless sketch a simple construction here.
Theorem 5. Given an alphabet V and the set of recursively enumerable multiset
languages RE ⊂ V ◦ , the following holds: pLacc (V ◦ , Θ¬deny ) = RE.
Proof (Sketch). Consider the one-membrane multiset-rewriting P system Π simulating a deterministic register machine M . Π uses cooperation and inhibitors.
For every instruction p : (A(r), q) incrementing register r and going from state
p to state q, Π has a rule p → qr. For every instruction p : (S(r), q, z) checking
register r for zero in state p, decrementing r and moving into state q, or moving
into state z if the decrement is not possible, Π includes the rule pr → q to ensure
the decrement and the rule p → z|¬r for the zero check.
Two properties follow from this construction sketch:
– Π correctly simulates the computations of M ,
– exactly one rule is applicable in any evolution step of Π, which means that
Π is sequential and deterministic.
The second property implies that, if we take L = Lacc (Π, det), then L =
Lacc (Π, ϑ) for any non-denying derivation mode ϑ ∈ Θ¬deny , i.e., Π is Θ¬deny mode-free. The fact that we can perform this construction for any register machine M implies the statement of the theorem.
The two previous statements highlight a huge gap between the generating
and the accepting cases under mode-freeness with respect to non-denying modes:
mode-free generation only produces trivial languages, while mode-free acceptance is computationally complete.
The construction in Theorem 5 allows us to derive a sufficient criterion for
mode-freeness with respect to non-denying modes.
Theorem 6. If a P system Π is deterministic under the evolution mode asyn
in any reachable configuration, then it is Θ¬deny -mode-free.
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Proof. For Π to be deterministic under asyn means that, for any reachable
configuration C, the set Appl(Π, C, asyn) is a singleton set. This only happens
when at most one rule is applicable to C in the whole system. The effect of all
non-denying modes on Π will therefore be the same: apply the only applicable
rule (if there exists one), or halt if no more rules are applicable anywhere. This
observation implies that Π is Θ¬deny -mode-free.
The converse statement is not necessarily true in general: for example, a
multiset-rewriting P system whose only behaviour consists in erasing all the
symbols in the input one by one will be able to behave similarly under any nondenying mode. We do expect the converse statement to be true for “reasonable”
P systems, however.
Conjecture 1. Any computationally universal Θ¬deny -mode-free P system is deterministic under asyn in any of its reachable configurations.
We recall that being computationally universal means being capable to “run
any program”. More concretely, a P system is computationally universal if it can
simulate a universal register machine. We refer the reader to [12] for comprehensive explanations.

6

Clock-freeness versus Mode-freeness

In this section we start a discussion about the relationship between clock- and
mode-freeness. Despite their different origins, the two freeness properties exhibit
a number of similarities. Consider, for example, the sketch of the Θ¬deny -modefree P system simulating an arbitrary register machine from Theorem 5. This
system is trivially clock-free because at most one rule can be applied at any time.
Furthermore, we can reformulate the criterion from Theorem 6 for the clock-free
case in the following way.
Theorem 7. If a P system Π is deterministic under the evolution mode asyn
in any reachable configuration, then it is clock-free.
Proof. By the same arguments as in the proof of Theorem 6, we conclude that
a P system Π with the required properties may only apply at most one rule at
any step, which trivially implies clock-freeness.
In case Conjecture 1 is true, being Θ¬deny -mode-free is equivalent to being
deterministic under the mode asyn for computationally universal P systems.
This allows us to formulate the following derived hypothesis.
Conjecture 2 (assuming Conjecture 1). Any computationally universal Θ¬deny mode-free P system is also clock-free.
The two statements we have formulated in this section reveal parts of a
strong relationship between clock- and mode-freeness. In particular, the previous
conjecture warrants wondering whether any clock-free P system is also Θ¬deny mode-free. The following example and the associated propositions allow us to
answer this question in the negative.
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Example 16. Consider a register machine M and construct a one-membrane multiset rewriting P system ΠM in the following way.
– For every instruction p : (A(r), q, q 0 ) which increments register r and nondeterministically moves from state p to either state q or q 0 , add the rules
p → qr and p → q 0 r to ΠM .
– For every instruction p : (S(r), q, z) decrementing r and moving into state
q, or moving into state z if the decrement is not possible, add the following
rules to ΠM :
p → p0 pr
p0 → p00
p00 pr → z

pr r → dr
p00 dr → q

ΠM operates under the maximally parallel mode, under normal semantics (no
timing, finishing strategies, etc.), and simulates the register machine M . Simulation of the increment instruction is straightforward. To simulate the decrement,
ΠM splits the state symbol p into p0 and pr . pr tries to decrement the register
r by the rule pr r → dr while p0 waits for one step turning into p00 . Then, if p00
finds a dr (meaning that the register was successfully decremented), the rule
p00 dr → q is applied; otherwise the rule p00 pr → z is applied ensuring the correct
choice between states q and z.
Proposition 7. ΠM operating under the [set-]maximally parallel mode is clockfree (and event-driven).
Proof. The only moment at which ΠM applies more than one rule is during
the simulation of the decrement, when the symbols p0 and pr are produced
and the configuration contains an instance of r. In this case, p0 and pr are
immediately consumed by the applications of the corresponding rules (because
ΠM operates in the [set-]maximally parallel mode). Note that no rule in ΠM is
applicable before both p00 and dr are produced, which makes the behaviour of
ΠM independent of the timings on the individual applications of rules in this
branch of the simulation. These observations imply that ΠM is clock-free.
Proposition 8. ΠM is not Θ¬deny -mode-free.
Proof. As seen in the proof of the previous proposition, ΠM operating under the
modes max and smax simulates the register machine M . However, if we fix a
total order on the rules of ΠM such that p0 → p00 is less than pr r → dr , and have
ΠM operate under “the determinator” mode det, then ΠM will never have the
chance to apply the rule pr r → dr , meaning that ΠM will not simulate M any
more. This shows that the language accepted/generated by ΠM is different under
two different non-denying modes (max and det) which implies the statement of
the theorem.
Corollary 2. There exists a clock-free P system which is not Θ¬deny -mode-free.
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A Note on the Semantics of Clock-freeness

We would now like to use the instruments we have constituted throughout the
paper to point out some issues with the informal introduction of clock-freeness in
the original work [14]. These issues appear under derivation modes different from
the maximally parallel one—extendable modes—or with rules which have nonmonotonous rule applicability semantics. We now define these terms formally.
Given a P system Π and a configuration C of Π, we will call a mode ϑ
non-extendable if all multisets in Appl(Π, C, ϑ) are non-extendable, i.e., for any
ρ ∈ Appl(Π, C, ϑ), there exists no ρ0 ∈ Appl(Π, C) such that ρ is a submultiset
of ρ0 . If ϑ is not non-extendable, it is called extendable.
Example 17. The maximally parallel mode is by definition a non-extendable
mode, but any other mode ϑ such that Appl(Π, C, ϑ) ⊆ Appl(Π, C, max) is
non-extendable as well.
Given a parallel rewriting framework F = (O, R, apply− , apply+ ) and a partial order relation ⊆ on O, we say that the rule applicability semantics of F is
monotonous if, for two objects o1 , o2 ∈ O, o1 ⊆ o2 implies that Appl(R, o1 ) ⊆
Appl(R, o2 ), where Appl(R1 , o) denotes the set of multisets of rules from R applicable to o1 .
Example 18. The semantics of cooperative multiset rewriting is monotonous: for
a fixed set of multiset rewriting rules R and two multisets w1 and w2 such that
w1 is a submultiset of w2 , at least as many rules are applicable to w2 as to w1 .
The semantics of cooperative multiset rewriting rules with inhibitors is nonmonotonous: consider the singleton set of rules R = {r : a → b|c } and the
multisets w1 = a and w2 = ac; w1 is a submultiset of w2 , but r is only applicable
to w1 and not to w2 .
Now consider again the informal definition of clock-free semantics from [14]
and take a P system Π with non-monotonous rule applicability semantics. Whenever some rules can be applied, Π has to start their application by “removing
their left-hand sides” using apply− . However, since the applicability semantics
in Π is non-monotonous, this may immediately render more rules applicable.
Letting Π continue “removing the left-hand sides” would mean that Π may run
parts of the computation which should follow each other at the same moment.
Suppose now that Π works under a mode ϑ which is extendable. This means
that Π does not have to start all of the rules which are potentially applicable
immediately. Since Π does not have a global clock, we do not know when Π
should consider applying these left-over rules, and if it starts applying them
immediately, it would violate the derivation mode ϑ.
The definitions in Subsection 3.2 address both of these issues by declaring
that the only time Π should start new rule applications is when some (other)
rule applications release new products. Another way of handling these problems
would be restricting per-instance real timing functions to only take values in
a closed interval [c0 ; +∞) ⊆ R+ , for some fixed positive constant c0 ∈ R+ .
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Under this restriction, we know that any rule takes at least c0 units of time
to finish, which means that Π could reconsider applying new rules either when
some rule products become available, or c0 units of time after the last pack of
rule applications started.
Changing the way in which per-instance timing is defined should give rise
to formulations of different event-driven semantics. Indeed, with the restriction
described in the previous paragraph, the types of events to which Π may react
would be extended with the ticks of a “local timer” going off in c0 units of time
after each start of some rule applications.

8

Conclusion and Discussion

In this paper we recalled timed, time-free, and clock-free P systems and provided a common framework for the three notions. This framework allows discussing different kinds of timing functions and freeness properties for P systems
operating on arbitrary object types allowing for parallel rule application. We
also discussed mode-freeness and showed that, even though mode-freeness and
clock-freeness express robustness with respect to variations in quite different
parameters, mode-free and clock-free P systems exhibit a number of similarities.
Both mode-freeness and clock-freeness seem to offer plenty of possibilities for
future research, among which we would like to state the following ones, in no
particular order.
Complete Figure 3: Further investigate the relationship between the freeness
properties shown in Figure 3. Find new inclusions, show the (non-)strictness
of the known inclusions, consider yet different variations of the timing functions and finishing strategies.
Prove or disprove Conjecture 1: This conjecture states that that any Θ¬deny mode-free P system is asyn-deterministic in any reachable configuration C.
As shown in Conjecture 2, this could reveal a strong connection between
mode-free P systems and clock-free ones.
Other families of modes: We have only considered two infinite families of
evolution modes in detail—the family of all modes ΘU and the family of
non-denying modes Θ¬deny . We showed that the properties of P systems
being mode-free with respect to these families are rather unusual (huge gap
between the power of generators and acceptors). Are there other families of
modes exhibiting similar properties?
Halting conditions: In this paper we essentially glossed over halting conditions. Investigating mode-freeness and clock-freeness with respect to different
halting conditions may prove interesting. What would freeness with respect
to some families of halting conditions mean?
Mode-freeness without inhibitors: Theorem 5 shows a computationally complete family of Θ¬deny -mode-free P systems. These P systems rely on cooperativity and on inhibitors (as usual, priorities would work just as well).
What are the languages accepted by multiset-rewriting Θ¬deny -mode-free P
systems without inhibitors?
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Different clock-freeness: As pointed out in Section 7, the intuitive idea of
allowing individual rule applications to last for a different amount of time
gives rise to multiple possible semantics. Subsection 3.2 describes one of
them; exploring other possibilities may prove interesting for applications in
modelling.
Un-timed and un-clocked P systems: We may also consider variants of timefree and clock-free P systems: in contrast to time-free P systems, where all
timing functions have to generate the same results, in an un-timed P system we collect all the results obtained by using any timing function; in an
un-clocked P system, we assume each rule application to last an arbitrary
amount of time. Which variants of P systems still remain computationally
complete when being considered as un-timed or un-clocked systems?
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4. Cristian S. Calude and Gheorghe Păun. Bio-steps beyond Turing. BioSystems,
77(1-3):175–194, November 2004.
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Abstract. In the class of rewriting array P systems, contextual array P systems generating two-dimensional picture arrays by sequential application of contextual array grammar
kind of rules on the arrays were introduced. Here we incorporate a parallel mode of application of the contextual array rules in the regions of the contextual array P system and
investigate the generative power of the resulting array P system, which we call as parallel
contextual array P system (P CAP ). A major advantage is that the number of membranes
needed in the constructions of the P CAP for picture array generation is reduced in comparison with the sequential counterpart.

1

Introduction

The field of membrane computing [21, 23], introduced by Gh. Păun around the year 2000 inspired
by the membrane structure and the functioning of living cells, involves a novel computing model
with a generic name of P system, named in honour of its originator. The basic model of P system
has a hierarchial arrangement of membranes, one within another but all of these membranes
are enclosed in a membrane called skin membrane. The membranes may have objects that can
evolve by a maximal parallel application of evolution rules with the evolved objects remaining in
the same membrane or passing from one membrane to an immediately outer or inner membrane.
There has been a rapid growth in this field of membrane computing, both in terms of establishing
theoretical results and examining possible application areas [11, 23, 36] with several variants such
as tissue P system [14], spiking neural P system [13, 24], numerical P system [37], population
P system [1] and many others, having been considered, motivated by different needs. P system
based on string rewriting was first introduced in [20] in order to deal with symbolic computations
and is an intensively investigated model, with several variants having been introduced (see, for
example, [2, 8, 17, 19]). In this kind of string rewriting P system the objects are structured strings
and the rules in the regions are context-free rules of the Chomsky type that rewrite the strings
in a sequential manner.
On the other hand the field of two-dimensional array grammars and languages [12, 26, 27,
35] that deal with generation of picture arrays, has been and continues to be an active area
of research [25, 31, 32], with syntactic methods being employed to handle problems related to
⋆

Corresponding author.
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image processing, pattern recognition, computer vision and other topics. Linking the areas of 2D
isometric array grammars and membrane computing, array-rewriting P systems were proposed
in [3], based on sequential application of context-free array-rewriting rules. In [34], application
in parallel of the array-rewriting rules as in [3] was incorporated and in [18] improvements were
done resulting in reductions in the number of membranes used in the various constructions of
array generating P systems. In contrast to the array P systems in [3], Fernau et al. [7] considered
a P system model, called contextual array P system (CAP ), that makes use of array objects
and contextual array rules [10] and examined its generative power for the description of picture
arrays, establishing an interesting property that there is a proper infinite hierarchy with respect
to the classes of picture array languages described by contextual array P systems.
In this paper, analogous to the parallel string rewriting in L systems [28], we consider an
application in parallel of array contextual rules to the picture arrays in the regions of a contextual
array P system, resulting in an array P system model, which we call as parallel contextual
array P system (P CAP ). We establish results related to the families of picture array languages
generated by these P CAP systems with one or two membranes, comparing with certain picture
array language classes of sequential CAP and also construct a P CAP with two membranes for
generation of hollow square arrays.

2

Preliminaries

For notions and results related to formal language theory we refer to [29] and for those related
to array grammars and two-dimensional languages, we refer to [9, 12].
An alphabet V is a finite set of symbols. A word or a string w = a1 a2 . . . an (n ≥ 1) over V
is a sequence of symbols from V and the length of the word w is denoted by |w|. The set of all
words over V , including the empty word λ with no symbols, is denoted by V ∗ .
A picture array (also simply called an array) in the two-dimensional plane is composed of
finitely many labelled unit squares of the plane with integer coordinates, with the labels belonging
to a given alphabet V . Expressed in a more formal way, an array is specified by giving the
coordinates of the labelled unit squares, along with their associated labels. The unit squares of
the plane that are not labelled with the symbols of V are marked with the blank symbol # ∈
/V
and these are empty squares, generally not listed or shown but are understood. For example, for
the array in Fig. 1, which is a digitized form of the Chinese character representing a mountain, a
specification in terms of coordinates and associated labels of the non-blank unit squares, is given
as follows:
{((0, j), a), ((3, j), a), ((2, 5), a), ((6, j), a) | 0 ≤ j ≤ 4}
∪{((0, 1), a), ((0, 2), a), ((0, 4), a), ((0, 5), a), ((−1, 6), a), ((5, 3), a), ((6, 3), a)}
with the bottommost unit square with label a of the leftmost vertical arm of the figure having
the coordinate (0, 0). We will use the usual pictorial way of showing a picture array by a figure
indicating only the non-blank labels of the unit squares, but without mentioning the coordinates
of the unit squares themselves. The non-blank labels are pictorially indicated as in Fig. 1, since
only the relative positions of non-blank unit squares in the array really matter for us. The set
of all two-dimensional non-empty finite arrays over V is denoted by V ++ . The empty array is
denoted by λ. The set of all arrays over V is V ∗∗ = V ++ ∪ {λ}. Any subset of V ∗∗ is called a
picture array language. Also, given two arrays α, β, l array β is a subarray of α if, informally
expressed, β is geometrically identical to a part or whole of the array α, i.e., all labelled cells of
β coincide with the corresponding labeled cells of α when β is placed on α.
We now recall the definition of a contextual array grammar (CAG) [10], generating twodimensional picture arrays. As considered in [7], the “selector” and the “context” of the (CAG)
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Fig. 1. A digitized form of the Chinese character representing “mountain”

are connected and labeled only by symbols from an alphabet V and not by the blank symbol #,
which means the selector and the context do not have empty unit squares.
Definition 1. [7] A contextual array grammar (CAG) is a construct G = (V, P, A) where V is
an alphabet, A is a finite set of axiom picture arrays in V ++ , and P is a finite set of contextual
array rules of the form (α, β) , where
(i) α is a function defined on Uα , a finite subset of the two-dimensional plane with values in V ;
(ii) β is a function defined on Uβ , another finite subset of the two-dimensional plane with values
in V ;
(iii) Uα ∩ Uβ = ∅.
(Uα , α) is called the selector and (Uβ , β) the context of the contextual rule (α, β); Uα is called
the selector area, and Uβ is the context area.
Intuitively expressed, for arrays A1 , A2 ∈ V ++ , if in A1 we find a sub-array that corresponds
to the selector (Uα , α), and if the places corresponding to (Uβ , β) are labeled only by the blank
symbol #, then we can add the context (Uβ , β), thus deriving A2 . A2 is then said to be directly
derived from A1 by the contextual array rule p = (α, β) ∈ P and we write A1 =⇒p A2 . We omit
p, when it is understood. By =⇒∗ we denote the reflexive transitive closure of =⇒G and by =⇒t
we denote the relation which, for arbitrary arrays A, B ∈ V ++ , is defined by A =⇒t B if and
only if A =⇒∗ B and there is no C ∈ V ++ such that B =⇒ C.
In fact, all pictures derivable from an axiom are collected in the picture language generated
by G when the relation =⇒∗ is used in a derivation while the relation =⇒t amounts to taking
only the arrays produced at the end of a derivation referred to as the maximal mode or t-mode
i.e at the point when a derivation cannot be continued further. The family of picture languages
generated by contextual array grammars of the form G = (V, P, A) in the t-mode will be denoted
by L (cont, t).
We give an example illustrating the application of contextual array rules.
Example 1. Consider the alphabet V = {a, b, c} and the following contextual array rules:
p1 = a b , p2 = a c , p3 =

a
.
b

Starting with an axiom array a, an application of the rules in the following sequence
p1 , p3 , p1 , p3 , p2 is shown below:
a =⇒p1 a b =⇒p3

a
ab
=⇒p1
=⇒p3
ab
ab

a
ac
a b =⇒p2 a b .
ab
ab
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In the t−mode,
a =⇒t

3

ac
ab .
ab
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We first recall the array P system, known as contextual array P system with picture array objects
and contextual array rules in the regions of the system introduced in [7].
Definition 2. A contextual array P system with m ≥ 1 membranes is a construct
Π = (V, #, µ, A1 , . . . , Am , P1 , . . . , Pm , io ),
where
– V is the alphabet; # ∈
/ V is the blank symbol;
– µ is a membrane structure with m regions, labeled by 1, . . . , m, in a one-to-one manner;
– Ai , (1 ≤ i ≤ m), is a finite set (can be empty) of initial arrays over V associated with the
region i;
– Pi , (1 ≤ i ≤ m), is a finite set of contextual array rules over V associated with the region i;
the rules have attached targets here, out, in;
– io is the label of an elementary membrane called output membrane in which the results of
successful computations are collected.
In a step of computation in a contextual array P system, for each array A in every region of
the system, if a contextual array rule p in the region, nondeterministically chosen, can be applied
to A, then it should be applied, with the application of a rule sequential at the level of the arrays.
The resulting array, if any, is placed in the region indicated by the target associated with the
rule interpreting the attached target as follows: here means that the array remains in the same
region, out means that the array exits the current membrane and is placed in the immediately
outer membrane if one exists (here we do not allow the target out to be used by a rule assigned
to the skin membrane), and in means that the array is immediately sent to one of the directly
inner membranes, chosen in a nondeterministic way if several such membranes exist (if no inner
membrane exists, then a rule with the target indication in cannot be used). A computation is
called successful if and only if it halts, which means that a configuration has been reached where
no rule can be applied to the existing arrays. The result of a halting computation consists of the
arrays collected in the membrane with label io in the halting configuration. The set of all such
arrays generated by a system Π is denoted by CAL(Π). The family of all picture array languages
CAL(Π) generated by systems Π as defined above, with at most m membranes, is denoted by
APm (cont).
We give an example [7] illustrating the working of a contextual array P system.
Example 2. [7] Consider the picture language L1 consisting of pictures corresponding to digitized
form of the letter T with the cells in the horizontal arm labeled by a except for the leftmost cell
which is labeled by b and the cells in the vertical arm labeled by a and b alternately. An element
of L1 is shown in Fig. 2. The number of symbols in the vertical column is 2n + 1, n ≥ 1 and the
number of symbols in the horizontal row is 2n + 3, n ≥ 1. Also, the symbol at the “junction” (i.e.,
at the intersection of both the horizontal and vertical lines) is counted twice and the number of
a′ s to the left of the “junction” and the number of a′ s to the right, are equal. The contextual
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Fig. 2. A picture array in the shape of T

array P system Π1 generating L1 is given by
Π1 = ({a, b}, #, [1 [2 [3 ]3 ]2 ]1 , A1 , A2 , A3 , P1 , P2 , P3 , 3),
{
}
aaa
where axiom sets are defined by A1 :=
and A2 = A3 = ∅. The rules are as follows:
b

 


 a
b
{(
)}
a a a , in , P2 := {p2,1 , p2,2 } :=  b , in ,  a , out ,
P1 := {p1 } :=


a
b
{(
) (
)}
P3 := {p3,1 , p3,2 } := a a a , out , b a a , here .
aaa
in region 1. The rule p1 with the target
b
indication in, is applied adding the context a to the right of the selector a a extending the right
aaaa
arm by one cell and the resulting array
is sent to region 2. If the rule p2,1 with the
b
target indication in, is applied in region 2, then the context a will be added to the vertical arm
aaaa
is sent to region 3. If the rule p3,1 in region
extending it by one cell, and the resulting array b
a
aaaaa
b
,is sent
3 is applied now, this extends the left arm by one cell and resulting in the array
a
again to region 2. The only applicable rule now is p2,2 , which extends the vertical arm by one
aaaaa
b
cell with the resulting array
being sent to region 1, and the process can be repeated. If
a
b
rule p3,2 is applied in region 2, then the leftmost cell in the horizontal arm is filled with label b
and the picture remains in the output region 3 and this array is collected in the picture language
L1 .

A computation starts from the axiom array

We now introduce a variant of contextual array P system, called parallel contextual array P
system, with the applicable contextual rules in a region being applied on an array in the region,
in parallel analogous to the way parallel rewriting is done in Lindenmayer systems [28].
Definition 3. A parallel contextual array P system(P CAP ) with m ≥ 1 membranes is a construct
Π = (V, #, µ, A1 , . . . , Am , P1 , . . . , Pm , io ),
where the components are as in a contextual array P system (Definition 2) but with the difference
that in a computation step, the contextual array rules with the same target indication, applicable
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to an array A in a region, should all be applied to the array in parallel. If in a computation step,
there is a conflict in the application of two or more rules (with the same target indication) in the
sense that there are common cells in the array which will be filled up by symbols by the application
of any of these rules, then at a time any one of these rules could be applied. The family of all
picture array languages generated by parallel contextual array P systems as defined above, with
at most m membranes, is denoted by P APm (cont).
We illustrate the working of a P CAP in the following example.
Example 3. Let Lstar be the following set of stars [7] over the alphabet {a, b, c} with 4 arms of
even length 2n, n ≥ 1 (the number of all labels of the cells counting from the centre), with the
cells in each arm labeled alternately by a and b starting with the centre cell labeled a, except
that the last cell of the arm pointing up from the centre is labelled c. Fig. 3 shows one member
of Lstar for n = 6.
c
a
b
a
b
bababababab
b
a
b
a
b
Fig. 3. A star with arms of length 6

We now construct a parallel contextual array P system with a linear membrane structure of
3 membranes generating the picture language Lstar . Let
Πstar = ({a, b, c}, #, µ, A1 , A2 , A3 , P1 , P2 , P3 , 3),


a








b


a
b
a
b
a
where µ = [1 [2 [3 ]3 ]2 ]1 . The sets of axioms are given by A1 =
, A2 = A3 = ∅. The




b






a
rule sets are defined by
P1 := {p1,1 , p1,2 }, P2 := {p2,1 , p2,2 , p2,3 , p2,4 , p2,5 , p2,6 }, P3 := {p3,1 },



c
b
:=  a , in  , p1,2 :=  a , in  ,
b
b


where
p1,1
(
p2,1 :=

)
b a b , in , p2,2 :=

(

)
a b a , out , p2,3


b
:=  a , in  ,
b
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p2,4




a
a
(
)
(
)
:=  b , out  , p2,5 := b a b , in , p2,6 := a b a , out , p3,1 :=  b , out  .
a
a

Starting with the axiom array in region, an application of the rule p1,1 grows the upper
vertical arm by one cell with label b and sends it to region 2. Here the rules p2,1 , p2,3 , p2,5 could
be applied in parallel growing the right, left horizontal arms and the lower vertical arm, each by
one cell with label b in their respective directions and the resulting array is sent to region 3. The
application of the only rule in this region grows the upper vertical arm by one cell with label a
and sends it back to region 2 where the rules p2,2 , p2,4 , p2,6 could be applied in parallel growing
the right, left horizontal arms and the lower vertical arm, each by one cell with label a in their
respective directions and the resulting array is sent to region 1. The process can repeat. If in
region 1, the rule p1,2 is applied then the upper vertical arm grows by one cell with label c and
the array is sent to region 2 where the rules p2,1 , p2,3 , p2,5 could be applied in parallel growing
the right, left horizontal arms and the lower vertical arm, each by one cell with label b in their
respective directions and the resulting array is sent to region 3. Here no rule could be applied
and the computation halts and the array generated is collected in the picture language of the
system.
Remark 1. In [7], a contextual array P system with a linear membrane structure of five membranes is constructed t0 generate the picture language of Example 3 but the application of the
rules to the picture arrays in any region is sequential in the sense at the most only one rule could
be applied to an array. In contrast to this the parallel contextual array P system in Example
3 uses only three membranes to generate this picture language, thus giving a reduction in the
number of membranes needed. It remains to be seen whether two membranes are enough.

4

Comparison Results

We now examine the generative power of parallel contextual P systems.
Theorem 1. P AP2 (cont) − AP2 (cont) ̸= ∅.
Proof. Consider the picture language L1 in Example 2. It has been shown in [7], that L1 ∈
/
AP2 (cont). But this picture language can be generated by the parallel contextual array P system
Π ′ with
membranes defined as follows: Π ′ = ({a, b}, #, [1 [2 ]2 ]1 , A1 , A2 , P1 , P2 , 2) where
{ two }
aaa
A1 :=
and A2 = ∅. The rule sets are as follows: P1 := {p1,1 , p1,2 , p1,3 } , P2 := {p2,1 , p2,2 }
b
where




a
b
(
)
p1,1 := a a a , in , p1,2 :=  b , in , p1,3 :=  a , in ,
a
b


b
(
)
(
)
p2,1 := a a a , out , p2,2 := b a a , here , p2,3 :=  a , here .
b
A computation step in this P system begins with an application of the rules p1,1 and p1,2 to
the axiom array in A1 , once in parallel growing the horizontal arm in the right and the vertical
arm, each by one cell in the respective directions and due to the target indication in in the rules,
the picture array generated is sent to region 2. Here if the rule applied is p2,1 , the horizontal
arm of the array is grown one cell in the left and the array is sent back to region 1, due to
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target indication out in the rule. Now the rules p1,1 and p1,3 could be applied growing again the
horizontal arm to the right and the vertical arm, each by one cell, sending the array back to
region 1. The process can repeat. But if in the region 2, the rules p2,2 and p2,3 are applied in
parallel, then the array remains there and is collected in the picture language generated. Figure
4 shows one member of the language.
Corollary 1. P AP2 (cont) − L(cont, t) ̸= ∅.
Proof. It has been proved in [7] that L(cont, t) ⊂ AP2 (cont) and hence this corollary is a consequence of Theorem 1.

baaaa
b
a
b
Fig. 4. An array generated by Π ′ in the proof of Theorem 1

Theorem 2. P AP1 (cont) ⊂ P AP2 (cont).
Proof. The inclusion P AP1 (cont) ⊆ P AP2 (cont) follows from the Definition 3. Consider the
picture language Lab consisting of arrays in the shape of the letter L with the unit squares in
the arms labelled by the symbol a except for the rightmost cell in the horizontal arm and the
uppermost cell in the vertical arm which are labelled by the symbol b. A member of Lab is shown
in Fig. 5. The picture language Lab cannot be generated by a parallel contextual array P system
with only one membrane, as there will be no way to ensure that termination of the growth in
the horizontal and vertical arms take place together since any rule can have only target here. In
fact, if there is such a parallel contextual array P system with only one membrane then it should
have rules that can extend the horizontal arm made of a′ s to the right and vertical arm also
made of a′ s up, along with rules that terminate such an extension by placing the symbol b in the
rightmost cell in the horizontal arm and uppermost cell in the vertical arm. But then this would
mean that this termination need not happen together since one arm can keep growing while in
the other arm the growth can be terminated, thereby yielding arrays not in the language Lab .
But this picture language Lab can be generated by a parallel contextual array P system with
′′
two membranes
{
} which is defined as follows: Π = ({a, b}, #, [1 [2 ]2 ]1 , A1 , A2 , P1 , P2 , 2) where
a
A1 :=
and A2 = ∅. The rule sets are as follows: P1 := {p1,1 , p1,2 , p1,3 } , P2 := {p2,1 }
aa
where




a
b
(
)
p1,1 := a a a , here , p1,2 :=  a , here , p1,3 :=  a , in ,
a
a
(
)
p2,1 := a a b , here .
a
, a finite number of times,
aa
the horizontal and vertical arms can be grown respectively to the right and up directions in equal
length. When the rule p1,3 is applied the growth in the upward direction comes to an end by
On applying the rules p1,1 and p1,2 in parallel to the axiom array

Parallel Contextual Array P Systems

9

adding a cell labelled b and the array is moved to region 2. Here an application of the rule p2,1
terminates the growth in the horizontal arm by adding a rightmost cell labelled b. The array is
then collected in the language. Thus the theorem is proved.

b
a
a
a
aaaab
Fig. 5. A picture array in the shape of the letter L

a1
..
.
..
.
a1
a1 X

a2
..
.
..
.
a2
a2 X

a3
..
.
..
.
a3
a3

X
bk−1
..
.
b1
..
. .

. . . ak
.
. . . ..
bk
..
..
... .
.
. . . ak
b2
. . . ak X b 1

Fig. 6. A picture array in the language Lcomb,k

In [7], in establishing a proper infinite hierarchy with respect to the classes of languages described
by contextual array P systems, a language Lcomb,k of combs with k teeth with the ith tooth defined
over the alphabet {ai }, 1 ≤ i ≤ k, is considered. i. e., Lcomb,k contains arrays of the form as in
Fig. 6. In fact, the number of blocks b1 b2 · · · bk−1 bk in the last column, with the count including
the uppermost block of the form b1 b2 · · · bk−1 X is one less than the number of a′i s in the column
of a′i s, 1 ≤ i ≤ k.
We show that for any k ≥ 1, Lcomb,k can be generated by a parallel contextual array P system
with only two membranes.
Theorem 3. For any k ≥ 1, Lcomb,k ∈ P AP2 (cont).
Proof. We construct a parallel contextual array P system Πcomb,k with only two membranes to
generate Lcomb,k as follows:
Πcomb,k = ({ai , bi , X | 1 ≤ i ≤ k}, #, [1 [2 ]2 ]1 , A1 , A2 , P1 , P2 , 2)
where
A1 =

{

}
a1 X a2 X a3 . . . ak X , A2 = ∅,
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and the rule sets are given by P1 := {pi | 1 ≤ i ≤ k}, P2 := {qi | 1 ≤ i ≤ 3}. The rules are
defined, for 1 ≤ i ≤ k, by

(
pi :=


)

ai

, in , q1 := 
ai


ak






bk
X
bk
 bk−1


 bk−1



bk−1



 ..



···
..

 .


q2 := 
, out q3 :=  b , here
. , out
.

 b2


 2



b2


b1
 b1

X b1
bk
bk

In a computation in Πcomb,k , the rules pi , 1 ≤ i ≤ k with target indication in, can be
applied in parallel to the axiom array a1 X a2 X a3 . . . ak X in region 1 yielding an array
a1 a2 a3 . . . ak
, which is sent to region 2. Here the application of the rule q1 with tara1 X a2 X a3 . . . ak X
bk
..
. , back to region 1 where
get indication out, yields and sends the array
a1 a2 a3 . . . ak b2
a1 X a2 X a3 . . . ak X b1
again the rules pi , 1 ≤ i ≤ k with target indication in, can be applied in parallel sending the
bk
..
.
generated array a1 a2 a3 . . . ak b3 to region 2 and the rule q2 can be applied generating
a1 a2 a3 . . . ak b2
a1 X a2 X a3 . . . ak X b1
the array
bk
..
.
b2
b1
bk
..
.
a1 a2 a3 . . . ak b3
a1 a2 a3 . . . ak b2
a1 X a2 X a3 . . . ak X b1
The process can repeat. When in region 2, the rule q3 is applied, an array of the form as in Fig.
6 is generated. This array remains in region 2 and is collected in the picture language of the
system Πcomb,k .
Theorem 4. The set SH (a, b) of hollow squares over the symbol {a} except for the four corners
labelled b and such that each side of length n + 3, n ≥ 1, is generated by a P CAP with two
membranes.
Proof. Consider a contextual array P system
Πsquare = ({a, b}, #, [1 [2 ]2 ]1 , A1 , A2 , P1 , P2 , 2),

Parallel Contextual Array P Systems
b a a ··· a a
a
a
..
.
a
a
b a a ··· a a
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b
a
a
..
.
a
a
b

Fig. 7. A hollow square picture array

where



a

A2 = a
, A1 = ∅,


baa

and the rule sets are given by P1 := {p1 , p2 , p5 }, P2 := {p1 , p2 , p3 , p4 }. The rules are defined by






b aa
a
a
(
)
a , out ,
, out , p4 := 
p1 :=  a , here , p2 := a a a , here , p3 :=  a
a
a
a a b


a a b
a , in .
p5 := 
a
Since there is an axiom array only in region 2, an application of the rules p1 , p2 in parallel will
grow the arms, each by one cell with label a and this process can be repeated until an application
of the rules p3 , p4 is done which will start growing the upper horizontal and right vertical arms
and send the array into region 1. Here repeated application of the rules p1 , p2 will grow the upper
horizontal and right vertical arms, till they meet at which point an application of the rule p5
fills the upper right corner cell with label b and sends the resulting picture array in the form of
a hollow square to region 2 where no further rule can be applied to the array. The hollow square
(Fig. 7) is collected in the language generated. Note that at the point when the rule p5 becomes
applicable to the picture array,both the rules p1 and p2 will be applicable and one of these could
be used. But if either p1 or p2 is applied to the picture array, then the array remains in region
1 and the computation will continue without halting as the rules p1 and p2 will be applicable in
parallel growing the upper horizontal and right vertical arms for ever.

5

Conclusion

Parallel contextual array P systems (P CAP ) with application in parallel of the contextual array
rules are considered resulting in a reduction on the number of membranes, although not very
unexpected, in the constructions of P CAP for picture array languages. A main question that
remains to be explored is whether or not an analogue of the infinite hierarchy result in [7] in
the case of contextual array P system holds for P CAP. The contextual array rules in the P
systems considered here is of the isometric variety as in [7, 10]. In [5], another type of contextual
array P system which does not involve isometric type of rules, is considered. We can compare
the generative power of this model with the P CAP considered in this paper. Another area of
investigation in the study of picture languages is the class of chain code pictures [15, 16]. P
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systems generating these pictures have been considered in [4, 33], making use of Chomsky type
of grammars. It will be of interest to consider contextual kind of rules in the regions of the P
system and examine the power of the resulting system.
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14. Martı́n-Vide, C., Păun. Gh., Pazos, J., Rodrı́guez-Patón, A.: Tissue P systems. Theo. Comp. Sci.
296(2) (2003) 295-326.
15. Maurer, H.A., Rozenberg, G., Welzl, E.: Chain-code picture languages. Lecture notes in Computer
science, Springer-Berlin, 153 (1983) 232–244.
16. Maurer, H.A., Rozenberg, G., Welzl, E.: Using string languages to describe picture languages. Inform.
Control 54 (1982) 155–185
17. Mutyam, M.: Rewriting P systems: improved hierarchies. Theor. Comp. Sci. 334 (2005) 161-175.

Parallel Contextual Array P Systems

13
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Abstract. Automatic design of membrane computing models is an important and useful research topic in the area of membrane computing.
Following the previous work that a polynomial P system with natural
number coefficients, this paper proposes the design of a deterministic
transition P system (with priorities and without input membrane) of
degree 1, capturing the value of an arbitrary k-degree (k ≥ 2) polynomial p(n) with integer coefficients. To be specific, the values of p(n)
corresponding to a natural number t is equal to the multiplicity (with
a positive or negative sign) of a distinguished object of the system (the
output object) in the configuration at instant t. The descriptive computational resources required by the designed k-degree polynomial P system
are also discussed.

1

Introduction

Membrane computing is a rapidly growing branch of natural computing initiated in [16], which abstracts computing models from the architecture and the
functioning of living cells, as well as from the organization of cells in tissues, organs (the brain included), or other higher-degree structures. In the past nineteen
years, various classes of computing models (called P systems) were introduced
inspired from biological facts or motivated from mathematical or computer science points of view [17, 7]. Many classes of P systems are able of simulating
register machines and therefore they are computationally complete [18, 10, 9, 14,
13]. It is well known that some P systems are efficient to solve hard problems
because they are parallel computing devices producing an exponential workspace
?
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in a linear time [1, 12, 19]. Membrane computing models have been used in various applications like in the areas of approximate optimisations, systems and
synthetic biology and real-life complex problems [4, 6, 26, 27, 15, 2, 21].
Like the toolbox of artificial neural networks (ANN) for producing successful
ANNs satisfying the users’ requirements, which is shown in Fig. 1, the automatic
design of P systems is to develop a methodology for generating the successful P
systems meeting designers’ requirements, as shown in Fig. 2. This is a very complicated and challenging task. Until now, the methods reported in the literature
can be classified into two groups: heuristic and reasoning techniques [24]. The
first type of methods focused on the use of heuristic algorithms, such as genetic algorthms (GAs) and quantum-inspired evolutionary algorithm (QIEAs), to
make a population of P systems evolve toward a successful one [26]. This kind
of methods began from the selection of an appropriate subset from a redundant
set of evolution rules to design a cell-like P system, where a membrane structure
and initial objects were pre-defined and fixed in the process of design [5, 8, 20,
3, 26]. In [5], a genetic algorithm was used to design a P system to calculate 42 .
In [8], a binary encoding technique was presented to denote an evolution rule
set of a P system and a QIEA was used to make a population of P systems
evolve toward successful ones. This method successfully solved the design of P
systems to compute 42 and n2 (for natural numbers n ≥ 2). In [20], an evaluation approach considering non-determinism and halting penalty factors and
a genetic algorithm with the binary encoding technique in [8] were introduced
n
n
to design P systems for 42 , n2 and the generation of language {a2 b3 |n > 1}.
In these studies mentioned above, a specific redundant evolution rule set was
designed for a specific computational task. This was developed in [26, 3] by applying one pre-defined redundant evolution rule set to design multiple different P
systems, each of which executes a computation task. In [3], an automatic design
method of a cell-like P system framework for performing five basic arithmetic
operations (addition, subtraction, multiplication, division and power) was presented. In [26], a common redundant set of evolution rules was applied to design
successful P systems for fulfilling eight computational tasks computing sets of
natural numbers: 2(n − 1), 2n − 1, n2 , 12 [n(n − 1)], n(n − 1), (n − 1)2 + 2n + 2,
n
n
a2 b3 and 21 (3n − 1), (n > 1 or 2). A significant development in this topic is
the work in [11] in which a cell-like halting P system for 42 was designed by
tuning membrane structures, initial objects and evolution rules. In this work,
a genetic algorithm with a binary encoding technique was discussed to codify
the membrane structure, initial objects and evolution rules of a P system. Following this work, an automatic design method, Permutation Penalty Genetic
Algorithm (PPGA), for a deterministic and non-halting membrane system by
tuning membrane structures, initial objects and evolution rules was proposed in
[29]. The main ideas of PPGA are the introduction of the permutation encoding
technique for a membrane system, a penalty function evaluation approach for a
candidate membrane system and a genetic algorithm for making a population of
P systems evolve toward a successful one fulfilling a given computational task. A
cell-like membrane system for computing the square of n2 (for natural numbers

P Systems based Computing Polynomials with Integer Coefficients

3

ANN Toolbox

I2

O2

L1

…

In

…

…

…

O1

…

Users’
requirements

I1

L2

L3

Successful
ANN

Om

Fig. 1. Schematic graph showing the toolbox of artificial neural networks
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Fig. 2. Schematic graph showing the aim of automatic design of P systems

n ≥ 1) was successfully designed. In addition, the automatic design of the minimal membrane systems with respect to their membrane structures, alphabet,
initial objects and evolution rules to fulfill the given task were also discussed in
[29]. The second type of methods use reasoning techniques to fulfill the design
of a P system. In [23], a reasoning method to design a k-degree (k ≥ 2) polynomial P system was reported by analyzing the syntax and semantics of cell-like
P systems.
In the study of [23], deterministic P systems for computing polynomials with
natural number coefficients were designed. The numerical values of such polynomials, p(n), are always positive and the P systems computing p(n) handle only
positive numbers through the multiplicity of objects in an usual manner. In this
paper, the work in [23] is extended to consider the design of deterministic P
systems for computing polynomials with integer coefficients, where the numerical values of p(n) may be positive or negative and consequently the P systems
computing p(n) must process integer numbers by using natural numbers in the
multiplicity of objects. This task is much more challenging.
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The aim of this paper is to find a “minimal” such P system computing a
k-degree polynomial. Here the concept “minimal” refers to the following constraints associated with P systems:
– The membrane structure has only one membrane.
– The number of objects and rules must be minimum.
The rest parts of this paper are organized as follows. Section 2 describes
some preliminaries for easily presenting the following work. Polynomial with
integer coefficients computed by a deterministic P system is defined in Section
3. In Sections 4, 5 and 6, the two-, three- and k-degree polynomial P systems
with integer coefficients are designed and verified in a formal way. Section 7
discusses the descriptive computational resources required by the designed kdegree polynomial P system. Finally, Section 8 concludes this work.

2

Preliminaries

Let Π be an auxiliary transition P system. Let C = (C0 , C1 , C2 , . . . , Ct , . . . ) be the
(unique) computation of Π. For each membrane labelled by h and for each t ∈ Z,
we denote by Ct (h) the multiset of objects in membrane h from configuration Ct
of C at instant t.
Let us consider two deterministic functions f+ and f− from the set of integer
numbers Z into the set of natural numbers N, defined as follows:

f+ (x) =

x,
0,

x≥0
x<0


f− (x) =

0,
−x,

x≥0
x<0

It is worth pointing out that for each integer number x ∈ Z the following equalities hold: f+ (x) + f− (x) = |x| and f+ (x) − f− (x) = x.

3

Polynomials with integer coefficients computed by
deterministic P systems

In this section we define what means computing a polynomial whose coefficients are integer numbers by a deterministic transition P systems. The idea
is the following: the values of a polynomial with integer coefficients are computed/encoded by the configurations of the unique computation of the deterministic transition P system associated with the polynomial. For that, in the
working alphabet of the P system we will make use of two objects o1 and o2
to encode/represent integer numbers by means of their multiplicities, and two
objects p1 and p2 which will be also used as their corresponding transition computing objects.
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Definition 1. Let p(n) be a polynomial whose coefficients are integer numbers. We say that p(n) is computed by a deterministic transition P system (with
priorities and without input membrane)
Πp(n) = (Γ, µ, M1 , . . . , Mq , (R1 , ρ1 ), . . . , (Rq , ρq ), iout )
if the following holds:
– The working alphabet Γ has four distinguished objects: o1 , o2 (the output
objects) and p1 , p2 (transition computing objects).
– For each t ∈ Z (t ≥ 0), the output membrane of configuration Ct+1 of Πp(n) ,
at instant t, verifies the following:
• If p(t) ≥ 0 and x is the multiplicity of object o1 in Ct+1 (iout ), then
p(t) = x. Moreover, the multiplicity of object o2 in Ct+1 (iout ) is 0.
• If p(t) < 0 and x is the multiplicity of object o2 in Ct+1 (iout ), then
p(t) = −x. Moreover, the multiplicity of object o1 in Ct+1 (iout ) is 0.

4

Two-degree polynomial P system design

In this section we present a deterministic transition P system (without input
membrane), Πp(n) , of degree 1 that computes (in the sense of Definition 1) the
arbitrary polynomial with degree two, p(n) = a0 + a1 · n + a2 · n2 , where a0 , a1 , a2
are integer numbers.
It is worth pointing out that for each natural number n ≥ 0 we have p(n + 1) =
p(n) + (a1 + a2 ) + 2a2 · n .
4.1

Design

Definition 2. Let p(n) = a0 + a1 · n + a2 · n2 an arbitrary polynomial with
degree two, where a0 , a1 , a2 are integer numbers. We consider the deterministic transition P system (without input membrane and with priorities) Πp(n) =
(Γ, µ, M1 , (R1 , ρ1 ), iout ) of degree 1, defined as follows:
– Γ = {o1 , o2 , p1 , p2 , b1 , b2 };
– µ = [ ]1 ;
– M1 = {o1 f+ (a0 ) o2 f− (a0 ) b1 };
– R1 is the set of the following evolution rules associated with membrane labelled by 1:
– r1 ≡ b1 −→ p1 f+ (a1 +a2 ) p2 f− (a1 +a2 ) b1 b2
– r2 ≡ b2 −→ p1 f+ (2a2 ) p2 f− (2a2 ) b2
– r3 ≡ p1 p2 −→ λ
– r4 ≡ p1 o2 −→ λ
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– r5 ≡ p2 o1 −→ λ
– r6 ≡ p1 −→ o1 .
– r7 ≡ p2 −→ o2 .
– ρ1 is the set of priorities relation among rules in R1 :
ρ1 ≡ r3 > {r4 , r5 } > {r6 , r7 }
– iout = 1.

4.2

Formal verification

Next we show that the P system Πp(n) associated with the two-degree polynomial
p(n) = a0 + a1 · n + a2 · n2 , where a0 , a1 , a2 are integer numbers, computes p(n)
according to Definition 1.
Theorem 1. Let p(n) = a0 + a1 · n + a2 · n2 be a polynomial of degree 2 such
that ao , a1 , a2 ∈ Z. Let Πp(n) be the P system defined in Definition 2. For each
t ≥ 0 we have:
f (p(t))

Ct+1 (1) = {o1+

f (p(t))

o2−

f (a1 +a2 )+t·f+ (2a2 )

p1+

f (a1 +a2 )+t·f− (2a2 )

p2−

b1 bt+1
2 }

Proof. Let us prove the result by induction on t.
Let us start with the base case t = 0. The initial configuration is
f (a0 )

C0 (1) = {o1+

f (a0 )

o2−

b1 }

Then, configuration C1 is obtained from C0 by applying rule r1 . Thus,
f (a0 )

C1 (1) = {o1+

f (a0 )

o2−

f (a1 +a2 )

p1+

f (a1 +a2 )

p2−

b1 b2 }

Because of p(0) = a0 , the result holds for t = 0.
Let us assume the result holds for t ≥ 0, that is, let us suppose that
f (p(t))

Ct+1 (1) = {o1+

f (p(t))

o2−

f (a1 +a2 )+t·f+ (2a2 )

p1+

f (a1 +a2 )+t·f− (2a2 )

p2−

b1 bt+1
2 }

In degree to obtain Ct+2 (1), first let us see which is the contribution of objects
t+1
b1 and bt+1
will produce,
2 . By applying rules r1 and r2 , objects b1 and b2
respectively, the following objects in Ct+2 (1):
f (a +a )

f (a +a )

– p1+ 1 2 p2− 1 2 b1 b2 .
(t+1)·f+ (2a2 ) f− (t+1)·(2a2 ) t+1
p2
b2 .
– p1
Next, let us see how to evolve the objects:
f (p(t)) f− (p(t)) f+ (a1 +a2 )+t·f+ (2a2 ) f− (a1 +a2 )+t·f− (2a2 )
o2
p1
p2

o1+

To do so, we will analyze all the possible cases that may happen:
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Case 1: (a1 + a2 ) + t · (2a2 ) ≥ f− (p(t))
In this case, the following holds:
∗ [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] ≥ f− (p(t)).
Indeed: it is enough to notice that a1 + a2 = f+ (a1 + a2 ) − f− (a1 + a2 )
and 2a2 = f+ (2a2 ) − f− (2a2 ). Then,
[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] = [f+ (a1 + a2 ) −
[f− (a1 + a2 )] + t · [f+ (2a2 ) − f− (2a2 )] = (a1 + a2 ) + t · (2a2 ).
∗ p(t + 1) ≥ 0.
Indeed, if p(t) ≥ 0 then p(t + 1) = p(t) + (a1 + a2 ) + t · 2a2 ≥ 0.
Otherwise, if p(t) < 0 then f− (p(t)) = −p(t). Thus, (a1 + a2 ) + t · (2a2 ) ≥
−p(t), and consequently p(t + 1) = p(t) + (a1 + a2 ) + t · 2a2 ≥ 0.
Bearing in mind that [f+ (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )] ≥ 0,
in Ct+1 (1) there are more objects p1 than p2 . Due to the priorities considered,
the first rule, r3 , will be applied until all objects p2 are consumed, remaining
[f (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]

p1 +

Because of [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] ≥ f− (p(t)),
we deduce that after the cited execution, there will remain more objects p1
than o2 . Then (in the same computation step), rule r4 will be applied until
objects o2 are consumed, remaining
[f (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]−f− (p(t))

p1 +

Next (in the same computation step), rule r6 will be applied, producing:
[f (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]−f− (p(t))

o1 +

f (p(t))

Since in Ct+1 (1) the objects o1+
finally have:

were not consumed, in Ct+2 (1) we will

[f (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]−f− (p(t))+f+ (p(t))

o1 +

Let us recall that f+ (x) − f− (x) = x and p(t + 1) = p(t) + (a1 + a2 ) + t · 2a2 .
Then, in Ct+2 (1) we have
[(a1 +a2 )+t·(2a2 )]+p(t)

o1

p(t+1)

= o1

Hence,
p(t+1)

Ct+2 (1) = {o1

f (a1 +a2 )+(t+1)·f+ (2a2 ) f− (a1 +a2 )+(t+1)·f− (2a2 )
p2
b1 bt+2
2 }

o02 p1+

Case 2: 0 ≤ (a1 + a2 ) + t · (2a2 ) < f− (p(t))
In this case, the following holds:
∗ 0 ≤ {[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]} < f− (p(t)).
Indeed: it is enough to notice that [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 +
a2 ) + t · f− (2a2 )] = (a1 + a2 ) + t · (2a2 )
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∗ p(t + 1) < 0.
Indeed, we have f− (p(t)) > 0, so p(t) < 0. Bearing in mind that (a1 +
a2 )+t·(2a2 ) < −p(t) we deduce that p(t+1) = p(t)+(a1 +a2 )+t·(2a2 ) <
0.
Thus, we have f+ (p(t + 1)) = f+ (p(t)) = 0, f− (p(t + 1)) = −p(t + 1) and
f− (p(t)) = −p(t). That is, by induction hypothesis we have:
−p(t) f+ (a1 +a2 )+t·f+ (2a2 ) f− (a1 +a2 )+t·f− (2a2 )
b1 bt+1
p2
p1
2 }

Ct+1 (1) = {o01 o2

Because of [f+ (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )] ≥ 0, in Ct+1 (1)
there are present more objects p1 than p2 . Due to the priorities considered,
rule r3 will be applied until objects p2 are consumed, remaining
[f (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]

p1 +
Bearing in mind that

{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]} < f− (p(t)) = −p(t)
we deduce that, after the cited execution, there will remain more objects o2
than p1 . Then (in the same computation step), rule r4 will be applied until
objects p1 are consumed, remaining
−p(t)−{[f+ (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )]}

o2

Then in Ct+2 (1) we will finally have:
−p(t)−{(a1 +a2 )+t·(2a2 )}

o2

−[p(t)+(a1 +a2 )+t·(2a2 )]

= o2

−p(t+1)

= o2

Hence,
−p(t+1) f+ (a1 +a2 )+(t+1)·f+ (2a2 ) f− (a1 +a2 )+(t+1)·f− (2a2 )
p1
p2
b1 bt+2
2 }

Ct+2 (1) = {o01 o2

Case 3: [(a1 + a2 ) + t · (2a2 ) < 0] ∧ [f+ (p(t)) ≤ −{(a1 + a2 ) + t · (2a2 )}]
In this case, the following holds:
∗ [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] < 0.
Indeed: it is enough to notice that
[f+ (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )] = (a1 +a2 )+t·(2a2 )
∗ f+ (p(t)) ≤ −{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]}.
Indeed: it is enough to notice that
{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]} = −{(a1 + a2 ) +
t · (2a2 )}
∗ p(t + 1) ≤ 0.
Indeed, if p(t) ≥ 0 then f+ (p(t)) = p(t). Therefore, p(t) ≤ −{(a1 + a2 ) +
t · (2a2 )} and p(t + 1) = p(t) + (a1 + a2 ) + t · (2a2 ) ≤ 0. If p(t) < 0 then
p(t + 1) = p(t) + (a1 + a2 ) + t · (2a2 ) < 0.
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Because of
[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] < 0
we deduce that in Ct+1 (1) there are more objects p2 than p1 . Due to the
priorities considered, rule r3 will be applied until objects p1 are consumed,
remaining
[f (a +a )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]
p2 − 1 2
Bearing in mind that
f+ (p(t)) ≤ −{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]}
we deduce that, after the cited execution, there will remain more objects p2
than o1 . Then (in the same computation step), rule r5 will be applied until
objects o1 are consumed, remaining
[f (a1 +a2 )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]−f+ (p(t))

p2 −

Next (in the same computation step), rule r7 will be applied, producing
[f (a1 +a2 )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]−f+ (p(t))

o2 −

f (p(t))

Since in Ct+1 (1) objects o2−
finally have:

were not consumed, in Ct+2 (1) we will

[f (a1 +a2 )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]−f+ (p(t))+f− (p(t))

o2 −

Let us recall that f+ (x) − f− (x) = x and p(t + 1) = p(t) + (a1 + a2 ) + t · 2a2 .
We deduce that in Ct+2 (1) we have
[−(a1 +a2 )−t·(2a2 )]−p(t)

o2

−p(t+1)

= o2

Hence,
−p(t+1) f+ (a1 +a2 )+(t+1)·f+ (2a2 ) f− (a1 +a2 )+(t+1)·f− (2a2 )
p1
p2
b1 bt+2
2 }

Ct+2 (1) = {o01 o2

Case 4: [(a1 + a2 ) + t · (2a2 ) < 0] ∧ [f+ (p(t)) > −{(a1 + a2 ) + t · (2a2 )}]
In this case, the following holds:
∗ [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] < 0.
Indeed: it is enough to notice that
[f+ (a1 +a2 )+t·f+ (2a2 )]−[f− (a1 +a2 )+t·f− (2a2 )] = (a1 +a2 )+t·(2a2 )
∗ f+ (p(t)) > −{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]}.
Indeed: it is enough to notice that
−{[f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )]} = −{(a1 +
a2 ) + t · (2a2 )}
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∗ p(t + 1) ≥ 0.
Indeed, from the previous relation it can be deduced that f+ (p(t)) > 0
and, consequently, p(t) > 0 and f− (p(t)) = 0. Bearing in mind that
p(t) > −(a1 + a2 ) − t · (2a2 ), we deduce that p(t + 1) = p(t) + (a1 +
a2 ) + t · (2a2 ) > 0. Thus, f+ (p(t + 1)) = p(t + 1), f+ (p(t)) = p(t) and
f− (p(t + 1)) = f− (p(t)) = 0. That is, by induction hypothesis we have:
f (a1 +a2 )+t·f+ (2a2 ) f− (a1 +a2 )+t·f− (2a2 )
p2
b1 bt+1
2 }

p(t)

Ct+1 (1) = {o1 o02 p1+

Because of [f+ (a1 + a2 ) + t · f+ (2a2 )] − [f− (a1 + a2 ) + t · f− (2a2 )] < 0,
we deduce that in Ct+1 (1) there exist more objects p2 than p1 . Due to the
priorities considered, rule r3 will be applied until consuming all objects p1 ,
remaining
[f (a +a )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]
p2 − 1 2
Bearing in mind that f+ (p(t)) > [f− (a1 + a2 ) + t · f− (2a2 )] − [f+ (a1 + a2 ) +
t · f+ (2a2 )] we deduce that, after the cited execution, there will remain more
objects o1 than p2 . Then (in the same computation step), rule r5 will be
applied until consuming all objects p2 , thus remaining
f (p(t))−{[f− (a1 +a2 )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]}

o1+

That is, in Ct+2 (1) we will have:
f (p(t))−{[f− (a1 +a2 )+t·f− (2a2 )]−[f+ (a1 +a2 )+t·f+ (2a2 )]}

o1+

p(t)+(a1 +a2 )+t·(2a2 )

o1

=

p(t+1)

= o1

Hence,
p(t+1) 0
o2

Ct+2 (1) = {o1

f (a1 +a2 )+t·f+ (2a2 ) f− (a1 +a2 )+t·f− (2a2 )
p2
b1 bt+2
2 }

p1+

Corollary 1. Let p(n) = a0 + a1 · n + a2 · n2 be a polynomial of degree 2 such
that ao , a1 , a2 ∈ Z. Let Πp(n) be the P system defined in Definition 2. For each
t ≥ 0 we have:
– If p(t) ≥ 0 then the value of p(t) is the multiplicity of object o1 in Ct+1 (1).
Moreover, the multiplicity of object o2 in Ct+1 (1) is 0.
– If p(t) < 0 then the value of −p(t) is the multiplicity of object o2 in Ct+1 (1).
Moreover, the multiplicity of object o1 in Ct+1 (1) is 0.
Proof. From Theorem 1 we deduce that, for each t ≥ 0, we have
f (p(t))

Ct+1 (1) = {o1+

f (p(t)) f+ (a1 +a2 )+t·f+ (2a2 )
p1

o2−

f (a1 +a2 )+t·f− (2a2 )

p2−

b1 bt+1
2 }

If p(t) ≥ 0 then f+ (p(t)) = p(t) and f− (p(t)) = 0. Thus, in this case the
multiplicity of object o1 in Ct+1 (1) is f+ (p(t)) = p(t), and the multiplicity of
object o2 in Ct+1 (1) is 0.
If p(t) < 0 then f+ (p(t)) = 0 and f− (p(t)) = −p(t). Thus, in this case the
multiplicity of object o2 in Ct+1 (1) is f− (p(t)) = −p(t), and the multiplicity of
object o1 in Ct+1 (1) is 0.
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Three-degree polynomial P system design

In this section we present a deterministic transition P system (without input
membrane), Πp(n) , of degree 1 that computes (in the sense of Definition 1) the
arbitrary polynomial with degree three, p(n) = a0 + a1 · n + a2 · n2 + a3 · n3 ,
where a0 , a1 , a2 , a3 are integer numbers.
It is worth pointing out that for each natural number n ≥ 0 we have
p(n + 1) = p(n) + (a1 + a2 + a3 ) + n · (2a2 + 3a3 ) + n2 · 3a3 .

5.1

Design

Definition 3. Let p(n) = a0 + a1 · n + a2 · n2 + a3 · n3 an arbitrary polynomial with degree three, where a0 , a1 , a2 , a3 are integer numbers. We consider the
deterministic transition P system (without input membrane and with priorities)
Πp(n) = (Γ, µ, M1 , (R1 , ρ1 ), iout ) of degree 1, defined as follows:
– Γ = {o1 , o2 , p1 , p2 , b1 , b2 , b3 };
– µ = [ ]1 ;
– M1 = {o1 f+ (a0 ) o2 f− (a0 ) b1 };
– R1 is the set of the following evolution rules associated with membrane labelled by 1:
– r1 ≡ b1 −→ p1 f+ (a1 +a2 +a3 ) p2 f− (a1 +a2 +a3 ) b1 b2 b3
– r2 ≡ b2 −→ p1 f+ (2a2 +3a3 ) p2 f− (2a2 +3a3 ) b2 b3 2
– r3 ≡ b3 −→ p1 f+ (3a3 ) p2 f− (3a3 ) b3
– r4 ≡ p1 p2 −→ λ
– r5 ≡ p1 o2 −→ λ
– r6 ≡ p2 o1 −→ λ
– r7 ≡ p1 −→ o1 .
– r8 ≡ p2 −→ o2 .
– ρ1 is the set of priorities relation among rules in R1 :
ρ1 ≡ r4 > {r5 , r6 } > {r7 , r8 }
– iout = 1.

12

5.2

G. Zhang, M. Zhu, et al.

Formal verification

Next we show that the P system Πp(n) associated with the three-degree polynomial p(n) = a0 + a1 · n + a2 · n2 + a3 · n3 , where a0 , a1 , a2 , a3 are integer numbers,
computes p(n) according to Definition 1.
Theorem 2. Let p(n) = a0 + a1 · n + a2 · n2 + a3 · n3 be a polynomial of degree
3 such that a0 , a1 , a2 , a3 ∈ Z. Let Πp(n) be the P system defined in Definition 3.
For each t ≥ 0 we have:
f (p(t)) f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )
p1
f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )
(t+1)2
b1 bt+1
b3
}
p2
2

f (p(t))

Ct+1 (1) = {o1+

o2−

Proof. Let us prove the result by induction on t.
Let us start with the base case t = 0. The initial configuration is
f (a0 )

C0 (1) = {o1+

f (a0 )

o2−

b1 }

Then, configuration C1 is obtained from C0 by applying rule r1 . Thus,
f (a0 )

C1 (1) = {o1+

f (a0 )

o2−

f (a1 +a2 +a3 ) f− (a1 +a2 +a3 )
p2

p1+

b1 b2 b3 }

Because of p(0) = a0 , the result holds for t = 0.
Let us assume the result holds for t ≥ 0, that is, let us suppose that
f (p(t)) f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )
p1
f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )
(t+1)2
p2
b1 bt+1
b3
}
2

f (p(t))

Ct+1 (1) = {o1+

o2−

In degree to obtain Ct+2 (1), first let us see which is the contribution of objects
(t+1)2
b1 , bt+1
and b3
. By applying rules r1 and r2 and r3 , objects b1 and bt+1
and
2
2
(t+1)2

b3

will produce, respectively.
To do so, we will analyze all the possible cases that may happen:

Case 1: (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) ≥ f− (p(t))
In this case, the following holds:
∗ [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) +
t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] ≥ f− (p(t)).
Indeed: it is enough to notice that a1 + a2 + a3 = f+ (a1 + a2 + a3 ) −
f− (a1 + a2 + a3 ) and 2a2 + 3a3 = f+ (2a2 + 3a3 ) − f− (2a2 + 3a3 ) and
3a3 = f+ (3a3 ) + f− (3a3 ). Then,
[f+ (a1 + a2 + a3 ) + t · f+ (3a3 + 2a2 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) +
t · f− (3a3 + 2a2 ) + t2 · f− (3a3 )] = {[f+ (a1 + a2 + a3 ) − f− (a1 + a2 +
a3 )] + t · [f+ (2a2 + 3a3 ) − f− (2a2 + 3a3 )] + t2 · [f+ (3a3 ) − f− (3a3 )]} =
(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )
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∗ p(t + 1) ≥ 0.
Indeed, if p(t) ≥ 0 then p(t + 1) = p(t) + (a1 + a2 + a3 ) + t · (2a2 +
3a3 ) + t2 · (3a3 ) ≥ 0. Otherwise, if p(t) < 0 then f− (p(t)) = −p(t). Thus,
(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) ≥ −p(t), and consequently
p(t + 1) = p(t) + (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) ≥ 0.
Bearing in mind that [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] −
[f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] ≥ 0, in Ct+1 (1) there are
more objects p1 than p2 . Due to the priorities considered, the first rule, r4 ,
will be applied until all objects p2 are consumed, remaining
[f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f− (3a3 )]

p1 +

Because of {[f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 +
a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]} ≥ f− (p(t)), we deduce that
after the cited execution, there will remain more objects p1 than o2 . Then
(in the same computation step), rule r5 will be applied until objects o2 are
consumed, remaining
[f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f− (3a3 )]−f− (p(t))

p1 +

Next (in the same computation step), rule r7 will be applied, producing:
[f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f− (3a3 )]−f− (p(t))

o1 +

f (p(t))

Since in Ct+1 (1) the objects o1+
finally have:

were not consumed, in Ct+2 (1) we will

[f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f− (3a3 )]−f− (p(t))+f+ (p(t))

o1 +

Let us recall that f+ (x) − f− (x) = x and p(t + 1) = p(t) + (a1 + a2 + a3 ) +
t · (2a2 + 3a3 ) + t2 · (3a3 ). Then, in Ct+2 (1) we have
(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 )+p(t)

o1

p(t+1)

= o1

Hence,
p(t+1)

Ct+2 (1) = {o1

f (a1 +a2 +a3 )+(t+1)·f+ (2a2 +3a3 )+(t+1)2 ·f+ (3a3 )

o02 p1+

f (a1 +a2 +a3 )+(t+1)·f− (2a2 +3a3 )+(t+1)2 ·f− (3a3 )

p2−

(t+2)2

b1 bt+2
b3
2

Case 2: 0 ≤ (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) < f− (p(t))
In this case, the following holds:
∗ 0 ≤ {[f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 +
a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]} < f− (p(t)).
Indeed: it is enough to notice that [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) +
t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] =
(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )

}
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∗ p(t + 1) < 0.
Indeed, we have f− (p(t)) > 0, so p(t) < 0. Bearing in mind that (a1 +
a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) < −p(t) we deduce that p(t + 1) =
p(t) + (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) < 0.
Therefore, it is verified that f− (p(t + 1)) = −p(t + 1), f− (p(t)) = −p(t) and
f+ (p(t + 1)) = f+ (p(t)) = 0. That is, by induction hypothesis we have:
−p(t) f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )
p1
f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·(3a3 )
(t+1)2
b1 bt+1
b3
)}
p2
2

Ct+1 (1) = {o01 o2

Because of [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 +
a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] ≥ 0. In Ct+1 there are present more
objects p1 than p2 . Due to the priorities considered, rule r3 will be applied
until objects p2 are consumed, remaining
[f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]

p1 +

Bearing in mind that {[f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] −
[f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]} < f− (p(t)) = −p(t)
we deduce that, after the cited execution, there will remain more objects o2
than p1 . Then (in the same computation step), rule r5 will be applied until
objects p1 are consumed, remaining
−p(t)−{[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]}

o2

Then in Ct+1 (1) we will finally have:
−[p(t)+(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 )]

o2

−p(t+1)

= o2

.

Hence,
Ct+2 (1) =
−p(t+1) f+ (a1 +a2 +a3 )+(t+1)·f+ (2a2 +3a3 )+(t+1)2 ·f+ (3a3 )
p1
f (a +a +a )+(t+1)·f− (2a2 +3a3 )+(t+1)2 ·f− (3a3 )
p2− 1 2 3

{o01 o2

(t+2)2

b1 bt+2
b3
2

}.

Case 3: [(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) < 0] ∧ {f+ (p(t)) ≤ −[(a1 + a2 +
a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )]}
In this case, the following holds:
∗ [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) +
t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] < 0.
Indeed: it is enough to notice that
[f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) + t ·
f− (2a2 + 3a3 ) + t2 · f− (3a3 )] = (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )
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∗ f+ (p(t)) ≤ −{[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +
a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]}.
Indeed: it is enough to notice that
−{[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +a2 +a3 )+t·
f− (2a2 +3a3 )+t2 ·f− (3a3 )]} = −{(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 )}.
∗ p(t + 1) ≤ 0.
Indeed, if p(t) ≥ 0 then f+ (p(t)) = p(t). Therefore, p(t) ≤ −[(a1 + a2 +
a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )] and p(t + 1) = p(t) + (a1 + a2 + a3 ) + t ·
(2a2 + 3a3 ) + t2 · (3a3 ) ≤ 0.
If p(t) < 0 then p(t+1) = p(t)+(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 ) ≤ 0.
Because of [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 +
a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] < 0 we deduce that in Ct (1 + 1)
there are more objects p2 than p1 . Due to the priorities considered, rule r4
will be applied until objects p1 are consumed, remaining
[f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]

p2 −

Bearing in mind that f+ (p(t)) ≤ [f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 ·
f− (3a3 )] − [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] we deduce that,
after the cited execution, there will remain more objects p2 than o1 . Then
(in the same computation step), rule r6 will be applied until objects o1 are
consumed, remaining
[f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−f+ (p(t))

p2 −

Next (in the same computation step), rule r8 will be applied, producing
[f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−f+ (p(t))

o2 −

f (p(t))

Since in Ct+1 (1) objects o2−
finally have:

were not consumed, in Ct+2 (1) we will

[f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−f+ (p(t))+f+ (p(t))

02 −

Let us recall that f+ (x) − f− (x) = x and p(t + 1) = p(t) + (a1 + a2 + a3 ) +
t · (2a2 + 3a3 ) + t2 · (3a3 ). We deduce that in Ct+2 (1) we have
−[(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 )]−p(t)

o2

−p(t+1)

= o2

Hence,
−p(t+1) f+ (a1 +a2 +a3 )+(t+1)·f+ (2a2 +3a3 )+(t+1)2 ·f+ (3a3 )
p1
f− (a1 +a2 +a3 )+(t+1)·f− (2a2 +3a3 )+(t+1)2 ·f− (3a3 )
(t+2)2
p2
b1 bt+2
b3
}
2

Ct+2 (1) = {o01 o2
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Case 4: [(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) < 0] ∧ {f+ (p(t)) > −[(a1 + a2 +
a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )]}
In this case, the following holds:
∗ [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) +
t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] < 0.
Indeed: it is enough to notice that [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) +
t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] =
(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )
∗ f+ (p(t)) > −{[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]−[f− (a1 +
a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]}.
Indeed: it is enough to notice that −{[f+ (a1 + a2 + a3 ) + t · f+ (2a2 +
3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]} =
−[(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )]
∗ p(t + 1) ≥ 0.
Indeed, from the previous relation it can be deduced that f+ (p(t)) > 0
and, consequently, p(t) > 0 and f− (p(t)) = 0. Bearing in mind that
p(t) > −[(a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 )], we deduce that
p(t + 1) = p(t) + (a1 + a2 + a3 ) + t · (2a2 + 3a3 ) + t2 · (3a3 ) > 0. Thus,
f+ (p(t + 1)) = p(t + 1), f+ (p(t)) = p(t) and f− (p(t + 1)) = f− (p(t)) = 0.
That is, by induction hypothesis we have:
p(t)

Ct+1 (1) = {o1

f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )

o02 p1+

f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )

p2−

(t+1)2

b1 bt+1
b3
2

}

Because of [f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 · f+ (3a3 )] − [f− (a1 + a2 +
a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )] < 0, we deduce that in Ct+1 (1) there
exist more objects p2 than p1 . Due to the priorities considered, rule r4 will
be applied until consuming all objects p1 , remaining
[f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]

p2 −

Bearing in mind that f+ (p(t)) > −{[f+ (a1 + a2 + a3 ) + t · f+ (2a2 + 3a3 ) + t2 ·
f+ (3a3 )] − [f− (a1 + a2 + a3 ) + t · f− (2a2 + 3a3 ) + t2 · f− (3a3 )]} we deduce that,
after the cited execution, there will remain more objects o1 than p2 . Then
(in the same computation step), rule r6 will be applied until consuming all
objects p2 , thus remaining
f (p(t))−{[f− (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )]−[f+ (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )]}

o1+

That is, in Ct+2 (1) we will have:
p(t)+(a1 +a2 +a3 )+t·(2a2 +3a3 )+t2 ·(3a3 )

o1

p(t+1)

= o1

Hence,
p(t+1)

Ct+2 (1) = {o1

f (a1 +a2 +a3 )+(t+1)·f+ (2a2 +3a3 )+(t+1)2 ·f+ (3a3 )

o02 p1+

f (a1 +a2 +a3 )+(t+1)·f− (2a2 +3a3 )+(t+1)2 ·f− (3a3 )

p2−

(t+2)2

b1 bt+2
b3
2

}
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Corollary 2. Let p(n) = a0 + a1 · n + a2 · n2 + a3 · n3 be a polynomial of degree
3 such that ao , a1 , a2 , a3 ∈ Z. Let Πp(n) be the P system defined in Definition 3.
For each t ≥ 0 we have:
– If p(t) ≥ 0 then the value of p(t) is the multiplicity of object o1 in Ct+1 (1).
Moreover, the multiplicity of object o2 in Ct+1 (1) is 0.
– If p(t) < 0 then the value of −p(t) is the multiplicity of object o2 in Ct+1 (1).
Moreover, the multiplicity of object o1 in Ct+1 (1) is 0.
Proof. From Theorem 1 we deduce that, for each t ≥ 0, we have
f (p(t))

Ct+1 (1) = {o1+

f (p(t))

o2−

f (a1 +a2 +a3 )+t·f+ (2a2 +3a3 )+t2 ·f+ (3a3 )

p1+

f (a1 +a2 +a3 )+t·f− (2a2 +3a3 )+t2 ·f− (3a3 )

p2−

(t+1)2

b1 bt+1
b3
2

}

If p(t) ≥ 0 then f+ (p(t)) = p(t) and f− (p(t)) = 0. Thus, in this case the
multiplicity of object o1 in Ct+1 (1) is f+ (p(t)) = p(t), and the multiplicity of
object o2 in Ct+1 (1) is 0.
If p(t) < 0 then f+ (p(t)) = 0 and f− (p(t)) = −p(t). Thus, in this case the
multiplicity of object o2 in Ct+1 (1) is f− (p(t)) = −p(t), and the multiplicity of
object o1 in Ct+1 (1) is 0.

6

k-degree polynomial P system design

In this section, we present a deterministic transition P system (without input
membrane), Πp(n) , of degree 1 that computes (in the sense of Definition 1) the
arbitrary polynomial with degree k, p (n) = a0 + a1 · n + a2 · n2 + · · · + ak−1 ·
nk−1 + ak · nk , where a0 , a1 , a2 , a3 , · · · , ak−1 and ak are integer numbers.
It is worth pointing out that for each natural number n ≥ 0 we have
2

k

p (n + 1) = a0 + a1 · (n + 1)+ a2 · (n +
 1) + · · · ak · (n + 1) 

= a
0
0
+
a
1
0
+
a
2
0
+ · · · + ak−1 k − 1 0 
+ ak k 0 n0
0
1
2



+ a1 1 1 + a2 2 1 + · · · + ak−1 k − 1 0 + ak k 1 n1
+ a2 2 2 + a3 3 2 + · · · + ak−1 k − 1
2 + ak k 0 n2 
+ · · · + ak−1 k − 1 k − 1 + ak k k − 1 nk−1 + ak k k nk


where n0 = 1 and i 0 = i 1 = 1 for i = 0, 1, 2, · · · , k. We can obtain





p (n + 1) − p (n) =
ak k 0 n0
 a1 1 0 + a2 2 0 + · · · + ak−1 k − 10 +
+ a2 2 1 + · · · + ak−1 k − 1 1 + ak k 1 n1
+ a3 3 2 + · · · + ak−1 k− 1 2 + ak k2 n2
+ ·· · + ak−1 
k − 1 k − 2 + ak k k − 2 nk−2
+ ak k k − 1 nk−1

18

G. Zhang, M. Zhu, et al.

Let us denote:
a0k = a1 (10) + a2 (20) + · · · + ak−1 (k − 10) + ak (k0)
a1k = a2 (21) + · · · + ak−1 (k − 11) + ak (k1)
a2k = a3 (32) + · · · + ak−1 (k − 12) + ak (k2)
···
k−2
ak = ak−1 (k − 1k − 2) + ak (kk − 2)
ak−1
= ak (kk − 1)
k
Then: p (n + 1) = p (n) + a0k + a1k · n + a2k · n2 + · · · + ak−2
· nk−2 + ak−1
· nk−1
k
k
6.1

Design

Definition 4. Let p (n) = a0 + a1 · n + a2 · n2 + · · · + ak−1 · nk−1 + ak · nk
an arbitrary polynomial with degree k, where a0 , a1 , a2 , a3 , · · · , ak−1 and ak
are integer numbers. We consider the deterministic transition P system (without
input membrane and with priorities) Πp(n) = (Γ, µ, M1 , (R1 , ρ1 ), iout ) of degree
1, defined as follows:
– Γ = {o1 , o2 , p1 , p2 , b1 , b2 , b3 , · · · bk }
– µ = [ n]1
o
f (a ) f (a )

– M1 = o1+ 0 o2− 0 b1
– R1 is the set of the following evolution rules:
f+ (a0 ) f− (a0 )
r1 ≡ b1 → p1 k p2 k b1 b2 b3 · · · bk−1 bk
f+ (a1 ) f− (a1 ) (11) (21)
(k−21) (k−11)
r2 ≡ b2 → p1 k p2 k b2 b3 · · · bk−1 bk
2
2
f+ (a ) f− (a ) (22)
(k−22) (k−12)
r3 ≡ b3 → p1 k p2 k b3 · · · bk−1 bk
..
.

f+ (ak−2
) (k−2k−2) (k−1k−2)
) f− (ak−2
k
bk
p2 k bk−1
– rk−1 ≡ bk−1 → p1
k−1
f+ (ak
) (k−1k−1)
) f− (ak−1
k
bk
p2
rk ≡ bk → p1
rk+1 ≡ p1 p2 → λ
rk+2 ≡ p1 o2 → λ
rk+3 ≡ p2 o1 → λ
rk+4 ≡ p1 → o1
rk+5 ≡ p2 → o2
– ρ1 is the set of priorities relation among rules in R1 :

ρ1 ≡ rk+1 > (rk+2 , rk+3 ) > (rk+4 , rk+5 )
– iout = 1.
6.2

Formal verification

Next we show that the P system Πp(n) associated with the k-degree polynomial
p (n) = a0 + a1 · n + a2 · n2 + · · · + ak−1 · nk−1 + ak · nk , where a0 , a1 , a2 , a3 , · · · ,
ak−1 and ak are integer numbers, computes p(n) according to Definition 1.
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Theorem 3. Let p (n) = a0 + a1 · n + a2 · n2 + · · · + ak−1 · nk−1 + ak · nk be a
polynomial of degree k such that ai ∈ Z, i = 0, 1, 2, 3, · · · , k. Let Πp(n) be the P
system defined in Definition 4. For each t ≥ 0 , we have


)
 f+ (p(t)) f− (p(t)) f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1

k
p1
o2
o1
Ct+1 (1) =
k−1
0
1
k−1
2
k−2
k−1
 pf− (ak )+t·f− (ak )+···+t ·f− (ak ) b b(t+1) b(t+1) · · · b(t+1) b(t+1)

1 2
2
3
k−1
k
Proof. Let us prove the result by induction on t.
Let us start with the base case t = 0. The initial configuration is
o
n
f (a ) f (a )
C0 (1) = o1+ 0 o2− 0 b1
Then, configuration C1 (1) is obtained from C0 (1)by applying rule r1 . Thus


0
0
f (a ) f (a ) f+ (a ) f− (a )
C1 (1) = o1+ 0 o2− 0 p1 k p2 k b1 b2 b3 · · · bk−1 bk
Because of p (0) = a0 , the result holds for t = 0 .
Let us assume the result holds for t ≥ 0, that is, let us suppose that


)
 f+ (p(t)) f− (p(t)) f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1

k
o1
o2
p1
Ct+1 (1) =
k−1
0
1
k−1
2
k−2
k−1
 pf− (ak )+t·f− (ak )+···+t ·f− (ak ) b b(t+1) b(t+1) · · · b(t+1) b(t+1)

1 2
2
3
k−1
k
In order to obtain Ct+2 (1), let us see which is the contribution of objects b1 ,
(t+1)
b2
,
(t+1)
b2
,

(t+1)2

b3

(t+1)k−1

, · · · , bk

(t+1)2
b3
,

···,

(t+1)k−1
bk

. By applying rules r1 , r2 , · · · , rk , the objects b1 ,
will produce, respectively. To do so, we will analyze

all the possible cases that may happen:
Case 1: a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 ≥ f− (p(t))
k
k
In this case, the following holds:





∗ [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t · f− a1k +
k

· · · + tk−1 · f− ak−1
] ≥ f− (p(t))
k



Indeed: it is enough to notice that f+ a0k − f− a0k = a0k , f+ a1k −




k−1
f− a1k = a1k , · · · ,and f+ ak−1
− f− ak−1
, then [f+ a0k +
k
k  = ak



t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t · f− a1k + · · · + tk−1 ·
k

] = a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 .
f− ak−1
k
k
k
∗ p (t + 1) ≥ 0
Indeed, if p (t) ≥ 0, then p (t + 1) = p (t) + a0k + a1k · t + a2k · t2 + · · · + ak−2
·
k
k−1
tk−2 + ak−1
·
t
≥
0.
Otherwise,
if
p
(t)
<
0,
f
(p(t))
=
−p(t),
thus
−
k
a0k +a1k ·t+a2k ·t2 +· · ·+ak−2
·tk−2 +ak−1
·tk−1 ≥ −p(t) and consequently
k
k
p (t + 1) = p (t) + a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 ≥ 0.
k
k
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Bearing in mind that f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
−
k




k−1
0
1
k−1
f− ak + t · f− ak + · · · + t
· f− ak
≥ 0, in Ct+1 (1) there are
more objects p1 than p2 . Due to the priorities considered, the first rule,
rk+1 , will be applied until all objects p2 are consumed, remaining
[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
)]
k
k
p1





Because of f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
− [f− a0k + t ·
k


f− a1k + · · · + tk−1 · f− ak−1
] ≥ f− (p(t)) we deduce that after the
k
cited execution, there will remain more objects p1 than o2 . Then (in
the same computation step), rule rk+2 will be applied until objects o2
are consumed, remaining
)]−f− (p(t))
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
k
k
p1
Next (in the same computation step), rule rk+4 will be applied, producing:
[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
)]−f− (p(t))
k
k
o1
f (p(t))

Since in Ct+1 (1) the objects o1+
will finally have:

were not consumed, in Ct+1 (1) we

)]−f− (p(t))+f+ (p(t))
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
k
k
o1
Let us recall that f+ (x) − f− (x) = x and p (t + 1) = p (t) + a0k + a1k · t +
a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 . Then , in Ct+1 (1), we have
k
k
p(t)+a0k +a1k ·t+a2k ·t2 +···+ak−2
·tk−2 +ak−1
·tk−1
k
k

o1

p(t+1)

= o1

Next, in Ct+1 (1), the rules r1 , r2 , · · · ,and rk will be applied. We have
f+ (a0 ) f− (a0 )
r1 → p1 k p2 k b1 b2 b3 · · · bk−1 bk
(t+1)·f+ (a1k ) (t+1)·f− (a1k ) (t+1)·(11) (t+1)·(21)
(t+1)·(k−21) (t+1)·(k−11)
r2 → p1
p2
b2
b3
· · · bk−1
bk
2
2
2
2
2
2
(t+1) ·f+ (ak ) (t+1) ·f− (ak ) (t+1) ·(22)
(t+1) ·(k−22) (t+1)2 ·(k−12)
r3 → p1
p2
b3
· · · bk−1
bk
..
.
(t+1)k−2 ·f+ (ak−2
) (t+1)k−2 ·f− (ak−2
) (t+1)k−2 ·(k−2k−2) (t+1)k−2 ·(k−1k−2)
k
k
p2
bk−1
bk
k−1
k−1
k−1
(t+1)k−1 ·f+ (ak−1
(t+1)
·f
a
)
)
(
−
(t+1)
·(k−1k−1)
k
k
bk
p2
p1

rk−1 → p1

rk →
Hence, after all the rules are applied, adding the multiplicity of object
p1 , p2 , b1 , b2 , · · · , bk , o1 and o2 respectively, we obtain
Ct+2 (1) =


)
 p(t+1) 0 f+ (a0k )+(t+1)·f+ (a1k )+···+(t+1)k−1 ·f+ (ak−1

k
o1
o2 p1
k−1
0
1
k−1
2
k−2
k−1
 pf− (ak )+(t+1)·f− (ak )+···+(t+1) ·f− (ak ) b b(t+2) b(t+2) · · · b(t+2) b(t+2)

1 2
2
3
k−1
k
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Case 2: 0 ≤ a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 < f− (p(t))
k
k
In this case, the following
 holds:



∗ 0 ≤ [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t · f− a1k +
k

· · · + tk−1 · f− ak−1
] < f− (p(t)).
k



Indeed: it is enough to notice that [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
]−
k



k−2
0
1
2
2
[f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]
=
a
+
a
·
t
+
a
·
t
+
·
·
·
+
a
·
k
k
k
k
k
k−1
k−2
k−1
t
+ ak · t
.
∗ p (t + 1) < 0
Indeed, we have 0 < f− (p(t)) , so p(t) < 0 . Bearing in mind that a0k + a1k ·
t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 < −p(t), we deduce that p (t + 1) =
k
k
k−2
0
1
2
2
p (t) + ak + ak · t + ak · t + · · · + ak · tk−2 + ak−1
· tk−1 < 0.
k




Because of 0 ≤ [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t ·
k


f− a1k + · · · + tk−1 · f− ak−1
], in Ct+1 (1) there are more objects p1 than p2 .
k
Due to the priorities considered, the first rule rk+1 will be applied until all p2
objects are consumed, remaining
)]
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
k
k
p1




Bearing in mind that [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t ·
k


f− a1k +· · ·+tk−1 ·f− ak−1
] < f− (p(t)), we deduce that after the cited execuk
tion, there will remain more objects o2 than p1 . Then (in the same computation
step), rule rk+2 will be applied until objects p1 are consumed, remaining
f− (p(t))−{[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]}
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k

o2

Because of 0 < f− (p(t)), we have p(t) < 0 ,f+ (p(t)) = 0 and f− (p(t)) =
−p(t). Then,
f− (p(t))−{[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]}
)]−[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k

o2

−p(t+1)

= o2

Next, in Ct+1 (1) , the rules r1 , r2 , · · · , and rk will be applied. With the same
techniques used in case 1, We have
Ct+2 (1) =


)

 0 −p(t+1) f+ (a0k )+(t+1)·f+ (a1k )+···+(t+1)k−1 ·f+ (ak−1
k
o1 o2
p1
k−1
1
k−1
0
k−2
k−1
2

 pf− (ak )+(t+1)·f− (ak )+···+(t+1) ·f− (ak ) b b(t+2) b(t+2) · · · b(t+2) b(t+2)
1 2
3
2
k−1
k
Case 3: [a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 < 0] ∧ [f+ (p(t)) ≤
k
k

k−2
k−1
0
1
2
2
k−2
k−1
− ak + ak · t + ak · t + · · · + ak · t
+ ak · t
]
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In this case, the following holds:





∗ [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t · f− a1k + · · · +
k

tk−1 · f− ak−1
]<0
k



Indeed: it is enough to notice that [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
]−
k



k−2
0
1
2
2
[f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]
=
a
+
a
·
t
+
a
·
t
+
·
·
·
+
a
·
k
k
k
k
k
k−1
k−2
k−1
t
+ ak · t




∗f+ (p(t)) ≤ −{[f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t ·
k


f− a1k + · · · + tk−1 · f− akk−1 ]}.



Indeed: it is enough to notice that −{[f+ a0k +t·f+ a1k +· · ·+tk−1 ·f+ ak−1
]−
k



0
1
2
2
[f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]}
=
−(a
+
a
·
t
+
a
·
t
+
·
·
·
+
k
k
k
k
k−1
k−2
k−1
ak−2
·
t
+
a
·
t
).
k
k
∗ p (t + 1) ≤ 0
Indeed, if p (t) ≥ 0 then f+ (p(t)) = p(t). Therefore, p(t) ≤ −(a0k + a1k · t + a2k ·
t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 ) and p (t + 1) = p (t) + a0k + a1k · t + a2k · t2 +
k
k
k−2
k−1
k−2
k−1
· · · + ak · t
+ ak · t
≤ 0. If p (t) < 0 then p (t + 1) = p (t) + a0k + a1k ·
t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 < 0 .
k
k





] − [f− a0k + t · f− a1k +
Because of [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
k

] < 0, we deduce that in Ct+1 (1) there are more objects
· · · + tk−1 · f− ak−1
k
p2 than p1 . Due to the priorities considered, the rule rk+2 will be applied until
objects p1 are consumed, remaining
)]
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k
p2



Bearing in mind that f+ (p(t)) ≤ [f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]−
k



[f+ a0k +t·f+ a1k +· · ·+tk−1 ·f+ ak−1
],
we
deduce
that,
after
the
cited
execuk
tion, there will remain more objects p2 than o1 . Then (in the same computation
step), the rule rk+3 will be applied until objects o1 are consumed, remaining
)]−f+ (p(t))
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k
p2
Next, the rule rk+5 will be applied, producing
)]−f+ (p(t))
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k
o2
f (p(t))

Since in Ct+1 (1), the objects o2−
finally have

were not consumed, in Ct+2 (1) we will

[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]−f+ (p(t))+f− (p(t))
k
k
o2
Let us recall that f+ (x) − f− (x) = x and p (t + 1) = p (t) + a0k + a1k · t + a2k · t2 +
· · · + ak−2
· tk−2 + ak−1
· tk−1 . We deduce that in Ct+2 (1) we have
k
k
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]−f+ (p(t))+f− (p(t))
[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k
o2
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−p(t+1)

= o2

Hence,
Ct+2 (1) =


)
 0 −p(t+1) f+ (a0k )+(t+1)·f+ (a1k )+···+(t+1)k−1 ·f+ (ak−1

k
o1 o2
p1
k−1
0
1
k−1
 pf− (ak )+(t+1)·f− (ak )+···+(t+1) ·f− (ak ) b b(t+2) b(t+2)2 · · · b(t+2)k−2 b(t+2)k−1 
1 2
2
3
k−1
k
Case 4: [a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 < 0] ∧ [f+ (p(t)) >
k
k
k−2
k−1
−(a0k + a1k · t + a2k · t2 + · · · + ak · tk−2 + ak · tk−1 )]
In this case, the following holds:





∗ [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t · f− a1k + · · · +
k

tk−1 · f− ak−1
]<0
k



Indeed: it is enough to notice that [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
]−
k



k−2
1
2
2
0
+
a
·
t
+
a
·
t
+
·
·
·
+
a
·
[f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]
=
a
k
k
k
k
k
k−1
k−2
k−1
t
+ ak · t
.




∗f+ (p(t)) > −{[f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
] − [f− a0k + t ·
k


f− a1k + · · · + tk−1 · f− akk−1 ]}



Indeed: it is enough to notice that −{[f+ a0k +t·f+ a1k +· · ·+tk−1 ·f+ ak−1
]−
k



k−1
0
1
k−1
0
1
2
2
[f− ak + t · f− ak + · · · + t
· f− ak
]} = −(ak + ak · t + ak · t + · · · +
k−1
k−2
k−1
ak−2
·
t
+
a
·
t
)
k
k
∗ p (t + 1) ≥ 0
Indeed, from the previous relation it can be deduced that f+ (p(t)) > 0, so
p (t + 1) ≥ 0 and consequently, p (t) > 0 and f− (p(t)) = 0.





] − [f− a0k + t · f− a1k +
Because of [f+ a0k + t · f+ a1k + · · · + tk−1 · f+ ak−1
k

· · · + tk−1 · f− ak−1
]<0
k
We deduce that in Ct+1 (1) there are more objects p2 than p1 . Due to the
priorities considered, the rule rk+2 will be applied until objects p1 are consumed,
remaining
)]
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
k
k
p2



Bearing in mind that f+ (p(t)) > [f− a0k + t · f− a1k + · · · + tk−1 · f− ak−1
]−
k



[f+ a0k +t·f+ a1k +· · ·+tk−1 ·f+ ak−1
],
we
deduce
that,
after
the
cited
execuk
tion, there will remain more objects o1 than p2 . Then (in the same computation
step), the rule rk+3 will be applied until objects p2 are consumed, remaining
f+ (p(t))−{[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]}
k
k

o1
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Let us recall that f+ (x) − f− (x) = x, f+ (p(t)) > 0, f+ (p(t)) = p(t), f− (p(t)) =
0 and p (t + 1) = p (t) + a0k + a1k · t + a2k · t2 + · · · + ak−2
· tk−2 + ak−1
· tk−1 . We
k
k
deduce that in Ct+2 (1) we have
f+ (p(t))−{[f− (a0k )+t·f− (a1k )+···+tk−1 ·f− (ak−1
)]−[f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
)]}
k
k

o1

p(t+1)

= o1
Hence,
Ct+2 (1) =



p(t+1)

o1

0

1

k−1

 pf− (ak )+(t+1)·f− (ak )+···+(t+1)
2




f+ (a0k )+(t+1)·f+ (a1k )+···+(t+1)k−1 ·f+ (ak−1
)
k

o02 p1

·f− (ak−1
)
k

(t+2) (t+2)2
b3

b1 b2

(t+2)k−2 (t+2)k−1
bk

· · · bk−1



Corollary 3. Let p (n) = a0 + a1 · n + a2 · n2 + · · · + ak−1 · nk−1 + ak · nk be
a polynomial of degree k such that ai ∈ Z, i = 0, 1, . . . , k. Let Πp(n) be the P
system defined in Definition 4. For each t ≥ 0 , we have
– If p(t) ≥ 0 then the value of p(t) is the multiplicity of object o1 in Ct+1 (1).
Moreover, the multiplicity of object o2 in Ct+1 (1) is 0.
– If p(t) < 0 then the value of −p(t) is the multiplicity of object o2 in Ct+1 (1).
Moreover, the multiplicity of object o1 in Ct+1 (1) is 0.
Proof. From Theorem 3 we deduce that, for each t ≥ 0, we have
Ct+1 (1) =


)

 f+ (p(t)) f− (p(t)) f+ (a0k )+t·f+ (a1k )+···+tk−1 ·f+ (ak−1
k
o1
o2
p1
k−1
1
k−1
0
2
k−2
k−1
a
a
+···+t
·f
a
+t·f
f
) (t+1) (t+1)
−( k
−( k)
(t+1)
(t+1)

 p −( k)
b1 b2
b3
· · · bk−1
bk
2
If p(t) ≥ 0 then f+ (p(t)) = p(t) and f− (p(t)) = 0. Thus, in this case the
multiplicity of object o1 in Ct+1 (1) is f+ (p(t)) = p(t), and the multiplicity of
object o2 in Ct+1 (1) is 0.
If p(t) < 0 then f+ (p(t)) = 0 and f− (p(t)) = −p(t). Thus, in this case the
multiplicity of object o2 in Ct+1 (1) is f− (p(t)) = −p(t), and the multiplicity of
object o1 in Ct+1 (1) is 0.

7

Descriptive computational resources

In this section, we discuss the descriptive computational resources required by
the designed two-, three- and k-degree polynomial P systems with integer coefficients. According to the design procedures, the amount of resources to build
the two- and three-degree polynomial P systems (of degree 1) are 6 objects and
7 rules, 7 objects and 8 rules, respectively. The descriptive computational resources required by the designed k-degree polynomial P system Πp(n) of degree
1 are discussed as follows:

P Systems based Computing Polynomials with Integer Coefficients

25

Table 1. Computational resources of different degree polynomial P systems. SWA,
INO, NoR and SLR represent the size of the working alphabet, the initial number of
objects, the number of rules and the sum of total length of rules, respectively.
Two-degree

–
–
–
–

Three-degree

...

k-degree

SWA

6

7

...

k+4

INO

a0 +1

a0 +1

...

a0 +1

NoR

7

8

...

k+5

SLR

3a2 + a1 + 15

7a3 + 3a2 + a1 + 20

...

LR (k)

The size of the working alphabet: k+4.
The initial number of objects: a0 +1.
The number of rules: k+5.
The sum of total length of rules LR (k):
– Objects in the left-hand side: k+8.
– Objects of both o1 and o2 in the right-hand side: 2.
– Objects of both p1 and p2 in the right-hand side: a0k +a1k +a2k +· · ·+ak−1
.
k
So the total number of p1 and p2 in the rules is:
(2k − 1) · ak + (2k−1 − 1) · ak−1 + · · · + (22 − 1) · a2 + (21 − 1) · a1
Objects bj (1 ≤ j ≤ k) in the right-side:
(j − 1 0) + (j − 1 1) + · · · (j − 1 j − 1)
Thus, the total number of such kind of objects in the right-hand side of
the rules is:
k
X

[(j − 1 0) + (j − 1 1) + · · · (j − 1 j − 1)] =

j=1

k
X

2j−1 = 2k − 1

j=1

Then, the sum of total length of rules, LR (k), is:
LR (k) = k+2k +9+(2k −1)·ak +(2k−1 −1)·ak−1 +· · ·+(22 −1)·a2 +(21 −1)·a1
Hence, the total amount of descriptive computational resources is exponential
in the k-degree polynomial.
Now we summarize the amount of resources to build the designed P systems
(of degree 1) as shown in Table 1, where SWA, INO, NoR and SLR represent
the size of the working alphabet, the initial number of objects, the number of
rules and the sum of total length of rules, respectively. In Table 1, the designed
two-degree polynomial P system (Two-degree, for short) is a0 + a1 · n + a2 · n2 ;
the designed three-degree polynomial P system (Three-degree, for short) is a0 +
a1 · n + a2 · n2 + a3 · n3 ; the designed k-degree polynomial P system (k-degree,
for short) is a0 + a1 · n + a2 · n2 + · · · + ak−1 · nk−1 + ak · nk .
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Conclusions

This study extended the work in [23] from the automatic design of deterministic
P systems for computing polynomials with natural number coefficients always
with plus to the automatic design of deterministic P systems for computing polynomials with integer coefficients with plus or minus, by analyzing the syntax and
semantics of cell-like P systems. This is a significant step for the programmability
of P systems, namely how to automatically design a P system by using programs
so as to develop a useful toolbox for the community of membrane computing.
The subsequent work is to discuss the descriptive computational resources required by the designed k-degree polynomial P system with integer coefficients.
The future work is to extend this method to design more variants of P systems
for more computational tasks like finding the minimal P system for a given task
including definite tasks such as the computation of polynomials and indefinite
tasks like practical applications such as membrane controllers for mobile robots.
On the other hand, we will use membrane-inspired evolutionary algorithms [26,
25, 22] or optimization spiking neural P systems [28] to implement the automatic
design of a P system for solving computational hard problems. The automatic
design of more types of P systems like spiking neural P systems is also our focus
in the future work.
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Abstract. Computational cost is a big challenge for almost all intelligent
algorithms which are run on CPU. In this regard, our proposed kernel P system
multi objective binary particle swarm optimization feature selection and
classification method should perform with an efficient time that we aimed to
settle via using potentials of membrane computing in parallel processing and
nondeterminism. Moreover, GPUs performs better with latency-tolerant, highly
parallel and independent tasks. In this study, to meet all the potentials of a
membrane-inspired model particularly parallelism and to improve the time cost,
feature selection method implemented on GPU. The time cost of the proposed
method on CPU, GPU and Multicore indicates a significant improvement via
implementing method on GPU.

1

Introduction

Due to the inherent large-scale parallelism feature of membrane computing, any
membrane computing inspired model can fully represent this computation model only
in the case of using the parallel platform. From the beginning of introducing this
model, it was a big concern in all membrane related studies. For instance, to fully
implement parallelism of such membrane computing model and to support an
efficient execution [1] used a platform based on reconfigurable hardware. Without
parallelism, all subsequent studies face a challenge of how to make rules available in
all steps of computation. In [2] a sequential computing of membrane computing, they
just had an option of using one membrane and made the rules periodically available
based on time-varying sequential P system. A sequential kernel P system multi
objective binary particle swarm optimization feature selection and classification
method proposed in the study of [3, 4]. Even by using minimal parallelism of using
rule; at least a rule from a set of rules in a membrane, e.g., [5] with the active
membrane; solving NP-complete problems in polynomial time through trading space
for time leads to make a more efficient model of membrane computing.
Recently, several studies attempted to utilize membrane computing to improve
intelligent algorithms. For instance, multi-core processing used in the study of [6]
utilized a membrane computing inspired genetic algorithm and [7] have highlighted

parallelism in membrane computing in the case of solving the N-queens problem. A
multi-core kernel P system multi objective binary particle swarm optimization feature
selection and classification method proposed in the study of [8]. The most important
attempts to parallelize membrane computing models are being done via using of
graphic processing units (GPUs) [9-15]. All of these efforts have demonstrated that a
parallel architecture is better positioned in performance than traditional CPUs to
simulate P systems, due to the inherently parallel nature of them, and specifically
GPUs obtain very good preliminary results simulating P systems.

1.1
Criteria to Execute Kernel P system Multi Objective Binary Particle
Swarm Optimization on GPU
The important factor in implementing a P system based model on GPU is to
attention the rate of communication between the threads, which is related to the
dependencies between objects [5]. Previous approaches of implementing p system on
GPU did not consider this factor that exert effect on the performance of executing
model on GPU. According to Figure 1, every single thread using the local memory
and a thread block uses the share memory and a grid of thread blocks use global
memory. The main strategy will be assigning dependent objects to the same thread for
execution. Dependent objects in the proposed model are those objects that should be
produce by prior rule and enter the compartment as input object to trigger the next
rule. This is the reason rules are following priority for execution means those rules
have higher priority should be execute first to generate the objects which are
necessary to trigger the execution of other rules. Thus, in our model those objects that
their existence is dependent to the existence of other objects in the compartment will
execute on the same thread along with their parent objects.
To design KP-MOBPSO-SVM model on GPU, two important points are
concerned, first, the dependency between the objects and rules to decrease the rate of
communication, second; access to the lesser cost memories in the execution of threads
like local and shared memory. As it is shown in the Figure 1, a single thread is used to
assign objects and rules which are dependent to each other and they can use the local
memory to keep the value for the objects and send the value to another rule to trigger
its execution. When the execution of dependent rules is done, and completed in single
threads, it will be needed to share the result of the threads and make a decision to
choose the best result to continue the execution of model. To do this, a thread block
which belongs to the current single threads can exchange the result via shared
memory.

Fig. 1. GPU memory

2

Proposed Model

The entire proposed model includes of two main parts, first part, features selection
based on KP-MObPSO plus classification based on KP-SVM and second part, KPembedded feature selection/SVM classification. The first part defines modelling and
implementing previous MObPSO based on KP system rules with some improvements
which leads to the result consists of different set of marker genes, so called KPMObPSO feature selection. Thereafter, an error rate calculator based on KP-SVM
applied to measure the error rate of marker gene sets. To design the first part of the
model, first it is needed to design improved version of KP-MObPSO on GPU. To do
so, we assume there is 4 compartments each including 6 particles as Figure 2. The
same process will repeat for each particle as follow:
Step 1: to assign one thread for each gene of dataset (which is including of 100
genes) first we need to allocate memory in the Host for dataset of genes. Each gene
keeps the values of six samples, therefore an array of threads of at least size 6 is
needed. Moreover, some other threads are defined to save the values will be generated
in the processing steps on the GPU and will return back to the Host.

All dataset 1-100
genes
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…
..
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Fig.2. step 3 designed on GPU

Step 2: after allocating Host memory to each gene in the dataset, genes are needed
to transfer to Device memory to execute on GPU.
Step 3: by assigning random number of genes inside each particle, the main
process will start by executing KP-MObPSO-SVM. The kernel defined as
“addkernel” will add the genes inside the particles and will execute the rules on each
thread. The sets of rules called “subgraph” and “Mycost” carry the dependent rules as
R1 to R10 (Appendix). Thus, these rules will execute on each single threads of genes.
Local memory will keep the value of all variables which are defined as objects and all
the rules have access to the same local memory to pull and push the value of objects.
After that, the value of object “Fit” for each thread and the initial value for the
object “pBestScore” need to save in shared memory to execute the function called
“compare” according to the rules R11 and R12 to refresh the value of object
“pBestScore” with the minimum value of objects “Fit”. This function will implement
on all threads from thread 1 to thread 4. Then, the velocity function according to the
R13 to R16 will be executed on each thread with utilizing of local memory. Also, two
sets of rules including replacing rules and decision rules will be executed on threads
to initiate the cycle of particle preparation inside the compartments and restart the first
part of model again till predefined iteration (it=100). Then after getting the marker
genes collected by each thread, KP-SVM rules will apply to calculate the error rate
for each set of marker genes. These rules are reminded in (Appendix) and displayed in
Figure 3.
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Fig. 3. step 3 designed on GPU

Step 4: at the end of first part of the model, the error rates of each set of marker
genes will calculate. According to the rules in table 4, (R1) is flag which is an object
with default value zero. R2, flag value will rewrite to 1 if it meets the guard values
including an error rate between 0 and 0.3 as well as having at least two cancerous
genes indexes in marker genes (Figure 6.10). R3, q and e are the counters of normal
genes and cancerous genes respectively which rewrite to a default value zero, and
marker genes 2 keep a backup of marker genes resulted from first part of the model.
Step 5: elapsed time so far for feature selection executed on one particle is 5.914
Sec Step 6: Let assume compartment number 1 is chosen because of meeting the
criteria of having better error rate. Marker genes 2 object will be used for further
procedure on GPU. To implement embed feature selection method, another kernel
defined as “secondkernel”. For each gene number from 1 to 100, rules number r4 to
r10 will apply to see whether entering a new gene can improve the error rate of that
particle or no. R4 and R5, gives a flag to index of genes based on the type of genes
whether they are belonged to normal genes or cancerous genes as +1 and -1,
respectively. In parallel, q and e which are the counters of normal genes and
cancerous genes will be update. R6, the object max_j and max_f updates the number
of normal and cancerous genes. R7, clear the value of q and e. R8 reserve a place for
the samples of gene indexes are selected as marker genes and R9, inputs the real value
of reserved samples inside a compartment called wholedata. Wholedata compartment
keeps real data samples for gene indexes are already highlighted as marker genes.
R10, applies an SVM package with rewriting rules to evaluate error rates. To decide
whether adding a new gene can improve the error rate or no, rule number 11
compares error rates after adding each gene (from 1 to 100) with the constant error
rate object resulted in the first part of modelling for each set of marker genes. If
adding a new can already can improve constant error rate of that set of marker genes,
the r11 will add this gene index to the set of marker genes. Otherwise if a gene value
already enter to the particle cannot improve the error rate, it should be exit from the
particle. Rules, R12-15 apply output and rewriting rules to eliminate gene values
inside the particle. After executing the computation model for n number of iterations
which each iteration represents one particle from it=1 to it=n, particles of marker
genes will update by new genes and result a new set of particles as (particle 3, it=1/
particle 3, it=2/…/ particle 3, it=n). It means by the end of embedded feature selection
(Table 6.5) and classification; real data set will divide to a new compartment.
Every time one gene will be added to the set of genes and error rate will calculate
to decide adding the gene to the set is suitable or no. If adding the gene decrease the
error rate means the gene will be kept and if increase the error rate means the gene
will be removed of the chosen gene set. New value for "SUM", "mean" value, "SNR"
(signal to noise) value, "dissimilarity" value, "fit" (fitness) value, "velocity" value,
"std" (standard deviation) value, "gBestvalue" value. Total elapsed time for all
processes of 2 particles is 13.12 Sec

3

Evaluation and Result

In this section, the main aim was to improve the time cost of executing KPMObPSO-SVM via GPU system. The execution time cost of the proposed KPMObPSO-SVM feature selection model and embed model on GPU, Multi-Core and
CPU compared in Table 6.2. In the same example of 25 particles executed on multicore and GPU with 4 workers and independent iteration respectively, time cost
dropped significantly from 5.5 min to 73.87 sec in KP-MObPSO feature selection and
from 15 min to 164 sec in KP-MObPSO feature selection and classification. While
execution on CPU was taken 3.68 min in KP-MObPSO feature selection and 8 min in
Embed KP-MObPSO-SVM feature selection and classification. Comparing CPU and
multicore indicates, due to the frequent interaction between clients and workers, it
takes longer time and does not lead to improvement in timely execution of multicore
KP-MObPSO.
Table.1 The time cost of KP-MObPSO feature selection and
Embedded KP-MObPSO-SVM on GPU, CPU and Multicore
KP-MObPSO feature selection
CPU

Multi-Core

25 particles: ~3.68 min
(10 times of 100
iteration)

25 particles: ~5.5 min
(4 workers)

CPU
25 particles: ~ 8 min
(10 times of 100
iteration)

Multi-Core
25 particles: ~15 min
(4 workers)

GPU

2 particles: 5.91 Sec
25 particles: ~ 73.87 Sec
(independent iteration)
Embed KP-MObPSO-SVM feature selection and classification

4

GPU
2 particles: 13.12 Sec
25 particles: ~ 164 Sec
(independent iteration)

Conclusion

To design KP-MOBPSO-SVM model on GPU, two important points are
concerned, first, the dependency between the objects and rules to decrease the rate of
communication, second; access to the lesser cost memories in the execution of threads
like local and shared memory. Thus, according to the first criteria, those objects that
their existence is dependent to the existence of other objects in the compartment will
execute on the same thread along with their parent objects. Based on the second
criteria, objects and rules which are dependent to each other will use the local
memory to keep the value for the objects and will send the value to another rule to
trigger its execution. When the execution of dependent rules is done, and completed

in single threads, it will be needed to share the result of the threads and make a
decision to choose the best result to continue the execution of model. To do this, a
thread block which belongs to the current single threads can exchange the result via
shared memory. The time cost of KP-MObPSO and Embedded KP-MObPSO-SVM
on GPU, CPU and Multicore are compared in the Table 4 which indicates a
significant improvement in time cost via executing both KP-MObPSO and Embedded
KP-MObPSO-SVM on GPU.
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Appendix

Rules
r1: Rewriting
[[p,max_c]position]0
position]0
[[]1[]position]0

[[(position1 ….positionn)1 ….(position1 ….positionn)p]

r2: Communication
[[(position1….positionn)1…(position1...positionn)p]position]0⟶[[(position1….positi
onn)1…(position1…positionn)p]1]0
r3: Communication
[(position1….positionn)1…(position1…positionn)p]1⟶[[(position1...positionn)1]p1
…[(position 1 …positionn)p]pn]1
Rules inside each p: []P1…[]Pn:r4>r5>r6>r7
r4: Rewriting
,

r5: Communication/rewriting
,

,

,
r6: Link creation
---- []master
r7: Communication/rewriting
⟶ [pBestScoren]master,

⟶[Qn]master

r8: Division
[[]P1…[]Pn [pBestScoren, Qn]master]1]0⟶[[[]P1…[P]n [pBestScoren, Qn,
gBestScore]master]11[[]P1…[P]n[fitness, pBest, gBest,
Velocity,c1,c2,w,Vmax,s]master]12]0
r9: Membrane dissolution
[[[]P1…[]Pn []master]1]0⟶λ
R10: Link creation
[[[]P1…[]Pn [pBestScoren]master]11]0 , [[[]P1…[]Pn
[fitnessn]master]12]0⟶[[[]P1…[]Pn [pBestScoren]master]11]0-----[[[]P1…[]Pn
[fitnessn]master]12]0

r11: Communication/rewriting
[[[pBestScoren]master]11]0⟶[[[fitnessn]master]11]0, [[[pBestn]master] 12]0⟶1
{[[[fitnessn]master]12]0<[[[pBestScoren]master]11]0, 1≤n≤p }
&
[[[gBestScore]master]11]0⟶[[[pBestScoren]master]11]0, [[[gBestn]master] 12]0⟶1
{[[[pBestScoren]master]11]0<[[[gBestScore]master]11]0, 1≤n≤p }

&
[[[

master]11]0

⟶min [[[

master]11]0

r12: Communication
]12]0⟶[[[

]master]12]0

r13: Communication/rewriting:
[[[positionn,c1,c2,c,w,pBest,gBest,p,max_c,rand]master]12]0⟶[[[Velocity]master]12]0

[[[Velocity]master]12]0⟶[[Vmax]master]12 {Velocity>Vmax }
[[[Velocity]master]12]0 ⟶[[-Vmax]master]12 {Velocity<- Vmax }
[[[

]master]12]0⟶1 {rand<=1/(1+exp(-2*Velocity)}

[[[

]master]12]0⟶0 {rand>1/(1+exp(-2*Velocity)}

r14:Output/link creation/communication& rewrite
[[[

]master]12]0⟶[[

]12]0

[[]12]0, [[]position]0⟶[[]12]0---- [[]position]0
[[

]12]0⟶[[

]position ]0

r15: Division rule
[[]p1…[]pn[]master]12[[]p1…[]pn[]master]121[[]p1…[]pn[]master]122
r16: Membrane dissolution
[[]p1…[]pn[]master]12⟶λ

No

Feature selection (FS): KP rules to get marker genes and calculate error
rates
(priority based on the rules No.)

KP
Rules
Name

R1
R2
R3
R4
R5
R6

Rewriting
Rewriting
Rewriting
Rewriting
Rewriting
Rewriting

R7

Input

R8

Rewriting
{cvpartition}
{svmtrain}
{svmclassify}

R9
R10

{

}

Rewriting
Division
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Abstract. We present a distributed solution to SAT, ∆T Pec with recognizer tissue P systems with evolutional communication rules and cell
division as component P systems. In particular, we present a solution
to SAT by 2-∆T Pec under a balanced fixed-partition. We show that
∆T Pec working under a balanced fixed-partition: ComN (∆T Pec ) = 1,
ComR(∆T Pec ) = S, and ComW (∆T Pec ) = 4S, where S is the number of
satisfying truth assignment to φ using only antiport-like inter-component
communication rules, and under the same partition and using symportlike inter-component communication rules, we have ComN (∆T Pec ) =
2, ComR(∆T Pec ) = 2S, ComW (∆T Pec ) = 2S, where S is the number
of satisfying truth assignment to φ. If we strictly use only symportlike inter-component communication rules, we have ComN (∆T Pec ) =
1, ComR(∆T Pec ) = S, ComW (∆T Pec ) = S, where S is the number of
satisfying truth assignment to φ. Further, we remark that speed-up in
computation using ∆T Pec could be achieved deciding on an input φ of
SAT, if the number of clauses is at least n2 , where n is the number of
variables in an instance φ.
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Introduction

Since the research area of membrane computing was proposed in 1998 [16], the research lines about computation power of various variants of P systems [21,23,27],
their applications [8,20,29] and implementation issues [14,15] are investigated
widely. Several solution approaches and techniques have been presented in the
literature for SAT using many variants of P systems [10,11,22,24,26]. Each of
these variants of P systems solving SAT provided better solutions than the conventional model in terms of time efficiency or computational time complexity.
Most of them are benefited from the nondeterministic maximal parallelism of P
systems. In particular, the ability of P system models to produce exponentially
many cells or regions in the computation.
Evolution and communication are the core operations in the solutions offered
by P systems variants, where communication allows objects to be transmitted to
the other regions/cells for further processing. In [13], Hernandez, et al. provided
a solution to SAT, specifically, 3-SAT, that measures the amount of communications their P system variant would use in deciding 3-SAT. They use the
dynamic communication complexity measures introduced in Adorna, et al. [1].
Several results might have been reported using communication as a measure of
complexity [2,5,6], but the analyses would be dissimilar to that of [1].
In order to capture the concept of communication complexity as introduced
by A.C. Yao in [28], Gh. Păun, et al. [17] introduced and defined a so-called
dP scheme, where the input of a k-dP scheme is partitioned and these parts are
distributed to the participating components. Necessarily, these components need
to communicate to solve the problem. The part of the input distributed to each
participating P systems is known only to those who have it. All other participating components do not have access to them. Thus the so-called inter-component
communication rules is introduced as a new kind of set of communication rules.
Computation done by our distributed model depends on the agreed upon
partition of the input among the participating P systems. We have balanced
partition if the number of objects or the length of the part of the input assigned
to each participating component P systems are almost equal, that is, if w is an
input for the distributed systems with two components P systems, our partition
w1 and w2 of w, where wi is assigned to Πi , for each i = 1, 2, respectively, is
balanced if and only if ||w1 | − |w2 || ≤ 1. We will also say it is a balanced fixedpartition, if w = w1 w2 , otherwise, we have unbalanced (fixed-)partition.
The distributed P systems halt if and only if all participating component P
systems halt. If a distributed system halts in a specified accepting configuration,
then it accepts/decides/solves a problem.
Since k-dP scheme was introduced, some of the results on this variants are reported in [7,9,19]. In [4], Buño, et al. introduce a distributed solution for n-queen
problem as presented in Naranjo, et al. [12]. Indeed, [4] uses the reduction of the
n-queen problem to SAT and implements a dP scheme where the components
are P systems with active membranes.
Recently, Buño, et al. [3] capitalized the power of tissue P systems (TPec) with evolution communication rules and cell division introduced in [25], in
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proposing a distributed solution to SAT. In particular, they defined a so-called
2-tdPEC . The paper claimed a decent advantage of distributed solution compared to the non-distributed one with respect to the results reported in [25].
The seemingly disadvantage is the possibly exponential amount of time it would
take each components of the dP scheme in pre-processing the object that they
need to communicate. Also, it considers only two participating components in
systems working on a balanced partition.
In this work, we shall revisit the solution presented in [3] and provide some
other insights in the consequences of our results. We shall also propose some
other relevant issues related to how communication complexity in P systems be
considered in the analyses of problems.

2

Preliminaries

In this section, we first present the notations of k-dP scheme and communication
complexity of P systems, then tissue P systems with cell division and evolution
communication rules are introduced [25].
Definition 1. A k-dP scheme (k ≥ 2) is a tuple
k-∆Π = (Γ, Π1 , Π2 , . . . Πk , R),
where
– Π is a fixed variant of P system;
– Γ is a set of alphabet of objects in the whole system ∆;
– Πi for i = 1, 2, . . . , k are some copies fixed variant of P systems with set of
objects in Γ , skin membranes or local environments of each P system will be
labelled injectively as s1 , s2 , . . . , sk ;
– R is finite set of rules of the form
(si , u/v, sj ),
where 1 ≤ i, j ≤ k, for i ̸= j, and u, v ∈ Γ ∗ , such that uv ̸= λ. We denote
by |uv| the weight of the rule (si , u/v, sj ). This antiport-like communication
rule is called inter-component communication rule.
Definition 2. [17] Let ∆ be a dP scheme and δ : δ0 ⇒ δ1 ⇒ · · · ⇒ δh be
a halting computation in ∆, where δ0 is initial configuration. Then for each
i = 0, 1, · · · , h − 1, we have the following parameters:
{
1, if a communication rule is used in this transition
– ComN (δi ⇒ δi+1 ) =
0, otherwise
– ComR(δi ⇒ δi+1 ) denote the number of communication rules used in this
transition,
– ComW (δi ⇒ δi+1 ) denote the total weight of the communication rules used
in this transition.
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The above mentioned parameters can also be used to measure computations,
results of computations, systems, and languages (problems).
Definition 3. Let L(∆) be the set of strings accepted by ∆. For X ∈ {N, R, W },
we define:
∑h−1
ComX(δ)
= i=0 ComX(δi ⇒ δi+1 ), δ is a halting computation.
ComX(w, ∆) = min{ComX(δ) | δ is accepting computation of ∆ for w}.
ComX(∆) = max{ComX(w, ∆) | w ∈ L(∆)}.
Definition 4. A tissue P system (of degree q ≥ 1) with evolutional
symport/antiport rules and cell division (TPec) is a tuple
Π = (Γ, E, M1 , M2 , . . . , Mq , R, iout ),
where
1.
2.
3.
4.

Γ is an alphabet of objects;
E ⊆ Γ, is a set of objects initially located in the environment;
Mi , 1 ≤ i ≤ q are finite multisets over Γ ;
R is a finite set of rules of the following forms:
(a) Evolutional Communication rules:
i. Evolutional symport rules: [u]i [ ]j → [ ]i [u′ ]j , for 1 < i ≤ q, 0 < j ≤
q, i ̸= j; u ∈ Γ + , u′ ∈ Γ ∗ or i = o, 1 < j ≤ q; u ∈ Γ + , u′ ∈ Γ ∗ , and
there exists at least one object a ∈ Γ \ E, which is in cell i = 0. The
length of an evolutional symport rule is defined as |u| + |u′ |.
ii. Evolutional anriport rule: [u]i [v]j → [v ′ ]i [u′ ]j , where 0 ≤ i ̸= j ≤
q, u, v ∈ Γ + , u′ , v ′ ∈ Γ ∗ . The length of an evolutional antiport rule
is defined as |u| + |u′ | + |v| + |v ′ |.
(b) Division rules: [a]i → [b]i [c]i , where i ∈ {1, 2, . . . , q}, i ̸= iout , a, b, c ∈ Γ.
5. iout ∈ {1, 2, , . . . , q}.
The details on the mechanism on how this variant performs its computation
could be found in [25]. In what follows, we introduce recognizer TPec systems
to provide a polynomial time solution to the SAT problem [25].
Definition 5. A recognizer tissue P system with evolutional symport/antiport rules and cell division of degree q ≥ 1 is a tuple
Π = (Γ, Σ, E, M1 , · · · , Mq , R, iin , iout ),
where:
–
–
–
–
–
–

Γ has distinguished objects yes and no;
Σ ⊂ Γ is the input alphabet;
M1 , · · · , Mq are finite multisets over Γ \ Σ;
iin ∈ {1, · · · , q} is the label of the input cell, and iout = 0;
all computations halt;
Either a yes or a no is released into the environment at the last step of any
computation.
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Theorem 1. [25] Let P M CT DEC(k) be the set of all decision problems solvable
in a uniform way and polynomial time by means of recognizer tissue P systems
with cell division and evolutional communication rules of length at most k. Then,
SAT ∈ P M CT DEC(4) .
In this work, we use at least two recognizer tissue P systems with evolutional
symport/antiport rules and cell division of degree q ≥ 1 solving SAT, where
the input φ is partitioned with respect to the number of recognizer tissue P
systems components. This brings us to define a so-called k distributed tissue P
systems with evolutional symport/antiport rules and cell division rules (k-tdPec
systems).
Definition 6. A k-distributed tissue P system with evolutional symport/antiport rules and cell division or k-dTPec systems is defined as
follows:
k-∆T P ec = (Γ, Π1 , Π2 , . . . Πk , R, iout ),
where
1. Γ is a set of alphabet of objects in the whole system ∆;
2. Πi for i = 1, 2, . . . , k are recognizer tissue P systems with evolutional symport/antiport rules and cell division. Each Πi has Γ as the alphabet of objects. Each cell of Πi will be labeled ⟨i, j⟩, where j = 1, 2, . . . , di , and di denotes
the number of cells of Πi . The external region or the environment are different for each component. We will refer to the environment of component i
as the local environment of i and is denoted by the label ⟨i, 0⟩;
3. R is a set of finite inter-component communication rules of the form:
(⟨i, 0⟩, u/v, ⟨j, 0⟩),
where:
– ⟨i, 0⟩ and ⟨j, 0⟩ are the local environments of components i and j, respectively,
– u, v ∈ Γ ∗ , and |uv| ≥ 1.
4. iout is the component of the dTPec designated as the output component.
Only the objects produced in the output region/cell of Πiout are considered
as output in a halting computation of the dTPec.

3

Solving SAT by 2-∆T Pec

Let φ be a boolean formula in conjunctive normal form (CNF). Then we define
the following:
Satisfiability Problem (SAT):
Input: Boolean formula φ in CNF
Question: Does there exist a truth assignment to variables of φ such that
it is evaluated to be true?
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Let us consider a boolean formula φ with m ≥ 1 clauses, and n ≥ 1 variables,
such that φ = C1 ∧ . . . ∧ Cm , with Ci = yi,1 ∨ . . . ∨ yi,pi , for some pi ≥ 1, and
yi,j ∈ {xk , ¬xk | 1 ≤ k ≤ n}, for each 1 ≤ i ≤ m, and 1 ≤ j ≤ pi , where ¬xk is
the negation of xk .
We define a polynomial encoding (cod, s) of instances of SAT as follows:
s(φ) = ⟨n, m⟩, and cod(φ) = {xi,j | xi ∈ Cj } ∪ {xi,j | ¬xi ∈ Cj }, for each
instance.
We define a fixed-balanced partition P1 and P2 of the input with respect to
the number of clauses. Then, we have
P1 = {C1 , . . . , Cm1 } = {xi,j , xi,j | 1 ≤ j ≤ m1 , 1 ≤ i ≤ n} and
P2 = {Cm1 +1 , . . . , Cm } = {xi,j , xi,j | m1 + 1 ≤ j ≤ m, 1 ≤ i ≤ n},
where m1 = ⌈ m
2 ⌉. Let m2 = m − m1 then |m1 − m2 | ≤ 1.
Now, we construct our 2-∆T P ec or simply ∆T P ec :
∆T P ec = (Γ, Π1 , Π2 , R∆ ),
where
– Γ = Γ1 ∪ Γ2
– R∆ is the set of inter-component communication rules:
R∆ = {(⟨1, 0⟩, yes vl /yes vl , ⟨2, 0⟩), (⟨1, 0⟩, no/no, ⟨2, 0⟩),
(⟨1, 0⟩, α3n+3mk +7 /no, ⟨2, 0⟩), (⟨1, 0⟩, no/α3n+3mk +7 , ⟨2, 0⟩)}.
• Πh , h = 1, 2 are recognizer tissue P systems defined as:
Πh = (Γh , Σh , Eh , Mh,1 , Mh,2 , Mh,3 , Rh , iin = 2, iout = 0)
where:
∗ Γh = Γ ′ ∪ B ∪ B ′ ∪ K ∪ K ′ ∪ V ∪ V ′ ∪ E,
where
Γ ′ = Σh ∪ {ai , ti , fi | 1 ≤ i ≤ n} ∪ {ei,j , e′i,j , ei,j , e′ i,j , Ei,j , E i,j |
1 ≤ i ≤ n, 1 ≤ j ≤ m} ∪ {di,j,k , d′i,j,k , di,j,k , d′ i,j,k | 1 ≤ i ≤ n, 1 ≤
j ≤ m, 1 ≤ k ≤ n − 1} ∪ {bj cj , cj , c′j , Ej | 1 ≤≤ m} ∪ {bj,k , b′j,k |
1 ≤ j ≤ m, 1 ≤ k ≤ n − 1}cup{α, α′ | 0 ≤ i ≤ 3(n + mk + 1)} ∪
{d, Emk +1 , α3n+3mk +7∑
, yes, no};
n
B and B ′ are sets of i=1 2i−1 copies of β and β ′ , respectively,
′
n
K and K are sets of 2 copies of κ and κ′ , respectively. And
E is a set of 2n copies of ϵ.
∗ Σh = {xi,j , xi,j | 1 ≤ i ≤ n, 1 ≤ j ≤ m};
∗ Eh = {αi′ | 0 ≤ i ≤ 3n + 3mk + 6};
∗ Mh,1 = {a1 , . . . , an , E1 }, Mh,2 = {b1 , . . . , bn , d, α0 }, and
Mh,3 = B ∪ B ′ ∪ K ∪ K ′ ∪ E;
∗ Rh is the set of rules of each h = 1, 2 component.
The set of rules we will use are those set of rules from [25] from r1,i
until r26,i , only with the following modifications and addition:
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(a) we split r1,i as follows:
r1,1 : = [ a1 ]1 → [ t′1 ]1 [ f1′ ]1 and
r1,i = [ ai ]1 → [ t′i ]1 [ fi′ ]1 , 2 ≤ i ≤ n.
(b) we replace r27 with the following:
r27 : = [ Emh +1 ] 1 [ ϵ ]3 → [ Emk +1 ]1 [ yes ]3 .
(c) we replace r28 : = [ yes ]3 [ ]0 → [ ]3 [ yes ]0 .
(d) we replce r29 with the following:
r29 : = [ α3n+3mh +7 d ]2 [ ]0 → [ ]2 [ no ]0 .
(e) Cell-Labeling Rules:
r30 : = [ β ]3 [ t′1 ]1 → [ ]3 [ v1 t1 ]1 .
r31 : = [ β ′ ]3 [ f1′ ]1 → [ ]3 [ v1 f1 ]1 .
r32 : = [ β ]3 [ t′i vl ]1 → [ ]3 [ ti v2l ]1 , 1 ≤ l ≤ n, 2 ≤ i ≤ n.
r33 : = [ β ′ ]3 [ fi′ vl ]1 → [ ]3 [ fi vl+(l−1) ]1 , 1 ≤ l ≤ n, 2 ≤ i ≤ n.
(f) r34 : = [ Em+1 ]1 [ κ ]3 → [ vl′ ]1 [ ]3 ,
r35 : = [ vl′ ]1 [ κ′ ]3 → [ vl ]1 [ vl′ ]3 ,
r36 : = [ vl′ ]3 [ ]0 → [ ]3 [ vl ]0 .
Now, we let our ∆T P ec decide on φ with respect to a fixed-balanced partition
P1 and P2 . Π1 (⟨n, m1 ⟩) and Π2 (⟨n, m2 ⟩) is performed with respect to the polynomial encoding (cod, s). We allow Π1 and Π2 to know the number of variables
in φ at the start of the computation. Each component P systems of ∆T P ec has
their part of the input contains in their respective cell 2.
Since our ∆T P ec is composed of component P systems that implement rules
r1,i to r26,i from tissue recognizer P system from [25], then we inherit from their
result the correctness of Π1 and Π2 in evaluating any input boolean formula φ1
and φ2 , respectively, where φ = φ1 ∧ φ2 .
Π1 and Π2 spent an additional amount of steps equal to the number of
variables before initiating the evaluation of truth values of their respective input.
This cause by the rules performed in labeling each cell 1. Note that our labeling
is unique.
At the end of 3n + 3mh steps, we are assured of the existence of Emh +1 in
some cell 1. This indicates that component P system evaluated a satisfying truth
assignment for its part of the input. Then it will continue by performing r27 until
r28 , to send yes to cell the local environment ⟨h, 0⟩, h = 1, 2. Rules r35 and r36
prepare us to finally send all possible vl using rule (⟨1, 0⟩, yes vl /yes vl , ⟨2, 0⟩).
Hence, at the end of 3n + 3m1 + 6 steps our system decides the satisfiability
of φ. Moreover, all participating P systems knew which truth assignments are
satisfying for φ. Note that the pair yes vl indicates that the cell labelled vl is a
satisfying assignment for φ.
After 3n + 3mh steps, if one of the component P systems is unable to produce Emh +1 for some h, then that component P system will initiate r29 . Performing r29 produces a no in ⟨h, 0⟩, for some h = 1, 2. Thus one of the rules
(⟨1, 0⟩, λ/no, ⟨2, 0⟩), (⟨1, 0⟩, no/λ, ⟨2, 0⟩) could be performed and our systems decides that φ is not satisfiable. Similarly, both participating P systems knew that
φ is not satisfiable.
We summarize the above discussion as follows:
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Theorem 2. Let φ be any instance of SAT in CNF with m clauses and n variables. Then there exists ∆T Pec deciding on satisfiability of φ under a balanced
fixed-partition in 3n + 3⌈ m
2 ⌉ + 6 steps using antiport-like inter-component communication rules.
Corollary 1. Let φ be any instance of SAT in CNF with m clauses and n
variables. Then ∆T Pec solving SAT has the following communication complexity
measures: ComN (∆T Pec ) = 1, ComR(∆T Pec ) = S, ComW (∆T Pec ) = 4S, where
S is the number of satisfying truth assignment to φ.
Suppose we restrict our inter-component communication rules to be symportlike rule, that is (Si , λ/v, Sj ) or (Si , u/λ, Sj ). We further impose that if one
component is communicating objects, the receiving component cannot simultaneously communicate. Then the following Theorem holds.
Theorem 3. Let φ be any instance of SAT in CNF with m clauses and n variables. Then under a balanced fixed-partition, there is a ∆T Pec solving SAT using
only symport-like inter component communication such that ComN (∆T Pec ) =
2, ComR(∆T Pec ) = 2S, ComW (∆T Pec ) = 2S, where S is the number of satisfying truth assignment to φ.
Proof. We could use the same ∆T Pec in Theorem 2. We only need to change the
rules in R∆ as follows:
R∆ = {(⟨1, 0⟩, yes vl /λ, ⟨2, 0⟩), (⟨1, 0⟩, λ/yes vl , ⟨2, 0⟩),
(⟨1, 0⟩, λ/no, ⟨2, 0⟩), (⟨1, 0⟩, no/λ, ⟨2, 0⟩)}.
After ∆T Pec produces pairs of all cell labels vl of satisfying assignment for
φ together with yes, then ∆T Pec uses appropriate rules in R∆ in succession.
Note that we require our solution to be well known to both participating P
systems of ∆T Pec . We then have two symport-like inter-component rules used in
succession; the number of possible communication is S; and we communicated
a pair of objects representing the cell-label of satisfying truth assignments and
a yes. Then the results follow.
⊓
⊔
Theorem 4. Let φ be any instance of SAT in CNF with m clauses and n variables. Then under a balanced fixed-partition, there is a one-way P protocol ∆T Pec
for SAT such that ComN (∆T Pec ) = 1, ComR(∆T Pec ) = S, ComW (∆T Pec ) =
S, where S is the number of satisfying truth assignment to φ.
Proof. We could use the same ∆T Pec in Theorem 3. We only need to change the
rules in R∆ as follows:
R∆ = {(⟨1, 0⟩, vl /λ, ⟨2, 0⟩), (⟨1, 0⟩, no/λ, ⟨2, 0⟩)}.
Then we add the following rule to the decider component: [ vl2 ]0 [ ]3 → [ ]0 [ vl ]3 ,
where cell 3 is the designated output cell of the decider P system component of
the system. Note that all vl are labels of satisfying truth assignments of variables
of φ.
⊓
⊔
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Suppose we consider an unbalanced fixed-partition for the input φ. Let |P1 | =
m1 , and |P2 | = m − m1 , such that |m1 − m2 | ≥ 2. Then P protocol ∆T Pec would
need 3n + 3m′ + 6 steps to provide a decision for φ, where m′ = max{m1 , m2 }.
Eventually, results on communication complexity could be re-stated for the case
of unbalanced fixed-partition.
Now, let us compare the running time of the solution presented in [25] and
∆T Pec , let T IM EΠ(⟨n,m⟩) (n, m) denote the running time of Π(⟨n, m⟩).
T IM EΠ(⟨n,m⟩) (n, m) = 2n + 3m + 2. Let T IM E∆T Pec (n, m) denote the running time of ∆T Pec , then T IM E∆T Pec (n, m) = 3n + 1.5m + 6.
At a ratio of m = n, the speed-up ratio is:
lim

n→∞

T IM EΠ(⟨n,m⟩) (n, m)
5n + 2
=
≈ 1.11.
T IM E∆T Pec (n, m)
4.5n + 6

If m < n will make ∆T P ec compute slower.
At m = n2 , the speed-up ratio becomes:
T IM EΠ(⟨n,m⟩) (n, m)
2n + 3n2 + 2
=
= 2.
n→∞ T IM E∆T P (n, m)
3n + 1.5n2 + 6
ec
lim

This shows that ∆T Pec will only compute in half the required number of steps
if m ≥ n2 . Note that having m < n will make ∆T Pec compute slower.
Indeed, there is limit in parallelization.

4

Conclusions and Discussions

In this work, we presented a distributed P scheme that solves instances φ of
SAT. We capitalize on the power of the recognizer tissue P systems with evolutional communication rules and cell division from [25] in our construction of a dP
scheme. We introduce labelling of all cell 1 during every after the cell division rule
is performed by the system, and we use sets B, B ′ , K, K; and E to communicate
between different component P systems, where each set has exponential number
of elements with respect to the number of variables in φ. Moreover, ∆T Pec requires that whatever is the decision for φ, all participating component P systems
knew the decision. We presented two possible types of communication that ∆T Pec
could be performed, namely, antiport-like inter-component communication and
symport-like inter-component communication. This is somehow similar to the
communication protocol considered in the classical communication complexity
by A.C. Yao [28].
As we have observed, our ∆T Pec working under a balanced fixed-partition
is evaluated as: ComN (∆T Pec ) = 1, ComR(∆T Pec ) = S, ComW (∆T Pec ) =
4S, where S is the number of satisfying truth assignments to φ using only
antiport-like inter-component communication rules. And under the same partition and using symport-like inter-component communication rules, we have
ComN (∆T Pec ) = 2, ComR(∆T Pec ) = 2S, ComW (∆T Pec ) = 2S, where S is the
number of satisfying truth assignment to φ.
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Notice that we used a uniform set of rules for each recognizer tissue P system of ∆T Pec , which can uniformly solve every input instance φ of SAT. We
suggest calling this set of rules which will be deployed to each participating P
system components of a dP scheme, P protocols. Thus we would call set of
rules in ∆T Pec of Theorem 2, and Theorem 3 two-way P protocols. While the
dP scheme from Theorem 3, uses symport-like inter-component communication
rules, they communicate in both ways. If we restrict our P protocol to communicate only ones using symport-like inter-component communication rule in order
to solve the problem, then such P protocol we will call one-way P protocol.
Note that if we have a one-way P protocol, then we cannot require that all participating P systems components in the system would know the output of the
computation. From the initiator of the computation, the last P system component will have to decide on fate of the input. We require the decider components
to send its decision to the environment or designated output cell/region in the
systems.
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6. Csuhaj-Varjú, E., Margenstern, M., Vazil, G., Verlan, S.: On Small Universal Antiport P System. Theor. Comput. Sci. 372(2-3), 152–164 (2007).

On the Distributed Solution to SAT on Membrane Computing

11
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A P-Lingua Based Simulator for P Systems with Symport/Antiport Rules. Fund.
Informa. 139(2), 211–277 (2015).
15. Martı́nez-del-Amor, M.A., Garcı́a-Quismondo, M., Macı́as-Ramos, L.F., ValenciaCabrera, L., Riscos-Núñez, A., Pérez-Jiménez, M.J.: Simulating P Systems on GPU
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Learning Algorithm for Membrane Computing. Inf. Sci. 304, 80–91 (2015).
21. Song, T., Pan, L.: Spiking Neural P Systems with Rules on Synapses Working in
Maximum Spikes Consumption Strategy. IEEE T. Nanobiosci. 14, 38–44 (2015).
22. Song, B., Pan, L.: The Computational Power of Tissue-Like P Systems with Promoters. Theor. Comput. Sci. 641, 43–52 (2016).
23. Song, T., Pan, L.: Spiking Neural P Systems with Request Rules. Neurocomputing
193, 193–200 (2016).
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A Complexity Approach within Membrane Computing. Fund. Informa. 154(1-4),
373–385 (2017).

12

H. Adorna, L. Pan, B. Song
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Abstract. Implementing the P systems on parallel hardware is a research highlight in bio-inspired computing since the membrane computing is a large-scale parallel computing paradigm which have a potential
to tremendously speed up the computation. Field-programmable gate
arrays (FPGAs) and CUDA-enabled GPUs are the primary hardware
which is employed to implement P systems. FPGA-based hardware implementations use different strategies considering regions or evolution
rules as processing units. This implies the existence of several parallel
architectures for FPGAs specially designed to implement P systems. In
contrast, the CUDA-enabled GPUs are a pre-defined parallel platform
and numerous types of P systems are directly implemented on it.
The object distribution problem (choosing which rules will be applied) is
the core problem of all hardware implementations. This problem is particularly difficult, because in the general case the model of P systems is
non-deterministic and maximally parallel, hence the corresponding problem is NP-hard. Several heuristics were proposed in order to accelerate
the process of the computation of the corresponding ruleset.
In this article we overview different approaches and designs for hardware
implementations of P systems as well as corresponding solutions to the
object assignment problem.

Keywords: Membrane Computing, P Systems, hardware implementation, FPGA,
CUDA

1

Introduction

With the putative arising of protocells 3.84 billion years ago in hydrothermal
vent precipitates, at which a time-line not long after the estimated forming of
?
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the the Earth and oceans 4.54 and 4.41 billion years ago [15], the unicellular
organisms which are deemed as the most primitive lifeforms have existed and
evolved until now [51]. From monoplast to multicellularity, the undisputed form
of lives remain unchanged since then. That is, the biological cell structures defined by the membranes have evolved so being optimized for billions of years.
As a consequence, a bio-cell is powerful parallel processing unit which can perform sophisticated biologic behaviors. Enlightened by the insights of biological
membranes and the bio-chemistry reactions inside, and on the foundation of
theoretical computer science, membrane computing was initiated by Gheorghe
Păun in 1998. Due to its background inspired from, membrane computing has
worked as a modeling framework for biological and ecological objectives such as
artificial life [60], photosynthesis [49], protein signaling pathway[61], etc. On the
other hand, the inherent large scale parallelism of membrane computing has the
profound potential for the progress of extreme data processing. Implementing
membrane computing models called P systems on contemporary silicon integrated circuits to exploit the desirable parallel computational capability of P
systems to explore a new orientation for high performance computing (HPC) is
what we concern about.
Pursuing the parallel computing is an imminent requirement for the time being. The density of electronic ingredients in the integrated circuit board and the
corresponding computational capability has been subject to the loose Moore’s
law for decades. What more make sense is the fact that the computational capability is determined by the density of electronic components. However, Moore’s
law will not hold for long since the physical limit, which the augmenting of density is unsustainable and the subsequently awkward thermal dissipation problem,
is around the corner. Even with the further increase of the density, the computational capability growth is not linearly proportional to the density [69]. Hardware
engineers are missing the good old days when what they should do is just double
the density to double the computational capability by the prestigious law. Before
claiming that the era of parallel computing has dawned, one essential question
should be clarified: what does parallel computing mean? Though not rigorous,
parallel computing implies multiple processing nodes computing. This possible
conclusion stems from the evolution of computer processor scheme, from singlecore single CPU to multiple-core single CPU and multiple-core multiple-CPU
frame. In this sense, the inherent parallelism infers that P systems belong to a
class of multiple processing nodes computing devices. What constituents work
as processing nodes will give rise to different implementing strategies. The way
how living cells allocate, organize and coordinate processing nodes has evolved
for billions of years. Investigating this magnificent course will illuminate us to
handle the multiple cores computing, which has cut a striking figure in the contemporary parallel computing realm.
The large scale distributed parallel process occurring in vesicle compartments and the vesicle division functionality enlightened from mitosis of living
cells which increase the artificial cells exponentially are two of the most outstanding advantages of membrane computing that would underlie the founda-

tion for the construction of highly parallel computation platform whose performance, flexibility and scalability outperforms traditional sequential counterparts
substantially. As a parallel computing paradigm inspired by the structural and
functional features of biological membranes, only the parallel computing platforms are suitable for the implementation of P systems with respect to the fact
that the limited parallelism of general computers realized by the communication
mechanism among the multiple cores of CPU and GPU cannot make full use of
the large scale parallelism, non-determinism and other particular attributes that
impart a enormous computing potential like creation and dissolution of inner
membranes, the self-replication or autopoiesis [16] of the whole cell-like entirety
that works as a computing unit, the symport and antiport of objects, etc. Implementing this new computing paradigm which exhibits a promising prospect on
parallel platforms so that put this theoretical excellent performance into practical application is what pursued. It is remarked that programming the membrane
computing algorithms with high level general purpose language and executing
them on the computer is just simulating, not real implementing [52] of P systems.
In fact, software-based and hardware-based parallel computing platforms
have developed for implementing P systems. The software-based parallel computing platform is constructed on a cluster of computers [14]. This platform achieves
good performance and flexibility for that the CPUs are executing the operations
and the changing of objectives is easily carried out by programs. Nonetheless,
with the size of objective P system increasing, the consumption of time and
CPU resources caused by the communications of different computers rising dramatically. Moreover, the underlying hardware (a cluster of computers) of this
platform cannot be miniaturized so that the membrane computing algorithms
cannot be utilized in embedded chips and compact controllers which can be employed in robots, automobiles, machine tools, etc. This disadvantage will limits
the range of applications of membrane computing. While the hardware-based
platforms are fabricated on integrated circuits. The corresponding algorithms
are mapped to digital circuits and the performance is much higher compared
with the software-based platforms, although this high performance may comes
at the cost of flexibility and extensibility. But the reprogrammable hardware
turns the corner, lifting barriers to devise portable and embedded membrane
processors which can used as CPUs, controllers or something like that. This is
necessity and importance of hardware implementation of P systems.
Hence, it is important to propose hardware implementations of P systems
as specific architectures that do not have the drawbacks related to the traditional ways of implementation. There are two main directions for such research:
(1) Field-programmable gate arrays (FPGAs) and (2) CUDA-enabled graphical
processing units (GPUs). In the first case a completely new parallel circuit is
specially designed to simulate some variants of P systems. In the second case the
pre-defined CUDA parallel platform is used to simulate P systems. The achieved
performance and correspondence is lower in this case, but the development effort
is much lower, so finally it becomes an interesting compromise between traditional computers implementations and highly parallel using specialized circuits.

The core problem for the implementations is the object distribution problem
(ODP) that based on the current configuration yields a multiset of applicable
rules that will be applied in order to pass to the next configuration. This problem
is a particular variant of a more general problem that computes the applicable set
of multisets of rules for a configuration and it is known to be NP-complete [13].
We recall that in the general case the model is non-deterministic, so an equitable
choice among different possibilities should be provided. Known algorithms and
heuristics do not parallelize well, so special heuristics were developed in order to
quickly compute the desired multiset of rules.
Since the ice-breaking work of [32], multiple concerned research groups have
engaged in the hardware implementation of P systems. In this article, the comprehensive and systematic analysis of hardware implementation course is presented, especially formulating the root cause of parallelism and non-determinism,
and classifying and summarizing the proposed approaches under the hypothesis
that P systems are multiple processing nodes models. This overview of the domain can play the role of a guideline for the future scientific explorations towards
the hardware implementation of membrane computing. This paper is organized
as follows: Section 2 gives a short description of the capabilities and the architecture of used hardware, Section 3 gives the definition of the most general model
of P systems using the formal framework [23]. Section 4 presents an overview of
different simulation approaches, including the DND algorithm (which is the base
for all CUDA simulators). Next, Section 5 expresses ODP in terms of integer linear programming. Section 6 to Section 8 give more details on existing simulation
approaches. Finally, conclusions and future research directions are discussed in
Section 9.

2

The Selection of Hardware

The extensive application of multiple cores computing has already pushed forward the world into the parallel computing era. As another parallel computing
paradigm, the membrane computing provides a new possible scheme for parallel computation. Among the characters P systems possessing, the parallelism is
the most dramatic one under the foundation of proved computational universality. The software simulation of membrane computing algorithm on the general
computer which is not a highly parallel platform is far from the ideal facility to
exploit the potential large scale parallel computation capacity. Implementing the
parallelism and other features of P system is a set of formidable undertakings
requiring delicate thoughts and excellent hardware. In the light of the thought
that implements the parallel algorithm on a parallel computing device, filter out
suitable apparatuses from the voluminous categories of hardware is one of the
essential assignment. In short terms, we need parallel hardware architectures to
execute P systems. From another perspective, if we do not select particular hardware at first, the pre-designed implementing strategies are groundless, for the
correspondences between ideas and hardware components are unknown. FPGAs,

CUDA-enabled GPUs and microprocessors are chose to implementing variants
of P systems.
2.1

FPGA hardware

For the implementation of membrane computing models in hardware, the particular difficulties do not only lie in the realization of maximal parallelism and
non-determinism (which are mainly two attributes derived from the inherent
nature of biological cells that inspired P systems), but also come from the fact
that there exists a big number of variations of the basic model of P systems
having quite distinct characteristics [54]. This poses a great challenge for the
conception of a general computational architecture to implement these various
models. With the advent of reconfigurable hardware the elaboration of different
types of computational models on the same reprogrammable devices is no longer
an impossible assignment. The field-programmable gate arrays (abbreviated as
FPGAz hereinafter) is a reconfigurable hardware allowing to prototype digital
circuits. This property makes it a unique alternative for the implementation of
membrane computing. The framework of membrane computing constructed on
FPGA basis can be a truly parallel computing platform different from the sequential one, which just simulates the parallelism, without really implementing
it. The modification of circuits for FPGAs is performed by altering the codes
defining the circuits using a hardware description language. Figure 1 shows the
internal structure of an FPGA.
Programmable interconnect

Programmable logic blocks

Fig. 1: A FPGA’s internal fabric. The structural feature of a FPGA is that the
configurable logic blocks (CLB) are inlaid in the matrix of interconnects. In this
type, the each CLB contains four slices, each of which includes 2 logic cells [42].

The CLBs work as containers for slice-organized logic cells for the rapid
increasing densities of logical cells. Basically, the logic cells consist of look-up
tables (LUTs) and flip-flops (FFs). The LUT is used for realizing various combinatorial circuits such as basic gates, decoders, encoders and multiplexers. The

FF is the sequential logic component acting as a storage element for the circuit. In fact, what can be reconfigured is not the CLBs but the interconnects.
As result, CLBs just like stationary islands stand in the undulant interconnect
sea. FPGA interconnect technology consists of switch boxes that route signals
between various logic blocks of it. Present-day FPGAs are based on one of the
following interconnect technologies: static RAM, flash memory or anti-fuse. The
first one dominates the current FPGAs. Figure 2 illustrates the schematic diagram of a logic cell and a slice. With the re-programmability, FPGAs comply
with the model-oriented hardware implementation quite well. The parallelism,
non-determinism and other features can be realized on FPGAs by the particularly designed circuits.

(a) A simplified view of a logic cell

(b) A slice containing two logic
cells

Fig. 2: The schematic diagram of a logic cell and a slice from [42].

2.2

CUDA-enabled GPU hardware

The multiple computing cores solution is introduced from the mainframe computer field to improve the clock speed. Nowadays, it is hard to find a PC equipped
with only one CPU. On the other side, the component integration scale of some
High-end GPUs has outpaced the CPUs for the booming demand of graphics
processing (advanced rendering and 3D vision) [30]. Currently, the GPU is a
computing element as powerful as the CPU. Different from FPGAs, there are
manufactured parallel architectures in GPUs. The advantage is that developers
should just concern about the efficient utilization of these architectures and the
drawback is that these frameworks are un-reconfigurable.
Nevertheless, the GPU is not a general processing unit which can handle
other computing assignments except for graphics processing. The predicament

has changed for the arise of compute unified device architecture, known as CUDA,
from the leading chip vendor-NVIDIA corporation. CUDA is a technology that
enables general-purpose computing on graphics processing units (GPGPU). Usually, when referring to CUDA, what referred is not the parallel computing framework but a GPU supporting CUDA. A CUDA-enabled graphics processing unit
is an universal parallel computing device which is suitable for the implementing of parallel algorithm models. The parallel computing behavior of CUDA is
based on the execution of multiple compute kernels on the GPU. These compute
kernels are without physical construction, but based on an abstract parallel programming model. In other words, CUDA does not alter the physical structure
of GPU. CUDA programming model is based on heterogeneous computing [30],
where the CPU (host) is the master node that controls the execution flow and
launches kernels on the GPU (device) when massive parallelism is required (see
Figure 3). A kernel is executed by a grid of (thousands of) threads. The grid is a
two-level hierarchy, where threads are arranged into thread blocks of equal size.
Each block and each thread is unequivocally identified by an identifier. In this
way, threads and blocks can be distributed easily to different portions of data,
or to compute different instructions. The execution of threads inside a block can
be synchronized by barrier operations, and threads of different blocks can be
synchronized only by finishing the execution of the kernel.
The memory hierarchy is explicitly managed (see Figure 3). Although current GPUs contain cache memories, in order to accelerate memory accesses,
best performance is achieved when doing it manually. A GPU basically contains
a global memory, which is the largest but the slowest memory in the system,
and shared memory, which is the smallest but fastest memory [30]. Global memory is accessed by all threads launched in all grids, and also by the host, but
shared memory is only accessible by threads in a block. Threads also have fast
access to its own registers for single variables, and local memory (which is normally outsourced to global memory). Accesses to memory has to be carefully
programmed, so that contiguous portion of data are read by consecutive threads
(coalesced access), since this increases the memory bandwidth utilization.
Nowadays,the architecture of GPUs is upgraded to Streaming Multiprocessors
(SMs) which are composed of an array of Streaming Processors (SPs), working
as computing cores. A thread set consists of 32 threads named warp is the basic
unit which a SM fulfills its executions. A SM can manage multiple warps which
are based on Single-Instruction Multiple-Thread (SIMT) model in effect. Each
thread in a warp should commence its processing at the identical program address concurrently, although after beginning, threads can execute independently
abiding by a sequential manner. The parallelism of CUDA is terminated when
a warp branches or the memory stalls[38]. The SM framework and its warp flow
is shown in figure 4.
2.3

Other hardware

Custom application specific integrated circuits (ASIC) can also be employed to
implement P systems. Some researches investigated simulating certain P systems

Fig. 3: (left) CUDA execution model, (right) CUDA memory model. From [1].

Fig. 4: A SM is composed of an array of SPs, shared memory and a couple of
caches. A MT issue module contains a SM instruction scheduler which conducts
instruction flows.

on micro-processors [27]. Although the performances of micro-processors are low,
they are economical alternatives suitable for the developing of prototypes and
verifying the design methods. However, as stated, membrane computing model
is a sort of machine-oriented model for the various types. The flexibility of the
hardware platform constructed on ASIC is quite insufficient to adapt to the
different variants of P system. However, such attempts are still interesting as they
allow to simulate features of P system on some tailored circuits with different
interesting properties, like low power consumption.

3

The model of P systems

We assume that the reader is familiar with basic notions of formal language
theory and membrane computing; for further details consult [53] and [56].
For a finite multiset of symbols M over an alphabet V , supp(M ) denotes the
set of symbols in M (the support of M ) and |M | denotes its size, i.e., the total
number of its symbols. By |M |x , the number of occurrences of symbol x in M
is denoted. By V ◦ we denote the set of all finite multisets over V .
Throughout the paper, every finite multiset M is given as a string w, where
M and w have the same number of occurrences of symbol a, for each a ∈ V .
3.1

Network of Cells

To give a more precise description of the semantics of a P system, the following
notions (functions) were defined:
– Applicable(Π, C, δ) – the set of multisets of rules of Π applicable to the
configuration C, according to some derivation mode δ.
– Apply(Π, C, R) – the configuration obtained by the (usually parallel) application of the multiset of rules R to the configuration C.
– Halt(Π, C, δ) – a predicate that yields true if C is a halting configuration of
the system Π using the derivation mode δ.
– Result(Π, C) – a function giving the result of the computation of the P
system Π when the halting configuration C has been reached. Usually, this
is an integer function. However, generalizations as for example, Boolean or
vector functions can also be considered.
We note that δ, above, differs from the dissolution symbol used in some P
system models.
The precise interpretation of the four notions (functions) above depends on
the chosen model of P systems. The goal of works [22, 23, 65] was to provide
a concrete family of P systems based on the structure of network of cells together with a series of definitions of the functions above. The obtained model
as well as the accompanying tools and methods together are called the formal
framework of P systems. It has the property that most of the existing models
of P systems could be obtained by a strong bi-simulation of a restricted version

(eventually, using a simple encoding) of this formal framework with respect to
different parameters, see [66] for some examples.
We would also like to note that based on the formal framework it is possible
to reduce the structure of any P system to one membrane. The corresponding
process is called flattening and it is described in more details in [21, 23].
Below, we provide a summarized version of the definition of a network of
cells, the class containing all networks of cells forming the structure of the formal framework. The definitions are based on those given in [23]. This version
considers only static P systems where the membrane structure does not change
under the computation (this also includes systems with the dissolution of membranes). We note that in [22], an extension of the formal framework to P systems
with dynamically evolving structure is proposed. We remark that in the case of
static structures both variants coincide, although the notation is slightly different.
Definition 1 ([23]). A network of cells of degree n ≥ 1 is a construct
Π = (n, V, w, Inf, R)
where
1. n is the number of cells;
2. V is an alphabet;
3. w = (w1 , . . . , wn ) where wi ∈ V ◦ , for all 1 ≤ i ≤ n, is the finite multiset
initially associated to cell i;
4. Inf = (Inf1 , . . . , Infn ) where Infi ⊆ V , for all 1 ≤ i ≤ n, is the set
of symbols occurring infinitely often in cell i (in most of the cases, only
one cell, called the environment, will contain symbols occurring with infinite
multiplicity);
5. R is a finite set of rules of the form
(X → Y ; P, Q)
where X = (x1 , . . . , xn ), Y = (y1 , . . . , yn ), xi , yi ∈ V ◦ , 1 ≤ i ≤ n, are vectors
of multisets over V and P = (p1 , . . . , pn ), Q = (q1 , . . . , qn ), pi , qi , 1 ≤ i ≤ n
are finite sets of multisets over V . We will also use the notation
(1, x1 ) . . . (n, xn ) → (1, y1 ) . . . (n, yn ) ; [(1, p1 ) . . . (1, pn )]; [(1, q1 ) . . . (n, qn )]
for a rule (X → Y ; P, Q); moreover, if some pi or qi is an empty set or some
xi or yi is equal to the empty multiset, 1 ≤ i ≤ n, then we may omit it from
the specification of the rule.
The semantics of the above rule is as follows: objects xi from cells i are
rewritten into objects yj in cells j, 1 ≤ i, j ≤ n, if every cell k, 1 ≤ k ≤ n,
contains all multisets from pk and does not contain any multiset from qk . In
other words, the first part of the rule specifies the rewriting of symbols, the

second part of the rule specifies permitting conditions and the third part of the
rule specifies the forbidding conditions.
For a rule r of the form above, the set
{i | xi 6= λ or yi 6= λ or pi 6= ∅ or qi 6= ∅}
induces a (hypergraph) relation between the interacting cells. However, this relation does not need to give rise to a structure relation like a tree as in P systems
or a graph as in tissue P systems.
A configuration C of Π is an n-tuple of multisets over V (u1 , . . . , un ) satisfying ui ∩ Infi = ∅, 1 ≤ i ≤ n.
P systems work with transitions between configurations; a finite sequence of
such transitions of a P system Π starting with the initial configuration and ending in some final configuration is called a computation. The final configuration
is usually given by halting.
The transition of a P system Π according to the derivation mode δ (usually,
the maximally parallel derivation mode) is defined as follows: the system changes
from a configuration C to C 0 (written as C ⇒ C 0 ) iff
C 0 = Apply(Π, C, R), for some R ∈ Applicable(Π, C, δ)
The result of the computation of a P system is usually interpreted as the
union of the results of all possible computations.

4

Simulation of P systems using hardware

When one speaks about the hardware implementation of membrane computing,
how to characterize the membrane structures in hardware circuits is the most
concerned issue, followed by the representation of contents included in membranes: multisets of objects and evolution rules. The implementation of parallelism, non-determinism and other attributes of P systems is realized on the basis
of the hardware characterization of membrane structures and their substances.
4.1

The Characterization of Membrane structures

Indeed, there are no compartments in silicon integrated circuits which can be
used as membranes, let alone the specific functions on account of the arising of
membranes, for instance, the traversing membrane behaviors of objects. Nevertheless, according to [52], membrane is just an idealized concept without internal
structures analogous to biological ones. The main functionality of membranes are
working as boundaries and the delimited space caused by the presence of membranes makes P systems as distributed computing models. The spatial placement
and size of membrane is not important, except the inter-relationship among
them. In view of this fact, the representation of three-dimension arrangement
of vesicles for membranes can be transformed to two-dimension Venn diagram
expression. This flattening process is favorable for understanding the essential

function of membranes in the sense of hardware implementation.The breaking
point of the conundrum is the one-to-one correspondence between membrane
and its enclosed region, which contains multiset of objects and evolution rules.
Then an injective correspondence between membrane and its contents can be established, which is used in the hardware implementation to represent the whole
cellular construction. Speak straightforwardly, the membrane structure is transformed to its substances distributed in the hardware which implements the P
system. From the theoretical point of view, any membrane structure can be
reduced (flattened) to just a single membrane, see [21, 23] for more details.
4.2

The Presentation of Multisets of Objects

After transforming the membrane structure into a matter that stands a chance
to implement it on a hardware, there are two problems to deal with for the
representation of the multisets of objects in a region: the distinct symbols from
the alphabet representing object types and its corresponding multiplicities. The
strategies adopted for the two problems are storing the multiplicities in different
registers of hardware device. Specifically, an array of registers is employed to
store each of the multiplicity value which is a positive integer in a position of
the array and the different locations of registers denote distinct symbols naturally
[50]. In view of possible objects traversal in future evolutions between regions,
the number of registers of each array should equal to the number of object types
in the P system. In consequence, the multiplicities of some objects are zeros in
initial configuration and the corresponding array is sparse.
4.3

The Presentation of Evolution Rules

The multisets of objects serve as the reactants for evolution rules inside membranes. The consequence of applying a rule is reflected by the alteration of multiplicities of objects in associated regions. From an intuitive point of view, a rule
can be represented by storing the two sides in registers separately [50]. Once the
rule is applied according to its instance number, arithmetical operations of plus
and minus commence to increase and decrease multiplicities of relevant objects
in relevant registers.
Rules remain unchanging along with the whole evolving process of configurations until to the halt condition. Take into consideration that rules are incorporated in regions, to some extent, the function of rules can be regarded
internalized to the regions, i.e., the explicit expression of rules is the interpretation of the effect of regions. In light of the conceived idea towards the relation of
rules and regions, mapping a processing unit which conducts the execution of a
set of rules to each region [44] is a viable thought. From analogous perspective,
mapping a processing unit to each rule [47] so that the modification of multiplicities can be committed by rules straightforwardly is also viable. Under this
circumstance, the region is consolidated by rules enclosed. The two fundamental principles are exactly utilized to develop the hardware pattern to execute P

systems. In particular, the two principles motivate the region-based simulation
and rule-based simulation approach, which will be formulated below.
4.4

The Analysis of Parallelism and Non-determinism of P Systems

There are two parallelism meaning in P systems: the region-level parallelism
which stems from applying multiple rules concurrently and system-level parallelism which derives from the parallel executing of region-level parallelism in all
the regions [46]. The organization and execution of applicable rules subject to
certain parallel derivation mode, which brings about the region-level parallelism,
i.e., what applied is not a single rule but a multiset of rules in a given region.
This fact lead to the parallelism, which is implemented in hardware by synchronization operations. Usually, several multisets of rules meet the applicability and
derivation mode requirements. Each region should choose one multiset of rules
to evolve configuration. Consequently, the non-determinism emerges. In general,
it is a multi-solution problem to combine rules in terms of parallel derivation
mode in every region to evolve the the configuration. To dispose of this problem,
the living cells adopt non-determinism to select one multiset of rules from the
alternatives. Furthermore, choosing and applying the multiset of rules in every
region non-deterministically give rise to the non-deterministic evolving of configurations. The common strategy adopted for implementing non-determinism
is assigning each multiset of rules equi-probability. To articulate the parallelism
and non-determinism in P systems, a static P system whose membrane structure
does not change during the transition of configurations is introduced, shown in
figure 4.
One of the most used derivation modes is maximal parallelism mode, abbreviated as max. Informally, consuming the ceiling number of objects is the goal of
maximal application of rules, which means that the combinations of applicable
rules consume objects as many as possible, until exhausting some kinds of objects, or the remaining objects are not enough for one more applying of any rules.
The sets of multisets of rules calculated in terms with max mode in each region of
the P system are shown in figure 5. object The application of rules is a course to
consume objects. This course can be abstracted as a object distribution problem
which allocates objects to applicable rules. Develop approaches to converge to all
the feasible multisets of rules associated with current configuration accurately
and efficiently and utilize them non-deterministically to evolve the system are
the two core tasks. Specifically, in the context of parallel and non-deterministic
computing, it needs to be clear that the goal of the approach for the object
distribution problem is to acquire a serial of sets composed of multisets of rules
constructed coinciding with the parallel derivation mode. Each such set corresponding to a region of the P system and a solution is the group of all the sets
obtained in every region. We will illustrate the parallelism and non-determinism
systematically as follows.
Consider the following example depicted on Figure 6. In region 1 the multiset
α β γ δ
of rules is of form r11
r12 r13 r14 , where α ∈ [0, 2], β ∈ [0, 2], γ ∈ [0, 4], δ ∈ [0, 3].
Of course, all the indexes are integers in their range. The upper boundary is

a 13 b 15c 10

b 9c 12e 14

r11 : a 2bc 5  

r31 : b 4c 3e 5  

r12 : ab c  
2 4

r13 : a 3b 3c  
r14 : a 4b 5c 3  

e 8f 11 g 9

r32 : b 2c 4e 3  
r33 : b 3c 6e 7  
c 13e 10 g 11

r21 : e 2f 3 g  

r41 : c 5e 2 g 3  

r22 : ef 4 g 4  

r42 : c 4e 3 g 6  

r23 : e 3f 5 g 2  

r43 : c 2e 4 g 3  

Fig. 5: A Configuration of a static P System. The multiset of objects and evolution rules contained in each region are illustrated. The right-hand side of each
rule is not given since it is not required for identifying its applicability.
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Fig. 6: The set of multisets of rules in each region. All the multisets of rules
in a region corresponding to a regional solution, a single multiset of rules in a
region denotes a regional feasible multiset. All regional solutions comprise the
complete solution, and the set of selected regional feasible solutions from each
region comprise the dynamic solution.

calculated without taking in consideration other rules, according to max mode.
The combination space of the four rules is composed of 180 (C31 C31 C51 C41 ) compositions (zero rule is regarded as a composition). However, the set of multisets of
rules depicted in figure 6 shows that only 11 combinations [45] are valid for the
object distribution problem. There seem to be dependencies between a selected
rule and its predecessors that influence the subsequent rules’ composition. It can
be assumed that the dependency and the ceiling number of instance stem from
the limited quantity and variety of objects.
We would like to remark that it is not necessary to compute the set of multisets of (maximally parallel) applicable rules. It is sufficient to obtain one of
them, according to some hypotheses, e.g. of equiprobable distribution. Next, the
corresponding multiset is applied and the process is repeated for the new configuration. Hence, it is important to clearly define the notion of the solution to
ODP. The set of multisets of applicable rules in each region is called a regional
solution, while a single multiset of rules from the aforementioned set is referred
as a regional feasible multiset. The collection of regional solution in all regions
is defined as complete solution. For the evolution purposes, from each region a
random feasible solution is selected. The entire of the selected regional feasible
solutions is called the dynamic solution. If the considered P system is represented
from the multiset rewriting system with only one skin membrane, the complete
solution and dynamic solution degenerate to the regional solution and a regional
feasible multiset respectively.
It is worthwhile to note that the complete solution consists in the outset of
a particular configuration. Once a dynamic solution executes, the configuration
evolves and a new complete solution is computed. Do we have to compute the
complete solution? The answer is negative considering the Pyrrhic is not worth
the loss for calculating the complete solution with respect to the time and hardware resource consuming. Whereas, it needs to be emphasized here that although
a dynamic solution is computed to evolve the system, it dose not imply that the
complete solution should be refused to take into consideration. This statement
is on account of the fact that the non-determinism will decline if the feasible
solutions always belong to the same proper subset of complete solution. From
a intuitive perspective, this reduction of non-determinism is non-positive. We
need calculate the dynamic solution with minimal effort while do not impair the
degree of non-determinism.
An efficient way to compute and represent the dynamic solution from the
complete solution (denoted as Applicable(Π, C, δ) in [54]) is required. The difficulty of the problem is not only to compute the complete solution, but also to ensure that it is non-deterministically chosen among all feasible solutions. The common practice is to assign the same probability to each feasible solution. In most
of the cases investigated in the literature, this aspect is neglected and it is not
possible to affirm that this property holds. The Direct Non-deterministic Distribution (DND) algorithm introduced in [45] tries to take this aspect into account,
although without giving a formal proof. In [67, 54] a truly non-deterministic evo-

lution is implemented, however the corresponding implementation is limited to
some particular derivation modes.
Indirect approaches As in [45] we will classify different algorithms for the
multiset of rules to be applied in direct and indirect ones. In the direct approach, the corresponding multiset is directly constructed by the algorithm. The
indirect approaches are based on the observation that the solution number is
finite, because the solution space is bounded by the size of the configuration.
Hence, an heuristic or brute-force approach can be used to explore this bounded
space. However, since it is an overestimation, there might be visited elements
that are not valid solutions. Hence, the algorithms are iterative and explore the
whole space until a valid solution is encountered. Sometimes it is not easy to
classify an algorithm in one of these categories. We will classify an algorithm
as a direct approach if its main goal is to construct a valid multiset of rules,
otherwise, if the algorithm is exploring different combinations until it reaches a
valid one, it will be classified as indirect.
Generally, the enumeration of all possible solutions and their verification one
by one until a correct solution is obtained is the simplest method for the indirect
approach [20]. Before the first correct solution is obtained, some invalid solutions
should be rejected. This approach is called indirect straightforward approach [45].
Taking into account that it is not viable to enumerate all possible solutions for
many problems, the feasibility of the approach is low. However, the performance
of the algorithm suggests its use as to compute the floor values for the object
distribution problem.
Another indirect approach discussed in [45, 47] called indirect incremental
approach investigates a strategy generating possible solutions in rounds. This
course can be detailed as follows. All the applicable rules verified in accordance
with the multiset of objects in a region are laid in a pool [35]. The maximal
instance of each rule is calculated as well. In the first round, the instance number
of a rule selected randomly is assigned a random value which contained in its
range. After that the multiplicity of objects in the configuration is updated
accordingly to the number of instances of the rule. Then another rule from the
rest of rules is randomly picked out randomly and assigned a random number in
its range, consuming the amount of objects accordingly and updating multiplicity
value. This process is repeated until the last rule is reached. The number assigned
to each rule’s instance value is preserved until this rule is no longer considered.
In the second round, the number of instances of every randomly selected rule is
increased by a random amount, but keeping the number of rule instances below
the maximally possible amount. When the number of rule instances cannot be
increased anymore, it is removed from the pool. The whole process is repeated
until the pool is empty. At each round the current multiset of rules is checked
if it represents a solution. This allows to stop the process in advance. Clearly,
the described algorithm allows to compute a random solution, however with an
unclear distribution. Also, it is not possible to use this algorithm to compute all
possible solutions as the number of instances of a rule can only increase.

Earlier variants of the indirect approach used to increment the multiplicity of
one randomly chosen rule at a time [17], but this proved to be time consuming.
Another attempts based on a similar idea but with different rule elimination
strategies were done in [63, 62, 18, 58, 29, 26].
Direct approaches In contrast to indirect approaches, the direct approach fabricates a solution straightforwardly rather than identifying a number of possible
solutions before a solution is confirmed.
In the direct straightforward approach, all the solutions to the object distribution problem are given as input, and one of these solutions is simply selected at
random. While in [45] is argued that such approach is infeasible for an arbitrary
configuration and rule types, it can still be applied in a big number of cases. As
shown in [67, 54], if at each step the number of solutions can be expressed as
a the number of words of some length in a regular language, then it becomes
possible to compute the solution only based on its number (in a way similar to
the representation of a number in the combinatorial number system). In [67] it
is shown that the corresponding class of P systems is quite large and also that
this method is particularly interesting for bounded derivation modes like the
set-maximal derivation mode (called also flat mode) where the rules are chosen
in a set-maximal way (instead of the multiset maximal way).
Another variant of the direct approach is the Direct Non-deterministic Distribution algorithm (DND) proposed in [45]. A similar algorithm can also be
found in [57]. This algorithm works in 2 phases. At the first phase all rules (initially randomly shuffled) except one are selected to be applied a random number
of times between 0 and its maximal applicability value. In the second phase, all
the rules beginning by the one excluded of the previous phase are applied to its
maximal applicability benchmark in the converse order.
The DND algorithm was never implemented in FPGA hardware. However, a
variant of it became popular in the simulation of Population Dynamics P (PDP)
systems, named DND-P [41]. In CUDA-based development, the evolution of the
DND-P algorithm, DCBA [40], was employed for the engine of the PDP system
simulator [39].
One of the difficulties of the above approaches is the handling of the nondeterminism. From the formal point of view, the non-determinism corresponds
to a random equiprobable choice of an element from the set of all applicable
multisets of rules (Applicable(Π, C, δ)). In the case of indirect approaches, due to
the iterative nature of the algorithms, it is not easy to argue that each possibility
has the same probability to occur. We would state that solutions containing a
smaller number of different rules have a higher chance to be selected.
In the case of DND algorithm and related variants, it looks like the obtained
solution tends to be an equiprobable choice. However, the corresponding articles
do not give such a proof and there are some unclear points, which do not allow
us to affirm this fact.
Up to now, the only algorithm that is performing a truly non-deterministic
choice is the one described in [54, 67]. We recall that it is a direct approach

– for any configuration the cardinality of Applicable(Π, C, δ) can be computed
in constant time and then a random number between 1 and this cardinality is
uniformly selected and the corresponding solution is decoded from this number.
We also remark that this algorithm was implemented in FPGA hardware and
yielded a very good performance.

5

Reduction to Diophantine Equations and Integer
Linear Programming

In this section we show the reduction of the problem of the computation of
an element from Applicable(Π, C, max) to the problem of solving a system of
Diophantine equations or to integer linear programming (ILP).
We start with the remark that several attempts were done to express the
maximally parallel choice of rules using Diophantine equations or ILP. In [55, 2]
a simple variant of ILP was used (corresponding to the equations (1a) below and
variable sum as maximization function). However, in this case only maximally
parallel rulesets having a maximal number of rules are obtained. In terms of
the formal framework [23] this corresponds to maxrules max derivation mode.
Another attempt using ILP was done in [13, 12] where the objective function
is a weighted sum (by the number of objects in the left-hand-side). Such ILP
problem finds only maximally parallel solutions involving the maximal number of
objects, corresponding to maxobjects max mode in terms of the formal framework.
In [45] the set of maximally parallel multisets of rules is expressed as solutions of a system of Diophantine equations (roughly equations (1a) from below)
with an additional constraint to be satisfied on a solution, expressed as another
system of Diophantine equations. Finally, in [5] the set of maximally parallel
multisets of rules can be expressed as solutions to a system of equations defining some Diophantine sets. While the construction is similar to the one we give
below, it is not trivial to manipulate Diophantine sets and it is not clear how to
express the constraints as a single system of equations. Below, we show how to
handle this problem by using same construction as for handling multiple ”eitheror”constraints in ILP.
For simplicity, we consider that Π has only one membrane (and no environment). If this is not the case, we can apply the flattening procedure reducing it
to one membrane [21, 23]. So, Π = (O, w1 , R).
Let R = {r1 , . . . , rm } and O = {a1 , . . . , an }. Consider that ri : ui → vi , 1 ≤
i ≤ m. Let C be the current configuration and let Ca = |C|a , a ∈ O. Consider a
value M ∈ N that is sufficiently big.
We will construct a system of inequalities whose integer solutions will be
maximally parallel multisets of rules for the configuration C. For a solution, the
set of variables xi , 1 ≤ i ≤ m indicate the cardinality of corresponding rules in
some maximally parallel multiset M ∈ Applicable(Π, C, max).

m
X

|ui |a xi ≤ Ca ,

∀a ∈ O,

(1a)

i=1
m
X

|ui |a xi + |uk |a + M zak ≥ Ca + 1,

1 ≤ k ≤ m, a ∈ O, |uk |a > 0,

(1b)

i=1

X

zai = Ni − 1,

1 ≤ i ≤ m, Ni =

a∈O

X

sgn(zai )

(1c)

a∈O

xi ∈ N,
zai

1 ≤ i ≤ m,

∈ {0, 1},

1 ≤ i ≤ m, a ∈ O.

(1d)
(1e)

Inequalities (1a) state that the sum of all consumed objects is included in C.
Technically, for each object a ∈ O it is verified that the weighted sum (by the
number of symbols a in the lhs) of rule cardinalities is smaller or equal than the
number of objects a in C.
Inequalities (1b) state the maximality property of the rule set defined by
x1 , . . . , xm . It verifies that for each rule there exist at least one object whose
remaining quantity is not sufficient to apply this rule. They are based on multiple ”either-or” constraints representation in ILP. The big value of M and the
inequalities (1c) ensure that only one constraint from (1b) will be considered
(the other ones will be satisfied because of M ).
Hence, any solution x1 , . . . , xm satisfying the system of inequalities (1) corxm
applicable to conresponds to a maximally parallel rule set M = r1x1 . . . rm
figuration C. From the construction given above, it immediately follows that
system (1) is Diophantine.
Example 1. Consider the system Π = (O, w1 , R), with O = {a, b, c} and R =
{r1 : abc → ab; r2 : a → bb; r3 : b → cb}. Consider the configuration C = a2 b3 c2 .
Then, we construct an ILP according to the rules above (we recall that M is a
big integer number):

Derived from (1a):
x1 + x2 ≤ 2
x1 + x3 ≤ 3
x1 ≤ 2
Derived from (1b) for r1 :
x1 + x2 + 1 + M za1 ≥ 3
x1 + x3 + 1 + M zb1 ≥ 4
x1 + 1 + M zc1 ≥ 3

Derived from (1c) for r1 :
za1 + zb1 + zc1 = 2
Derived from (1b) for r3 :
x1 + x2 + 1 ≥ 3
Derived from (1b) for r3 :
x1 + x3 + 1 ≥ 4
It is not difficult to see that this system has 3 solutions: (2, 0, 1), (1, 1, 2) and
(0, 2, 3), corresponding to multisets of rules r12 r3 , r1 r2 r32 and r22 r33 , which are
exactly the maximal multisets of rules applicable to C.
We remark that all solutions of (1) might be tedious to obtain. For the
simulation purposes, only one such solution is necessary. Hence, in the literature,
there are several algorithms that describe how to construct a single solution
having certain properties. We will discuss below the DND algorithm introduced
in [45] for the FPGA simulations and further considered for CUDA hardware.
Another interesting possibility is to consider the inequalities (1) as constraints
in an ILP. This allows for faster solving algorithms, however it is important to
specify the objective function that will chose one of the solutions. For example,
using max x1 as objective function with the constraints from Example 1, would
yield the solution (2, 0, 1). By using min(x1 +x2 +x3 −5) as the objective function,
the solution (0, 2, 3) is obtained (the above constraint allows to consider only
multisets of rules of size 5).
It is remarked that the algorithm from [67] uses a different approach. It
supposes that for a P system Π working in the derivation mode δ there exists a function N BV ariants(Π, C, δ) that for any configuration C gives the
number of solutions of (1). Next, it also supposes that there exists a function
V ariant(Π, C, δ, n) that for each integer n (up to the corresponding value) yields
the corresponding solution (the used method is similar to the decoding of a number in the combinatorial number system).
We explain briefly the functioning of the DND algorithm in the view of
equations (1). First a random rule permutation is computed. Next, during the
forward step a random value (bounded by the number of possible applications)
for the number of each rule applications is taken. This corresponds to finding
the values of xi , satisfying the constraints (1a). Finally, during the backward
step, the frequency of each rule is increased until it cannot be applied anymore.
This step corresponds to the validation of inequalities (1b). The computation
of the random permutation and of the initial random rule frequency can be
written in the form of an objective function. The first property corresponds to a
probabilistic choice of the carefully chosen weights of the sum of all variables xi
to be placed in the objective function, while the second one gives constraints on

the number of objects to be placed. However, it turns out that it is quite tedious
to specify the corresponding objective function, which requires carefully assign
the weights to the variables (by solving an additional system of equations).

6

An Overview of Existing FPGA Simulations

With the advent of reconfigurable hardware which realizes the idea of modifying
the hardware circuits by programming, conceiving a novel circuit simulating
an innovative processing paradigm is no longer a exceedingly hard task. The
first attempts to use FPGA reconfigurable hardware to simulate P systems date
back to 2003 [50]. Since then two simulation approaches emerged, considering
the region or the rules as basic processing units.
6.1

Region-based Simulations

In the region-based simulation approach rules and objects from different membranes are physically located in different places of the circuit, while those from
the same membrane are physically close and well connected. The biggest problem is to ensure the correct communication of objects between membranes as
this requires a global level synchronization. As advantage, the obtained system
is highly scalable and robust. Below, we give two examples of region-based simulations.
As the two primary features of intuitive conceptual understanding of a P
system, membranes and regions partitioned by membranes are not directly implemented as hardware circuit modules. The rule-oriented implementation approach explicitly represent the evolution rules as processing units and multisets
of objects as register arrays, while implicitly represent membranes and regions
as logical constructions existing between those processing units and data structures. The absence of membranes impairs the understandability according to the
intuitive conceptual understanding of a P system and the membrane-mediated
behaviors cannot be taken into consideration. The motivation for transforming
the rule-oriented design to the region-oriented way is focus on providing a framework to incorporate important intuitive features such as cell-to-cell connections
and membrane-mediated rules so as to heighten the extensibility of the hardware platform. Another intention of region-oriented approach is to distribute
computational activities in P systems. This distribution fits the comprehension
of intuitive concept of a P system and can vary the amount of hardware resource
with the size of the P system to be implemented. The region-oriented approach
contributes to constitute larger systems with different scales of P systems.
Petreska and Teuscher simulation [50] As the spearhead of simulating
membrane computing on FPGA, some groundbreaking matters had been devised
by Petreska and Teuscher, for instance, trading communication for membrane
containment relations, taking the priorities of rules into account, proposing the

first attempt to simulate membrane creation and dissolving mechanism in integrated circuit, etc. Their outstanding achievement inspired the successors to
engage in this challenging and breathtaking field to advance the development
of hardware simulation of P systems. For the sake precision the general model
of a P system is modified in two aspects: the application of evolution rules in
each membrane is not done in a maximally parallel but in a sequential manner
(still keeping a parallelism at the system level); the non-deterministic evolution
of configuration is substituted by a definite transition following a predetermined
order. This corresponds to an ILP with the objective function as a weighted sum
of variables with predefined fixed weights.
In theory, membranes are borders without internal structures and material
consistence. The primary functionality of membranes is breaking new grounds for
computations and their size and their placement are not important. In this simulation, the membranes structures are replaced by the enclosed substances, i.e.,
the multisets of objects, evolution rules and children membrane architectures.
The objects exchange among parent membranes and children membranes is a
kind of bi-directional traversing behavior, which is the sufficient and unnecessary
conditions for the membranes’ containment relationships. Namely, the existing
of containment relation of membranes does not always means that there are
objects interchanges, not vice versa. The widely existing of bi-directional transfer for objects are handled as communications. In case of the possible objects
exchange invoked in after steps, the communications realized by data bus connecting to different parts of hardware are prearranged in all containment cases.
The interconnections are in direct proportion to children membranes. To avoid
the multiple buses used to connect the upper-immediate membrane to its plural
lower-immediate membranes, a bus links all the children membranes before it
connects to the upper-immediate membrane. The communication only presents
between upper-immediate membrane and upper-immediate membranes, its children membranes. There are no objects exchange among children membranes
or non-immediate contained membranes. In general, a membrane of P system
corresponding to an area of integrated circuits storing objects specifying multisets of objects and sets of rules. The containment relation of immediate-include
membranes is substituted by a bus connecting them.
The representation of the multisets of objects is implemented by using registers. Different registers just preserve different multiplicities of objects. A register
does not store the objects but only the vector of numbers indicating the multiplicity of each object. The order of these registers is in accordance with the lexicographic order of the alphabet of objects. The recognizing of an object is indirectly
realized by examining the position of the register storing the multiplicity of this
object. An evolution rule defined here is in the form of u → v(v1 , ini )(v2 , out),
where v1 is the string to be sent into lower-immediate membrane labeled i, v2
will be sent to upper-immediate membrane. The treatment employed to deal
with the formulation of evolution rules is storing the rules left-hand side and
right-hand side into different registers separately. The fact that rules are not the
processing unit or something like that makes the simulation becoming a region-

based implementation. A particular module is designed to determine whether a
rule is applicable. This module compares the left-hand side of a rule u with the
multiset of objects w present in the current membrane. If and only if u ≤ w, this
rule is applicable and this module will generate a signal Applicable = 1. Input
all the Applicable signals to an OR gate, the result of this logical gate can used
as a monitor to identify whether the evolution reaches halt configuration.
The transition of configurations of P system is realized deterministically and
concurrently, which is different to the general model. The consecutive transformation of configurations is regarded as the evolution process. This evolution
process is decomposed into micro-steps and macro-steps. The application of rules
enclosed by membranes is performed in terms of a predefined sequential order.
This deterministic execution of rules is conducted in micro-steps sequentially. If
a selected rule is applicable, the left-hand side of the rule u will be removed. Then
the right-hand sides v, v1 and v2 is stored in corresponding registers. The objects from the upper immediate membrane will be preserved in another register.
Although the micro-steps are carried out deterministically, they are performed
simultaneously in all membranes, until there are no applicable rules. The microsteps terminates when there are no applicable rules, i.e. the halt condition is
reached. All the registers are updated in line with associated rules in macrosteps.
The simulation considered and respected the priorities of applicable rules at
the beginning of each micro-step. By labeling the applicable rules with higher
priorities and storing the corresponding labels, applicable rules are executed in
accordance with their respective priorities. Besides, two additional features of
P system, the dissolution and creation of membranes, are simulated. When a
rule with membrane dissolving function is applied, its contents are owned by its
upper immediate membrane, setting the membrane Enable signal of the relevant
membrane to “0”. However, the connections and registers defining the dissolved
membrane still exist, for the hardware reconfiguration will cause the reconstruction of buses that connect different regions of the circuits. This scheme gives rise
to a disadvantage that the hardware resources cannot be released. The hardware
implementation of creating new membranes is executed in the initialization process of the P system since all the information about new membrane is known
from the specification of the system. The created membranes are inactive until
a membrane creating rules invoke them.
Nguyen simulation [47] In this simulation, a parallel computing platform
simulating membrane computing based on FPGA named Reconfig-P is developed [48, 43]. Reconfig-P is fabricated on the basis of the region-oriented idea
that regions worked as the computational entities communicating objects through
message passing. The functionality of these regions is exhibited by the set of evolution rules included. This transformation of the mentality is in line with the
intuitive conceptual understanding of a P system and the extensibility of the
Reconfig-P is enhanced. It can also simulate P systems in software to test and
to verify the planned evolutions configuration-by-configuration, then generates

hardware circuits when needed. P Builder, the software component of ReconfigP, specifies the P system concerned in software, converts the specification of P
system written in Java to Handel-C source codes. Software simulation of the
circuits to be constructed in light of hardware source codes is supported by P
Builder to test the functionality of circuits before mapping the codes to hardware
circuits.
The execution of a evolution step is divided into two phases: object assignment phase and object production phase. The maximal instance of each rule in
a region is determined in the object assignment phase. The update of multiplicity of objects is accomplished in the object production phase. The maximal
instance of the rules with higher priorities is computed before the rules with
lower priorities. Note that the consumption of objects for rules with higher priorities performed during the object assignment phase to save clock cycles. It
is assumed that all rules are assigned relative priorities. The priority status is
interpreted as temporal order which the region processing units should respect
in the assignment phase. Specifically, region processing units process rules in
line with priorities (expressed as temporal order), rules with same priority are
executed concurrently. The temporal order is determined at compile-time. It
should be noted that the region-oriented hardware implementation is designed
for the general case, there is no derivation mode to restrict the evolution. What
applied is just a rule not a multiset of applicable rules. The rules are applied
according to their priorities in rounds until no rules are applicable (using the
indirect iterative approach). Under this circumstance, the applicability of each
rule is non-stationary because of the existence of priorities. To avoid processing
inapplicable rules, the applicability status of each rule is checked at the outset
of the assignment phase and immediate after a applicable is applied to consume
some objects.
The membrane traversing behavior of objects is the origin of communication
between regions. The update of multiplicity of objects caused by rules with and
without traversing behavior is completed in the object production phase. When
different region processing units update the multiplicity value of the same object
at the same time a conflict occurs. To handle this conflict, two solution strategies, the space-oriented strategy and the time-oriented strategy are proposed. For
the space-oriented strategy, the register storing the object causing the conflict is
replicated to the same number of parallel process so that the respective processing unit updates the value in the assigned copy register. For the time-oriented
strategy, time delays are interleaved among the conflicting parallel processes so
that the updating is performed in different time. In fact in the rule-oriented design which will be detailed hereinafter, the solution for the conflict is basically
the same. The object production phase is completed in two clock cycles when
the space-oriented strategy is adopted. In the time-oriented strategy, considering
the traversing behavior of objects, the objects causing conflict are partitioned
as internal objects and external objects. The internal objects refer to the objects generated by the rules without traversing behaviors, while the external
objects refer to the opposite. The amount of interleaving inserted to the up-

dating process caused by the internal objects is conformed at compile-time. The
interleaving caused by the receiving of external objects is determined at run-time
for the region processing units work independently. They cannot aware of the
future transferring of objects. An method involves the semaphores is adopted to
determine the appropriate number of interleaving during the run-time.
To avoid the disorder of two phases and execute operations in parallel, the
synchronization of object assignment phase is indispensable. This synchronization is implicitly achieved by the communication of different region processing
units on channels. To observe the evolution transition-by-transition, a system
coordination processing unit is designed to coordinate the processing of region
processing units. Each region processing unit gets connected to the system coordination processing unit by specialized channels. When the system coordination
processing unit receives signals indicating the accomplishment of tasks from every region processing unit, the configuration evolves to next one. It might also
be noted that when a couple of processing units are communicating with each
other by passing objects, they cannot do any other jobs since the communication channels work in a synchronous mode. In consequence, the communications
among different processing units must be arranged advance to prevent the deadlock caused by the synchronous mode. In fact, the communication behaviors are
executed in different parallel branches to avoid the deadlock.
The extensibility of the region-oriented design is promoted on the basis of
representing membranes as processing units interact with two region processing units corresponding to inner and outer regions. A composition of the three
processing units can implement antiport rules. Particularly, the processing units
stand for the inner and outer regions send objects to the membrane processing
unit. Once the membrane processing unit makes a pair according to the definition of the antiport rule, it will send the coupled objects to the corresponding
regions.
6.2

Rule-based simulations

Rule-based approaches consider evolution rules as processing units performing
the update of multiplicities and of the membrane structure.
Nguyen simulation [44] [46] Every rule in all regions of the P system is represented as a processing unit synchronized by a global clock that implements the
parallel processing. However, a processing unit does not correspond a concrete
hardware component but corresponding to a potential infinite while loop which
includes codes related to the applying of the rules in Handel-C code. The tags of
information associated to execution and synchronization are contained in processing units as well. Each rule processing unit in a region is linked to the array
of registers containing multisets of objects. The containment relationships can be
described with the connections between processing units and arrays. Generally
speaking, a rule processing unit in a region is linked to the objects array that
located in the same region with the rule processing unit. If there are objects

traversing rules which imply the containment, connecting the rule processing
unit to the object array to which the rule will send objects contained in different
region. By this measure, the containment is realized.
As the theoretical exhibition of parallelism, different rules can and must
consume and produce the same kind of object simultaneously where necessary.
However, for the hardware implementation, conflicts occur when different processing units in a same region alter the multiplicities of the same objects at
the same time. This fact prevents the realization of theoretical parallelism. To
handle this collision, the operation of executing a rule is split into preparation
phase and updating phase. In the preparation phase, each processing unit calculates the maximal number of instance for a rule with a division operation that
divides the multiplicity of each objects by the number of corresponding object
defined in left-hand side of a rule. A serial of quotients will obtain. Apparently,
the minimum of the quotients is the maximum number of instance of a rule in
terms of the Buckets Effect. In fact, the computations of maximal number of
instances for rules are performed in an order with respect to the relative priorities among rules. In detail, counting the quantity of clock cycles consumed for
computing the maximal instance number of rules with higher priorities at first.
After that, an number of delay statements that equivalent to the number of clock
cycles consumed previously are interposed above the statements for computing
the maximum instance number of rules with lower priorities in the Handel-C
codes. For rules with the same priority, this calculation is executed in parallel.
In the updating phase, if the maximum number of instance of a certain rule
is larger than zero, then the rule is applicable. As stated before, when different
processing units updates the same multiplicity value of objects registers at the
same time, the conflicts arise. In order to resolve the conflict, P Builder construct
a conflict matrix to detect the possibility of conflicts firstly. A row of the matrix
is a four-tuple (p, q, r, s) whose p stands for an object, q is a region of the P
system, r represents the set of rules gives rise to the generation or consumption
of p in q, i.e. the set of rules which conflicts. s is the conflict degree of (p, q),
referring to the number of conflict rules included in set r. P Builder prevents
every processing unit from writing to the same register simultaneously on the
basis of the analyzing the conflict matrix. Likewise, the space-oriented strategy
and the time-oriented strategy are adopted to handle the conflict.
The synchronization is executed by three flags contained in the rule processing units. The region-level parallelism means that applicable rules in a region can
be executed in parallel and system-level parallelism implies that performs the
region-level parallelism concurrently. The simulation presented achieves regionlevel and system-level parallelism, while the non-determinism and other features
of membrane computing are left out.
Verlan and Quiros simulation [67] [54] From the most abstract point of
view, a P system can be regarded as a multiset rewriting system that objects
and rules are contained by a skin membrane. This abstraction is accomplished
by encoding children membrane structures as objects. The introduction of the

notion multiset rewriting system can simplifies the membrane architectures. As
prevailed in membrane computing, the evolving of configuration is accomplished
by applying applicable rules simultaneously and non-deterministically. The successive transitions of configurations define the computing process of P systems.
Because there is only one skin membrane, the solution collapses to complete solution and dynamic solution collapses to a feasible solution. In this simulation,
the complete solution defined in Section 4.1 is in the form of Applicable(Π, C, δ),
where Π denotes the P system, C the configuration and δ indicates the derivation
mode.
The target model is a static P system whose structure does not change during
the computation process. Since the P system is regarded as multisets rewriting
system with one skin membrane, the static P system does not embody inner
membranes. Namely, there is only one region. One complete solution corresponds
to one region under a certain configuration. The validity of a complete solution
persists during the “life time” of one configuration, once a randomly selected
solution is applied to evolve the present configuration to next one, the former
complete solution is no longer in force and the new complete solution generated implicitly. As remarked above, computing the complete solution should be
avoided. An elegant strategy was elaborated in order not to compute the complete solution, i.e. Applicable(Π, C, δ) but the cardinality of its elements. Then
a random value between 1 and this cardinality is taken. Finally, this number is
decoded to the corresponding solution.
Devising an algorithm which carries out the computation of the cardinality
and of the specific element of the complete solution in constant time on FPGA
is the key issue of the approach. A remarkable characteristic of FPGA is that
if the time consumed for executions of functions that do not exceed the cycle of the global clock is done in one cycle of FPGA, hence in constant time.
The computation of the cardinality and of the feasible solution is accomplished
by two functions hardwired into the circuit: N BV ariants(Π, C, δ), which gives
the number of solutions for the configuration C and V ariant(n, Π, C, δ), which
returns the n-th element of Applicable(Π, C, δ).
A concept named rules’ dependency graph is introduced to compute the
two functions above. The picture below depicts the rules’ dependency graph for
rules r1 : ab → u and r2 : bc → v. Assume that the derivation mode is maximal
parallelism (max).
r1

a

r2

b

c

Suppose that Na , Nb and Nc represent the number of objects a, b and c in C.
Let N1 = min(Na , Nb ), N2 = min(Nb , Nc ), N = min(N1 , N2 ), ki = Ni N ,1 ≤
i ≤ 2, where
denotes the positive subtraction. Let also p, q = 0, 1, 2, . . . , N .

From the dependency graph we cn deduce the following:
[ n p+k q+k o
Applicable(Π, C, max) =
r1 1 r2 2
p+q=N

N BV ariants(Π, C, max) = N + 1
V ariant(n, Π, C, max) = r1N −n+1+k1 r2n−1+k2 .
To verify the conclusion, Consider a configuration where Na = 5, Nb = 5 and
Nc = 3. It can be easily verified that N1 = min(5, 5) = 5, N2 = min(5, 3) = 3,
N = min(5, 3) = 3, k1 = N1 N = 5 − 3 = 2, k2 = N2 N = 3 − 3 = 0. Hence,
we can enumerate the elements of Applicable(Π, C, max) as bellow:
Applicable(Π, C, max)1 = r13+2 r20+0 = r15 , p = 3, q = 0
Applicable(Π, C, max)2 = r12+2 r21+0 = r14 r2 , p = 2, q = 1
Applicable(Π, C, max)3 = r11+2 r22+0 = r13 r22 , p = 1, q = 2
Applicable(Π, C, max)4 = r10+2 r23+0 = r12 r23 , p = 0, q = 3.
Apparently, the results are in line with the conclusions. The same results can
be easily obtained using formal powers associated to context-free languages.
In this case, the language LN = r1p r2q | p + q = N is regular and the generation function for LN is q0 = 1/(1 − x)2 . By expanding q0 to acquire the n-th
coefficient we obtain that [xn ]q0 = n + 1, which is the function to compute
N BV ariants(Π, C, max) = N + 1. The V ariant(n, Π, c, max) is computed using an algorithm that performs a weighted breadth-first search of the decomposition of n with respect to the number of variants found on each branch of the
automata execution.
Communications among different processing units do harmful to improve
the computing speed. For pursuing a better speed performance, modularity is
adopted to minimize the interconnections of configurable logic blocks. A layer
structure which just communicates with previous one is constructed to execute
the algorithm. Have in mind that P system is abstracted as a multisets rewriting
system with a skin membrane, the compartment is simplified. In consequence,
the rules and multisets of objects are the key materials for the implementation.
As usual processing scheme for multisets of objects, registers are employed to
store them in terms of configurations. While for the treatment of rules in this
implementation, there is no explicit mapping from rules to hardware components,
on account of the fact that not a single rule, but the dependency graph of
rules is fabricated for the construction of Applicable(Π, C, max) which can be
represented as a regular language. The entire process of the implementation is
split into several consecutive stages detailed bellow, which take charge of different
operations associated to phases of evolutions of configurations.
Persistence stage stores the states that the hardware system goes through.
A independent stage computes the maximal instance of each rule by means of
the dividing operation and MIN logic operation. Assignment stage in charge of

selecting a rule to be applied non-deterministically, and determines its instances.
Updating stage is responsible for updating the current configuration with the values from the previous stage. During Halting stage, the system inspects whether
the halting condition is reached, and once reached, stops the system.
The hardware system is separated into six blocks detailed as follows. controlBlock takes charge of supplying communications and control actions, including
logic related to halting conditions. Given a configuration, if Applicable(Π, C, max)
is empty, or the configuration stops to evolve, then the system halts. inoutBlock
links to the software which provides the communication with host computer.
persistenceBlock is used for saving and updating the current configuration and
partially examining the halting condition. independentBlock, which is independent of the derivation mode, receives the multisets of objects of the current
configuration from persistenceBlock and carries out division and multiplication
operations. The functionality of assignBlock corresponds to assignment stage.
A maximum instances of an applicable rule is sent to this unit to computes
N BV ariants(Π, C, max) and V ariant(n, Π, C, max). Each rule corresponds to
a sub-block executing the logic of the automaton which recognizes the regular language in terms of the dependency graph of rules. appBlock executes
V ariant(n, Π, C, max) to modify the multiplicity of objects to evolve the configuration to next one.
The implementation of the concerned P system is achieved by the last four
blocks. The four blocks consume one clock cycle to execute their work except
AssignBlock, which demand two clock cycles. Consequently, five clock cycles are
required to compute the N BV ariants(Π, C, max), V ariant(n, Π, C, max) and
to apply the generated solution. In this simulation, a new strategy implementing
non-determinism is proposed. This strategy based on representing the complete
solution as a regular language. The obtained performance speed is about 2 × 107
computational steps per second. As a disadvantage, this simulation is limitd to
the classes of P systems whose complete solutions can be represented as regular
languages.
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An Overview of Existing CUDA simulations

In [38], it is concluded that the GPU is a suitable platform to accelerate the
simulation of P systems because of the following features:
– Good performance: for example, the NVIDIA Tesla K40 delivers 1.43 TeraFLOPS double-precision peak floating point performance, 4.29 TeraFLOPS
of single-precision, and 288 GBytes/s of global memory bandwidth;
– An efficiently synchronized platform: GPU implements a shared memory
system, avoiding communication overload;
– A medium scalability degree: the amount of resources depend on the GPU
model, e.g. a K40 includes 2880 cores and 12 GBytes of memory. If the
resources of a GPU is not enough, there are more scalable solutions such as
multi-GPU systems, but they then require communication among nodes;

– Low-medium flexibility: although CUDA programming is based on C++,
and hence programmers are free to use the same data structures than in
CPU, both the algorithm and the data structure have to be adapted for best
performance on GPUs.
In the following subsections, the existing CUDA simulations are summarized,
by organizing into P system models.
7.1

Cell-like P systems

The first test of concept for simulating P systems on GPUs was applied to P
systems with active membranes using CUDA [10]. This simulator performs only
one computation out of the whole tree, in order to avoid non-determinism, by
requiring the confluence property to the simulated P systems. Bearing this in
mind, the “lowest-cost computation path” is selected: the one in which least
membranes and communication are required. This is achieved by giving preferences to rules that lead to least membranes (e.g. dissolution over division rules).
The simulation algorithm is composed of two main stages: selection and execution of rules. Selection is where the semantics of the model is actually simulated.
Rules are chosen by following the defined constrains, altogether with a number
of applications. The result of this stage is used for the next one, which is the
execution of the rules; that is, updating the P system configuration. This twostaged strategy allows to synchronize the application of rules within and among
membranes.
Both P systems and GPUs have a double-parallel nature [10], and this is
harnessed for implementing a mapping: (elementary) membranes are assigned
to thread blocks, and a subset of rules to threads. Each thread is in charge of
selecting rules for a portion of the defined objects in the alphabet. Note that
this is enough given that in P systems with active membranes, rules have no
cooperation. However, this mapping of parallelism is naive, since it assumes that
all the objects in the alphabet can be present within each membrane. This require
allocating memory space and assigning resources (threads) to all of them. This,
in fact, does not take place in the majority of P systems to be simulated, but
turns out to be the smallest worst case to handle. Thus, the performance of the
simulator completely depends on the simulated P system, and drops as long as
the variety of different objects appearing in membranes decreases.
The performance of the simulator was analysed on a GPU Tesla C1060 (240
cores, 4GB memory) by using two benchmarks [38]: a simple test P system
designed to stress the simulator (up to 7x of speedup), and a family of P systems
solving the SAT problem (1.67x of speedup).
Improvements to this design have followed [38], reporting up to 38x of acceleration when taking advantage of shared memory and data transfer minimization. By constructing a dependency graph, the set of rules of the input model
are arranged so that those having common objects in the left-hand side and in
the right-hand side (respectively) are more likely to be in a node. This reduces
communication given that thread blocks are assigned to nodes.

Another approach was to implement ad-hoc simulators for a specific family of
P system with active membranes solving SAT in linear time [11]. In this way, the
worst case assumed before (all objects defined can appear in every membrane) is
further reduced by analysing the upper bound to the number of existing objects
in membranes. In this way, the work done by threads is maximized, and the
design remains similar: a thread block is assigned to each elementary membrane,
and each thread to each object of the input multiset. The experiments carried
out on a NVIDIA Tesla C1060 GPU reported up to 63x of speedup. Further
developments took place focusing on this family of simulators, with the aim at
being better tailored to newer GPU architectures, and also to enable multi-GPU
systems and supercomputers [11].
A related work was to explore which P system ingredients are better suited
to be handled by GPUs. To this aim, another solution to SAT based on a family
of tissue P systems with cell division was simulated [38]. The design is similar
to the one for cell-like models: each thread block is assigned to each cell, but the
number of objects to be placed inside each cell in the memory representation is
increased, respecting to the solution in active membranes. On the contrary, this
simulator does not need to store nor handle charges associated to membranes.
Experiments on a NVIDIA Tesla C1060 GPU leaded to speedup by 10x. This
showed that using charges associated to membranes helped to save instantiation
of objects, and so, they entail a lightweight ingredient to be processed by threads.
7.2

Population Dynamics P systems

Population Dynamics P (PDP) systems are multienvironment, where in each
environment, a cell-like P system is placed. They have been successfully used
as a modelling framework for real ecosystems. Thus, their efficient simulation
is critical for virtual experimentation and experimental validation. Simulators
for PDP systems typically run several simulations in order to extract statistical
information from the models.
A CUDA simulator for PDP systems was presented in [39]. The selected
simulation algorithm was the DCBA [40], since it provides better accuracy in
the simulation results. The selection of rules in DCBA consists of three phases:
phase 1 (distribution of objects), phase 2 (maximality) and phase 3 (probability).
This algorithm uses a distribution table in order to distribute the objects in a
proportional way between competing rules, i.e. with overlapping left-hand sides.
Moreover, rules are grouped into rule blocks, when having the same left-hand
side.
The CUDA simulator for PDP systems [39, 38] uses a design based on the
following: environments and simulations are distributed through thread blocks,
and rule blocks among threads. Phases 1, 3 and 4 are efficiently managed by the
GPU, but Phase 2 can become a bottleneck. For phase 3, a random binomial
variate generation library was developed, so that binomial and multinominal distributions were supported for random number generation. In a first benchmark
using a set of randomly generated PDP systems (without biological meaning),

speedups of up to 7x were achieved on a Tesla C1060 with respect to a multicore version. The simulator was validated and tested by using a known ecosystem
model of the Bearded Vulture in the Catalan Pyrenees, leading to speedups of
up to 4.9x with a C1060, and 18.1x using a Tesla K40 GPU (2880 cores).
7.3

Spiking Neural P systems

Parallel simulation of Spiking Neural P (SNP) systems has been based on a
matrix representation so far [71]. The simulation algorithm uses the following
vectors and matrices:
– Spiking transition matrix: stores information about rules, and is employed
for computing transitions. It assigns a row per rule and a column per neuron.
– Spiking vector: defines a selection of rules to be fired in a transition step,
using a position per rule. Given the non-deterministic nature of SNP systems,
there are more than one spiking vector.
– Configuration vector: defines the number of spikes per neuron, that is, the
configuration in a given time.
CuSNP is a simulator for SNP systems which is written in Python and the
CUDA kernels were launched by using the binding library PyCUDA. For the
first approach, SNP systems without delays were simulated by covering each
computation path in parallel, leading to speedups of up to 2.31x [38]. Further
extensions have followed, enabling delays, support of more types of regular expressions and input of P-Lingua files [9]. These leaded to up 50x of acceleration
on a GTX750 GPU.
Furthermore, the simulation of Fuzzy Reasoning Spiking Neural (FRSN) P
systems on the GPU was explored [31]. FRSNP systems allows modeling fuzzy
diagnosis knowledge and reasoning for fault diagnosis applications. The simulation algorithm is also based on a matrix representation and vector-matrix operations. The employed simulation framework was pLinguaCore, so the CUDA
kernels were launched by using the binding library JCUDA.
7.4

Other models

Enzymatic Numerical P systems has been employed for modelling robot controllers, being significant for the Artificial Intelligence. A CUDA simulator was
developed [38], where the selection of applicable programs was first applied,
second, the calculation of production functions, and third, distribution of production function results according to repartition protocols. Production functions
are computed using a recursive solution. Simulators were implemented in Java
(inside pLinguaCore) and C programming languages as standalone tools. On a
GeForce GTX 460M, the achieved speedup was of up to 11x.
Evolution-Communication P systems with Energy (ECPE) [38] were also target for a CUDA simulation. The employed simulation algorithm used a matrix
representation and linear-algebra based algorithm, similarly as for the spiking
neural P systems simulator: a configuration vector, a trigger matrix, an application vector and a transition vector.
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Other Approaches

Besides FPGA based and CUDA-enabled GPU based hardware platforms developed for the implementation (or simulation, the two terms are equivalent in the
context) of P systems, the micro-controller is another hardware device which
is taken into account by the researchers. A serial algorithms and their hardware circuits designs in terms of the exhaustive investigation line focusing on
implementing the transition of configurations of P systems are developed. The
nascent researches do not confine to concrete hardware devices, just designing
the circuits aiming at simulating certain operations of particular P systems with
registers, logical gates, magnitude comparators, and data buses.
In [19], a digital circuit is presented to select active rules in the current
configuration. Each evolution rule is represented by 2 hardware registers. The
first register characterizes the left-hand side (antecedent) of a rule, and the other
specify the right-hand side of the rule, which determines whether the rewritten
objects go out from the current membrane or stay where they are, or go in to
inner membranes. By comparing the left-hand side of each rule with the multiset
of objects in a region, the applicability of every rule can be determined. In
succession, an algorithm computing the number of the application of active rules
given the multiset of objects and evolution rules [34]. The corresponding circuit
is composed of registers, logical gates, multiplexer and sequential elements. The
computation process is bounded. In [27], a P system circuit is constructed by
means of a micro-processor PIC16F88 plus the storage component 24LC1025,
which connected by a I2C bus. The shortcoming of insufficient storage capacity of
micro-processor is overcame by the introduced external memory. The flexibility
of the circuit is acceptable for modifying the structure is not necessary. The
circuit is depicted in Figure 7.

Fig. 7: A micro-processor based P system circuit from [27].

As the further research of [34], in [35], the improved algorithm and its circuit
calculating the application times of active rules are investigated. The computing
process can be complete in minor steps and the theoretical performance is optimized. In [3], a circuit tries to implement the inherent parallelism of P system
is drafted. Towards the parallelism, the treatment to rules is similar with the
thought regional solution defined in section 4, namely, what applied is a multiset
of rules instead of a single rule. An operating environment is elaborated in [8]
which performs the automatic transforming of tasks involved in the hardware
simulation of P systems, including loading, execution and interpretation, into a
distributed framework constructed on micro-controllers. The execution results of
the circuit, which are in the form of binary data, can be interpreted to a transparent form. What should be emphasized here is that all the hardware circuits
introduced are just on the blueprints which do not put into practice. They are
theoretical analysis, the actual functionality and performances are unknown, unlike the FPGA based and CUDA based hardware implementations/simulations
which are carried out practically.
As a new attempt for implementing neural P systems on different hardware,
DRAM-based CMOS circuits are adopted to construct elementary Spiking neural
P systems, which had not been implemented on FPGA but on CUDA hardware.
We do not carry out an in-depth discussion about this topic given the length of
the article, interested people can refer to [70] for more details.
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Conclusions

In this article we gave an overview of different hardware implementations of P
systems. The FPGA approach is very promising, yielding truly parallel implementations, but it requires a considerable amount of work as the corresponding
hardware architecture should be created from scratch. Moreover, the hardware
description languages like VHDL are very low-level and the programming in such
languages tend to be extremely tedious.
By contrast, CUDA approach features a powerful unique hardware platform
that can be programmed using standard C/C++ language. While it gives less
freedom and accuracy, this approach gives a good trade-off between complexity,
scalability and maintenance.
The central problem in both approaches – the object distribution problem
– was tackled from different points of view, the most fruitful attempts being
the variations of the DND algorithm and direct approaches using mathematical
properties of the dependency relation between rules. Future research can be
done in this direction by providing new classes of P systems suitable for the
precomputation of possible rule applications. Another research direction is given
by the construction from Section 5, which features a novel reduction of the
object distribution problem to ILP. This reduction handles well the maximal
parallelism and allows to define criteria for the choice of the solution. Then, it
would be possible to use existing solvers and algorithms to quickly obtain the
desired solution.

Finally, as a future research interest we mention the implementation of different features of P systems like membrane creation/dissolution, as well as nonclassical variants of P systems like numerical P systems.
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68. S. A. Villaverde, L. F. Muñoz, F. A. Montoro, and F. J. G. Rubio. A circuit
implementing massive parallelism in transition P systems. International Journal
Information Technologies and Knowledge., 2(1):35–42, January 2008.
69. N. Wilt, editor. The CUDA Handbook:A Comprehensive Guide to GPU Programming. Addison Wesley, 2013.
70. Z. Xu, M. Cavaliere, P. An, S. Vrudhula, and Y. Cao. The stochastic loss of spikes in
spiking neural p systems: Design and implementation of reliable arithmetic circuits.
Fundamenta Informaticae, 134(1-2):183–200, 2014.
71. X. Zeng, H. Adorna, M. A. Martı́nez-del-Amor, L. Pan, and M. J. Pérez-Jiménez.
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Abstract. This paper presents a novel approach for detecting fault lines in a small current grounding system using fuzzy reasoning spiking neural P systems. In
this approach, six features of current/voltage signals in a small current grounding
system are analyzed by considering transient and steady components, respectively; a fault measure is used to quantify the possibility that a line is faulty; information gain degree is discussed to weigh the importance of each of the six features;
rough set theory is applied to reduct the features; and finally a fuzzy reasoning
spiking neural P system is used to construct fault line detection models. Six cases in a small current grounding system verify the effectiveness of the introduced
approach.
Keywords: Membrane computing; P system; spiking neural P Systems; fault
line dectection; feature analysis; information gain degree; rough set theory

1

Introduction

As a rapidly developing branch of natural computing, membrane computing, initiated
by Păun [1], focuses on the investigations of a computational model, called a membrane
system or a P system, abstracting from the structure and functioning of living cells,
as well as from the way the cells are organized in tissues or high order structures.
Numerous variants of P systems have Turing computing power [2,3,4,6,7,8] or can solve
computationally hard problems in a polynomial time [9,10,11,12,13]. Inspired by the
information processing principles in a living cell, a P system has the characteristics,
such as distribution, parallelism and expansibility, and is suitable to solve a variety of
practical problems [14], such as engineering optimization [15,16], languages generation
[17,18] and modelling biological and ecological systems [19].
In recent years, much attention is paid to spiking neural P systems (SN P systems), whch was introduced in 2006 [3] by considering the neurophysiological behavior
?
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of neurons sending electrical impulses (spikes) along axons from presynaptic neurons to postsynaptic neurons. Except for theoretical results [20,21], SN P systems have
been widely used to solve various application problems, such as combinatorial and engineering optimization problems [22,23], signal recognition[24], arithmetic operations
[25,26,27] and fuzzy knowledge representation [28]. A particular interest is the combination of SN P systems with fuzzy set theory, called fuzzy membrane computing
[29], to solve fault diagnosis problems with respect to transformers [30,31], transmission lines [32,33,34,35], traction power supply systems of high-speed railways [36] and
metro traction systems [37], in electric power systems. In general, there are two kinds
of fuzzy reasoning spiking neural P systems (FRSN P systems) [29]: fuzzy reasoning
spiking neural P system with real numbers (rFRSN P systems) [30] and fuzzy reasoning
spiking neural P systems with trapezoidal fuzzy numbers (tFRSN P systems) [32].
This work is motivated by two sides. On the one hand, the application extension of
FRSN P systems requires further discussions. On the other hand, the fault line detection in a small current grounding system is a very important problem and its detection
accuracy needs to be enhanced [38,39]. In China, most of medium-voltage distribution
networks are known as small current grounding systems. Furthermore, about 70%–80%
of the faults in distribution networks results from single-phase grounding. Therefore,
the fault line detection problem with respect to single-phase grounding in a small current grounding system is a very typical type of fault diagnosis in an electrical power
system [40,41,42,43]. Thus, a novel approach for detecting fault lines in a small current
grounding system using FRSN P systems is proposed to enhance the accuracy. This approach first analyzes six features of current/voltage signals in a small current grounding
system by considering transient and steady components, respectively. Then, the possibility that a line is faulty is quantified by uing a fault measure. Next, information gain
degree is used to weigh the importance of each of the six features and rough set theory is discussed to reduct the features. Finally, FRSN P systems are used to construct
fault line detection models. The effectiveness of the introduced approach is verified by
several typical cases of fault line detection in a small current grounding system.
The oranization of this article is as follows. Section 2 describes the fault line detection problem in a small current grounding system. Section 3 presents the proposed
approach in detail. In Section 4, six typical cases are used to conduct the experiments.
Conclusions are finally drawn in Section 5.

2

Problem Description

In this paper, a 110kV/35kV distribution network with 6 feeders is considered. The
simplified model of a distribution network is shown in Fig. 1. When a single-phase-toground fault occurs in the distribution network, any one of the 6 lines, Lines 1–6, or
the bus may be the faulty line. If the fault distribution network lasts for a long time,
there will be much effect on the safe and stable operation of the distribution network,
and even significant security incidents may happen, therefore, it is required to take a
proper measure to deal with the fault so as to restore power supply as soon as possible.
When a line is faulty, the distribution network will generate zero sequence voltage and
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Line 1

Line 2
Line 3
Line 4

Line 5
Line 6
F
Fig. 1. Simplified model of a distribution network

current. As usual, there is much difference in phase and amplitude of zero sequence
current between the fault line and normal fault line.
Now the widely used techniques are that a certain number of features are used to detect fault lines. There are three main techniques: steady state method, transient method
and information fusion method. The steady state method is to select fault line by extracting the steady state fault characteristics of the distribution network, such as zero
sequence current amplitude and phase, admittance, harmonic, power [40,41,42,43]. But
these fault characteristics are easily affected by the way of neutral point grounding and
different fault grounding methods. With the development of signal processing technology, the transient component that contains a lot of fault information is considered
to detect the fault line. In [44], the wavelet transform was usd to extract the features
from zero sequence current of each feeder and the fault line detection is realized by
comparing the polarity. Wavelet analysis has a good characteristic of time-frequency
localization and can decompose the signal into different frequency bands, so it is especially suitable for the analysis of non stationary signals and transient signals. In [45],
a neural network was used to detect the fault line detection. In [46], a comprehensive
fault line selection method based on fuzzy theory was discussed. In [47], an information
fusion method based on D-S Evidence Theory was presented to detect fault lines in a
small current grounding system.

3

Proposed Approach

The fault line detection approach for a small current grounding system consists of four
processes: feature analysis, fault measure calculation, feature information fusion and
fault line detection model construction. Fig. 2 shows the framework of this approach.
This paper considers both transient and steady components features of current or voltage
signals. In the process of feature information fusion, information gain degree is used to
weigh the importance of features and rough set theory is applied to reduct the features.
Fault line detection model is constructed by using fuzzy reasoning spiking neural P
system with real numbers (rFRSN P systems). In what follows, the processes will be
described step by step.
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Zero sequence
current/voltage signals
Transient component
signal features

Steady component
signal features

Fault measures

Features reduction
using rough set theory

Information gain degree

Fault line detection model with
rFRSN P systems

Output fault lines
Fig. 2. Framework of fault line detection approach

3.1

Feature Analysis

When a single-phase-to-ground fault occurs in the distribution network, the steady-state
characteristics are mainly analyzed in the time domain. The fault current in the fault line
is the ground capacitance current with the direction from the bus to the line, or it is the
sum of the capacitance current in other lines with the direction from the line to the bus.
The transient characteristics are analyzed in the frequency domain, including the amplitude, phase and energy of transient zero sequence current. To intuitively show the
features, this study considers the system as an example, which has a single phase to
ground fault at 0.02s, the transition resistance (R0 ) is 0.2Ω, 20Ω, 2000Ω, representing the metal grounding, low impedance grounding and high impedance grounding,
respectively. In the sequel, the first four features of steady components and the last two
features of transient components are analyzed by using different methods.
(1) Zero sequence current analysis: when the neutral non-grounding system has a
single phase grounding fault, the amplitude of the zero sequence current in the
fault line equals the sum of the zero sequence currents in all the normal lines.
The direction of the zero sequence current in the fault line is from the line to the
bus and the direction of the zero sequence current in the normal line is from the
bus to the line. Thus, if the amplitude of the zero sequence current in a line is
equal to the sum of the amplitude of the zero sequence current in other lines, the
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direction is opposite to the other lines, which indicates that the line is a fault line.
Fig. 3 shows the comparisons of zero sequence current between normal and falut
lines, which refer to the lines in a neutral non-grounding system and a neutral
grounding system, respectively.
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Fig. 3. Zero sequence current comparisons between normal and fault lines

(2) Zero-sequence reactive power analysis: the zero sequence reactive power is the
product of the corresponding zero sequence current and voltage. Fig. 4 shows
the comparisons of zero sequence reactive power between normal and falut lines,
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which refer to the lines in a neutral non-grounding system and a neutral grounding system by using arc extinction coil, respectively. In the neutral non-grounding
system, the zero sequence reactive component of the fault line is opposite to the
zero sequence reactive component of the normal line, and its amplitude is bigger
than that of the zero sequence reactive component of the normal line.
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Fig. 4. Zero sequence reactive power comparisons between normal and fault lines

(3) Zero sequence admittance analysis: In the neutral non-grounding system, the admittance angle of the normal line is in the first quadrant of the admittance plane
angle, while the admittance angle of the fault line is in the third quadrant. In

A Novel Approach for Detecting Fault Line

7

300

300
Zero sequence admittance (degree)

Zero sequence admittance (degree)

the neutral grounding system by arc extinction coil, the admittance angles of the
normal line and the fault line are in the first and second quadrant, respectively.
Fig. 5 shows the comparisons of zero sequence admittance angles between normal and falut lines, which refer to the lines in a neutral non-grounding system
and a neutral grounding system by using arc extinction coil, respectively.
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Fig. 5. Zero sequence admittance angle comparisons between normal and fault lines

(4) The fifth harmonic analysis: the zero sequence current in a fault line contains a
large number of odd harmonics, while the arc suppression coil will not greatly affect the magnitude and direction of the harmonic, so the harmonic can be
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used to detect the line. With the increase of harmonic frequency, the harmonic
content becomes lower, so the fifth harmonic is usually used to realize fault line
detection. Fig. 6 shows the comparisons of the fifth harmonic between normal
and falut lines, which refer to the lines in a neutral non-grounding system and a
neutral grounding system by using arc extinction coil, respectively.
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Fig. 6. The fifth harmonic amplitude comparisons between normal and fault lines

(5) Wavelet waveform analysis of zero sequence current: the zero sequence current
is decomposed into four layers by using wavelet transform, and the correspond-
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ing wavelet decomposition waveforms at scale 4 is shown in Fig. 7, where the
waveforms in (a)–(f) are obtained from the neutral unearthed system and the rest
figures (g)–(l) are gained from the neutral grounding system by using arc extinction coil. The wavelet energy polarity of the zero sequence current in the fault
line is the opposite of the normal line, and the amplitude is the maximum. Thus,
the fault line can be identified by comparing the energy amplitude and polarity
of the zero sequence current.
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Fig. 7. Wavelet waveform comparisons of zero sequence current between normal and fault lines

(6) Transient zero sequence current analysis: the direction and distribution of transient zero sequence currents shows similar phenomena to those of steady-state
zero sequence currents. Fig. 8 shows the comparisons of the products of zero
sequence current between normal and fault lines, which refer to the lines in a
neutral non-grounding system and a neutral grounding system by using arc extinction coil, respectively.
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Fig. 8. Comparisons of the products of zero sequence current between normal and fault lines

The analysis of the features discussed in this section indicates that there exists difference between normal and fault lines so that the features can be used to detect the
fault line in a small grounding system.
3.2

Fault Measure

Following the feature analysis, a fault measure is discussed to quantify the possibility of
a fault line [48,49]. This article defines a fault measure as a real variable between 0 and
1. The smallest and biggest values 0 and 1 indicate that the line is normal and is faulty,
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respectively. Suppose that the number of lines in a distribution network is N and the
number of fault line detection methods is P . The fault measure function is constructed
by adopting line detection method p (p = 1, 2, . . . , N ) for line k (k = 1, 2, . . . , N ) is
Xp (k) = Xrp (k)Xap (k)

(1)

where Xrp (k) is the relative fault measure function reflecting the difference of the fault
measures between one line and the other lines in the distribution netowrk; and Xap (k) is
the reliability fault measure function reflecting the reliable degree of the fault measure.
As usual, different specific calculation methods are used for different fault features.
To elaborate on the fault measure, we take the zero sequence current as an example.
In a small current grounding system, the absolute values of the magnitudes of the zero
sequence current in the fault line are equal to the sum of the absolute values of the
amplitudes of all theP
normal lines. For line k, the magnitude of the zero sequence current
N
is |Ik |. If x = |Ik |/ n=1 |In | is big, the line tends to a fault line, conversely, the line
is inclined to a normal one. The relative fault measure function of the line is described
as follows:

Xr1 (k) =



1,

2N
x
 N −1



−

1
N −1 ,

0,

x ≥ 0.5;
1
2N < x < 0.5;
1
.
x ≤ 2N

(2)

About the reliability fault measure function, when a single-phase-to-ground fault
occurs in the system, the amplitudes
PN of the zero sequence current in all lines reach to
the maximum. If x = |Imax |/ n=1 |In | is big, the fault characteristics of this method
are obvious, on the contrary, they are not obvious. The reliability fault measure function
of the line is described as follows:

Xa1 (k) =



1,

10N
x
 5N −6



3.3

−

6
5N −6 ,

0,

x ≥ 0.5;
3
5N < x < 0.5;
3
.
x ≤ 5N

(3)

Information Gain Degree

Information gain degree is introduced to weigh the importance of the six types of fault
features in a small current grounding system. Suppose that X is the data for a particular
sample group like the lines in this paper and A is the attribute set for the fault line
detection methods, A = {P1 , P2 , . . . , Pm }. The lines are divided into two types: fault
and normal ones. So X = {X1 , X2 }, where |Xi | is the number of sample instances of
class i and |X| is the total number of sample instances of X.
If P (Xi ) is the probability that a sample instance belongs to class i, then
P (Xi ) =

|Xi |
|X|

(4)
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Assume that M (X) is the degree of uncertain information about X and it is
m
X
M (X) =
[−P (Xi ) log2 P (Xi )]

(5)

i=1

where method P has the characters p1 , p2 , . . . , pj . In the case of P = pj , Cij is the
number of sample instances of class i and Yj is the total number of sample instances,
thus, the probability P (Xi |P = pj ) is
Cij
(6)
|Yi |
According to (6), the conditional entropy of P and the classification information
entropy are described as
P (Xi |P = pj ) =

M (X, P = pj ) =

X
[−P (Xi |P = pj ) log2 P (Xi |P = pj ))]

(7)

j

B(X, P ) =

X
[P (Xi |P = pj )M (X, P = pj )]

(8)

j

The information gain of P is
∆Qp = M (X) − B(X, P ) = M (X) −

X

[P (Xi |P = pj )M (X, P = pj )]

(9)

j

The information gain degree is normalized and the weight of the line detection
method is
Xmp (k) =
3.4

∆Qp
Σ∆Q

(10)

Rough Set Theory

In this study, rough set theory is used to reduct the fault features in a small current
grounding system. Rough set theory is a tool to analyze the incomplete and imprecise
data [50]-[51]. It is used to simplify the rule reduction through information system
containing condition attributes and decision attributes. The main ideas of rough set
theory include knowledge reduction and domain reduction, which are described in a
very brief way as follows:
(1) Knowledge reduction
Sppose that R is an equivalent relation, r ∈ R. If ind(R) = ind(R − {r}), then
r can be omitted, otherwise, r can not be omitted.
(2) Domain reduction
T
Suppose
that F = {X1 , X2 , . . . , Xn } is a set family, Xj ∈ U . If (F −{Xi }) =
T
F , then Xi can be omitted. Domain reduction can delete the same decision
rules and redundant attribute values in an information system so as to obtain the
minimal solution.
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In this paper, the condition attributes are the fault line detection methods and the
decision attribute decides whether a fault detection method corresponding to a kind
of features is correct or not. Conditional attributes require to be discretized. Thus, this
method is used to simplify the condition attributes and eliminate some unnecessary condition attributes and redundant decision rules. Finally, the decisive solution is obtained.

3.5

Fault Line detection Models with rFRSNPS

In this section, a fuzzy reasoning spiking neural P system with real numbers (rFRSNPS)
[30] is used to build the fault line detection model. The definition of rFRSN P system is
rist briefly described. Subsequently, the reasoning algorithm and fuzzy production rules
of fault line detection are discussed. Finally, the fault line detection model is presented.

3.5.1 Fuzzy reasoning Spiking neural P systems
The definition of rFRSNPS [30] is described as follows:
Definition: An rTFRSN P system with real numbers (with degree m ≥ 1) is a construct
Π = (O, σ1 , . . . , σm , syn, in, out)
where:
(1) O = {a} is the singleton alphabet (a is called spike);
(2) σ1 , . . . , σm are neurons consisting of proposition and rule neurons. Proposition
neurons have the form σi = (θi , ri ), 1 ≤ i ≤ s. Rule neurons have the form
σi = (δi , ci , ri ), 1 ≤ i ≤ m, where
(i) θi is a real number in [0, 1] representing the potential value of spikes (i.e.,
the value of electrical impulses) contained in proposition neuron σi .
(ii) δi is a real number in [0, 1] representing the potential value of spikes (i.e.,
the value of electrical impulses) contained in proposition neuron σi .
(iii) ci is a real number in [0, 1] representing the truth value associated with rule
neuron σi and is identical with the certainty factor of the fuzzy production
rules corresponding to rule neuron σi .
(iv) for both proposition neurons and rule neurons, ri represents a firing (spiking) rule contained in neuron σi with the form E/aθ → aβ , where θ and
β are real numbers in [0, 1], E = {an } is the firing condition. The firing
condition means that if and only if neurons σi receives at least n spikes,
then the firing rule contained in the neuron can be applied, otherwise, the
firing rule cannot be applied;
(3) syn ⊆ {1, 2, . . . , m} × {1, 2, . . . , m} with i 6= j for all (i, j) ∈ syn, 1 ≤ i, j ≤
m, is a directed graph of synapses between the linked neurons;
(4) in, out ∈ {1, 2, . . . , m} indicate the input neuron set and the output neuron set
of Π, respectively.
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3.5.2 Reasoning algorithm
In order to present a reasoning algorithm for rFRSNPS, some parameter vectors and
matrices are described as follows (s represents the number of proposition neurons, t
represents the number of rule neurons and s + t = m):
(1) θ = (θ1 , θ2 , . . . , θs )T is a real truth value vector of s proposition neurons, where
θi (1 ≤ i ≤ s) is a real number in [0, 1] representing the potential value contained
in the ith proposition neuron. If there is not any spike contained in a proposition
neuron, its potential value is 0.
(2) δ = (δ1 , δ2 , . . . , δt )T is a real truth value vector of t rule neurons, where δj (1 ≤
j ≤ t) is a real number [0, 1] representing the potential value contained in the
jth rule neuron. If there is not any spike contained in a rule neuron, its potential
value is 0.
(3) C = diag(c1 , c2 , . . . , ct ) is a diagonal matrix, where cj (1 ≤ j ≤ t) is a real
number in [0, 1] representing the certainty factor of the jth fuzzy production
rule.
(4) D1 = (dij )s×t is a synaptic matrix representing the directed connection from
proposition neurons to general rule neurons. If there is a directed arc (synapse)
from the proposition neuron σi to the general rule neuron σj , dij = 1, otherwise,
dij = 0.
(5) D2 = (dij )s×t is a synaptic matrix representing the directed connection from
proposition neurons to and rule neurons. If there is a directed arc (synapse)from
the proposition neuron σi to the and rule neuron σj , dij = 1, otherwise, dij = 0.
(6) D3 = (dij )s×t is a synaptic matrix representing the directed connection between
proposition neurons and or rule neurons. If there is a directed arc (synapse) from
the proposition neuron σi to the or rule neuron σj , dij = 1, otherwise, dij = 0.
(7) E = (eji )t×s is a synaptic matrix representing the directed connection between
rule neurons and proposition rule neurons. If there is a directed arc (synapse)
from the rule neuron σj to the proposition neuron σi , eji = 1, otherwise, eji = 0
Subsequently, we introduce following three multiplication operations:
(1) ⊗: DT ⊗ θ = (d¯1 , d¯2 , . . . , d¯t )T , where d¯i = d1j ∗ θ1 + d2j ∗ θ2 + . . . +dsj ∗ θs ,
j = 1, 2, . . . , t.
(2) ⊕: DT ⊕ θ = (d¯1 , d¯2 , . . . , d¯t )T , where d¯i = min{ d1j ∗ θ1 , . . . , dsj ∗ θs },
j = 1, 2, . . . , t.
(3) : ET θ = (e¯1 , e¯2 , . . . , e¯s )T , where e¯i = max{ e1i ∗δ1 , . . . , eti ∗δt }, i = 1, 2,
. . . , s.
Thus, a description of a fuzzy reasoning algorithm for an rFRSN P system is presented.
Step 1: Let g = 0 be the reasoning step;
Step 2: Set initial values of D1 , D2 , D3 , E, C and the termination condition 0 =
T
(unknown, . . . , unknown)1×t . The initial values of θ and δ are set to θg = (θ1g , θ2g ,
. . . , θsg ) and δg = (δ1g , δ2g , . . . , δtg ), respectively;
Step 3: g is increased by one.
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Step 4: The firing condition of each input neuron (g = 1) or each proposition neuron
(g > 1) is evaluated. If the condition is satisfied and there is a presynaptic rule neuron,
the neuron fires and transmits a spike to the next rule neuron.
Step 5: Compute the fuzzy truth value vector δg according to (11):
δg+1 = (DT1 ⊗ θg ) + (DT2 ⊕ θg ) + (DT3

θg )

(11)

Step 6: If δg = 01 , the algorithm stops and outputs the reasoning results, otherwise,
the algorithm continues.
Step 7: Evaluate the firing condition of each rule neuron. If the condition is satisfied,
the rule neuron fires and transmits a spike to the next proposition neuron.
Step 8: Compute the fuzzy truth value vector θg according to (12). Then, the algorithm goes to Step 3:
θg ) = ET (C ⊗ δg )
(12)
3.5.3 Fuzzy production rules of fault line detection
The rFRSN P systems contains two types of neurons: proposition neurons and rule
neurons, the rule neurons also express the fuzzy production rules. In this paper, we will
describe three different kinds of fault line selection rules for rFRSN P system.
(1) (General Rules) Ri (CF = ci ): IF pj (θj ) THEN pk (θk ), where pj and pk represent propositions, ci represents the certainty factor of rule Ri , it is a real number
belong to [0,1], θj and θk are real numbers in [0,1] representing the truth values
of pj and pk , the truth value of pk is calculated as θk = θj ∗ ci
(2) (And Rules) Ri (CF = ci ): IF p1 (θ1 ) and . . . and pk−1 (θk−1 ) THEN pk (θk ),
where p1 , . . . pk are proposition, ci represents the certainty factor of rule Ri , it
is a real number belong to [0,1], θ1 , . . . θk are real numbers in [0,1] representing
the truth values of p1 , . . . pk , the truth value of pk is calculated as θk = min(θ1 ,
. . . , θk−1 ) ∗ ci .
(3) (Or Rules) Ri (CF = ci ): IF p1 (θ1 ) and . . . and pk−1 (θk−1 ) THEN pk (θk ),
where p1 , . . . pk are proposition, ci represents the certainty factor of rule Ri , it
is a real number belong to [0,1], θ1 , . . . θk are real numbers in [0,1] representing
the truth values of p1 , . . . pk , the truth value of pk is calculated as θk = max(θ1 ,
. . . , θk−1 ) ∗ ci .
3.5.4 Fault line detection model
Based on the fuzzy production rules of fault line detection discussed above, we can
establish the fault line detection model with rFRSNPS for a line. The model is shown
in Fig. 9, where b, c, d, f and P1 represent the fault line measure values of the zero
sequence current phase, the zero sequence reactive power, the zero sequence admittance
amplitude, the transient zero sequence current and fused fault measure, respectively.
The rFRSNPS for fault line detection is described as follows:
Π1 = (O, σ1 , σ2 , . . . , σ18 , syn, in, out)
where
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b
c

d

f
Fig. 9. A certain line of fault line selection model with rFRSNPS

(1) O={a} is the singleton alphabet (a is called spike);
(2) σ1 , . . . , σ11 are proposition neurons corresponding to the propositions with fuzzy
truth values θ1 , . . . , θ11 ;
(3) σ12 , . . . , σ18 are rule neurons, where σ12 , σ15 are general rule neurons; σ16 , σ17
are and rule neurons; σ18 are or rule neurons;
(4) syn = {(1, 12) , (2, 13), (3, 14), (4, 15), (5, 16), (5, 17), (6, 16), (7, 17), (8, 16),
(8, 17), (9, 18), (10, 18), (12, 5), (13, 6), (14, 7), (15, 8), (16, 9), (17, 10), (18, 11),};
(5) in={σ1 , . . . , σ4 };
(6) out={σ11 }.

4

Case Studies

The distribution network system shown in Fig. 1 is simulated on MATLAB/Simulink
to obtain training and testing samples for verifying the fault line detection. The system
uses overhead lines. The sampling frequency is set to 100kHz. The simulation time is
0.2s. The parameters of source, transformer and line are shown in Table. 1. In the neutral
ungrounded system, the testing samples are considered for several values of fault initial
phase, fault location and transition resistance as follows:
(1) Fault initial phase: 0, 45 and 90 degrees.
(2) Fault location: 10%, 50% and 90% of lines 1 to 6.
(3) Transition resistance: 0.2, 20 and 2000 ohms.
In the process of the simulation experiment, we collect 162 features from each of
lines 1 to 6 and totally 972 zero sequence signal features as data sets. Next, the fault
line measure values of the zero sequence current amplitude, the zero sequence current
phase, the zero sequence reactive power, the zero sequence admittance amplitude, the
wavelet energy of zero sequence current and the transient zero sequence current can be
calculated by using the zero sequence signal. In what follows, six cases in the small
current grounding system are used to test the introduced approach.
Case 1: single-phase-to-ground fault occurring in line 1: initial phase is 90 degrees;
the fault is located at 90% of the line; transition resistance is 20 ohms.
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Table 2 gives fault measure values of zero sequence current signals in lines 1–6.
Then, the values between 0∼0.3, 0.3∼0.7 and 0.7∼1 are discretized as 0, 1, and 2, respectively. The results are shown in Table 3. Next, Eqs. (4)–(9) are used to compute the
weights of the six feature analysis methods and the results are 0.4833, 0.6500, 0.6500,
0.4833, 0.6500 and 0.6500, respectively. Subsequently, rough set theory is applied to
reduce the condition attributes consisting of the features shown in Table 2. The reduced
result is (b∧f∧(c∨d)), where b and f are the core attributes. Finally, the reasoning algorithm described above and fault line detection model with rFRSNPS are used to obtain
the detection result. The detailed steps are described as follows:
Step 1: g = 0, θ0 = (0.9583, 0.9667, 0.6467, 0.9439, 0, 0, 0, 0, 0, 0, 0, )T , C =
diag(0.6500, 0.6500, 0.4833, 0.6500, 1, 1, 1), δ0 = 0.
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Step 2: The firing condition of proposition neuron is satisfied and there is a postsynaptic rule neuron, so the proposition neuron fires and transmits a spike to the next rule
neuron by the directed arc.
Step 3: δg+1 = (DT1 ⊗θg ) +(DT2 ⊕θg ) +(DT3 θg ), δ1 = (0.9583, 0.9667, 0.6467,
0.9439, 0, 0, 0)T .
Step 4: δ1 6= 0. The reasoning algorithm continues.
Step 5: g = 1.
Step 6: θg = ET (D⊗δg ), θ1 = (0, 0, 0, 0, 0.6229, 0.6284, 0.3126, 0.6135, 0, 0, 0)T .
Step 7: δg+1 = (DT1 ⊗θg ) +(DT2 ⊕θg ) +(DT3 θg ), δ2 = (0, 0, 0, 0, 0.6135, 0.3126, 0)T .
Step 8: δ2 6= 0. The reasoning algorithm continues.
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Table 1. Parameter values in the distribution network system considered
Parameters of source
Phase-to-phase rms voltage (kV)

110

Phase angle of phase A (degrees)

0, 45, 90

Frequency (Hz)

50

Parameters of transformer
Nominal power (MVA)

250

ratio-voltage(kV)

110/35

Frequency (Hz)

50

Parameters of line
Length (km)

10, 15, 20, 28, 35, 50

Positive sequence resistance (ohms/km)

0.17

Positive sequence inductance (mH/km)

1.21

Positive sequence capacitance (F/km)

36.6+j172

Zero sequence resistance (ohms Ω /km)

0.23

Zero sequence inductance (mH/km)

5.48

Zero sequence capacitance (pF/km)

6e

Table 2. Fault measure values of zero sequence current signals in lines 1–6, where CA, CP,
RP, AA, WE and TC represent current amplitude, current phase, reactive power, admittance amplitude, wavelet energy and transient current, respectively.
line

CA

CP

RP

AA

WE

TC

1

0.4371

0.9583

0.9667

0.6467

0.9182

0.9439

2

0.0675

0.0167

0.4234

0.3175

0.0483

0.3203

3

0.0945

0.1083

0.1092

0.0945

0.2531

0.0000

4

0.0506

0.3917

0.0823

0.0506

0.0658

0.0000

5

0.1182

0.1518

0.3167

0.3182

0.2146

0.0186

6

0.3691

0.2417

0.2631

0.1694

0.0731

0.3034

Step 9: g = 2.
Step 10: θg = ET (D ⊗ δg ), θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0.6135, 0.3126, 0)T .
Step 11: δg+1 = (DT1 ⊗θg ) +(DT2 ⊕θg ) +(DT3 θg ), δ3 = (0, 0, 0, 0, 0, 0, 0.6135)T .
Step 12: δ3 6= 0. The reasoning algorithm continues.
Step 13: g = 3.
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Table 3. Discretized fault measure values, where CA, CP, RP, AA, WE and TC represent current
amplitude, current phase, reactive power, admittance amplitude, wavelet energy and transient
current, respectively.
line

CA

CP

RP

AA

WE

TC

1

1

2

2

1

2

2

2

0

0

1

1

0

1

3

0

0

0

0

0

0

4

0

1

0

0

0

0

5

0

0

1

1

0

0

6

1

0

0

0

0

1

Step 14: θg = ET (D ⊗ δg ), θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.6135)T .
Step 15: δg+1 = (DT1 ⊗ θg ) +(DT2 ⊕ θg ) +(DT3 θg ), δ4 = (0, 0, 0, 0, 0, 0, 0)T .
Step 16: δ4 = 0. The reasoning algorithm ends. The reasoning result can be obtained from output neuron P1 . The pulse value of the spike in P1 is 0.6135(> 0.5). The
rest may be inferred in the same way. The reasoning results of the other five lines can
also be obtained and the pulse values of the spike in P2 to P6 are 0.0109, 0, 0, 0.0121,
0.1571(< 0.2), respectively. So line 1 is the fault line.
Case 2: single-phase-to-ground fault occurring in line 2: initial phase is 90 degrees;
the fault is located at 90% of the line; transition resistance is 20 ohms.
Similar to Case 1, the weights of the six feature analysis methods are 0.4833,
0.6500, 0.6500, 0.4971, 0.6500 and 0.6500, respectively. The reduced result is (c∧f∧(b∨d)),
where c and f are the core attributes. The initial parameter matrices of rFRSNPS for fault
line detection are as follows:
θ0 = (0.9252, 0.9321, 0.7172, 0.9986, 0, 0, 0, 0, 0, 0, 0)T ,
C = diag(0.6500, 0.6500, 0.4971, 0.6500, 1, 1, 1), δ0 = 0.
According to the reasoning algorithm, we can get:
θ1 = (0, 0, 0, 0, 0.6014, 0.6059, 0.3565, 0.6491, 0, 0, 0)T ,
θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0.6014, 0.3565, 0)T ,
θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.6014)T , and δ4 = 0.
So, the pulse value of the spike in P2 is 0.6014 (> 0.5). The pulse values of the
spike in P1 , P3 , P4 , P5 and P6 are 0.1109, 0.0251, 0.0459, 0 and 0.0241 (< 0.2),
respectively. Thus, line 2 is the fault line.
Case 3: single-phase-to-ground fault occurring in line 3: initial phase is 90 degrees;
the fault is located at 90% of the line; transition resistance is 2000 ohms.
Similarly, the weights of the six feature analysis methods are 0.1909, 0.6500, 0.6500,
0.4833, 0.6500 and 0.6500, respectively. The reduced result is (b∧c∧(d∨e∨f)), where b
and c are the core attributes; e is the fault measure value of the wavelet energy of zero
sequence current. The initial parameter matrices of the rFRSNPS for fault line selection
are as follows:
θ0 = (0.9167, 0.8723, 0.6842, 0.5974, 0.8783, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
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C = diag(0.6500, 0.6500, 0.4833, 0.6500, 0.6500, 1, 1, 1, 1), δ0 = 0.
According to the reasoning algorithm, we can get:
θ1 = (0, 0, 0, 0, 0, 0.5959, 0.5670, 0.3307, 0.3883, 0.5709, 0, 0, 0, 0)T ,
θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.3307, 0.3883, 0.5670, 0)T ,
θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.5670)T , and δ4 = 0.
Thus, the pulse value of the spike in P3 is 0.5670 (> 0.5). The pulse values of
the spike in P1 , P2 , P4 , P5 and P6 are 0.0705, 0.1308, 0, 0.0090 and 0.1588 (< 0.2),
respectively. So line 3 is the fault line.
Case 4: single-phase-to-ground fault occurring in line 4: initial phase is 0 degrees;
the fault is located at 90% of the line; transition resistance is 2000 ohms.
The weights of the six feature analysis methods are 0.1909, 0.6500, 0.6500, 0.4971,
0.6500, 0.6500. The reduced result is (b∧f∧(c∨d)), where b and f are the core attributes.
The initial parameter matrices of the rFRSNPS for fault line selection are as follows:
θ0 = (0.8918, 0.8816, 0.5999, 0.8871, 0, 0, 0, 0, 0, 0, 0)T ,
C = diag(0.6500, 0.6500, 0.4971, 0.6500, 1, 1, 1), δ0 = 0.
According to the reasoning algorithm, we can get:
θ1 = (0, 0, 0, 0, 0.5797, 0.5730, 0.2982, 0.5766, 0, 0, 0)T ,
θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0.5730, 0.2982, 0)T ,
θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.5730)T , and δ4 = 0.
So the pulse value of the spike in P4 is 0.5730(> 0.5). The pulse values of the
spike in P1 , P2 , P3 , P5 and P6 are 0.0644, 0.0203, 0.1860, 0.0164 and 0.0005 (< 0.2),
respectively. Thus, line 4 is the fault line.
Case 5: single-phase-to-ground fault occurring in line 5: initial phase is 0 degrees;
the fault is located at 50% of the line; transition resistance is 20 ohms.
The weights of the six feature analysis methods are 0.4833, 0.6500, 0.6500, 0.4833,
0.6500, 0.6500. The reduced result is (f∧e∧(b∨c)∧(c∨d)), where f and e are the core
attributes. The initial parameter matrices of the rFRSNPS for fault line selection are as
follows:
θ0 = (0.8866, 0.9167, 0.6879, 0.9336, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
C = diag(0.6500, 0.6500, 0.4833, 0.6500, 0.6500, 1, 1, 1, 1)), δ0 = 0.
According to the reasoning algorithm, we can get:
θ1 = (0, 0, 0, 0, 0, 0.5763, 0.5959, 0.3325, 0.6069, 0.6500, 0, 0, 0, 0)T ,
θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.5764, 0.3325, 0.3325, 0)T ,
θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.5764)T , and δ4 = 0.
So the pulse value of the spike in P5 is 0.5730 (> 0.5). The pulse values of the spike
in P1 , P2 , P3 , P4 and P6 are 0.0283, 0, 0.1528, 0 and 0.0664 (< 0.2), respectively.
Thus, line 5 is the fault line.
Case 6: single-phase-to-ground fault occurring in line 6: initial phase is 0 degrees;
the fault is located at 10% of the line; transition resistance is 20 ohms.
The weights of the six feature analysis methods are 0.4833, 0.6500, 0.6500, 0.4833,
0.6500, 0.6500. The reduced result is (b∧c∧f∧(e∨d)), where b, c and f are the core
attributes. The initial parameter matrices of the rFRSNPS for fault line selection are as
follows:
θ0 = (0.9284, 0.8987, 0.5847, 0.9312, 0.9021, 0, 0, 0, 0, 0, 0, 0, 0)T ,
C = diag(0.6500, 0.6500, 0.4833, 0.6500, 0.6500, 1, 1, 1, 1)), δ0 = 0.
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According to the reasoning algorithm, we can get:
θ1 = (0, 0, 0, 0, 0, 0.6035, 0.5842, 0.2826, 0.6053, 0.5864, 0, 0, 0)T ,
θ2 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.2826, 0.5842, 0)T ,
θ3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.5842)T , and δ4 = 0.
So the pulse value of the spike in P6 is 0.5842 (> 0.5). The pulse values of the spike
in P1 , P2 , P3 , P4 and P5 are 0.1083, 0.0613, 0, 0.0328 and 0.0871 (< 0.2), respectively.
Thus, line 6 is the fault line.
The experimental results of the six cases in a small grounding system indicate that
the proposed fault line detection approach is not affected by fault locations, fault resistance and fault closing angles.

5

Conclusions

In this paper, a novel approach is introduced by combing six feature analysis techniques,
fault measure, information gain degree, rough set theory and fuzzy reasoning spiking
neural P systems to detect fault lines in a small current grounding system. The feature
analysis is performed on steady and transient components of zero sequence current
of a small current grounding system. Steady state features consist of zero sequence
current signal amplitudes, zero-sequence reactive power, zero sequence admittance and
the fifth harmonic. Transient features are composed of wavelet energy of zero sequence
current and transient zero sequence current signal amplitudes. Experiments conducted
on several cases of a distribution network system verify the feasibility and correctness
of the presented approach. Future work will focus on the improvement of the fault line
detection accuracy and the reliability of results. Following this work, micro grids and
smart grids will be also considered in the future study.
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4. Păun, Gh., Rozenberg, G., Salomaa, A.: The Oxford Handbook of membrane computing.
Oxford University Press, New York (2010)
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Research Group on Natural Computing
Department of Computer Science and Artificial Intelligence
Universidad de Sevilla
Avda. Reina Mercedes s/n, 41012 Sevilla, Spain
E-mail: {perezh,marper}@us.es

Abstract. Methods based on Rapidly-exploring Random Trees (RRTs)
have been in use in robotics to solve motion planning problems for nearly
two decades. On the other hand, models based on Enzymatic Numerical
P systems (ENPS) have been applied to robot controllers for more than
six years. These controllers in real robots handle the power of motors according to motion commands usually generated by planning algorithms,
but today there is a lack of planning algorithms based on membrane systems for robotics. With this motivation, we provide in this paper a new
variant of ENPS called Random Enzymatic Numerical P systems with
Proteins and Shared Memory (RENPSM) oriented to RRTs for planning
in robotics and we illustrate it by presenting a model for generation of
RRTs with holonomic limitations. We are working on the ENPS framework with the idea of moving towards a complete mobile robot system
based on membrane systems, i.e. including controllers and planning; and
we have incorporated new ingredients into the ENPS framework to meet
the requirements of the RRT generation algorithm.

1

Introduction

Robots are machines oriented to objectives equipped with actuators, sensors
and computation units acting under physical constraints. Regardless of their
morphology, they should accomplish tasks by acting in the real world. This is
one of the main reasons by which Robot Motion Planning [4] is an eminent
research area in Robotics. In general terms, the problem of motion planning can
be defined in the configuration space of a robot as follows: Given (1) a start
configuration state, (2) a goal configuration state, (3) a geometric description of
the robot, and (4) a geometric description of the environment: find a path that
moves the robot gradually from start to goal.
A configuration state is a specification of the positions of all robot points
relative to a fixed coordinate system. This is usually expressed as a vector of
positions and orientations, for example, a rigid-body robot in a 2D world can
be expressed as a vector (x, y, θ) representing the center (x, y) of the robot in
a fixed coordinate system and its yaw angle θ. Since the shape of the robot is
described, all of its points are then known.

Several constraints can be added to this problem, the most common is to
reach the goal while never touching any obstacle in the environment. Others can
also be added, for example, a social robot could restrict configuration states in
order to guarantee the human comfort.
The configuration space of a robot can also be constrained by the type of
movements the robot can perform. In this sense, non-holonomic robots are those
that cannot instantly modify its direction without employing rotation in-place.
On the other hand, holonomic robots can do it (assuming zero mass). For example, a holonomic robot in a 2D world can move along the x axis and the y axis,
as well as modify its yaw angle if needed. But a non-holonomic robot can only
move forward/backward and/or modify its yaw angle. This is the typical case of
dual-wheeled mobile robots.
Classical path planning algorithms have been widely adapted and applied to
the problem of motion planning with constraints in robots, for example, in [16],
an application of the Dijkstra for robot path-planning was presented. In such
solutions, the general problem is usually divided into two smaller problems:
the global path planning problem, as described above; and the local path planning, where the robot tries to connect two consecutive states in real-time considering constraints not included in the global plan as, for example, obstacles in
movement. The accumulated error during the local planning conducts to periodically recompute the global plan. For this reason, the computational complexity
of global planners is a critical point regarding to real-time constraints. Many
efforts have been made to provide good global planners. For example: in [15],
a new search algorithm, called D∗ , is presented for path planning in real-time
environments. In [7], a variant of the classical search algorithm A∗ is applied
to grids with blocked and unblocked cells. In [5], a new tool for path planning,
called Rapidly-Exploring Random Trees (RRT), was presented.
The class of RRT algorithms for path planning is based on the randomized
exploration of the constrained configuration space by building a tree where nodes
represent states that can be reached by the state of the corresponding parent in
a fixed amount of time, so each edge contains a valid motion command to reach
the state in child node. It is currently one popular method in Robot Motion
Planning due to its good properties. The created RRT can be used to explore the
constrained configuration space by applying search algorithms or, as presented
in [6], the RRT generation algorithm can be used by itself as path planning
algorithm, where two RRTs are built simultaneously, one beginning from the
start configuration and another one beginning from the goal configuration.
In order to execute the planned motions, each motor of the robot must be
able to maintain a certain speed command for a fixed period of time. This is
the function of a type of software called controller on-board of the robot. Thus,
Robot Control [1] is the branch of robotics dedicated to the study and practice
of controlling robots.
Robot controllers are usually based on common silicon microprocessors, but
in the recent years, some classes of membrane systems [8] have been in use for
modelling them [12] [10] [11] [18]. Membrane systems (or P systems) are models

of computation based on the structure and functions of the living cells. In a
Membrane system, there are objects being evolved inside compartments according to rules in a non-deterministic way with a high-level of parallelism. They
were firstly used as a new technique to attack the P versus N P problem [13],
but several applications of membrane systems have been also presented: Stochastic P systems for modelling biological phenomena [14], Probabilistic P systems
for modelling real ecosystems [2], Spiking Neural P systems incorporating fuzzy
reasoning, for fault diagnosis and learning [17], and others.
In relation to Robot Control, Numerical P Systems (NPS) were used for
modelling and simulating robot controllers [12], although the initial application
of NPS was related to models of Economical Processes [9]. Enzymatic Numerical P systems (ENPS) [10] were introduced as an improvement and applied
to the distributed control of a swarm of mobile robots. Indeed, reactive and
proportional-integral-derivative (PID) dual-wheeled robot controllers have been
successfully designed and simulated by means of ENPS, as well as software simulator tools [18]. On the other hand, the robot must know its position in the
environment by using sensors, that is the Robot Localization problem [3], and it
has also been attacked by using ENPS [11].
The main contribution of this paper is to introduce a new variant of ENPS
called Random enzymatic numerical P systems with proteins and shared memory
(RENPSM), in order to simulate RRT algorithms. Since the current applications
of membrane systems to Robotics are focused on controllers, localization and
local planners, we propose an approximation from “the other side”: global path
planning with physical constraints. The idea is to provide a complementary
approach walking towards a mobile dual-wheeled robot system based completely
on membrane systems. We are using ENPS because it is the framework of the
state of the art in membrane computing and robotics. On the other hand, the
motivation of the new ingredients is related to meet the requirements for the
computation of the RRT algorithm:
– Random numbers: Since the RRT algorithm is a randomized method to
explore the physical space.
– Shared memory: Because the algorithm can be parallelized using processes
sharing common variables (for instance, at some instant each membrane
must read a specific value stored in a distinguished membrane: the shared
memory).
– Proteins: Since the algorithm performs steps that must be sequentially executed, proteins for synchronization are used.
This paper is structured as follows. In the next section, the rapidly-exploring
random trees (RRTs) are described with some details. Section 3 is devoted to introduce the Membrane Computing framework called random enzymatic numerical P systems with proteins and shared memory (RENPSM, for short), where
the RRT generation algorithm will be simulated. In Section 4, the simulation of
the RRT algorithm by using RENPSM systems is presented. Finally, conclusions
and future work are drawn.

2

Rapidly-exploring Random Trees

A RRT [5] is a randomized tree structure for rapidly exploring a state space X
from an initial position/state xinit . It can be successfully used for nonholonomic
and kinodynamic path planning in robotics [6].
Nodes in a RRT represent possible reachable states in a 2D or 3D world,
for robots with nonholonimic constraints in a 2D environment this is given by
(x, y, θ) where (x, y) are the Cartesian coordinates of the robot position and θ
is the heading angle. If we consider a kinodynamic planning problem, a node
encodes both position and velocity of the robot. For robots with holonomic
constraints in a 2D world, the heading angle can be ignored.
It is assumed that a fixed obstacle region Xobs ⊂ X must be avoided, so the
nodes of the RRT are states in Xf ree , the complement of Xobs in X.
Edges in a RRT represent transitions between reachable states, they are
labelled with the command u that the robot should execute for a fixed amount
of time ∆t in order to change the corresponding states. For a dual-wheeled robot
with nonholonomic constraints, it can be represented by the pair of linear and
angular velocity (v, ω) to be sent to the controller.
If we are working with holonomic constraints, all the points in the space can
be reached applying a linear velocity, so edges are labelled with instant linear
velocities and a new state xnew can be reached from another state x connected
by an edge labelled with u by applying xnew = x + u · ∆t

Algorithm 1 GENERATE RRT(xinit , K, ρ, ∆t, X, Xobs , dmin )
Vτ ← {xinit }
Eτ ← ∅
for k = 1 to K do
xrand ← RANDOM STATE(X);
xnear ← NEAREST NEIGHBOR(xrand , τ );
if DISTANCE(xrand , xnear ) ≥ dmin then
u ← SELECT INPUT(xrand , xnear );
if ¬ COLLISION(xnear , u, ∆t, Xobs ) then
xnew ← NEW STATE(xnear , u, ∆t);
Vτ ← Vτ ∪ {xnew }
Eτ ← Eτ ∪ {(xnear , xnew )}
end if
end if
end for
return τ = (Vτ , Eτ )

This is an iterative algorithm to generate a RRT [5], where:
– xinit is the initial state.
– K is the number of iterations to build the RRT.
– ρ is a prefixed distance metric.

–
–
–
–
–
–
–
–
–

–

–

∆t is a fixed amount of time for transitions.
X is the state space.
Xobs is the obstacle state space.
dmin is the minimum distance threshold according to ρ in order to include
a new node in the RRT.
τ = (Vτ , Eτ ) is the RRT generated.
RANDOM STATE(X) is a function to get a random state from X
NEAREST NEIGHBOR(xrand , τ ) is a function to get the closest node to
xrand in τ according to ρ.
DISTANCE(xrand , xnear ) is a function to get the distance of xrand to xnear
according to ρ.
SELECT INPUT(xrand , xnear ) is a function to get the velocity input that
should be commanded to the robot in order to achieve state xrand from
xnear .
COLLISION(xnear , u, ∆t, Xobs ) is a function returning true if a collision
could be produced moving the robot from state xnear by applying the input
u for ∆t time considering the obstacles in Xobs .
NEW STATE(xnear , u, ∆t) is a function to get a new state xnew by applying
the input u to the robot for ∆t time starting at state xnear .

In Figure 1 it is represented a RRT generated after 5000 iterations by using
Algorithm 1 with holonomic constraints and the Euclidean distance as distance
metric.

Fig. 1. RRT generated after 5000 iterations

In order to provide a first approximation based on Membrane Computing,
we use in this paper a simplified version of the standard RRT algorithm 2 for

holonomic robots where no obstacles have been considered and ρ is the euclidean
distance.
Algorithm 2 GENERATE RRT((x0 , y0 ), K, ∆t, X, dmin )
Vτ ← {(x0 , y0 )}
Eτ ← ∅
for k = 1 to K do
(xrand , yrand ) ← RANDOM STATE(X);
(xnear , ynear ) ← NEAREST NEIGHBOR((xrand , yrand ), τ );
z ← ρ((xrand , yrand ), (xnear , ynear ))
if z ≥ dmin then
u1 ← (xrand − xnear )/z,
u2 ← (yrand − ynear )/z,
xnew ← xnear + u1 · ∆t
ynew ← ynear + u2 · ∆t
Vτ ← Vτ ∪ {(xnew , ynew )}
Eτ ← Eτ ∪ {(xnear , ynear ), (xnew , ynew )}
end if
end for
return τ = (Vτ , Eτ )

3

Random enzymatic numerical P systems with proteins
and shared memory

In this section a variant of enzymatic numerical P systems incorporating new
features is presented in order to simulate the generation of RRTs.
Definition 1. A random enzymatic numerical P systems with proteins and shared
memory (RENPSM, for short) of degree (p, q), p, q ≥ 1, is a tuple
Π = (H, µ, P, Emem , Emem (0), {(Ph (0), V arh , V arh (0), P rh ) | h ∈ H}, R, h0 )
where:
1. H = {1, . . . , p · q} ∪ {mem}, mem ∈
/ {1, . . . , p · q}, is the set of labels of the
system;
2. µ is a dynamical membrane structure (a rooted tree) initially consisting of
only one membrane with label h0 ∈ {1, . . . , p · q} in such manner that along
the computation new membranes will be created with labels in {1, . . . , p · q};
3. mem is the label of a distinguished component (the shared memory of the
system);
4. P is a finite set of objects, called catalyzator proteins, and Ph (0) is the protein
initially associated with region labeled by h;

5. Emem is a finite set of variables, called enzymes, disjoint with V armem , and
Emem (0) is the initial values of the enzymes;
6. V arh , h ∈ H, is a finite set of variables xj,h associated with region (a membrane or the shared memory) labeled by h, its values must be natural numbers
(they can also be zero), the value of xj,i at time t ∈ N is denoted by xj,i (t);
7. V arh (0) is a vector that represents the initial values for variables in V arh ;
8. P rh , h ∈ H, is a finite set of programs associated with region labeled by h,
having the following syntactical format:
e(F );α(F )

F (x1,h , . . . , xkF ,h ) −−−−−−−→ c1 |v1 , . . . , cnF |vnF
where:
• F (x1,h , . . . , xkF ,h ) is a computable function (the production function),
being x1,h , . . . , xkF ,h variables in V arh ;
• c1 |v1 , . . . , cnF |vnF is the repartition protocol associated with the program,
being c1 , . . . , cnF natural numbers specifying the proportion of the current production distributed to variables v1 , . . . , vnF ∈ V arh ∪ V arpar(h) ∪
V arch(h) }, being par(h) the parent of h and ch(h) the set of child of h
in µ;
• e(F ) ∈ Eh is an enzyme and α(F ) ∈ P is a protein, both of them associated with program F , if no enzyme or protein is used in a program then
it will be omited;
9. R is a finite set of rules of the following form:
• Protein evolution rules: [ α → α0 ]h , where h ∈ H, α ∈ P and α0 ∈ P .
• Writing-only communication rules between the shared memory and the
membranes
(h , Xh /Yh,mem , mem)W
α
where Xh ∈ V arh , Yh,mem ∈ V armem , α ∈ P in such manner that there
is, at most, one rule for each membrane h ∈ {1, . . . p · q}. Variables
Yh,mem , Yh0 ,mem should be different for two membranes h, h0 .
• Reading-only communication rules between the shared memory and the
membranes:
(h , Xh /Ymem , mem)R
α
where Xh ∈ V arh , Ymem ∈ V armem , α ∈ P . Variable Ymem is the same
for each h ∈ {1, . . . p · q}.
• Membrane creation rules:
 

X1,h , X2,h , , . . . , Xn,h h h0 ; α
where h, h0 ∈ {1, . . . p · q} are different, α ∈ P and X1,h , . . . , Xn,h ⊆
V arh .
The term region h (h ∈ H) is used to refer to membrane h in the case h ∈
{1, . . . , p · q}, as well as to refer to the shared memory in the case h = mem.
Next, we describe the semantics of RENPSHs. A configuration of a RENPSH
at any instant t is described by the current membrane structure, together with

proteins and all values of the variables and enzymes associated with all regions
(compartments of the current membrane structure and the shared memory). The
initial configuration is (µ, Emem (0), {Ph (0), V arh (0)|h ∈ H}), where µ = {h0 }.
e(F );α(F )

A program F (x1,h , . . . , xkF ,h ) −−−−−−−→ c1 |v1 , . . . , cnF |vnF associated with
a region is applicable to a configuration Ct , at moment t, if the value of e(F ) at
that instant is greater than min{x1,h (t), . . . , xkF ,h (t)} and protein α(F ) is inside
the region h of Ct . When applying such a program, variables associated with
configuration Ct are processed as follows: first, the value F (x1,h (t), . . . , xkF ,h (t))
is computed as well as the value
q(t) =

F (x1,h (t), . . . , xkF ,h (t))
c1 + · · · + cnF

This value represents the unary portion at instant t to be distributed among
variables v1 , . . . , vnh according to the repartition expression. Thus, q(t) · cs is
the contribution added to the current value of vs (1 ≤ s ≤ nh ), at step t + 1.
So, vs (t + 1) = vs (t) + q(t) · cs and vs (t) = 0, i.e, it is assumed that variable vs
is “consumed” (become zero) when the production function is used and other
variables retain their values. Each program in each membrane can only be used
once in every computation step, and all the programs are executed in parallel
manner.
A protein evolution rule [ α → α0 ]h is applicable to a configuration Ct at
moment t if protein α is in membrane h of Ct . When applying such a rule the
protein α in h evolves to protein α0 in h. These rules are applied in a maximal
manner.
A writing-only communication rule between the shared memory and the
membranes, (h , Xh /Yh,mem , mem)W
α , is applicable to a configuration Ct at moment t if protein α is in membrane h of Ct . When applying such a rule the value
Xh (t) is assigned to the variable Yh,mem (t + 1) of the shared memory, that is
Yh,mem (t + 1) ← Xh (t) . These rules are applied in a maximal manner.
A reading-only communication rule between the shared memory and the
membranes, (h , Xh /Ymem , mem)R
α is applicable to a configuration Ct at moment t if protein α is in membrane h of Ct . When applying such a rule the
value Ymem (t) is assigned to the variable Xh (t + 1) of membrane h, that is
Xh (t + 1) ← Ymem (t). These rules
 manner.
  are applied in a maximal
X1,h , X2,h , , . . . , Xn,h h h0 ; α is applicable
A membrane creation rule
to a configuration Ct at moment t if protein α is in membrane h0 of Ct . When
applying such a rule, a new membrane labelled by h is created in such manner
that h0 is the parent of h and the set of its variables is V arh = {X1,h , . . . , Xn,h }.
Given a random enzymatic numerical P system with proteins and shared
memory Π, we say that configuration Ct at time t yields configuration Ct+1 in
one transition step if we can pass from Ct to Ct+1 by applying in parallel each
program in each membrane only once, and by applying the rules in a maximal
parallel way following the previous remarks. A computation of Π is a (finite or
infinite) sequence of configurations such that: (a) the first term is the initial
configuration of the system; (b) for each n ≥ 2, the n-th configuration of the

sequence is obtained from the previous configuration in one transition step; and
(c) if the sequence is finite (called halting computation) then the last term is a
halting configuration (a configuration where no rule of the system is applicable to
it). All the computations start from an initial configuration and proceed as stated
above; only halting computations give a result, which is encoded by the objects
present in the output region iout associated with the halting configuration. If
C = {Ct }t<r+1 of Π (r ∈ N) is a halting computation, then the length of C,
denoted by |C|, is r. For each i (1 ≤ i ≤ q), we denote by Ct (i) the finite multiset
of objects over Γ contained in all membranes labelled by i at configuration Ct .

4

Simulation of one iteration of the RRT algorithm

The input of an algorithm generating a Rapidly-Exploring Random Tree T =
(VT , ET ) consists of the following parameters (xinit , K, ∆t, X, Xobs , dmin ), where:
–
–
–
–
–
–

xinit is the initial state.
K is the number of iterations to build the RRT.
∆t is a fixed amount of time for transitions.
X is the state space.
Xobs ⊆ X is the obstacle state space.
dmin is the minimum distance threshold according to some distance metric
ρ in order to include a new node in the RRT.

For holonomic robots in a 2D environment the state space can be given by the
Cartesian coordinates (x, y) of the possible robot positions. For instance, by
means of a grid with p ≥ 1 columns and q ≥ 1 rows. In this case, any state
or position (i, j) ∈ {1, . . . p} × {1, . . . q} can be encoded by the natural number
(i − 1) · q + j. In such a manner that, given a natural number n encoding a state
(i, j), the following holds: i = 1 + qt(n, q) and j = rm(n, q).
Initially, VT = {xinit } and ET = ∅ and for each iteration a new node and a
new arc can be added to T according the following scheme:
– A new state xrand is randomly selected by using a function RANDOM STATE(X).
– The node xnear in T closest to xrand is selected by means of the function
NEAREST NEIGHBOR(xrand , T , T hreshold) in such manner that if the
minimum distance is lesser or equal to T hreshold, then no node is selected
in this iteration.
– The unitary vector U from node xnear to node xrand is computed.
– The new node Xnew is obtained by applying the unitary vector U to the robot
for ∆t time starting at state xnear , that is, Xnew = xnear + U · ∆t. This node
will be obtained by using the function SELECT NEW NODE(xnear , U, ∆t).
– The node Xnew and the arc (Xnear , Xnew ) is added to the tree T .
This algorithm will be simulated by a random enzymatic numerical P system
with proteins and shared memory of degree (p, q)
Π = (H, µ, P, Emem , Emem (0), {(Ph (0), V arh , V arh (0), P rh ) | h ∈ H}, R, h0 )
defined as follows:

–
–
–
–
–

H = {1, . . . , p · q} ∪ {mem}, mem ∈
/ {1, . . . , p · q}.
µ = {h0 } with h0 ∈ {1, . . . , p · q}.
P = {αi | 1 ≤ i ≤ 12}, and Ph (0) = {α1 }, for each h ∈ H.
Emem = {F lagmem , p · q + 1} and Emem (0) = {p · q + 1}.
The set of variables is:
• V arh = {X1,h , X2,h , Y1,h , Y2,h , Dh }, for each h, 1 ≤ h ≤ p · q.
• V armem = {X1,mem , X2,mem , Y1,mem , Y2,mem , Z1,mem , Z2,mem } ∪
{U1,mem , U2,mem } ∪ {Dh,mem , Yh,mem | 1 ≤ h ≤ p · q}.
• Initially, all variables in V arh (h 6= h0 ) and all variables in V arh0 different
to Y1,h0 , Y2,h0 , are equal to zero. Besides, initially the values (Y1,h0 , Y2,h0 )
provide the 2D-coordinates of the “initial state” h0 .

– Next, the finite set of programs Prh and the set of rules R of the system are
defined according with the requirements to simulate the RRT algorithm.
– In order to synchronize the sequence of an iteration, the following protein
evolution rules for each h ∈ H are considered: [ αi → αi+1 ]h , for 1 ≤ i ≤ 11,
and [ α12 → α1 ]h
– Two random numbers i, j (1 ≤ i ≤ p, 1 ≤ j ≤ q) are generated in the shared
memory.

 Production function : F (X1,mem ) = Random(i, 1 ≤ i ≤ p)
Repartition protocol : 1|X1,mem

Protein : α1

 Production function : F (X2,mem ) = Random(i, 1 ≤ i ≤ q)
Repartition protocol : 1|X2,mem

Protein : α1
– Each membrane h ∈ {1, . . . , p · q} will read the random numbers previously
generated, sharing them with the variables X1,h , X2,h .

 (h , X1,h / X1,mem , mem)R
α2


(h , X2,h / X2,mem , mem)R
α2

– For each membrane h ∈ µ, the distance Dh between its position (Y1,h , Y2,h )
and the position given by the generated random natural numbers (X1,mem , X2,mem )
is computed. For the remaining membranes, Dh = p · q + 1.

( qP
2

2


j=1 (Xj,h − Yj,h ) if h ∈ µ
 Production function : F (X1,h , X2,h , Y1,h , Y2,h ) =
p·q+1
if h ∈
/µ

Repartition
protocol
:
1|D

h


Protein : α3

– Each membrane h writes its value Dh to the shared memory.
(h , Dh / Dh,mem , mem)W
α4
– The minimum of all distances Dh is computed in the shared memory.
• Production function: F (D1,mem , . . . , Dp·q,mem ) = min{D1,mem , . . . , Dp·q,mem }
• Repartition protocol: 1|Dmin,mem
• Protein: α5
– Variable (enzyme) F lagmem is set to zero if Dmin,mem ≤ T hreshold.

0
if Dmin,mem ≤ T hreshold
• Production function: F (D1,mem , . . . , Dp·q,mem ) =
p · q + 1 otherwise
• Repartition protocol: 1|F lagmem
• Protein: α6
– The label near, corresponding to the closer membrane to the randomly generated position, is obtained.
• Production function: F (D1,mem , . . . , Dp·q,mem ) = arg-min{D1,mem , . . . , Dp·q,mem }
• Repartition protocol: 1|Ynear,mem
• Protein: α7
• Enzyme: F lagmem
– The position of membrane near is computed.

Production function : F (Ynear,mem ) = 1 + qt(Ynear,mem , q)



Repartition protocol : 1|Y1,mem
 Protein : α8


Enzyme : F lagmem

Production function : F (Ynear,mem ) = rm(Ynear,mem , q)



Repartition protocol : 1|Y2,mem
Protein : α8



Enzyme : F lagmem
– The unitary vector is created in the shared memory.

X
−Y

Production function : F (X1,mem , X2,mem , Y1,mem , Y2,mem ) = √P2 1,mem 1,mem

(X
−Yj,mem )2

j,mem
j=1

Repartition protocol : 1|U1,mem

Protein : α9



Enzyme : F lagmem

X2,mem −Y2,mem

 Production function : F (X1,mem , X2,mem , Y1,mem , Y2,mem ) = √P2 (Xj,mem −Yj,mem )2

j=1

Repartition protocol : 1|U2,mem

Protein : α9



Enzyme : F lagmem

– The position of the new membrane is computed in the shared memory.

Production function : F (Y1,mem , U1,mem ) = Y1,mem + U1,mem · ∆t



Repartition protocol : 1|Z1,mem
Protein : α10



Enzyme : F lagmem

Production function : F (Y2,mem , U2,mem ) = Y2,mem + U2,mem · ∆t



Repartition protocol : 1|Z2,mem
Protein : α10



Enzyme : F lagmem
– The membrane labelled by Ynear,mem will read the position (Z1 , Z2 ) corresponding to the new membrane from the shared memory.

 (Ynear,mem , Z1,Ynear,mem / Z1,mem , mem)R
α11


(Ynear,mem , Z2,Ynear,mem / Z2,mem , mem)R
α11

– A child membrane with position
state is added to the tree.

X1,h
  Y1,h

  Z1,h
Dh

(Z1 , Z2 ) is created in Ynear , that is, a new

X2,h
Y2,h 

Z2,h 
h





Ynear,mem

Being h = (Z1,Ynear,mem − 1) · q + Z2,Ynear,mem . This rule is mediated by
protein α12 .

5

Conclusions

This paper deals with an algorithm widely used to solve the problem of motion
planning in robots, e.g., the rapidly-exploring random tree (RRT) generation
algorithm. It is based on the randomized exploration of the configuration space.
We have studied it within the framework of Membrane Computing.
In this work, a variant of Enzymatic Numerical P systems, called random
enzymatic numerical P systems with proteins and shared memory (RENPSM, for
short) is introduced. Besides, a simplified version of the standard RRT algorithm
is described by a RENPSM system capturing the semantics of the new variant,
where maximal parallelism is used.
Three challenges are planned as future work. First, to provide a formal verification of such RENPSM systems, in the sense that they in fact simulate the RRT
generation algorithm. The second challenge is to design a software platform in
order to simulate RENPSM systems and check the efficiency of such simulation
in comparison with the usual implementations of the RRT algorithm. Finally,
to provide the simulation of a more real-life RRT algorithm for path planning
in robots, such as the case of the bidirectional RRT based planner [6] for nonholonomic robots with kynodinamic and environment constraints.
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